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Problem 1) (20 points) True or False? No justifications are needed.

1) T F The formula for the projection onto the image of a matrix A is A(ATA)~1 AT,

Solution:
It is A(ATA)‘lAT.

Let A and B be two 3 x 3 matrices. Then A and B are similar if and only
if they have the same eigenvalues.

Solution:
The shear is a counter example.

Let A be any n x n matrix. If det(ATA) =1 or det(ATA) = —1, then A is
an orthogonal matrix.

Solution:
The diagonal matrix diag(2,1/2) is a counter example.

A matrix which is both symmetric AT = A and skew-symmetric AT = —A
is orthogonal.

Solution:
This is already false for rotations in the plane.

5) T F The trace of a matrix A does not change under row reduction.

Solution:
Every invertible matrix reduces to the identity matrix.

The eigenspace to the eigenvalue 0 of a matrix A does not change under
row reduction.




Solution:
While the eigenvectors can change, the kernel does not. The eigenspaces to other eigen-
values do not stay invariant under row reduction in general.

7| T||F If A is any matrix of a rotation around a line in space, then det(A—1) = 0.

Solution:
Indeed, a nonzero vector in the axes of rotation is an eigenvector to the eigenvalue 1.

If A is diagonalizable and B is diagonalizable, then A + B is always diago-
nalizable.

Solution:

Start with A = diag(1/2,1/3) and B = { /2 1

0 2/3 ],thenA+Blsashear.

9) T F There is a recursion x,,41 = ax, + bx,_; for which x,, = y/n for all n.

Solution:
Diagonalization of linear systems shows that x, can only grow exponentially or linearly
or oscillate.

The product of two reflections at a line in the plane is always a reflection

10) T F at a line.

Solution:
Take twice the same reflection.

The characteristic polynomial of A is the same as the characteristic poly-
nomial of A~L,

Solution:
While we have det(A— A) = det(\ — AT) we do not have this identity for A=! it is already
wrong for A = 0 if A has not the determinant 1 or —1.



12) | T F For any 3 x 3 matrix, we have det(A*) = det(A)'.

Solution:
No, det(A™) = det(A)™.

13) | T F The determinant of a matrix is equal to the sum of the eigenvalues.

Solution:
The determinant is the product of the eigenvalues, the trace is the sum.

There is a reflection at a line in the plane for which the determinant is equal

14) | T || F to 1

Solution:
The eigenvalues are 1 or —1. The determinant is —1.

100 0

s similar to B — 1000 100000
10000 1000 | 18 similar to B = .

15) | T F The matrix A = l 0 100

Solution:
Because both have the same trace and determinant, their eigenvalues are the same. Be-
cause the eigenvalues are different they can both be diagonalized to the same diagonal

matrix.
16 If two 2 x 2 matrices A and B are similar, they have the same trace and
) T F determinant.
Solution:

They have the same characteristic polynomial.

If y is in im(A) then the least square solution to Az = y is an actual solution

17) T F to Ax =y.

Solution:
Yes, then the quadratic error is zero.



18) | T || F It is possible that tr(A™) and tr(A~") both grow exponentially.

Solution:
This is the case, if one eigenvalue is smaller than 1 and the other is bigger than 1.

19) T F If a symmetric matrix @) is orthogonal, then @) is diagonal.

Solution:
Take a reflection at a line.

If A= QR isthe QR decomposition of a square matrix, then the eigenvalues

20) T F of A are the diagonal entries of R.

Solution:
Take the case, where A is an orthogonal matrix. Then A = A- [ is the () R decomposition,
but the eigenvalues of A are not necessarily all 1.

Total




Problem 2) (10 points)

a) (4 points) Which of the following matrices are diagonalizable. No justifications are necessary.

