Math 21b: Linear Algebra

Homework 20: Diagonalization

Spring 2015

This homework is due on Monday, March 30, respectively on Tuesday, March 31, 2015.

The Freon molecule (Dichlorodifluoromethane

or shortly CFC-12) C'ClyF; has 5 atoms. It is a CFC was used in
refrigerators, solvents and propellants but contributes to ozone de-

pletion in the atmosphere. The adjacency matrix is

a) Verify that the matrix has the characteristic polynomial —(x

423).

01111
10000
10000
10000

10000
5

b) Find the eigenvalues and eigenvectors of A. ¢) Write down a

diagonal matrix B which is similar to A. What is the matrix S

which does the diagonalization B = S~1AS?

2 Which of the following matrices are diagonalizable? To find out,
2 3

see whether there is an eigenbasis: a) A = 5 9| b) A =
2 2 2
; ,c) A= ! ,d) A= ;
0 2 03 3 2
0100| 0100]
3 Are the following matrices similar? A = V000 , B = 0010 :
0001 0000
1000 0] 000 0]




Hint: Compute A? and B? and use that if A and B are similar
then A? and B? are similar.

1 by diagonalization.

Let A be a 3 x 3 matrix for which A% = 0. Verify that the image
is a subspace of the kernel of A. Find the dimension of the image

100
Find 24 + A* + A for A = [4 _2]

and kernel. Pick v; in the image of A and write v1 = Avy. Let v
be a vector in the kernel which is not a multiple of v;. a) Verify
that B = {v1,v9,v3} is a basis. Find the matrix B in that basis.

I =21
b) The matrix A = | 2 —4 2 | is not diagonalizable. Using a) to
3 —6 3
010
find S such that S~'AS =0 0 0 |.
000
Diagonalization

If A is similar to a diagonal matrix B, then A is called diag-
onalizable. In that case the coordinate transformation S has
the eigenvectors of A as columns. A key result is that every
n X n matrix which has n different eigenvalues is diagonaliz-
able. The reason is that the eigenvectors form then an eigen-
basis. If A is diagonalizable with diagonal matrix B = S~!AS
one can define f(A) for any function f by f(A) = Sf(B)S™!
where f is applied to each diagonal entry of B. For example
1 1]) is S SmO(O) sinO(Q) S~ with S = {_1 ! which
sin(2) sin(2) ]

sin(

- 2 2
51 sin@)  sin(
2 2




