r_
L

in B3,

3.1.34 To describe a subset of B* as a kernel means to desecribe it as an intersection of
planes (think about it). By inspection, the given line is the intersection of the planes

z+y = 0 and
2r+2 = 0.
’ r+
This means that the line 1s the kernel of the hnear transformation T' | y | = [23 +?’:}
from B* to R2.
]
3.1.42 Using the hint, we sce that the vector 7 = 22 i= in the image of A af
3

Lig

y1 —dys +2yy =0  and
y2 —lys 4w — O
: . . .1 0 =3 2]

This means that im(A) is the kernel of the matrix | . | 5 7 .

3.1.44 a Yes: by construction of the echelon form, the systems A¥ = 0 and BZ = 0 have the

same solutions (it is the whole point of Gaussian elimination not to change the solutions
of a system).

b No; as a counterexample, consider 4 = [ﬂ D}. with im(A) = span(é;), but B =

1 0
10 o -
rref(A) = 0 ol with im(B) = span(&} ).

3.1.54 a If no error occurred, then w = v = M, and Hu = H(Mu) = T, by Exercise 53b.
If an error occurred in the ith component, then o = @ 4+ & = M + &, so that

Hai = H(Mi) + Hé; = ith column of H.



Since the columns of H are all different. this method allows us to find out where an error
occurred.

1
b Hiui= | 1] = seventh column of H: an error occurred in the seventh component of 7.

-
'f 0
Therefore 7 = 1 + & = | 0 | and @ = é
1
: 1
1]

3.1.38 a If a vector 7 is in ker(A*), that is. A*Z = 0, then ¥ is also in ker(A*+!), since
ARHIE = AARF = AT =10,

Therefore, ker(A) C ker(42) C ker(A*) C ...

Exercise 37 shows that these kernels need not bhe equal.

=

b If a vector 7 is in im(A**1), that is, ¥ = A**17 for some &, then 7 is also in im(A"), since
we can write § = A*(AZ). Therefore, im(A) 2 im(A%) 2 im(4%) D ...

Exercise 37 shows that these imapes need not be equal.

3.1.48 a @ = AF. for some 7. so that Ad@ = A%2F = AT = .



b If rank(A) = 2, then A is invertible, and the equation A? = A implies that A = I
(multiply by A~1).

If rank(A4) = 0 then A = {g g]

C First note that im(A) and ker(A) are lines (there is one nonleading variable).

ker (A)

im (A}
Figure 3.68: for Problem 3.1.48¢c.

By definition of a projection, we need to verify that & — AZ is in ker(A). This is indeed
the case, since

A(F — AF) = AF — A2F = A7 — AF = (0 (we are told that A2 = A). See Figure 3.5.
Ch 3.TF.8 F; The nullity is 6 — 4 = 2, by Theorem 3.3.7.

Ch 3. TF.50 T; Suppose # is in both ker(A) and im(A), so that ¥ = A for some vector 7.
Then 0 = A7 = A% = Adf = 7, as claimed.



