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Problem 1) (20 points) True or False? No justifications are needed.

1) T F If A is an invertible matrix, then A=! and A” have the same eigenvalues.

Solution:
This is already wrong for the 1 x 1 matrix A = 2.

2) T F For all n > 0, f(x) = cos(nz) is an eigenfunction of T'(f) = f" — f.

Solution:
We have T'(f) = —n’f — f = (—1 — n?)f. Also sin(nz) are eigenfunctions.

3) T F All symmetric real matrices are diagonalizable.

Solution:
This is a basic fact

There exists a 3 x 3 real symmetric matrix which is similar to B =

0 0
4 | T F 0 —i 0
0 0 3
Solution:
A symmetric matrix has real eigenvalues. The given matrix B has two imaginary eigen-
values.
5 | T || F If A is any matrix, then both AAT and A" A are orthogonally diagonalizable.
Solution:

Both matrices are square matrices. Both matrices are symmetric because (AAT)T =
(AT)TAT = AAT and (ATA)T = AT A. Symmetric matrices are diagonalizable.

6) T F All orthogonal projections are diagonalizable

Solution:

This is a special case of the previous problem. Take an orthogonal basis in the space V,
build the matrix A which has this basis as columns, then form AA”. This is a symmetric
matrix.



If the regression line y = ax + b obtained by fitting some data
7) T F {(z1,91), -, (s, Ym)} happens to contain all datapoints, then the corre-

sponding least square solution of Ax¥ = b is an actual solution of A% = b.

Solution: .

This is almost tautological. The system of equations AZ = b is obtained by imagining all
datapoints to be on the fitting curve. In general, this equation has no solution and we
have to find the least square solution.

1 2 2 2
21 2 2
8) T F det( 29 1 9 ) =—T.
2 2 21
Solution:

The matrix A 4+ 1 has entries 2 at every place and the eigenvalues 8 (with multiplicity
1) and 0 (with multiplicity 3). The matrix A has the eigenvalue 7 with multiplicity 1
and the eigenvalue —1 with multiplicity 3. The determinant of A is the product of the
eigenvalues of A and is (—1)37 = —T7.

There exists a symmetric 2 X 2 matrix A such that A ; } = { 2 } and
9) T F
Al =12
1 2

Solution:
The two vectors are eigenvectors but these two vectors are not perpendicular.

The kernel of the operator T = (D — 2)° is spanned by
10) T F o2t 1ot (202t (32t 442t

Solution:
The kernel is 5 dimensional and each of the functions indeed is in the kernel of T

Let A be a 2 x 2 matrix. The system ‘fi—f = Ax is asymptotically stable if

11) T F and only if the eigenvalues of A have negative real parts.

Solution:
This is a theorem.

12 Let A be a 2 x 2 matrix. 0 is an asymptotically stable equilibrium of
)| T K Z(t+1) = AZ(t) if and only if all eigenvalues of A have negative real parts.

Solution:
For discrete dynamical systems, the norm of the eigenvalues matters, not the real part.



The subset of X = C*(R), the set of smooth functions of the real line,
13) | T||F defined by Y = {f € C*(R) : f(0) = 1} is a linear subspace of X.

Solution:
It is not a linear space for example because Y does not contain the zero function f(z) = 0.

The subset of C*°(R) defined by Y = {f € C*(R) : f(0) = f"(2)} is a

14) T F linear subspace of X.

Solution:
If f, g are two functions in Y, then f + g is a function in Y. If f is a function in Y, then
Af is a function in Y. Also the zero function f =01isin Y.

The differential operator T'(f) = (D* 4+ 8D + 17) f defined on C*°(R) has
15) | T || F as the image C*°(R).

Solution:
We know that 7" is invertible.

16) | T || F If 0 is a least squares solution of AZ = b, then b € im(A)*.

Solution:
Yes, this is the main idea of the least square solution.

If A is 2 x 2 matrix with det(A4) < 0, then the system % = Az has 0 as a

E pr—
17) T F stable equilibrium.

Solution:
One of the eigenvalues is negative.

In the Fourier series expansion of the function f(x) =x + 1 on [—7, 7], the

18) T F coefficients a,, belonging to cos(nzx) are zero for all n > 1.

