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paper, write your name on it.
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Problem 1) TF questions (20 points) No justifications needed
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The plane x +y + 2z — 1 = 0 is the kernel of a linear transformation 7.
For any matrix A the identity im (A?) = im (rref (A?)) holds.

For any matrix A, one has ker (A) = ker (rref (A)).

There is a 4 x 8 matrix whose kernel is 3-dimensional.

There is a 2 X 2 matrix for which A% = —1I,.

If three vectors vy, v, and wvs are in a plane, they are independent.

If S and A are invertible n x n matrices, then (SAS™1)~! = S~1A~1S.

If all entries of a 2 x 2 matrix A are nonzero, then the inverse of A exists.

For any square matrix A, the image of A7 is contained in the image of A.

If A is a matrix, let B be the matrix for which the order of the columns are
reversed. Then rref (A) = rref (B).

If the columns of a n x n matrix form a basis in R", then the rows also form
a basis in R".

If B2 = A, then B is called the square root of A. Every 2 x 2 matrix A has
either 0 or 1 or 2 square roots.

If A is an invertible 2 x 2 matrix and B is the basis of the column vectors,
then [A]p is diagonal.

There exists a linear transformation whose image consists of exactly 6 dis-
tinct points.

B = {2e¢1,2e¢y } is a basis of R? for which [v]g = v for any v.

The dimension of the image of a matrix A is equal to the dimension of the
image of the matrix rref(A).

There exists an invertible n x n matrix whose inverse has rank n — 1.

If A is the reflection about a line L and B is the reflection about the plane
V = L* perpendicular to L, then A = —B.

The set of vectors in space satisfying x + y + z = 1 form a linear space of
dimension 2.

If A, B are given n X n matrices, then there is a unique n x n matrix X
satisfying (A + X)B = A if B is invertible.
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Problem 2) (10 points)

Match the matrices to their rref, enter R, U, V, W in the right order below:

111 111 (1 1 0] 1 00
A=1]1110 B=1|101 R=1]0 01 U=1]010
1 00 111 00 0 00 1
(1 1 1] 11 1] 1 1 1] 101
cC=1111 D=0 01 V=1000 W=1]010
111 111 000 000

1
b) Find the projection matrix onto the space spanned by the vectors v = _11 /2, W =
1
1
—1
1 /2.
—1

Problem 3) (10 points)

Each of the following matrices matches with a transformation below:

SEF RS EPHR

o-[4 Y] o[58 [ 3

rotation | dilation | rotation dilation | shear | projection | reflection




Each of the following spaces R,U,V,W below is equal to one of the spaces K, L, M, N. No
justification is necessary.

1 1 10 10 1 0
0 1 01 ) 00 1 1
R =1im 0 1 U =1im 0 1 V =im 0 0 W =im 11
11 10 0 1 01
1 0 0 -1 0010
K—ker{o 1 1 0} L—ker{o 10 O]
0 1 -1 0 0 2 =20
M—kelr[2 1 2] N—kelr[1 1 0 1}

Problem 4) (10 points)

Solve the following system of linear equation by doing row reduction of the augmented matrix.
In each step you have to use one of three basic row reduction steps. Write in each step, what
you do:

X ~+7z = 1

y +z +q = 2
X +z +q = 2
X 4y +q = 1

Problem 5) (10 points)

Two matrices A, B are called similar if there exists an invertible matrix S such that B =

STLAS.



a) (2 points) Is it possible that the matrix A = be similar to a reflection about a

[ S =
[ S =
_ O =

line? Show your reasoning.

1 1 1
b) (3 points) What is the matrix A in the basis B = {vy,vo,v3} ={| 0 |, | 1 |, | 1 |}?
0 0 1

¢) (3 points) Find the inverse of the matrix S which contains the above basis as column vectors
V1, U9, v3. Use row reduction to find the inverse.

3
d) (2 points) Express ¢ = | 3 | as a linear combination of vy, vs and vs.
3

Problem 6) (10 points)

Here €1, e5, e5 denote the standard basis vectors in R".

a) (3 points) Find the 3 x 3 matrix A which is the reflection about the xzz-plane.
b) (2 points) Find the 3 x 3 matrix B which maps e; to ey, e; to e3 and e3 to e;.
¢) (2 points) Find the 3 x 3 matrix C' which scales every vector by a factor 2.

d) (3 points) What is the transformation C'BA which first reflects, then rotates and finally
scales.

Problem 7) (10 points)

Find a basis for the image and the kernel of the following matrix:

12 3 21
23 4 3 2
A=13 4 5 4 3
4 5 6 5 4
5 6 7 6 5

Problem 8) (10 points)




w

We are given the rotation dilation matrix A = {

]

S

a) (3 points) Find a matrix B such that B? = A.

b) (4 points) Write down the matrix B'7. We need a numerical result which can involve powers
of numbers.

¢) (3 points) Can A be the product of a projection at a line L and a reflection @) at a second
line K7

Problem 9) (10 points)

Let A be a 3 x 3 matrix such that A% =

o OO
o OO
o OO

a) (3 points) Why is im (A?) a subspace of ker (A)?
b) (4 points) Find all possible values for rank(A).

¢) (3 points) Give an example of such a matrix A for each possible rank.

Problem 10) (10 points)

Let A be a 3 x 3 matrix with A% = 0, the zero matrix.

a) (3 points) Compare ker (A) and im (A) and im (A?). How are they related?

b) (2 points) Is A invertible?

c) (2 points) Is A+ I3 invertible where I3 is the identity matrix? Hint. Look at B = I3 — A+ A%
d) (3 points) Give examples of matrices A exhibiting all the relations you found in part a) and

).
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