Final Exam, May 7, 2015

Math 21b, Spring 2015
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MWEF10 Hector Pasten

MWEF11 Oliver Knill

MWEF12 Gabriel Bujokas

MWF12 Cheng-Chiang Tsai

TThulO Simon Schieder
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Start by writing your name in the above box and
check your section in the box to the left.

Try to answer each question on the same page as
the question is asked. If needed, use the back or the
next empty page for work. If you need additional
paper, write your name on it.

Do not detach pages from this exam packet or un-
staple the packet.

Please write neatly and except for problems 1-3,
give details. Answers which are illegible for the
grader can not be given credit.

No notes, books, calculators, computers, or other
electronic aids can be allowed.

You have 180 minutes time to complete your work.
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‘Problem 1) (20 points) True or False? No justifications are needed.

The matrix A = [ 2

1 4 } 1s symmetric.

1) T F

Solution:
Direct check.

2) T F The vector v = 0 is always in the kernel of a matrix A.

Solution:
By definition, v = 0 is never an eigenvector

3) T F For any 2 x 2 matrices A, the kernel of A is a subspace of the image of A.

Solution:
This is already false for the zero matrix

4) P F If a 2 x 2 matrix A is diagonalizable then the matrix A7 is diagonalizable.

Solution:
A= S71BS implies AT = (ST)"!BTST.

The Fourier series of the function f(x) = sin®(x) only involves cosine terms
and the constant term.

Solution:
The function is even.

The space of smooth functions satisfying the equation f(z) = f(—z)? forms
a linear space.

Solution:
The function f = 1 satisfies the equation but f = 2 not.



7) T P The algebraic multiplicity of an eigenvalue 0 of A is equal to the nullity of
A.

Solution:
The geometric multiplicity is the nullity.

The sum A + B of two real matrices A, B which both have eigenvalues
A =1, —i is a matrix with eigenvalues i, —1.

Solution:
Take a matrix A and then —A.

A discrete dynamical system z(t + 1) = Axz(t) with a 2 x 2 matrix A is
9) asymptotically stable if det(A) < 0.

Solution:
It is true for continuous dynamical systems.

If 2/(t) = Az(t) and z(t + 1) = Ax(t) are both asymptotically stable, then
all real eigenvalues \ satisfy —1 < A < 0.

Solution:
Yes, this assures it

11) T F The sum of two orthogonal projections is an orthogonal projection.

Solution:
Take a projection P and form P + P. This is no more a projection.

12) | T || F The function f(z,t) = e %sin(3z) solves the heat equation f; = 2f,,.

Solution:
Yes, just check this



If a system of linear equations AZ = ¢ with 2 x 2 matrix A has infinitely

13) T F many solutions, then there exists b such that AZ = b has no solution.

Solution:
There is a nontrivial kernel. The image is therefore not the entire space.

The equilibrium point (0,0) of the nonlinear system 2/ = 2%, ¢/ = y?
asymptotically stable.

Solution:
It is not stable because the eigenvalues are zero.

15) T F All real symmetric matrices are diagonalizable over the real numbers.

Solution:
This is the spectral theorem

||3sin(5x) — 7sin(10z)|| = v/5% + 102, where the length || f|| of f is defined
by the inner product (f,g) = %f_ﬁ f( )g(x) dx.

Solution:
This is Parseval’s equality. But the result is /32 + 72

17) T F The sum of the eigenvalues of a symmetric 2 x 2 matrix is 0.

Solution:
Take a matrix with eigenvalues 0, 1.

The differential equation 2”(t) + 9z(t) = sin(3t) with z(0) = 2,2/(0) = 2
has solutions for which |z(t)| becomes arbitrary large.

Solution:
This is a resonance case.



19) T F For any invertible matrix, A~ is similar to A.

Solution:
The eigenvalues are 1/\.

If an n x n matrix has the property that the sum of all matrix entries are
zero, then the matrix is not invertible.

Solution:

A counter example is the matrix { (1] _01 } .



‘Problem 2) (10 points) No justifications needed

a) (6 points) We are given a real 3 x 3 matrix A and define B = A3 + A.

Statement

Always true

If A is invertible, then B is invertible

If A is diagonalizable, then B is diagonalizable

If A is symmetric, then B is symmetric

If A has a zero determinant, then B has a zero determinant

If A has zero traces, then B has zero trace

If A has an eigenvalue 1, then B has an eigenvalue 2

Solution:

Statement

Always true

If A is invertible, then B is invertible

If A is diagonalizable, then B is diagonalizable

If A is symmetric, then B is symmetric

If A has a zero determinant, then B has a zero determinant

If A has zero traces, then B has zero trace

If A has an eigenvalue 1, then B has an eigenvalue 2

b) (4 points) Match the differential equations with possible solution graphs.

| Enter A-D | Differential equation |

/() + f(t) = 2sin(2¢)

f'(t) = 2sin(t)

F(t) = £(t) = 2sin(21)

J7(t) + F(t) = 2sin(t)

1x108 -




-15 —

r -3
Solution:
DABC

Problem 3) (10 points) No justifications needed

a) (6 points) Assume 7' is a transformation on C*°, the linear space of smooth functions on the
real line. Which of the following transformations are linear?