Solution:

The Fourier expansion of f(z) = x + 1 is the sum of the Fourier expansions of 1 and the
odd function g(z) = x. The later has a pure sin expansion, the constant function 1 is its
own Fourier expansion.

0 is a stable equilibrium of the discrete dynamical system Z(t + 1) =

9) | T || F {Zé}f—ﬁ.




Solution:

The matrix _4 _12 has trace —4. The sum of the eigenvalues is —4. For stability
both eigenvalues would have to have absolute value < 1 which is not compatible with a
trace —4.
If A and B are diagonalizable matrices with the same eigenvectors, then
20) T F A+ B is diagonalizable.
Solution:

The conjugating matrix S is the same for both matrices.

Problem 2) (10 points)

Match the following differential equations with the correct description. Every equation matches
exactly one description. No justifications are necessary.

d ; o
dt o
2) d DI
“u = 9r — a2
@y = T oy = dy(l— )
e 4y = 35
o g o9
_ — o 2 d _ ) )
d — |
Ex = Qy(x _ y) — Fill in 1), ’5) here
I A D) o d)] e
Y = vle-y -y

The equation has a stable equilibrium at x =1,y = 1.
The equation has an unstable equilibrium at z =1,y = 1.

The equation has a closed periodic trajectory.

1)
2)
3) The equation has a non-constant solution which stays on the line z = y.
4)
5)

The equation has no equilibria.



Solution:

1) matches with ¢). The Jacobian matrix at (1, 1) has the eigenvalues —1, —3.

2) matches with b). The Jacobian matrix at (1, 1) has the trace 10 and can not be stable.

3) matches with e). If z =y, then 4z = —z; Ly = —y.

4) matches with a). The solution curves are on ellipses.

5)
a

).
matches with d). Note that %y is never 0

)| b)c)]d)|e)
42153

Problem 3) (10 points)

a) Find all 2 x 2 matrices which are both upper triangular and orthogonal.
1
b) Find a matrix A which has | 2 | in the kernel of A.
3
c¢) Find a 2 x 2 matrix A such that AAT = AT A.
d) Find a matrix B such that det(BBT) # det(BT B).
e) Find a 5 x 5 matrix A which has 0 as an eigenvalue with geometric multiplicity 3 and the
eigenvalue 2 with geometric multiplicity 2.

f) Find a 2 x 2 matrix which is nondiagonalizable and which has { ! } as an eigenvector.

2

Solution:
cos(a) —sin(a)
. CIf
sin(a)  cos(«)
it is upper triangular, then sin(a) = 0 so that @ = 0, 7. The only matrices are 15 and —15.
cos(2a)  sin(2a)
sin(2a)  —cos(2ar) |
If it is upper triangular then sin(2a) = 0 so that « = 0,7. The only matrices are

a) An orthogonal 2 x 2 matrix of determinant 1 is of the form A = {

An orthogonal 2 x 2 matrix of determinant -1 is of the form A = [

0 —1 0 1
taking a general matrix A and forming AT A = 1.
b) Take A=[1 1 —1].
c¢) Any symmetric 2 x 2 matrix A satisfies AAT = AT A. For example, the identity matrix
A=1,.

d) Take a non square matrix A = {

{ L0 } and { —1 0 } In total there are four matrices. You can also solve this by

(1) } . Then AT A is a 1 x 1 matrix AT A = 1 which has

determinant 1 and AA” is a projection matrix which has determinant.
e) Take a diagonal matrix A = Diag(0,0,0,2,2).

f) Take a shear along the vector { é

Problem 4) (10 points)




Let A =

o OO
— o O
o = O
o OO

100
a) Find all possibly complex eigenvalues of A with their algebraic multiplicities.
b) Does A have a possibly complex eigenbasis? If so, find one.
c) Is A diagonalizable? Why or why not?
d) Let T be the linear transformation defined by T'(v) = Av. Describe T' geometrically.

Solution:
a) The characteristic polynomial is (A — 1)?(A + 1)%.. The eigenvalues are 1,—1 with
algebraic multiplicities 2.

1 0 1 0

. . . 0 1 0 1

b) Yes, there is an eigenbasis: ol 11 0 1
1 0 —1 0

c¢) Yes, it is diagonalizable. We have a complete set of eigenvectors d) It permutes the
standard basis vectors. It is a reflection in four dimensional space.