2 2 2 2 10
1) | 111 2) [0 21
00 0 01 2
01 2 111
3) |00 1 ) 111
00 0 111

b) (6 points) No justifications are necessary. Check the boxes, for which it is possible to find
an example in the class of transformations in three dimensional space indicated to the left:
(In this problem we also consider multiplication by zero as a dilation. In other words, also the
zero matrix is considered a dilation matrix.)

transformation T'(z) = Az | det(A) =1 | det(A) = —1 | det(A) =0 | det(A) = —2

orthogonal rotation

reflection at a line

projection onto line

standard shear at x axes

dilation

rotation dilation




Solution:

a) Only the matrix 3) is not diagonalizable. The first matrix has the eigenvalues 0,0, 3.
The geometric multiplicity of 0 is the nullity of the matrix which is 2. The matrix is
diagonalizable. The second matrix has the eigenvalues 2,3,1. Since all eigenvalues are
different, the matrix is diagonalizable. The third matrix has three eigenvalues 0 but the
geometric multiplicity is 1. The matrix is not diagonalizable. The fourth matrix has the
eigenvalues 3,0,0. The dimension of the kernel is 2. The matrix is diagonalizable.

transformation T'(z) = Az | det(A) =1 | det(A) = —1 | det(A) =0 | det(A) = —2
orthogonal rotation
reflection at a line
projection onto line
standard shear at x axes
dilation

rotation dilation
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Problem 3) (10 points)

Define A =
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a) (4 points) Find the eigenvectors and the geometric multiplicities of the eigenvalues of A.
b) (3 points) Find the algebraic multiplicities of the eigenvalues.

¢) (3 points) Find the characteristic polynomial fa(\) of A.



Solution:

a) There is an eigenvector

— = = e e

it has a kernel. Row reduction gives rref(A) =

OO OO

0

O OO O ot

0

SO DD D™

0

with eigenvalue 21. Because the matrix is not invertible,

There is one

leading one, the image is one dimensional and the kernel is 5 dimensional. A basis of this

eigenspace is

2777 3
—1 0
0 -1
0 0
0 0

L 0 /L O

1 2 3

0 00

0 00

0 00

0 00

000
1747110571 6 7
0 0 0

0 0 0
—1 0 0
0 -1 0
L0 1JLO01L-1]

The geometric multiplicity of the eigenvalue 21 is . The geometric multiplicity of the

eigenvalue 0 is .

b) The eigenvalues have algebraic multiplicities ‘1 for the eigenvalue 21| and

‘5 for the eigenvalue 0 ‘

c¢) The characteristic polynomial is

fa) = (=A)(21 =N}

Problem 4) (10 points)

Find the function y = f(x) = az? + ba®, which best fits the data

-1 1
113
0110




Solution:
We have to find the least square solution to the system of equations

la—b = 1
la+b = 3
Oa+0b = 10

which is in matrix form written as AZ = b with

(N 1
A=11 1 |, b=1| 3
0 0 10

We have AT A = 21, and ATh = [ ;l } . We get the least square solution with the formula

x:@ﬂﬂrbﬂb:{?}.

The best fit is the function | f(z) = 222 + 23|,

Problem 5) (10 points)

a) (4 points) Find all the eigenvalues A\j, A2 and eigenvectors vy, v9 of the matrix
71
A [ rl } |

b) (3 points) Find a formula for the characteristic polynomial fan () of A", where n is a positive
integer.

¢) (3 points) What is A" [ ; } for a general positive integer n?




Solution:
a) Because the sum of the row entries are constant and equal to 8, the matrix has an

eigenvalue with eigenvector { 1 } Because the sum of the diagonal elements is 11,

which is the sum \; + Ay of eigenvalues, we know that the other eigenvector is . To
compute the second eigenvector, we find the kernel of A — 371 which is the kernel of

4]

which has the kernel spanned by { _41 ] .

b) The matrix A" has the eigenvalues 8" and 3". The characteristic polynomial is

Fi) = (@" = )E" = A).

An other possibility to express the characteristic polynomial is to compute the trace and
determinant of the power matrix and write f4(\) = A\? — (3" + 8")\ + 24™.

