Math21b Fall 2010: Linear Algebra Solutions

Solutions

7.5.2 If z = r(cos§ + isin ) then 2* = r*(cos 46 + isin 46).
2t =11if r = 1,cos40 = 1 and sin460 = 0 so 40 = 2kn for an integer k, and 0 = %”,

i.e. z = cos (%’r) + i sin (%’T), k=0,1,2,3. Thus z = 1,¢,—1, —i. See Figure 7.25.

Figure 1: for Problem 7.5.2.

7.5.14 The eigenvalues are 4i. We have a = 0,b = 1. The matrix is conjugated to S~*AS =

[ (1) _01 } with S = [ 1 _1|— o1 I ‘ } , which contains the eigenvectors of A as columns.

7526 fa(\) = (02 =20 +2)(A2—2)0) = (A2 — 22X+ 2)(A —2)A =0, 50 A2 = 1 4, A3 =
2.\ = 0.

a(t) 0.6a(t) + 0.1m(t) + 0.5s(t) 0.6 0.1 0.5
75.32a Z(t) = | m(t) | = | 0.2a(t) + 0.7m(t) + 0.1s(t) | so A= |02 0.7 0.1
s(t) 0.2a(t) + 0.2m(t) + 0.4s(t) 02 02 04

Note that A is a regular transition matrix.

b By Exercise 30, tlim (A') = [0U' 0], where ¥ is the unique eigenvector of A with eigenvalue
— 00

0.4
1 and column sum 1. We find that ¥ = | 0.35
0.25

Now lim #(t) = lim (A'Zy) = (lim At) Ty = [UU0]@y = U, since the components of &
t—o0 t— o0 t—o0

add up to 1. The market shares approach 40%, 35%, and 25%, respectively, regardless of
the initial shares.

0010 0100
1538a 3= 0 o ol.ci=|0 o0 o 1|.Ch=1 then Ot =},
0100 100 0



Chapter 0 Math21b Fall 2010: Linear Algebra

Figure 7.31 illustrates how Cj acts on the basis vectors €.

Figure 2: for Problem 7.5.38a.

b The eigenvalues are \;y = 1,y = —1,A3 = ¢, and A\y = —i, and for each eigenvalue
A
/\2
A, U = /\k is an associated eigenvector.
k

1

C MZCLI4+bO4+COE+dC§

If ¥ is an eigenvector of Cy with eigenvalue )\, then M ¥ = a@ + bAT + AT + d\3T = (a +
bA+cA2+dN3)T, so that @ is an eigenvector of M as well, with eigenvalue a+bA+cA2+d\3.

The eigenbasis for Cy we found in part b is an eigenbasis for all circulant 4 x 4 matrices.