Problem 5) (10 points)

Find the function f(x) = a + bcos(z) which best fits the data



Solution:
Setting up the equations a + bcos(z;) = y; gives the system

a+b =1

a = -1

a—b =1

a+b =1
which can be written as A7 = b, where # = [a,b]” and b = [1,—1,1,1]”. The
least square solution is given by (ATA)*ATh.  One has ATA = {le ;] and
Atb = 1 and (A"A)"tATH = 211 | The best fit is given by the function

f(t) =5/1142/11cos(t)|.

Problem 6) (10 points)

a) Find the solution of the differential equation f’(t) + 3f(t) = =%, f(0) = 0.
b) Find the general solution of f”(t) +4f'(t) + 3f(t) = 1.

with £(0) = 1/3, f(1) = 1/3+ 1/&® — 1/e.

¢) Find the solution of f”(t) = —4f(¢) with f(0) =1, f'(0) = 2.

Solution:

a) The general solution of the homogeneous equation (D + 3)f = 0 is e 3. For a spe-
cial solution, try f = e~ which gives (D + 3)f = —2 + 3f = f. The general so-
lution is therefore f(t) = e + ¢37%. For ¢t = 0, this is 1 + ¢ such that ¢ = —1.

The solution is f(t) = e™% — e~
b) The general solution of the homogeneous equation (D*+4D+3)f = (D+3)(D+1)f is
ae 3" + be. A special solution of the inhomogeneous equation if f(¢) = 1/3. Therefore,

the general solution is 1/3 + ae™3* + be™*. | The solution is f(t) = 1/3 + 73" — et
c¢) The equation has the solutions f(0) cos(2t) + @ sin(2t) = cos(2t) + sin(2t).

Problem 7) (10 points)

a) (7 points) Find a 4 x 4 matrix A with entries 0,41 and —1 for which the determinant is
maximal.
b) (3 points) Find the QR decomposition of A.



Solution:

a) This was a homework problem. The determinant is the volume of a parallelepiped. If
its lengths are fixed, then it is maximal, if all sides are orthogonal. This can be achieved
1 1 1 1

1 1 -1 -1

11 -1 1 7] -1

1 -1 -1 1

b) A=Q-R=(A/2)-21,.

with

Problem 8) (10 points)

10
a) Diagonalize | 0 1
01

0
1
1
0
b) Let A be the matrix 4 | /9, which has eigenvalues —1,0, 1. Let P be the orthogo-
nal projection onto the kernel of A. Find real numbers a, b, ¢ such that P = a(A —bl)(A —cl).

Hint: b) requires no calculations, rather thought).

Solution:
a) The eigenvalues are 1,0, 2. Note that the matrix is block diagonal and that the eigen-

values of { b } are the roots of A — 2\ which are 0 and 2. The eigenvector to 1 is

11
0 0
e1. The vector 1 is in the kernel. The vector | 1 | is the eigenvector to 2. These
-1 1

three vectors are orthogonal. Scaling leads to an orthonormal basis.
b) If c =1,b = —1, then B annihilates the eigenvectors to 1, —1. Let v be the eigenvector
to 0. Then Bv = a(—b)(—c)v. In order that this is 1, we must have a(—b)(—c) = 1 or

a = —1. The solution is |a = 1,b= —1,c = 1],

Problem 9) (10 points)

Define f = sinh(z) = <= on C*([0,7]) be a function on the interval [0, 7]. Find a solution

T(t,x) of the heat equation T; = T, which satisfies T'(0,z) = f(z).

Hint. [ sinh(z)sin(nz) dz = <) Si“(”ﬂj;;"s(m) Snh(®)  You can leave terms like sinh(r).




Solution:

sinh(z) is an odd function. So the Fourier coefficients are a, = £ [7_sinh(z) sin(z) dz =
2 [T sinh(x) sin(nz) da = % The solution of the wave equation can now be
written down:

flt,x) =322 a,e " tsin(na) which is | 327, %e*”% sin(nz)

Problem 10) (10 points)

a) Find the Fourier series of |sin(z/2)| on C([—7, ).

b) Find > °°  (=1)" 1

An?—1"

Solution:
a) The function is even so that it has a cos-Fourier series

f(@) = aog/V2+ Z a, cos(nx) .

