4.1.6 Not a subspace, since I and —I4 are invertible, but their sum is not.

4.1.7 The set V of diagonal 3 x 3 matrices is a subspace of B***:

00 0
4.1.7a The zero matrix [0 0 0/ isin V,
000
[a 00 [p 0 n]
41.7b fA=10 b 0} and B= [0 g 0 arein V, then so is their sum

lo 0 e lo o -]

a+p 0 0
A+ B = ] b+gqg 0
] 1] 4T
a 0 0 ka 0 0
41.5c fA=10 b 0)isinV.thensoiskd= |0 kb 0 |.for all constants k.
0 0 e 0 0 ke

4.1.8 This is a subspace; the justification is analogous to Exercise 7.

4.1.9 Not a subspace; consider multiplication with a negative scalar. I belongs to the set,
but —I3 doesn’t.

1
4110 Letv= {2-' . Let V be the set of all 3 x 3 matrices A such that AT = (. Then V

3]
is a subspace of R**%:
4.1.10a The zero matrix 0 is in V. since 07 = 0.
4.1.10b If A and B are in V, then so is A+ B, since (A4 B)i = A7+ Bi=04+0=0.
4.1.10¢c 1If A isin V, then so is kA for all scalars k, since (kA )7 = k(A7) = EO = 0.

4.1.11 Not a subspace: I3 is in rref, but the scalar multiple 215 isn't.



a b e
4136 Let A=|d e f|. Wewant AB=BA, or
g h i
[a b e 2. 00 2 0 0 a b e
d e f 03 o0j=10 3 0 d e fl.or
g h i 0o o0 3 0o o0 3 g h 1
[2a 3b 3c 2a 2b 2c
2d 3e 3f) =13d 3e 3f
|29 3h 3 Jg 3h 3
We note that b, ¢, d, g must he zero, but a,e, f,h and ¢ are chosen freely. So, our space,
a 0 0
V', consists of all matrices of the form [0 e f
0 h 1
1 00 (0 0 0] 0 0 0] 0 0 0 00 0
=a |0 0 0} +ef0 1 O} 4+F{0 0 1 +Ah{0 0 O +d|0 0 0
0 0 0 _[I 0 EI_ 0 0 ﬂ, 01 0 0 01
1 00 [0 0 0] 0 0 0 [0 0 0 0 0 0
Thus, {0 0 0O 0 1 0}.{0 0 1(,10 0 O 0 0 0} is a bhasis of V',
0 o0 EI hl] 0 0] 0 0 0 |01 0 0 0 1

and dim(V')

4.1.48 If f(t) = a + bt + ct* + dt* + et!, then f(—t) = a — bt + ct® — dt® + et! and
—fl—t) = —a + bt — ct? 4+ dt* — et

4.1.48 a f is even if f(—t) = f(t) for all £. Comparing coefficients we find that b = d = 0,
so that f(t) is of the form f(t) = a + et® + et?, with basis 1,2, #*. The dimension is 3.

b fis odd if f(—t) = —f(t), which is the case if a = ¢ = ¢ = 0. The odd polynomials are
of the form f(t) = bt + dt*, with basis £,#* and dimension 2.



4.1.58 a Let g(x) be a function in V. Thus, g"(z) = —g(x). Now, if f(z) = g(z)* + ¢'(z)?,
then f'(z) = 2(g(z))g'(x) + 2(g'(x))g"(z) = 2(g())g'(x) — 2(g(x))g(z) = 0. So, f(z) =

g(z)* + g'(z)? is a constant function.

b Let g(x) be a function in V' such that g(0) = ¢'(0) = 0. From part a we know that
g(z)? + ¢'(x)? = k, a constant. Now g(0)* + ¢'(0)2 = 0% + 0% = 0, so that k = 0. The
equation g(x)? + ¢'(z)? = 0 means that g(x) = g'(z) = 0 for all z, as claimed.

C First we note that g(z) = f(x) — f(0)cos(z) — f'(0)sin(x) is in V| since the functions
f(z),cos(z) and sin(z) are all in V, and V is a subspace of F(R,R). Note that g(0) =
7(0) — £(0) cos(0) — £/(0)sin(0) = F(0) — £(0) = 0. Also, g'(z) = F'(z) + £(0)sinz) —
f'(0) cos(z), so that g'(0) = f'(0) — f'(0) = 0.

By part b, we can conclude that g(z) = 0 for all z, so that f(z) = f(0) cos(z)+f'(0) sin(z),
as claimed.

o]
0 . Let’s denote
0

e ]
==l =]

4.1.44 Let V be the space of all matrices S such that AS = § {

= =D

1 0
the column vectors of § by 4, ¢ and w. The condition A5 =5 [ 0 (| means that
0 0

Al = i, AT = v and Aw = 0. This in turn means that the vectors i and @ have to be on
the plane V, while 7 1s perpendicular to V. If we choose a basis v, s of V' and a nonzero
vector ¥y perpendicular to V, then we can write 4 = atf; + bily, ¥ = o] + dify, W = ey,
and

S = [ii 7 1] = [ai +biy ey +dih eda] = a[ify 0 0] +b[Fa 0 0]+ [0 71 0]+d[0 T 0] + [0 Oza).

Thus dim(V') = 5; the five matrices in the linear combination above form a basis of V.



4.1.12 Yes, the set W of all arithmetic sequences is a subspace of V. Use the fact that a
sequence (zp, Ty, Ta,...) is arithmetic if =, = x5 + kn for some constant k.

e The sequence (0,0,0,...) is an arithmetic sequence, with k& = 0.
e If (z,,) and (y,) are arithmetic sequences (with x,, = zo + pn and y, = yo + gn), then
Tr +Yn = T0o+ yo + (p+ g)n, so that (z, + yn) is an arithmetic sequence as well.

e If (zy,) is an arithmetic sequence (with z, = xp +pn) and k is an arbitrary constant, then
kxy, = kxg + (kp)n, so that (kz,) is an arithmetic sequence as well.

4.1.13 Not a subspace: (1,2,4.8,...) and (1,1,1,1,...) are both geometric sequences, but
their sum (2,3,5,9,...) is not, since the ratios of consecutive terms fail to be equal, for
example, % = %

4.1.14 Yes
e (0,0,0,...,0,...) converges to 0.
e Iflim, .z, =0andlim, .y, =0 thenlim, . _(z,+y.)=lm, .z, +lm, .y, =0

e If lim, .. =, =0 and k is any constant, then lim,,_,_(kz,) = klim,_, =z, = 0.

4.1.15 The set W of all square-summable sequences is a subspace of V:
e The sequence (0,0,0,...) is in W.
e Suppose (x,,) and (y,) are in W. Note that the inequality (r, + y,)? < 222 + 2y° holds
for all n, since 2z2 + 242 — (20 + vn)? = 22 + ¥2 — 220y = (2n — ¥a)® = 0. Thus
S w4y, )? €257 22 +23 7 | y? converges, so that the sequence (z,, +,,) is in

W as well.

o If (z,) is in W (so that 377  x2 converges) , then (kz,) is in W as well, for any

i(kmn]g = k* i x?
n=1 n=1

constant k., since

will converge.
Ch 4. TF.2 T: check with Definition 4.1.3c.

Ch 4. TF.18 F; For any matrix A, the space of matrices commuting with A is at least
two-dimensional. Indeed. if A is a scalar multiple of I, then A commutes with all 2 » 2
matrices, and if A fails to be a scalar multiple of I3, then A commutes with the linearly
independent matrices 4 and [».



