Math21b Fall 2010: Linear Algebra Solutions

Solutions
5.5.10 A function g(t) = a + bt + ct? is orthogonal to f(t) =t if

1

2

(f,9) :/ (at + bt + ct®) dt = [ 242 + L3 + St ] | = gb: 0, that is, if b = 0.

-1

Thus, the functions 1 and t? form a basis of the space of all functions in P, orthogonal

to f(t) = t. To find an orthonormal basis g1(t), g2(t), we apply Gram-Schmidt. Now
1

t2—(1,t2)1 -1

(1] = %/1 1dt = 1, so that we can let g1(¢t) = 1. Then go2(t) = Ht2—§1,t2)1|\ = ”tQ_zn =

LB -1)
Answer: g1(t) =1, g2(t) = 75(3152 -1

5.5.1.1 (;Sf, g) = (cos(t), cos(t+0)) = (cos(t), cos(t) cos(d)—sin(¢) sin(d)) = cos(d){cos(t), cos(t))—
sin
(cos(t),sin(t)) = cos(d), by Theorem 5.5.4.

Also, (g,g9) =1 (left to reader).

Thus, Z(f,g) = arccos (%) = arccos(cosd) = 4.

5.5.16 a We start with the standard basis 1, ¢ and use the Gram-Schmidt process to construct
an orthonormal basis g1(t), g2(t).

[ 1 _1
(11 = /0 dt = 1, so that we can let g1(t) = 1. Then g5(t) = Hﬁ:&’;i}” = IILEH =

V3(2t —1).

Summary: g1(t) = 1 and go(t) = V/3(2t — 1) is an orthonormal basis.

b We are looking for projp, (t2) = (g1(t),t*)g1(t) + (g2(¢),t%)g2(t), by Theorem 5.5.3.

B

1 1
1
We find that (g;(t),t?) = / t2dt = 3 and (go(t),t*) = \/§/ (2t* — t*)dt = 57 50
0 0

t)
that projp t? =1 + 3(2t —1) =t — £. See Figure 5.21.

5524 a (f,g+h)={(f,g9)+(f,h)=0+8=38
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Figure 1: for Problem 5.5.16b.

b llg+hll =/ {g+h.g+h) =/{g,9) +2(g, ) + (h, k) = VT + 6+ 50 = /57

¢ Since (f,g) =0,]|g|| =1, and || f]| = 2, we know that %,g is an orthonormal basis of span

(/. 9)-
Now projph = (£.h) £ + (9. h)g = 1(£.h)f + (g, h)g = 2f + 3.

d From part ¢ we know that % f, g are orthonormal, so we apply Theorem 5.2.1 to obtain
the third polynomial in an orthonormal basis of span(f, g, h):

h—PTOjh h—2f-3g _ h—2f-3g _ 2, 3 1
Thoprojon] — T—2r—s1 = 5 = 5/ —59+5h

Orthonormal basis: 3f,9,—2f — 29+ th

1 tn+7n+1

5.5.32 a (tn,¢m) = L [T ¢ntmgr = LU

— 2
n + m is odd, this is zero.

|1, If n 4+ m is even, this is 1/(n +m + 1). If

n 1 n n —
b el = (3 J1, 20 de)1/2 = (227411, /2)1/2 = (4 4 2)71/2 by part a).

¢ go(t) = 1. We obtain g;(t) by normalizing f1(t) =t — (t,1)t = t. Because |[|t|| = 1/v/3 we
have g (t) = v/3t. We get g2(t) by normalizing fo(t) = t2—1(t2,1)—/3t(t?,\/3t) = t?—1/3
which has norm ||fo|| = 2/(3v/5). Therefore go(t) = 3v/5t2/2 — /5/2 = §(3t2 -1).
Finally, we get gs(t) by normalizing

fa(t) =3 — 1(t3,1) — V3t(t3,V/3t) — (335t /2 — V5 /2)(t3, 3v/5t% /2 — V/5/2)

2
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which simplifies to t3 — 3t/5. Tt has norm || f3|| = 2/(5v/7) so that g3(t) = (5t — 3t)\/7/2.

d go(t)/go(1) = 1,91(t)/g1(1) = t, ga(t)/g2(1) = (3t> —=1)/2, and g3(t)/g3(1) = (5t — 3t)/2.
e The polynomial which best approximates f is (f, go)go + (f, 91091 + {f 92) g2 + {f, g3)g3 =

15(m — 3)t2/4+ (37/2 — 15/4). The computation can be simplified by noting that f is an
even function, so that (f,¢1) = (f,g3) = 0.
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