We get
g a —g/ﬂsin(gc/2)L dw—&
"l V2 o
and
a, = %/Ow sin(x/2) cos(nx) dx
= %/0” sin(z/2 + nx) + sin(x/2 — nx) dz
= %[— cos(z/2 +nx)/(1/2 +n) — cos(x/2 —nx)/(1/2 — n)|j]
= 20— [1/(1/2 4 m) ~ 1/(1/2~ )
41
Tl —4n?

b) Evaluating f at z = 7 gives f(7) = 1 and because cos(nm) = (—1)" we have

R 1
1= f(r)= ;+;Z(—1)"m
n=1

The solution is (1 — 2/7)7/4 which is equal to | (2 — 7)/4 = —0.285398.

Problem 11) (10 points)




An ecological system consists of two species whose populations at time ¢ are given by x(t) and
y(t). The evolution of the system is described by the equation

dlz|_|zz-—y+1)

dt |y ] [yle+y=3) |~
a) Find all equilibrium points and nullclines of this system in x > 0,y > 0.
b) Sketch the vector field of this system in the first quadrant > 0,y > 0 indicating the direction
of the vector field along the nullclines and inside the regions determined by the nullclines.

c¢) Are there any stable equilibrium points? Justify your answers.
d) If both species start with positive populations, can either become extinct? Explain.

Solution:

a) The nullclines are z = 0,y = 0,z —y+1 =0 and x + y — 3 = 0. The equilibrium
points are (0,0), (—1,0), (0,3) and (1,2) but only (0,0), (0,3), (1,2) are in the first upper
right quadrant.

b) On the z-axes y = 0, the vector field is (z* + z,0) which is positive on the positive
axes. On the y-axes, the field is y? — 3y which is pointing up for ¥ > 3 and pointing down
for y < 3. The field spirals out at (1,2).

. 20 —y +1 — .. 1 -1 .
c¢) The Jacobean matrix is y % — 3+ } At (1,2) this is { 5 9 } which
has eigenvalues (3 & 4+/7)/2. (0, 3), the Jacobean is { _32 g . There is no asymptotic

stability for any equilibrium point.

d) , there is one curve which emerges from the equilibrium point (1,2)
and which enters the equilibrum point (0,3). If we start on that curve but
not on the equilibrium point (1,2), the solution with run into the equilibrium
point (0,3). On this curve only, it is possible that the first species dies out.

Problem 12) (10 points)




Consider the linear differential equation

dx
E = axr + Yy
dy
at — Y
dz
— = —z.
dt
a) Write the system in the form %f = AZ, where A is a matrix.

b) For which parameters a is the system stable?

Solution:
a) The matrix is
a 1 0
A=|10 a O
0 0 —1

b) In order that the system is stable, the eigenvalues of the matrix have to be all negative.
a

This is equivalent to the fact that all the eigenvalues of B = { 0

real part. And this is true if .

clz } have a negative

Problem 13) (10 points)

Find the solution of the modified wave equation f;; = 16f,, + f with initial string position
f(z,0) = sin(bz)

and initial string velocity
fi(z,0) =sin(17z) .

141 14
12- 12
10 10

0.8 0.8

0.6 0.6
0.4 0.4

0.2

I 0.5\ 10 / 15 \2.0 2/5 30 [
—02l ~02

Initial wave position on [0, 7]. Initial wave velocity on [0, 7].

0.2




Solution:

The Fourier decomposition of the initial wave position is sin(5z). The Fourier decom-
posion of the initial wave velocity is sin(17z) already. Note that the right hand side of
the wave equation is of the form 16D? + 1 which has eigenvalues —c2 = 1 — 16n?. The
equation

uy = (1 —16n*)u = —c2

has the solutions cos(v/16n? — 1¢)u(0)+sin(v/16n2 — 1t)u'(0)/+v/1 — 16n2 because we know
that the harmonic oscillator
U = —ciu

has the solutions cos(c,t)u(0) + sin(c,t)u'(0)/c. The solution of the wave equation is

f(z,t) = cos(V16 - 52 — 1t) sin(bz) + sin(v/ 16 - 172 — 1¢) sin(17z)/V16 - 172 — 1 .



