
Math21b Fall 2010: Linear Algebra Solutions

Solutions

7.5.2 If z = r(cos θ + i sin θ) then z4 = r4(cos 4θ + i sin 4θ).

z4 = 1 if r = 1, cos 4θ = 1 and sin 4θ = 0 so 4θ = 2kπ for an integer k, and θ = kπ
2
,

i.e. z = cos
(

kπ
2

)

+ i sin
(

kπ
2

)

, k = 0, 1, 2, 3. Thus z = 1, i,−1,−i. See Figure 7.25.

Figure 1: for Problem 7.5.2.

7.5.14 The eigenvalues are ±i. We have a = 0, b = 1. The matrix is conjugated to S−1AS =
[

0 −1
1 0

]

with S =

[

1 + i 1− i

1 1

]

, which contains the eigenvectors of A as columns.

7.5.26 fA(λ) = (λ2
− 2λ + 2)(λ2

− 2λ) = (λ2
− 2λ + 2)(λ − 2)λ = 0, so λ1,2 = 1 ± i, λ3 =

2, λ4 = 0.

7.5.32 a ~x(t) =





a(t)
m(t)
s(t)



 =





0.6a(t) + 0.1m(t) + 0.5s(t)
0.2a(t) + 0.7m(t) + 0.1s(t)
0.2a(t) + 0.2m(t) + 0.4s(t)



 so A =





0.6 0.1 0.5
0.2 0.7 0.1
0.2 0.2 0.4



.

Note that A is a regular transition matrix.

b By Exercise 30, lim
t→∞

(At) = [~v ~v ~v], where ~v is the unique eigenvector of A with eigenvalue

1 and column sum 1. We find that ~v =





0.4
0.35
0.25



.

Now lim
t→∞

~x(t) = lim
t→∞

(At~x0) =
(

lim
t→∞

At
)

~x0 = [~v ~v ~v]~x0 = ~v, since the components of ~x0

add up to 1. The market shares approach 40%, 35%, and 25%, respectively, regardless of
the initial shares.

7.5.38 a C2
4 =







0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0






, C3

4 =







0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0






, C4

4 = I4, then C4+k
4 = Ck

4 .
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Figure 7.31 illustrates how C4 acts on the basis vectors ~ei.

Figure 2: for Problem 7.5.38a.

b The eigenvalues are λ1 = 1, λ2 = −1, λ3 = i, and λ4 = −i, and for each eigenvalue

λk, ~vk =







λ3
k

λ2
k

λk

1






is an associated eigenvector.

c M = aI4 + bC4 + cC2
4 + dC3

4

If ~v is an eigenvector of C4 with eigenvalue λ, then M~v = a~v+ bλ~v+ cλ2~v+ dλ3~v = (a+
bλ+cλ2+dλ3)~v, so that ~v is an eigenvector ofM as well, with eigenvalue a+bλ+cλ2+dλ3.

The eigenbasis for C4 we found in part b is an eigenbasis for all circulant 4× 4 matrices.
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