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‘Problem 1) TF questions (20 points) No justifications are needed.

If u,v are two vectors in R? which have length 1 and are perpendicular,
then u + v has length /2.

The rank of a matrix is always larger or equal than the dimension of the
kernel.

The set of all 2 x 2 matrices A for which A% = 0 is a linear space.

If Aisalx 1 matrix, then rref(A) is either [0] or [1].

If a system of linear equations has at least 2 solutions, then it has at least
4 solutions.

If S is the matrix containing a basis B as columns, and A represents a
transformation in the standard basis and Av = Sv for every v, then in the
basis B, the transformation has same matrix B = A.

The reflection A at the x axes is similar to the reflection B at the y axes.
(Similar means that B = S~'AS for some S.)

A 3 x 3 matrix can have dim(im(A)) = dim(ker(A)).

The rank of a 17 x 13 matrix can be 14.

If {v1,v9,v3,v4 } is a set of linearly independent vectors spanning a linear
subspace V of R?, then dim (V) = 4.

For a 10 x 6 matrix A, the dimension of ker (A) is at least 4.

If A,B, and C are n X n matrices, then the property A(BC) = (AB)C
holds.

Suppose A and B are n X n matrices. If A is invertible and B is not, then
AB is not invertible.

If a n x n matrix A has a nonzero vector v in the kernel, then it is not
invertible.

If A7 = 0 has two linearly independent solutions, where A is a 5 X 5 matrix,
then rank(A) < 2.

If A has the trivial kernel and b is in im(A), then A¥ = b has exactly one
solution.

If A and B are 2 x 2 matrices and AB is a rotation, then A and B are both
invertible.

If ¥ is a nonzero vector in the kernel of A, then ¢ is perpendicular to every
row vector of A.

For any two n x n matrices A and B, (A + B)? = A> + 2AB + B2

There is a 2 x 3 matrix A and a 3 X 2 matrix B such that AB is the identity
and BA = 0.
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‘Problem 2) (10 points) No justifications are needed.

a) (5 points) Which of the following matrices can be put in row reduced echelon form in one
single row reduction step (either swap, scale or subtract a row from an other row)?

Matrix is in rref in one step | Matrix is in rref in one step
111111 01 0100
000111 101011
000O0O0TO O 0O000O0O0TO 0

[0 0000 1] L0000
00 0O0O0°1 110001
000O0O0TO O 0 100170

L - 01 0100
000O0T171 000O0O0°1
000O0T1O 100 000
00 0O0O0O 0 0O000O0O0O 0
00 0O0O0°1 000O0O0°1

b) (3 points) Which sets are linear spaces
The set of # which solve [ 1 2 3 45 } - =0.
The set of vectors & for which z; +---+ =z, =0
The image of the matrix A = [ 1 23 45 }

¢) (2 points) One of the following matrices is not invertible, which one?

Matrix not invertible

o

N Wk OO OO R R EFE R PP =PROO -
O WROCOR N R WN H|(—= ORI OO —
OO WO R OO|FRFRFEFFERFRIFDNOFMFEFOOO
S OO NP INOOD OO N, FHRHREFHROFHOO




Problem 3) (10 points) No justifications are necessary.

z

A

a) (6 points) Match the matrices with the action of the
. transformation which maps a shape using a transforma-
tion given by matrices A — F'.

A-F | A-F

[ -1 0 0 -1 0 0
A= 0 -1 0| B= 0 -1 0
0 0 1 0 0 -1
(10 -1 1/vV2 0 1/V2 : 0
D= |0 1 0 E= 0 1 0 F= 0 15 0
00 1 ~1/vV2 0 1/V2 0 0 -15

b) (4 po_ints) Which of the following matrices either perform a rotation dilation or a reflection
dilation, which a projection dilation or shear dilation. (A shear dilation is a composition of a
shear and a dilation).

Matrix rotation dilation | reflection dilation | projection dilation | shear dilation
5 0
5

6
-5

S OO




Problem 4) (10 points)

Solve the following system of equations:

rT+y+z+w = 2
r—yt+z—w =

Your result should give a parametrization of all the solutions.

Problem 5) (10 points)

Find a basis of the kernel and image of the 15 puzzle matrix

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 0

You might have played the 15 puzzle as a kid. The puzzle was invented by Noyes Palmer Chapman a postmaster in Canastota, New York as early as 1874. Copies

A:

of an improved puzzle made their way to Syracuse, New York to Watch Hill and finally to Hartford from where it was sold in Boston, where it got produced on a

larger scale starting in 1879. A version with permuted 15-14 tiles was sold too. It is unsolvable, driving many mad.

Problem 6) (10 points)

a) (5 points) Invert the matrix

A:

S P =
O = =
o O =

=

by using row reduction on an augmented 3 x atrix.

b) (5 points) Find a basis for the linear space of vectors perpendicular to

<
I
U= W N =



Problem 7) (10 points)

—1
a) (5 points) Find the 3 x 3 matrix which reflects about the line through v = | 0
2
b) (5 points) Find the 3 x 3 matrix which reflects about the plane —x + 2z = 0.
Problem 8) (10 points)
Given the following matrices
2 1 11
A=[-111],B=|1|,C=|11 1],
3 1 11
compute:
a) (2 points) AB
b) (2 points) BA
¢) (2 points) ACB
d) (2 points) BCA
e) (2 point) C?
Problem 9) (10 points)
3 2
Motivated by m = 3.141... and e = 2.718... we look at the vectors x = 411 and y = I
1 8

a) (4 points) Find the normalized vectors X; = x; — Ez],Y; = y; — E[y], where E[z] =
(21 + 22 + 23 + x4)/4 and the dot product X - Y, as well as the lengths | X/, |Y|. This corre-
sponds up to a normalization to the correlation and standard deviation of the random variables
X,Y in statistics.



b) (6 points) Find the correlation coefficient

XY
[ X[IY]

which we know to be the cosine between the angle between X and Y.



