6. Not a subspace, since I3 and — [ are invertible, but their sum is not.

7. The set V of diagonal 3 x 3 matrices is a subspace of R3*2:

coo
= o o
oo o

a. The zero matrix J isin V,

a 0 0] p 00
b.IfA=|0 b 0[andB=10 g 0| arein V, then so is their sum
00 ¢

] 00 r
atp 0 0
A+B=| 0 b+gq 0
0 0 c+r

a 0 0 ke 0 0

c. fA=10 b 0| isinV,thensoiskAd= |0 kb 0 |, for all constants k.
00 ¢ 0 0 ke

8. This is a subspace; the justification is analogous to Exercise 7.

9. Not a subspace; consider multiplication with a negative scalar. Is belongs to the set, but
=I5 doesn't.

1
10. Let ¥ = 2]. Let V be the set of all 3 » 3 matrices A such that A7 = 0. Then V is a
3
subspace of B3*3:

a. The zero matrix 0 is in V, since 07 = (.
b. If A and B are in V', then so is A + B, since {A+B}ﬂ'=Air'+Bt?=ﬁ+ﬁ=f!’.
i.

¢ If Aisin V, then so is kA for all scalars k, since (kA7 = k(A7) = k0 =

11. Not a subspace: [ is in rref, but the scalar multiple 213 isn't.



2.0 0 20 0][a b ¢
0 30[{=|030|[de fl, o
00 3 00 3||g h i

[2a 3b 3¢ 2a 26 2
2d 3¢ 3f| =|3d 3¢ 3f|.

3g 3h 3i

b ¢
€ f],WewmtAB=BA,m
h

We note that b,¢,d, g must be zero, but a,¢, f,h and i are chosen freely. So, our space,

a 0 0
V, consists of all matrices of the form |0 e f
0 h i
1 00 (0 0 0] 00 0] 000 00 0
=a{0 0 O[+e|0 1 O|+f|0 0 L|{+h|0O 0 0} +i{0 0 0.
00 0 [0 0 0] 0 0 0 010 001
1 0 0] Jo o 0] Jo o 0] [o o0 0 000
Thus, |0 0 Of,|0 1 0,0 0 1{,{0 0 0{,|0 0 0| is a basis of V,
000 [000f] |00O0] |[O10 00 1
and dim{V) = 5.

48. H fit) =a+ bt + ot +dt* + et*, then fi—t) =a— bt +ct® — dt* 4 et! and - f(-t) =
—a+ bt = ct? + dt? — et

a. fis even if f{—t) = f{t) for all {. Comparing coefficients we find that b= d = 0, s0 that
Fit) is of the form f(t) = a+ ef® + et with basis 1,2, ¢*. The dimension is 3.

b. fis odd Iif f{—t) = —f(t), which is the case if a = ¢ = ¢ = 0. The odd polynomials are
of the form f(t) = bt + dt?, with basis t,t* and dimension 2.

58. a. Let g(z) be a function in V. Thus, g"(z) = —g(z). Now, if f(z) = g(z)? + ¢'(z)?

then f'(z) = 2(g(z))g'() + 2(¢'(2))9"(z) = 2(g(z))g'(z) ~ 2g(x))g'(z) = 0. So,

flz) = g(z)*® + ¢'(z)? is a constant function.

b. Let g(x) be a function in V such that g{0) = ¢'(0) = 0. From part a we know that
glz)? + ¢'(x)? = k, a constant. Now g(0)% + ¢’(0)2 = 02 4 0? = 0, so that k = 0. The
equation g(z)? + g'(z)* = 0 means that g(z) = g'(z) = 0 for all x, as claimed.

c. First we note that g(z) = f(x) — f(0) cos(z) — f'(0) sin{z) is in V, since the functions
f(z), cos{x) and sin(zx) are all in V, and V is a subspace of F(E,R). Note that g{0) =
f(0) — £(0) cos(0) — f*(0)sin(0) = f(0) — f(0) = 0. Also, g'(z) = f'(z) + f(0)sin(z) —
f'(0} cos(x), so that g'(0) = f(0) — f(0) = 0.

By part b, we can conclude that g(z) = 0 for all 2, so that f{z) = f(0)cos(z) +
f(0}sin(z), as claimed.



100
44. Let V' be the space of all matrices S such that AS = §]0 1 0/ . Let's denote the
000
1 00
column vectors of S by #,v and w. The condition AS = S [0 1 0| means that
0O 0 0

Aii = i, AV = ¥ and Aw = 0. This in turn means that the vectors i and ¥ have to be on
the plane V, while 17 is perpendicular to V. If we choose a basis 7}, %z of V and a nonzero
vector U3 perpendicular to V, then we can write i = aif, + by, ¥ = oty + dila, @ = eify,
and

S = [ 7 @] = [afy +bik; i +di; efi3] = al#, 00)+b[d; 00 +¢[0 7, 0)+d|0 T 0] +e[0 GiFs).

Thus dim(V') = 5; the five matrices in the linear combination above form a basis of V.

12. Yes, the set W of all arithmetic sequences is a subspace of V. Use the fact that a sequence
{zg,x1,22,...) is arithmetic if z, = g + kn for some constant k.

+ The sequence (0,0,0,...) is an arithmetic sequence, with k& = 0.
o If (2,) and {3y, are arithmetic sequences {with =, = =y + pn and ¥, = yg + gn), then
In + Un = I + w0 + (P + ¢)n, s0 that {z, + v,) is an arithmetic sequence as well.

¢ If (z,) is an arithmetic sequence (with =, = g + pn) and k is an arbitrary constant, then
kz,, = kxy + (kp)n, so that (kx,) is an arithmetic sequence as well.

13. Mot a subspace: (1,2,4,8,...) and (1,1,1,1,...) are both geometric sequences, but their
sum (2,3,5,9,...) is not, since the ratios of consecutive terms fail to be equal, for example,

R}

14. Yes

« (0,0,0,...,0,...) converges to 0.
o Iflimg o Tn = 0 and limg e ¥ = 0, then limng o (T + tn) = g o Ty 4 g o 1 = 0
# If limy oo #n = 0 and k is any constant, then hing_.o(kz,) = klimg - T = 0.

15. The set W of all square-summable sequences is a subspace of V:

* The sequence (0,0,0,...) is in W.

¢ Suppose {m,}} and (y,) are in W. Note that the inequality (z, + yn)? < 222 + 2y? holds
for all n, since 213 + 2y2 ~ (zn + yn)® = 22 + 42 = 22,9 = (zn — va)° > 0. Thus

E%f=1£rel“]+ Ua)? <2300 72 + 2300 | y2 converges, so that the sequence (Zn + yn) is in
as well.

 If (z) is in W (so that 377 | 22 converges) |, then (kz,)isin W as well, for any constant
k, since
e =] o
Dokza ) =k a2

n=1 fi=1

will converge.



