Mat h21b Sol uti ons Week 5 Lecture 13
Section 5.1: 8, 16, 18, 20, 28, 38*, 14* TF5/ 14*

5.1.8 Since u-v =4 — 24 4 20 = 0, the two vectors enclose a right angle.

5.1.16 You may be able to find the solutions by educated guessing. Here is the systematic
approach: we first find all vectors & that are orthogonal to ¥, U2, and #3, then we identify
the unit vectors among them.

S —

Finding the vectors & with - v; = ¥ - ¥y = & - ¥3 = ) amounts to solving the system

1+ x9+x3+34 =0
1+ 29 —x3— x4 =0
Ty —T9+x3— x4 =0

(we can omit all the coefficients %)

I t
. ; . . - xo —t
The solutions are of the form ¥ = | = 4
Ty —t
4 t
Since ||Z|| = |1‘ we have a unit vector if t = } or t = —1. Thus there are two possible
choices for vy:
1 _1
2 2
1 1
2| and 2
2 2
1 1
2 2
22 — 1 1 — 1 _ 4 " - : . = _ 1
5118 a [|T]]? = 143+ +gg+ = = = 7 (use the formula for a geometric series, with a = ),
4
so that ||Z|| = % ~ 1.155.

b If we let @ = (1,0,0,...) and &= (1,1, 1, ), then

it £
¢ = arccos 1 _:fﬁ”L T = arccos —— = arccos ‘“’TB = £(=307).
w3
- s : ' ' ' L1 div
cr=|1, NoLRVEl T ) does the job, since the harmonic series 1+ 5+ 3+ - - diverges

(a fact discussed in introductory calculus classes).
d If we let 7= (1,0,0,...),# = (1,4, },--) and @ = Zr = %2 (1,4, 4,--) then

proj v = (@-¥)d =13 (1,1,%,--).
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5.1.20 On the line L spanned by ¥ we want to find the vector m¥ closest to i (that is, we
want ||mZ — ¢ to be minimal). We want m# — § to be perpendicular to L (that is, to ),

T . (mF — i) — 2. L a— o — B . 41820
which means that - (mZ — §) =0or m(Z-¥) — - 9§ =0o0or m = =5 =~ {5555z ~ 0.106.

Recall that the correlation coefficient r is r = ﬂgﬂ'f%ﬂ so that m = H%'[r. See Figure 5.3.

Cancer rate
(deviation 1} United States
from mean) [
Great Britain
y=mx T 10

Meat consumption
(deviation from mean)

100

Finland

Figure 5.75: for Problem 5.1.20.

5.1.28 Since the three given vectors in the subspace are orthogonal, we have the orthonormal

basis
1 1 1
- 1 - 1| . —1
=g |, =5 (| @a=3]|
1 —1 1
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|||T2|| cos(a) = cos(a) = 3

implies that ©7 and ©5 enclose an angle of 60° (= %] The vectors ©; and v3 enclose an
angle of 60° as well.

5.1.38 Since ¥ and 75 are unit vectors, the condition ¥ - Uy = ||T;

In the case n = 2 there are two possible scenarios: either b = ¥4, or 7o and #3 enclose

an angle of 120°. Therefore, either @y - 3 = 1 or ©y - 73 = cos(120°) = —%.
In the case n = 3, the vectors 5 and 73 could enclose any angle between 0° (if Uiy = 7/q)
and 120°, as illustrated in Figure 5.7. We have —% < v - g < 1.
Thc]{t;li;:-fv "
could be anywhere
on thJscu'cl?; —_\ I
v, 60°) 60°
Figure 5.79: for Problem 5.1.38.
0 0 (“’T_) cos
For example, consider v7 = | 0 |, ¥ = "T— , Ug = (v’Tﬁ) sin @
1
1 1 A
2
Note that ¥y - U3 = (i‘] sin € + i could be anything hetween —% (when sin## = —1) and 1

(when sinf = 1), as claimed.

It n exceeds three, we can consider the orthogonal projection @ of ¥i3 onto the plane £
spanned by #; and ;.

Since projy, w = (¥ - W)T; = %5’1, and since ||@|| < ||T3]| = 1, (by Theorem 5.1.10), the
tip of @ v v111 be on the line segment in Figure 5.8. Note that the angle ¢ enclosed by the
vectors U5 and @ is between 0° and 1209, so that cos ¢ is between —§ and 1.

Therefore, ¥y - i = v. L and 1.

2

This implies that Z(#s,73) is between 0° and 120° as well. To see that all these values
are attained, add (n — 3) zeros to the three vectors iy, Uis, i3 in R given above.

Figure 5.80: for Problem 5.1.38.
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5.1.14 The horizontal components of Fy and Fy are — || F} || sin 5 and ||Fy|| sin a, respectively
(the horizontal component of F3 is zero).

Since the system is at rest, the horizontal components must add up to 0, so that — ||I:_" 1| sin 5+

| I B ain @ — || Bl aim v IFill _ sina

||F2|| sina = 0 or ||Fy||sin 3 = ||F3|| sina or 1B — snj-

To find £4, note that EA = EDtana and EB = EDtanf3 so that Z4 = tana —
ER' ' * ' e ' ERB tan 3

S zgzi = ”?” zé’:; . Since a and @ are two distinct acute angles, it follows that

2

E=§ £ ”?” s0 that Leonardo was mistaken.

2

Ch 5.TF.5 F. The correct formula is proj; (Z) = (7 - i), by Definition 2.2.1.

Ch 5. TF.14 F. It is required that the columns of A be orthonormal (Theorem 5.3.10). As a

2], with AAT = |:4 0:|.

counterexample, consider 4 = [ 0 0 0
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