Mat h21b Sol uti ons Week 11 Lecture 30
Section 5.5: 4,10, 16, 24, 32, 20*

5.5.4 a For column vectors ¥, w0, we have (¢, ) = trace(ﬁTﬂﬂ = trace(? - W) = ¥ - o, the dot
product.

b For row vectors #,, the ijth entry of @l 40 is VWi,

so that (7,w) = trace(v7 @) =

T

Z viw; = v - w, again the dot product.

i=1

5.5.10 A function g(t) = a + bt + ct? is orthogonal to f(t) =t if
! P 1 2
(f.g) = f (at +bt* +ct?)dt = [262 + 262+ 244] | = b =0, that is, if b = 0.
-1

Thus, the functions 1 and #? form a basis of the space of all functions in P orthogonal
to f(t) = t. To find an orthonormal basis gi(t), g2(t), we apply Gram-Schmidt. Now
1

_ 1 _ : T et S U e S
11| = 3 1 Ldt =1, so that we can let g(f) = 1. Then g3(¢) = r—7m = el =
¥5(3¢2 1)

Answer: g1(t) = 1,g2(t) = %E[Btz —1)

5.5.16 a We start with the standard basis 1, t and use the Gram-Schmidt process to construct
an orthonormal basis g1(t), ga(t).

1
11| = \/ﬁ = 1, so that we can let g;(t) = 1. Then g2() t—(101  _ _t—g
0

= Te—wotl = =41 T

V3(2t —1).

Summary: g1(t) =1 and go(t) = V3(2t — 1) is an orthonormal basis.
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b We are looking for projp, (t2) = (g1(t), t%)g1(t) + (g2(t), %) g2(t), by Theorem 5.5.3.

0

1 1 1
. . . 1 . /3
We find that (g1 (t),t%) = / t2dt = 3 and {gg[t),t‘]} = vﬁ/ (2% — tzj dt = % 80
0
that 1:11‘1::-jpi?f2 = % + %[21‘. —1)=¢- % See Figure 5.21.

Figure 5.93: for Problem 5.5.16b.

5.5.24a (f,g+h) = (f,9) + (f.h) =0+8 =38

bllg+ kil = V(g + g+ h) = /g.9) + 2(g. 1) + (0, h) = T+ 6550 = V57

¢ Since {f,g) =0,]|g|| =1, and || f|| = 2, we know that ‘E,g 1s an orthonormal basis of span

(f ).

Now projph = <=2£h> .2£ + (g, h)g = %f’j‘ h)f+ (g,h)g =2f + 3g.

d From part ¢ we know that % f. g are orthonormal, so we apply Theorem 5.2.1 to obtain
the third polynomial in an orthonormal basis of span(f, g. h):

h—projgh _ h—2f-3g _ h—2f-3g _ 2y 3 1
Thoproj h] ~ Th—2r—3al = 5 — 5/ ~ 597 =h
Orthonormal basis: %ﬁﬂ? —%f — %g + %h
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1 tﬂ-—|—m—|—1

fWP—I If n +m is even, this is 1/(n +m + 1). If

5.5.32a (t7,¢m) = L [1 ¢ntm gt =
n + m 1s odd, this is zero.

b ||t?]| = (% f_lltzn dt)t/? = (211 /2)1/2 = (4n 4 2)~1/2 by part a).

¢ go(t) = 1. We obtain g (t) by normalizing fi(t) =t — (t,1)t = t. Because ||t|| = 1/v/3 we
have g (t) = v/3t. We get ga(t) by normalizing fo(t) = t2—1(t2, 1) —/3t(t?, /3t) = t*—1/3
which has norm ||f2|| = 2/(3V/5). Therefore g2(t) = 3V/5t2/2 — /5/2 = 22(3t2 — 1).
Finally, we get g3(t) by normalizing

fa(t) = 3 — 1(t3,1) — V3e(t*, V3t) — (3v5t2 /2 — V5/2) (%, 3v5t2 /2 — V5 /2)
which simplifies to t3 —3t/5. It has norm || fa|| = 2/(5V/7) so that gs(t) = (5t2 — 3t)/7/2.
d go(t)/go(1) = 1,91(t)/g1(1) = ¢, g2(2)/92(1) = (3t* —1)/2, and ga(t)/ga(1) = (5¢* —3¢)/2.
e The polynomial which best approximates f is (f,g0)g0+ (fyg1)01 +{(f,92) g2+ (f, g3) g3 =

15(m — 3)t? /4 + (37/2 — 15/4). The computation can be simplified by noting that f is an
even function, so that (f,g1) = (f,g3) = 0.
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5.5.20 a <|:Il] , [(1}:|> = [z129] |:i §:| |:[1]:| — 21 + 275 = 0 when 1 = —2x5. This is the

Ia

1

line spanned by vector

b Since vectors |:[1]] and [ |

} are orthogonal, we merely have to multiply each of them

) Hé] 2 [t 0] [é g} Ll]] = 1, so that [[1]] .
= [-2 1] [1 2] {—2] — 4, so that ”—ﬂH o

with the reciprocal of its norm. Now

o [

0l 1 | 18 an orthonormal basis.
2

a unit vector, and

1
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