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Problem 1) (20 points) True or False? No justifications are needed.
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Let A and B be two n x n matrices. Then A and B are similar if and only
if they have the same characteristic polynomials.

Let A be a n x n matrix. Applying Gauss-Jordan row operations to A does
never change the determinant.

An orthogonal matrix is symmetric A7 = A or anti symmetric AT = —A.
The eigenvalues of a matrix A do not change under row reduction.

The eigenvectors of a matrix A do not change under row reduction.

If A is the matrix of a reflection at a line in space, then det(A+ I) = 0 and
det(A—1)=0.

Every upper triangular matrix can be diagonalized.
There is a recursion x,,; = ax, + br,_; for which z,, > (1.01)*" for all n.

The sum of two projections is a projection.

The characteristic polynomial of A is the same as the characteristic poly-
nomial of AT,

For any matrix, we have det(A%) = det(A)°.
The trace of a matrix is equal to the product of the eigenvalues.

There is a projection for which the determinant is equal to 2.

) 2 20, . . 4 3
Thematrle—[O 4]1551m11art03—l0 2].

If two 2 x 2 matrices A and B have the same trace and determinant, then
they are similar.

If = is a solution to the linear equation Ax = b, then z is a least square
solution to Az = b.

It is possible that the length of A"v and the length of A™"v both grow
exponentially.

If an orthogonal matrix () is symmetric, then @) is diagonal.

If A= QR isthe QR decomposition of a square matrix, then the eigenvalues
of A are the diagonal entries of R.

For every invertible n x n matrix A, there is a nonzero n x n matrix B such
that AB is the zero matrix.
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Problem 2) (10 points)
No explanations are necessary for this problem.

a) Which matrices are orthogonal, which matrices are symmetric, which matrices are projec-
tions? Check everything which applies. It is not excluded that you have to check several
properties for each matrix.

orthogonal | symmetric | projection

C1/v/2 1/V/2 0
1) A=11/V2 —1/V2 0
.0 0o 1
[0 -1 0
2) B=|1 0 0 ]
0 0 1
1.0 0
3) C=1000
1000
[1/vV2 1/v/2 0
4) D=11/V2 U¢20]
0 0 0

b) Which of the following assertions are true?

true | false

A is similar to B B is similar to

A is similar to C' B is similar to D

C'is similar to D

A is similar to D

¢) Match the following matrices with sets of eigenvalues. There is a unique match. It is not
necessary to compute the eigenvalues to do so. Enter i),ii) or iii) in the boxes.

-5 —9 -7
A=| 2 5 2
4 5 6
5 —9 —7 i) {3,2,1}.
A=|0 5 2 i) {1,0,3}.
0 0 6 iii) {6,5,5}.
13 11 13
A=| -2 -1 =2
-8 -7 -8




Problem 3) (10 points)

Consider the matrix A =

SO OO N
OO w oo
SO WwWwNn oo
w oo oo

OO OO W

0001 3

a) Find the eigenvalues of A with their algebraic multiplicities.
b) Find the geometric multiplicities of each of the eigenvalues.
c¢) Find all the eigenvectors.

d) What is det(A)?

Problem 4) (10 points)

Find the function y = f(z) = acos(mx) + bsin(nz), which best fits the data

Problem 5) (10 points)

1 -2 0
a) Find all the eigenvalues Aj, Ay and A3 of the matrix A = { 1 0 0 } .

b) Find a formula for tr(A™).

Problem 6) (10 points)




1 2 2
a) (5 points) Find an eigenbasis of A= | 0 2 2
0 0 4

b) (5 points) Do Gram-Schmidt orthogonalization on the basis B = {vy,vs,v5 } you just got.
Write down the () R decomposition of the matrix S which contains the basis B as column vectors.

Problem 7) (10 points)

a) (5 points) Find the determinant of the matrix

00041
02111
11111
00311
00005

b) (5 points) Find the determinant of the matrix

U = DN NN
o O N NN

SO DO OO W
O O N NN

DD O W
SO O W =

Problem 8) (10 points)

We want to find a formula for the general term z,, in the recursion
Tntl = Tn + 3‘flj'n—l/ZJL
if o = 0,2; = 1. This is the case of a Fibonacci recursion, in which only 3/4 of the previous

generation has kids.

Ln+1

a) Write the recursion in the form v, = Av, for vectors v, = l ] in the plane.

b) Find the eigenvalues A\, \_ and eigenvectors v ,v_ of A.
c) Write vy = l (1) ] as vy = avy + bu_.

d) Find v, = A™vy and so z,.



Problem 9) (10 points)

Our goal is to find the determinant of

[ 101 1 1 1 1 1
2 102 2 2 2 2
A 3 3 103 3 3 3
a 4 4 4 104 4 A4
5 5 5 5 105 5
. 6 6 6 6 6 106 |
a) The matrix A — 100/ has an eigenvalue 0. Find its algebraic multiplicity.
R
1
b) The matrix AT has an eigenvector } . Find the corresponding eigenvalue .
1
1

¢) Why does A also have the same eigenvalue \?
d) You have found all the eigenvalues of A — 100/s. What are the eigenvalues of A?
e) Find the determinant of A.



