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Problem 1) (20 points) True or False? No justifications are needed.
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A 4 x 4 matrix whose entries are all 4 has determinant 4.

2) { (1] 8 } is an orthogonal matrix.
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Every 2 x 2 matrix is diagonalizable over the complex numbers.

If A is a projection onto a linear subspace V, then im(A) = V and ker(A) =
VL

If Ais a3 x 3 matrix representing reflection about a line in R3, then A is
symmetric.

If A is a matrix with orthonormal columns, then ¥ = ATb must be a least-
squares solution of the system AZ = b.

00

If A is a square matrix such that Av - Aw = 0, whenever v - @ = 0, then A
is an orthogonal matrix.

If A represents the projection onto a line in R?, then A is similar to [ L0 } .

If Aisa 2 x 2 matrix with the eigenvalues 0 and 1, then A is the matrix of
an orthogonal projection.

If A and B are similar, then they have the same eigenvectors.

If A and B are both diagonalizable, then AB is diagonalizable.

If )\ is an eigenvalue of A and p is an eigenvalue of B, then Ay is an eigenvalue
of AB.

If STLAS is a diagonal matrix, then the columns of S must be eigenvectors
of A.

If X is an eigenvalue of a 2 x 2 matrix A, then —\ is an eigenvalue of A.
If Aisab x5 matrix, then det(5A) = 25det(A).

Any two 2 x 2 matrices whose eigenvectors are equal must be similar.

The standard basis vectors of R" are the eigenvectors of every diagonal
n X n matrix.

If A2 = A, then every eigenvalue )\ of A is either A = 1 or A\ = 0.

If A is a symmetric matrix with characteristic polynomial (1 — X)?(2 — \),
then the 1-eigenspace of A is the orthogonal complement of the 2-eigenspace

of A.
A 2 x 2 matrix with characteristic polynomial f4()\) = (2 — A\)? is similar
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Problem 2) (10 points)

Check the boxes, where the two matrices A and B are similar. No explanations are necessary
for this problem. Each pair counts 2 points.

(1 1 0] (1.0 0]
(0 0 1| [ 00 1
(1 0 1] (1 0 0]
0 0 3 | [ 00 3
(10 0] (3.0 0]
8 A=]010| B=]010
(0 0 3 | [ 00 1
(1 1 1] (1 0 0]
Q) A=]011| B=|110
(0 0 1| L1 2]
[0 0 1] [0 1 0]
e) A=]000| B=|00 1
(000 [ 00 0]
Problem 3) (10 points)
"5 11 1 1 17
151111
Consider the matrix A = 1 1 i) é 1 }
111151
(11111 5]




a) Find the kernel of B = A — 41.

b) Show that is an eigenvector of A. What is the eigenvalue?

— = = e e

c¢) Find all the eigenvalues of A with their algebraic multiplicities.
d) Write down the eigenbasis of A. What are the geometric multiplicities of the eigenvalues?

e) What is det(A)?

Problem 4) (10 points)

Find the function y = f(z) = a + b2*, which best fits the data
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Problem 5) (10 points)
1 0 —1
Let A= | —1 2 —1 |. You are told that B = {0}, i, U3 } is an eigenbasis for A, where:
6 0 —4
R
e v = | 1 | belongs to the eigenvalue —1,
2
0
e U, = | 1 | belongs to the eigenvalue 2,
- 0 -
e U3 = | 1 | belongs to the eigenvalue —2.
3




Find an eigenbasis for A7 .

Problem 6) (10 points)

0 2
L] 2
2 3
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a) (4 points) Find the Gram-Schmidt orthogonalization of the basis [
2
2
3

0 0
b) (4 points) Find the QR decomposition of the matrix A= | 0 1
1 2
by t

c¢) (2 points) What is the volume of the parallelepiped spanned by the column vectors of A?

Problem 7) (10 points)

a) Find the determinant of the matrix

1 0 0 10
o 0 2 3 4
o 0 2 3 4
0O 0 3 45
3 -2 -3 -4 0
b) Find the determinant of the matrix
1 2 0 0 0 07
210000
002300
001200
00003 4
L0 0 0 0 2 3

Problem 8) (10 points)

To support their teams, Harvard and Yale fans both sell T-shirts in November 2004. Each day,
the following happens:

e Every Harvard fan recruits two more Harvard fans and four Yale fans.




e Every Yale fan recruits two more Yale fans and one Harvard fan.
Let H(t) and Y (t) be the number of Harvard fans and Yale fans, respectively, on day t. We
can model the above situation with a dynamical system

e =1 e )

Y(t+1) 13

Suppose that H(0) = Y (0) = 100.
a) (5 points) Find a closed formula for H(t), Y (t).

b) (5 points) What happens with H(t)/Y (t) for large ¢7

Harvard vs. Yale

The Game 2004
Problem 9) (10 points)
Our goal is to find the determinant of
[ 101 1 1 1 1 17
2 102 2 2 2 2
A 3 3103 3 3 3
- 4 4 4 104 4 4
5 5 5 5 105 5
| 6 6 6 6 6 106

a) The matrix A — 100/ has an eigenvalue 0. Find its algebraic multiplicity.
1
1

b) The matrix AT has an eigenvector . Find the corresponding eigenvalue .

—_ = =



c) Why does A also have the same eigenvalue A?
d) You have found all the eigenvalues of A — 100/s. What are the eigenvalues of A?
e) Find the determinant of A.

Problem 10) (10 points)

We want to find a formula for the general term z,, in the recursion
Tpt1 = Tp + 35(3n_1/4

if o = 0,21 = 1. This is the case of a Fibonacci recursion, in which only 3/4 of the previous
generation has kids.

a) Write the recursion in the form v, = Av, for vectors v, = [ Lt } in the plane.

b) Find the eigenvalues A\, A_ and eigenvectors v, ,v_ of A.

c) Write vy = } as vg = avy + bu_.

0
d) Find v, = A™yy and so x,,.



