Mat h21b Sol uti ons Week 11 Lecture 29
Section 9.3: 16, 26, 34, 40, 44, 36*, 20*

9.3.16 By Theorem 9.3.10, the differential equation has a particular solution of the form
fp(t) = Pcos(t) + @sin(t). Plugging f, into the equation we find

(—Pcos(t) — Qsin(t)) + 4(—Psin(t) + Q cos(t)) + 13( P cos(t) + @sin(t)) = cos(t) or

9 ' =
[ 12P+4Q =1 ],50

4P +12Q =0
_ 3
P=35
Q=1

Therefore, f,(t) = % cos(t) + % sin(t).

Next we find a basis of the solution space of f”(t)+4f'(t)+13f(t) = 0. pp(A) = A2+4\+
13 = 0 has roots —2 4 3i. By Theorem 9.3.9, fi(t) = e~% cos(3t) and fo(t) = e~ sin(3¢)
is a basis of the solution space.

By Theorem 9.3.4, the solutions of the original differential equation are of the form
f(t) = e1 fi(t) + cafolt) + fp(t) = cre™? cos(3t) + coe™2 sin(3t) + %cc:-s[t} + % sin(t),
where ¢y, co are arbitrary constants.

9.3.26 General solution f(t) = c1e3 + coe ™ (see Exercise 9), with f/(t) = 3¢, — 3cpe™

Plug in: 0 = f(0) = ¢; + ¢ and 1 = f/(0) = 3¢; — 3¢, so that ¢ = é,cz = —=, and

F(t) = %ng _ 1,73t

T =

1
6
9.3.34 a We will take downward forces as positive.

Let g = acceleration due to gravity,
p = density of block

a = length of edge of block

Then (weight of block) = (mass of block) - ¢ = (density of block)(volume of block) g =
pa’y

buoyancy = (weight of displaced water) = (mass of displaced water) - g =

(density of water) (volume of displaced water) g = 1a?z(t)g = a®gx(t).


Jenny Wang
Stamp

Jenny Wang
Stamp

Jenny Wang
Stamp

Jenny Wang
Stamp


b Newton’'s Second Law of Motion tells us that

2 . i C .
m ‘;fg = F = weight — buoyancy = pa®q — a?gx(t), where m = pa? is the mass of the

block.

pa’ ‘f;z = pa’q — a*qx(t)

9F = g— La(t)

d.{.g + —i r=g

constant solution x, = pa

general solution (use Theorem 9.3.9): z(t) = ¢; cos ( t) + 5 sin ( f) + pa
Now ¢3 = 0 since block i1s at rest at ¢t = 0.

Plug in: a = x(0) = ¢y + pa, so that ¢; = a — pa and

z(t) = (a — pa) cos (1 / %t) + pa = 2cos(11t) + 8 (measured in centimeters)

¢ The period 1s P = EIE_ = zrru“_’f;_a. Thus the period increases as p or a increases (denser
AT
wood or larger block), or as g decreases (on the moon). The period is independent of the

initial state.
0.3.40 fr(A) =X +X—-X—-1=(A+1)*(A—1) =0 has roots A\; 5 = —1, A3 = 1.
In other words, we can write the differential equation as (D + I)Q[D —1)=0.
By Exercise 38, part (d), the general solution is x(t) = e~"(cy + eat) + cae.

0.3. 4-1 a Using the approach of Exercises 16 and 17 we find z(t) = e (¢ cost + egsint) —
15 cos(3t) + 45 sin(3t).

b For large t, z(t) = —ﬁ cos(3t) + 55 Jl](&f}
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0.3.36 fr(\) = A? 42\ + 101 = 0 has roots A o = —1 + 20:.
By Theorem 9.3.9, z(t) = e~ "(cq cos(20t) + c9 sin(20t)).
Any nonzero solution goes through the equilibrinm infinitelyv many times. See Figure
9.47.

9.3.20 pr(A) =X —3X2 42X =A(A—1)(A—2) =0 has roots \y =0, o = 1, A3 = 2.

By Theorem 9.3.8, the general solution is f(t) = ¢y + coe® + cze?t. where ¢, co,c3 are
arbitrary constants.
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