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Problem 1) TF questions (20 points) No justifications needed

1) T F If A is invertible, then A3 is invertible.

2) T F If A2 is invertible, then A is invertible.

3) T F
There is a matrix A and a vector ~b such that A~x = ~b has no solution and
ker(A) = {~0}.

4) T F
If A is a 3 × 3 matrix which is a rotation around a line in R3 then the
columns of A form a basis of R3.

5) T F
The rank of a diagonal matrix A equals the number of non-zero entries in
A.

6) T F
Row reduction produces a diagonal matrix which has leading 1 at the places
where the original entries were not zero.

7) T F A =

[

4/13 6/13
7/13 9/13

]

is a projection onto the line spanned by

[

2
3

]

.

8) T F The composition of a shear and a rotation in the plane is invertible.

9) T F The linear space of cubic polynomials ax3 + bx2 + cx + d has dimension 3.

10) T F
If A is a 5 × 5 matrix such that A2 = I5, (where I5 is the identity matrix),
then A is invertible.

11) T F If A is a 2 × 2 matrix such that A3 = I2, then A is the identity matrix I
n
.

12) T F There exists an invertible 3 × 3 matrix A such that 7 of its entries are 0.

13) T F
It can happen that in rref(A) there are rows for which all entries are
nonzero.

14) T F It is possible that rref(A) has columns for which all entries are nonzero.

15) T F The rank of a 3 × 4 matrix may be 4.

16) T F The rank of a 4 × 3 matrix may be 4.

17) T F There is an invertible 2 × 2 matrix S such that S−1

[

0 1
0 0

]

S =

[

1 0
0 0

]

18) T F
The number of leading 1 entries in rref(A) is the dimension of the image of
A.

19) T F If A and B are invertible n × n matrices, then so is A − B.

20) T F
There exists a linear transformation T from R3 to R3 for which ker(T ) =
im(T ).

Total
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Problem 2) (10 points)

Which of the following matrices are in reduced row-echelon form? We do not need explanations
in this question.

Matrix IS IS NOT Matrix IS IS NOT

a)







1 0 1
0 0 0
0 0 1






b)







1 0 1
0 1 0
0 0 1







c)







1 6 1
0 0 0
0 0 0






d)







1 6 0
0 0 0
0 0 1







e)







1 6 0
0 0 1
0 0 0






f)







0 1 1
0 0 1
0 0 0







g)







0 0 1
0 0 0
0 0 0






h)







0 0 0
0 0 0
0 0 0







i)







1 0 0
2 0 0
3 0 0





 j)







0 0 1
0 1 0
1 0 0







Problem 3) (10 points)

In problems a)-b), you have to find all the solutions using Gauss-Jordan elimination.

a) (4 points) Find all solutions of A







x
y
z






=







0
0
1






, where

A =







1 1 0
1 2 5
2 3 4





 .

b) (4 points) Find all solutions to the following system of linear equations

x + y + z + w = 4

x − y + z − w = 2
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2x + 2y + 2z + 2w = 8

c) (2 points) You have a solution x ∈ R9 of a system of linear equations Ax = b, where A is
a 7 × 9 matrix, and b is a given vector in R7. Is it possible to find an other solution Ay = b,
where y is different from x?

Problem 4) (10 points)

Which of the following sets are linear subspaces of some Rn? You do have to give explanations.

1) (2 points) The image of the transformation R2 to R2 given by T (

[

x
y

]

) =

[

1 −2
3 4

] [

x
y

]

.

2) (2 points) The kernel of the projection from R3 onto the xy-plane.

3) (2 points) The solutions of the equation 2x + 3y − 5z = 12 in R3.

4) (2 points) All the vectors







x
y
z






in R3 which satisfy

[

x y z
]







x
y
z






= 0.

5) (2 points) All the points {~x ∈ Rn | A~x = ~x }, where A is a given n × n matrix.

Problem 5) (10 points)

Let A be a shear in the plane along the x-axis which maps ~e1 to ~e1 and sends ~e2 to 2~e1 + ~e2.
One calls this transformation also a horizontal shear. Let B the the projection onto the x-axis.

a) (4 points) Find the matrices A, B, AB and BA.

b) (3 points) What is A100?

c) (3 points) What is (AB)10?

Problem 6) (10 points)
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a) (3 points) Let T be the linear transformation from R2 to R2 that is a reflection over the
x-axis. Find the matrix of T .

b) (4 points) Let S be the linear transformation from R2 to R2 obtained by first reflecting over
the x-axis, then reflecting over the y-axis, and finally reflecting over the line y = x. Find the
matrix A of S.

c) (3 points) Find the inverse of A, where A is the matrix you found in part (b).

Problem 7) (10 points)

a) (3 points) Find a basis for the kernel of

A =
[

1 2 3 4 5
]

b) (3 points) Find a basis for the image of the following 4 × 6 matrix

A =











1 1 1 1 1 1
2 2 2 2 2 2
3 3 3 3 3 3
4 4 4 4 4 4











.

What is the dimension of the image and the dimension of the kernel?

c) (4 points) Find the dimension of the image and kernel of the following 4 × 100 matrix

A =











1 2 3 · · · 99 100
2 3 4 · · · 100 101
3 4 5 · · · 101 102
4 5 6 · · · 102 103











.

Problem 8) (10 points)

Let ~v1 =

[

1
2

]

and ~v2 =

[

0
1

]

. Let B be the basis {~v1, ~v2} of R2.

a) (3 points) Find the coordinates of ~v =

[

5
6

]

in the basis B.

In other words, find the B-coordinates of ~v.

b) (4 points) The matrix A =

[

1 1
3 4

]

defines a linear transformation T (~x) = A~x. What is

the B-matrix of T ?
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c) (3 points) Is there a different basis B such that the B-matrix of T is

[

2 −2
1 −1

]

? Explain

briefly. (Here, T is the linear transformation defined in part (b).)

Problem 9) (10 points)

You are given a matrix A which is a 5× 6 matrix of rank 5. In each of the following questions,
we need not only the answer but also a short explanation.

a) (2 points) Can the matrix A be invertible ?

b) (3 points) What is the dimension of the image?

c) (3 points) What is the dimension of the kernel?

d) (2 points) How many solutions will the equation A~x = ~b have?

Problem 10) (10 points)

A general shear is a linear transformation T for which there is a vector ~v with T (v) = v and
such that for all vectors T (x) − x is parallel to v. Is the linear transformation T (x) = A(x)
with

A =

[

−1 4
−1 3

]

a general shear? If so, find the line along which it is centered. It is enough to give a nonzero
vector ~v in that line.
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