: 1 . L .
¢) We have to write the vector 9 } as a linear combination of eigenvectors

] =ali] el ]

We have |¢; = 6/5,¢c0 = 1/5|and get the closed formula

ot 20 ]

Problem 6) (10 points)

Find the point P on the plane V' spanned by the two vectors

—1

-1
11
1

—_ = =

closest to the point b =

— O~ W

10



Solution:

We need to find the projection of the vector b onto the space V' spanned by the two vectors.
We use the formula P = A(ATA)"1ATh. We have ATh = [ igl } and ATA = [ 3 2 }
We can compute the projection matrix

1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 1/2

P =

7/2
7/2
3
3

One can solve the problem also by first finding an orthonormal basis in V' by scaling the
two vectors, then directly find P = QQ7, where P is the matrix with the now orthonormal
basis as columns.

and get | Pb =

Problem 7) (10 points)

a) (3 points) Find the determinant of the matrix

[ T )
[ N
— =N =
— N =
DO = =

b) (3 points) Find the determinant of the matrix
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c¢) (4 points) Find the determinant of
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Solution:

a) The matrix A — I has the eigenvalue 5 with multiplicity 1 and the eigenvalue 0 with
multiplicity 4. The matrix A has the eigenvalue 6 with multiplicity 1 and the eigenvalue
1 with multiplicity 4. The determinant is the product of the eigenvalues which is @

b) This is a partitioned matrix. The determinant of A is the product of the determinants
of these matrices which is (—2) - 60 = .

¢) Rowreducing by subtracting each row by the next upper row gives an upper triangular
matrix

3 2 0 0 0 07
012000
001200
000120
000012
L0 0 0 00 1,

which we get the determinant as the product of the diagonal elements which is .

Problem 8) (10 points)

The recursion
Ty = 2Tp_1 — 2Tp_2

with o = 5,21 = 2 can be rewritten as
xn—l—l — An Tq
Ty Zo
2 =2
1 0

a) (3 points) Find the eigenvalues and eigenvectors of A.

with A =

b) (4 points) Find a closed formula for x,,.

¢) (3 points) Give an argument which verifies that A is similar to the rotation dilation matrix
1 -1
B- [ b } |

Note. You can leave powers of a complex number as they are. A term (3 4 44)" for example
does not have to be simplified further.
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Solution:
a) To find the eigenvalues, find the characteristic polynomial

faA) =N =22+ 2.

It has the roots Ay = 1+ i and Ay = 1 —i. The eigenvectors are

BEEY C[1-
U1 = 1 , U2 = 1

b) We write the initial condition as a sum of eigenvectors, c;v; + covy. Solving the

2
5
system of equations 2 = ¢y (1+1)+co(1—1), c14co = b gives ¢; = (5+31) /2, c+2 = (5—1i)/2.
The solution is

ton | 5+3i, o [14i] 5-3i  [1—i
[ }—2(1—1—@)[1 —1—2(1 i) 1 :

Tn

Reading the second entry only gives the formula |z, = 252(1 +¢)" + 222 (1 — i) |

c) Both matrices A and B have the same eigenvalues 1 £i. Because the eigenvalues Aj, Ao
are different, the matrices are both diagonalizable and similar to the same diagonal matrix

D = [ 1+ 0 ] The two matrices A, B are therefore similar.

0 1—=

Problem 9) (10 points)

Let A be the matrix

0 1 1
A=11 -1 1
1 1 1

a) (6 points) Find an orthonormal basis for the image of A.

b) (4 points) Find matrices B and C' so that A = BC and B is orthogonal and C' is upper
triangular.
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Solution:
a) do the QR decomposition and keep track of the scaling coefficients and dot products
to fill in the blanks in b):

0
wy = | 1/v/2
1/v/2
1] 0 1 0 [ 1/V3
L 159
v Lgva) L Ll L s
1 0 71711 0 1/V3 1] 1/V3 2/v/6
i R 35
v Lyval Lo Logva] Lyws [ Lol Logvs | [ -ive
b)
0 1/vV/3  2/V6
B = [1/\/5 -1/v3 1/V6 ]
1/vV2 1/v/3 —1/V6
and
V2 0 V2
C=10 V3 1/%]
0 0 V2/V3
Problem 10) (10 points)
1 =20
a) Find all the eigenvalues A\j, Ay and A3 of the matrix A= | 1 0 0]
0 0 1

b) Find a formula for tr(A™).
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Solution:
a) The characteristic polynomial is

faA) = =N 4207 — 3\ + 2.
eigenvalues are
M=1+iVT)/20=0—-iVT)/2, =1

One can also look at the matrix as a partitioned matrix. There is a 2 x 2 matrix in the
upper left corner which has the eigenvalues Ay, As.
b) Because tr(A") = A} + Ay + A%, we have

(14 i/7)" L - iV7)

1.
2n 2n -

tr(A") =

15



