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Problem 1) TF questions (20 points) No justifications are needed.

1) T F The rank of A−1 is always equal to the rank of A if A is an invertible matrix.

2) T F rank(A− B) = rank(A)− rank(B) for all 2× 2 matrices.

3) T F The row reduced echelon form of an invertible 3× 3 matrices is invertible.

4) T F Given 3 vectors in R5, then their span forms a linear space.

5) T F A system of linear equations has either 0, 1 or ∞ many solutions.

6) T F
A reflection in the plane at the x axes is similar to the reflection at the y
axes.

7) T F Every basis of R3 contains exactly 3 vectors in it.

8) T F A 4× 4 matrix can have dim(im(A)) = dim(ker(A)).

9) T F The rank of a 7× 3 matrix can be 4.

10) T F
If {v1, v2, v3, v4 } is a set of vectors spanning a linear subspace V of R9,
then dim (V ) ≥ 4.

11) T F If A is a 7× 5 matrix, then the dimension of ker (A) is at least 2.

12) T F The difference A− B of 2 invertible 5× 5 matrices A,B is invertible.

13) T F
If A~x = ~0 has a nonzero solution, where A is a 4×4 matrix, then rank(A) ≤
3.

14) T F If ~b is in im(A), then A~x = ~b has exactly one solution.

15) T F
If A and B are 2 × 2 matrices and A · B is the identity matrix 12, then A
and B are both invertible.

16) T F
If ~v is a nonzero vector in the kernel of A, then ~v is perpendicular to every
row vector of A.

17) T F If AB = I2 for an 2× 3 matrix A and B is a 3× 2 matrix, then BA = I3.

18) T F
If a 2 × 2 matrix different from the identity is its own inverse then it is a
reflection at a line.

19) T F
The set of vectors (x, y) in R2 such that |x|+ y = 0 is a linear subspace of
R2.

20) T F
Given a rotation dilation matrix A and a projection matrix B. Then the
intersection of the image of A and the kernel of B is a linear space.

Total
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Problem 2) (10 points) No justifications are needed.

a) (5 points) Which of the following matrices are in row reduced echelon form?

Matrix is in row reduced echelon form




1 2 3 0 4 0
0 0 0 1 0 0
0 0 0 0 0 0









1 0 2 0 0 0
0 0 0 1 0 0
0 0 0 0 1 2









0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 0 1













1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0

















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1









b) (5 points) Check the matrices which are invertible:

Matrix invertible








1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

















1 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

















1 1 1 1
1 2 1 0
1 3 1 0
1 4 1 0

















1 2 3 4
0 1 2 3
0 0 1 2
0 0 0 1

















1 1 1 1
1 1 1 0
1 1 0 0
1 0 0 0








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Problem 3) (10 points) No justifications are necessary.

a) (3 points) Which of the following matrices either perform a rotation dilation or a reflection
dilation? Check the corresponding boxes (it is also possible that both cases are unchecked):

Matrix rotation dilat. reflection dilat.
[

1 −1
1 1

]

[

1 1
1 1

]

Matrix rotation dilat. reflection dilat.
[

1 1
1 −1

]

[

1 −1
0 1

]

b) (2 points) Which of the following sets are linear spaces?

The space of all ... Check
all (x, y) satisfying x2 + y2 = 1
all (x, y) satisfying x2 = y

The space of all ... Check
(x, y, z) ∈ R3 satisfying 2x+ y − 4z = 1
the set of rational numbers in R

c) (5 points) Match the matrices with the action of the transformation which maps a shape in
the domain R

2 into a shape of the codomain R
2.

A-F domain codomain A-F domain codomain
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A=

[

1 0
2 1

]

B=

[

1 0
1 2

]

C=

[

0 1
1 2

]

D=

[

0 1
2 1

]

E=

[

1 1
1 0

]

F=

[

1 1
2 1

]

Problem 4) (10 points)

a) (5 points) Find a basis of the image of the following chess matrix:

A =























1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1























.

b) (5 points) Find a basis for the linear subspace of all vectors in R4 which are perpendicular
to the columns of the matrix

A =









11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44









.

Problem 5) (10 points)

a) (5 points) Invert the matrix

A =









0 1 1 1
0 0 1 1
0 0 0 1
1 0 0 0









by using row reduction on an augmented 4× 8 matrix
b) (5 points) Find a basis for the linear space of vectors perpendicular to the kernel of

A =

[

1 1
1 1

]

.
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Problem 6) (10 points)

a) (2 points) Find the angle between the vectors x =









2
0
2
0









and y =









2
0
0
2









.

b) (2 points) Find a matrix A whose image is spanned by the two vectors x, y.

c) (4 points) Find a matrix B whose image is the space of all vectors perpendicular to the two
vectors.

d) (2 points) What is the relation between the image of B and the kernel of the transpose of
A?

Problem 7) (10 points)

a) (6 points) Find a basis of the space V of all vectors perpendicular to the three vectors

{v1, v2, v3} = {









1
1
1
1

















0
1
1
1

















1
0
1
1









} .

b) (4 points) Use a) to find a basis for R4 which contains v1, v2, v3.

Problem 8) (10 points)

a) (5 points) The projection-dilation matrix A =





1 1 1
1 1 1
1 1 1



 in the basis

B = {v1, v2, v3} = {





1
0
0



 ,





0
1
1



 ,





1
0
1



}

is given by a matrix B. Find this 3× 3 matrix B.
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b) (5 points) A linear transformation T satisfies

T (v1) = v2, T (v2) = v3, T (v3) = v1

where v1, v2, v3 are given in a). Find the matrix R implementing this transformation in the
standard basis.

Problem 9) (10 points)

a) (5 points) Find A10 where A =









4 3 0 0
3 −4 0 0
0 0 1 1
0 0 1 1









.

b) (5 points) Find a 2× 2 matrix X satisfying

[

2 0
0 3

]

X

[

1 0
1 1

]

−

[

2 0
2 0

]

=

[

3 4
−4 3

]

Problem 10) (10 points)

The data points (1, 2), (2, 2), (−3,−4) in the plane relate two vectors X =





1
2
−3



 and

Y =





2
2
−4



.

a) (2 points) Find the length of X and Y . (Since the vectors are already centered these are up
to a constant the standard deviation)
b) (2 points) Find the correlation coefficient, the cos of the angle between X and Y .

c) (4 points) The regression line y = ax is given by the formula a = X · Y/|X|2. Find a.

d) (2 points) What can you deduce from c): is the angle between X and Y acute or obtuse?
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