Transformation Check if linear

Tf(x) = 3f(52)
Tf(z)=f(4—=x)
Tf(x) = sin(z) f'(x)




Solution:

Transformation Check if linear

X
Tf(x) = 3f(52%)

X
Tf(x)=f(4— )

X
Tf(2) = sin(z) /()
Tf(x) = f(5)f(x)

X
Tf(x)= f(5)°
Tf(x) =1+ f(5f(x))

b) (4 points) Match the differential equation L2 (t) = Az(t) with the phase portraits. There is
an exact match.

Matrix Enter a) - d)
A= _11 —01

=10

A=y

A=1o1

' 7
=

a) b) c) d)

A
R

—
—

- -
- -

Solution:
c¢)b)d)a)



Problem 4) (10 points)

a) (4 points) Find all the solutions to the following system of linear equations:

T + vy + 2z + u + v+ w =6
r — vy + 2z — u + v — w =0
T + 1y + z + u - v — w =2

b) (3 points) The system in a) can be written in matrix form as AZ = b. Find a basis for the
kernel of A.

c¢) (3 points) Find a basis for the image of A.

Solution:
a) Row reduce the augmented matrix to get the pivot columns and free variables:

r 0 s t
01 0 1 03
0 00 -1 01
0 0 0 1 1 2
Write this again as a system The solution is
[z ] F 17 [ —1 17 [0 T [ 1 ]
Y 3 0 —1 —1
z 0 1 0 0
N +r 0 +s 1 +1 0
v 2 0 0 -1
[ w L 0 ] L 0 [ 0 [ 1 ]

(T-17 707 [ 117)
0 ~1 ~1
1 0 0
b= o ['] 1 |] 0
0 0 ~1
(Lo J Lol L1l

c) A basis for the image is given by the pivot columns

1 1 1
B={|1],]| -1 1
1 1 ~1

Problem 5) (10 points)




Using the least square method, find the hyperbola
xy+axr+by=1
which best fits the data points (z,y):

{(170)’ (_1’ 1)7 (172)7 (17 _1)7 (2’ 1) } .

Solution:
write down the equations:

a
—a+b = 2
a+2b = -1
a—b = 2
20+0 = -1
This leads to the matrix
1 0
-1 1
A= 1 2
1 -1
2 1
1
2
and the vector b = | —1 |. We get the solution with z = (ATA)"'ATbh. We have
2
-1
7T =2 -2 —2/13
T A\-1 _ Ty _ _
ATA)T = [ 9 3 /52 and A" b = { _3 } Now z = [ _5/13 ] The best hyperbola

is xy — (2/13)x — (5/13)y = 1.

Problem 6) (10 points)

10



2
Let A= 1| 3
0

SN W
W = =

a) (3 points) Find a matrix B which is diagonal and similar to A.
b) (3 points) Find a matrix S such that B = S7'AS is that diagonal matrix obtained in a).

c) (2 points) Solve the discrete dynamical system v(t + 1) = Av(t), for which the initial condi-
11

tion is ¥(0) = | 11
2

d) (2 points) Is the system defined in c¢) stable?

Solution:
a) Since the eigenvalues are , we have the similar diagonal matrix B =

5 0 0

0 -1 0
0 0 3
b) S contains the eigenvectors of A
1 -1 1
S=11 1 1
0 0 2
[ 11 1 1 1 1
¢)Since | 11 | =12 | 1 | — [ 1 |, we have v(t) = 125" | 1 | — (=1)" | 1 |. The
| 2 0 2 0 2
system is | not stable |.

Problem 7) (10 points)

11



The following matrix is called the Laplacian of the
star graph”

301 1 1
1 -1 0 0
A=11 0o -1 0
1 0 0 -1

-3 0 0 1
. 1 —1 —1 1 : . .
a) (2 points) You are told that B = { Lt o 1ol 1 Ll } is an eigenbasis of A.
1 1 0 1

Find the eigenvalues of A.

b) (2 points) Find the characteristic polynomial of A.

¢) (3 points) Write down the solution to ¥'(t) = A¢(t) with initial condition 7(0) =

OO O W

Side remark: You just have solved the “heat equation” on the star graph.

d) (3 points) Write down the solution to ¥(t + 1) = Av(t) with initial condition ¥/(0) =

OO O W

12



Solution:
a) The eigenvalues are —4, —1,—1,0.
b) The characteristic polynomial is (4 — A\)(1 — X)(1 — A)(0 — A).

3 -3 -3
. 0 1 1
c) Since ol = —3/4 LT (3/4) 1| have
0 1 1
-3 1
- —4t 1 -0t 1
U(t) = (=3/4)e LT (3/4)e 1
1 1
d)
-3 1
— t ]_ t 1
3(t) = (<3/a -y | |+ 0| ]
1 1

Problem 8) (10 points)

2 2
LetA:[O 2}

a) (2 points) Compute A% and A~

b) (2 points) Find the eigenvalues of AT + A.
¢) (2 points) Find the QR decomposition of A.
d) (2 points) Find the characteristic polynomial f4(\) of A.

e) (2 points) What are the algebraic and geometric multiplicities of the eigenvalues of A7 Is A
diagonalizable?

Solution: / /
4 8 1/2 —1/2
2 -1 __
a)A_[o 4}14 _{0 1/2 }
by A+AT= | 2 2] 62

2 4
¢) The QR decomposition is A = [, A.

d) The characteristic polynomial is A? — 4\ + 4.

e) The algebraic multiplicity of 2 is 2, the geometric multiplicity 1. The matrix is not
diagonalizable.

13



Problem 9) (10 points)

Remember the song:

“Laplace, Row Reduce”
Partitions, Triangular
Ergenvectors, Eigenvalues
Patterns you can use!”

a) (2 points) Find the determinant of the following matrix:

=
O OO N
_ O O Wwo
OO = OO

—_
o

1
2
1

0
0
0
)
0
b) (2 points) Find the determinant of the following GCD matrix

— o
— O = =

2

O N N N

¢) (2 points) Find the determinant of the following matrix

OO N W
S O N =
e
— R
— O =

o]
o]
]

d) (2 points) Find the determinant of the following matrix

6 1 1 11
16 1 11
11611
1 1161
11116

e) (2 points) Find the determinant of the matrix

14



02000000 0]
0020010710
000200000
0100200710
000002000
010100200
000000020
01010100 2
(20000000 0|

Solution:
Follow the song!
a) 80 b) 4¢)2d) 105 = 6250 e) 2°.

Problem 10) (10 points)

Find the general solution to the following differential equations:

a) (2 points)

FO)+ft)=t+1
b) (2 points)

f1)+9f(t) = +1
¢) (3 points)

Fr) +2f) + f(t) =

d) (3 points)

70~ F#) =+ ¢

Solution:

a) Cre " + 1% — 2t + 3.

b) C cos(3t) + Cysin(3t) + t2/9 + 7/81.
c) Cre t + cote™ +t2 — 4t + 6

d) Cret + cpe M +tet /2 — 12 — 2.

Problem 11) (10 points)

15



We analyze the following nonlinear dynamical system

ix = —:U2
aw’ =Y

a9
dt
a) (2 points) Find the equations of the null-clines.

b) (2 points) Find all the equilibrium points.
¢) (3 points) Analyze the stability of the equilibrium points.

d) (3 points) Which of the four phase portraits A,B,C,D below belongs to the above system?
Make sure that also here, you justify your answer, as always.
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Solution:
a) The nullclines are y = 22 and y? = 2°.
b) The equilibrium points are (0,0),(1,1),(—1,1). ¢) The Jacobean matrix is J =

-2z 1 " . 01

2w —2y at the critical points we have J(0,0) = {O O] and J(1,1) =
-2 1 2 1 .

9 _9 and J(—1,1) = { 9 _9 } The points (0,0) and (—1,1) are not sta-

ble. The point (1, 1) is stable.
d) Comparing the stability at the three points shows that A is the only choice.

Problem 12) (10 points)

a) (7 points) Find the Fourier series of the function

05

1 F<w<m
f(z) = 0 —-F<z<j . . .
1 —r<z<-I S
The graph of the function f on [—m, 7] is displayed to 05|

the right.

15+

b) (3 points) Given the Fourier coefficients ag, a,, b, in the previous problem, find the sum

i a? + i b2 .
n=0 n=1

Solution:
a) The function is odd. It therefore has a sin series. we have

b, = 2 /7r sin(nz) dx = i(cos(mr/Q) — cos(nm)) .

s /2 nm

The series is - | b, sin(nz).

b) The Parcival identity tells that the sum is || f||* = 2 ;/2 12de =1.

17



Problem 13) (10 points)

a) (5 points) The partial differential equation
Ut = Ugy + U
is a modification of the heat equation on the interval [0, w]. Solve it with the initial condition
u(z,0) = sin(z) + 4sin(7x) + 2sin(13z) .
b) (5 points) The partial differential equation
Uy = Ugy + U
is a modification of the wave equation on the interval [0, 7]. Solve it with the initial conditions
u(z,0) = 2sin(5x), uy(z,0) = 3sin(bz) + 6sin(8x) .

P.S. As usual, we only consider sin-Fourier expansions in .

Solution:
a) The eigenvalues of the operator T'f = f,, + u on the right hand side are A = —n? + 1
for the eigenvector sin(nz). This reduces the heat equation to v’ = —\u and a factor e~

in each case.
The solution is

u(w,t) = sin(@)el ) + 4sin(7)e1 T 4 25in(132)e1 19

b) We have the same eigenvalue but since we want to reduce the equation uy = Au
to a harmonic oscillator, we have uy; + c?u = 0 and ¢ = v/—\. For the initial position
component we have to include cos(ct) and for the initial velocity factor, we have to include
sin(ct)/c. The solution is

sin(v/5?% — 1t)
VhH%2 —1

sin(v/8% — 1t)

u(z,t) = 2sin(bx) cos(v' 5% — 1t) + 3sin(bx) T

+ 6sin(8x)
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