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Start by writing your name in the above box and
check your section in the box to the left.

Try to answer each question on the same page as
the question is asked. If needed, use the back or the
next empty page for work. If you need additional
paper, write your name on it.

Do not detach pages from this exam packet or un-
staple the packet.

Please write neatly and except for problems 1-3,
give details and justifications. Answers which are
illegible for the grader can not be given credit.

No notes, books, calculators, computers, or other
electronic aids can be allowed.

You have 180 minutes time to complete your work.
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Problem 1) (20 points) True or False? No justifications are needed.

TI[ F
TI[ F

If a system Ax = 0 has at least one solution, then the system Ax = b has
at least one solution for all b.

If A is an orthogonal matrix, then all matrix entries A;; satisfy |A;;| <1
for all 4, j.

The transformation T'(f)(z) = f(2?) — 23f(x) is linear on the space of all
polynomials.

If a smooth function f on [—m, 7] has a sin-Fourier expansion then it satisfies
fjﬂ f(x) dx = 0.

The characteristic polynomials of two real nxn matrices A, B satisfy fa(\)+
fB(A) = farp(N).

The function f(t) = 23e!% is an eigenfunction with eigenvalue 23 of the
linear operator T' = D, where Df = f’ is the differentiation operator on
C>(R).

The matrix (A23)(A?*)7T is diagonalizable, if A is a real n x n matrix.

The initial value problem f”(x) + 23f'(x) + 10f(z) = x + €%, f(0) = 0 has
exactly one solution.

The transformation T'(f)(z) = sin(x) f(sin(x)) is a linear transformation on
the space X = C'*°(R) of smooth functions on the real line.

The set X of smooth functions f(z,t) of two variables which satisfy the
partial differential equation f;; — frze = fo 1S a linear space.

If Ais 23 x 23 matrix of rank 23, then it has an eigenvalue 0.

The vector [ (1) } has the B = {{ ; } , { (2) }}—coordinates [ _11 }

If all the geometric multiplicities of the eigenvalues of a matrix are equal to
the algebraic multiplicities, then the matrix is diagonalizable.

For a differential equation £z = f(z,y), 4y = g(x,y), every equilibrium
point is an intersection of two nullclines.

If z=2i then /z=1+ior1—i.

The determinant and trace of a 2 x 2 matrix A always satisfy the inequality
tr(A) < det(A).

The QR decomposition of an upper triangular matrix A is A = QR, where
R=Aand Q =1,.

If the trace and the determinant of a 2 x 2 matrix A are both zero, then A
is the zero matrix.

The discrete dynamical system z(t+1) = 2(¢) +23 x(t — 1) has the property
that |z(t)| — oo for all nonzero initial conditions (x(0), z(1)).

||sin(z) + cos(23z)|| = V2, where ||f|| = /{f, f) is the length of the
function f with respect to the inner product (f,g) = 2 ffﬂ f(z)g(z) dz.

o



Problem 2) (10 points)

No justifications are needed in this problem. Match the equations with the solution graphs f(x).
Note that the graphs are not necessarily to scale. Enter five of the six choices A,B,C,D,E.F here:

f1(t) + f(t) =sin(t), £(0) =1, f(0) =0

J'(t) = —sin(t), f(0) = 0, f(0) =1

')+ ft) =1, f(0) =1
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Problem 3) (10 points)

No justifications are needed in this problem. Check all boxes which apply except in the first
column where you have to enter your choices of A)-F). We abbreviate the term ”asymptotically
stable” with ”"stable” and ”diagonalizable” means diagonalizable over the complex numbers.




matrix A

phase A)-F)

%w = Az stable

z(t+ 1) = Ax(t) stable

A diagonalizable

11
2 2

0 2
-2 -1

3/4 4
0 2/4

Below are 6 portraits for the continuous dynamical system

—x = Az .

dt

Please enter 5 of the 6 letters A-F in the table above.
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Problem 4) (10 points)

Find all the solutions of the system of linear equations for the variables z,y, z, u.

r — Yy
Y

=14
=5

z + u =7




Problem 5) (10 points)

Find all the eigenvalues and eigenvectors of the matrix

M 23001 3 ) 7 9 11 7
1 23003 ) 7 9 11
A 1 3 23005 7 9 11
1 3 3 23007 9 11
1 3 3 7 23009 11
L 1 3 3 7 9 23011 |

As usual, document all your reasoning.

Problem 6) (10 points)

a) (3 points) Find the 3 x 3 matrix A belongs to the linear transformation which reflects a
vector at the z axes.

b) (4 points) Find the 3 x 3 matrix B belongs to the linear transformation which projects onto
the axes v =y = 2.

¢) (3 points) Find the matrix
AB — BA ,
the so called commutator of A and B.

Problem 7) (10 points)

Find the function z = axy + bx? which best fits the data

— = =X
O N <
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Problem 8) (10 points)

Solve the difference equation
Tnt+1 — Tp = 5yn
Yn+1 — Yn = 51'”
with initial condition xq =5,y = 7.

Problem 9) (10 points)

Find the determinants of the following matrices:

a)

Tl W N~
O U i W N
~N O U = W
00 ~J O O b~
O 00 ~J O Ot




01000
0000 2
30000
000 4 0
00500

c)
(210 0 0]
03000
00300
00150
00116

Problem 10) (10 points)

Find the general solutions for the following differential equations:
a) (3 points) f(t) = t* + 3.
b) (3 points) f"(t) + f(t) =t*+3

c) (4 points) f"(t) +6f'(t) + 9 (t) = 2™

Problem 11) (10 points)

We analyze the nonlinear dynamical system

4,
dt
d
ar?

It is a variant of a van der Pool oscillator.

=Y

= —x—ay—21°

a) (3 points) Find the equations of the nullclines and find all the equilibrium points.
b) (4 points) Analyze the stability of all the equilibrium points.

¢) (3 points) Which of the phase portraits A,B,C below belongs to the above system?
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Problem 12) (10 points)

a) (5 points) Find the Fourier series of the function f(x) = [ (1) ' m ; Z?j

to simplify terms which look like sin(nm/3) or similar.

b) (5 points) The function g(z) = 2* — 7%z has the Fourier series

n

g(x) = Z % sin(nx) .

What is

o0

1
> 7

n=1

This number is called ((6), the value of the Riemann Zeta function at 6.

30K

. You do not have

1| The function f(x) in problem 12a).

Problem 13) (10 points)




The partial differential equation
Uy = Uyy + bu = (D? + b)u

is a model for a reaction diffusion process, where
a thermal process produces additional heat bu propor-
tional to the given heat u. It could model rubbing a
match at a matchbox.

Picture: Sean Oughton, Department of Mathematics,

University of Waikato.

a) (3 points) Show that sin(nz) is an eigenvector=eigenfunction of the operator T'= D? + b in
the PDE w; = T'(u). What is the eigenvalue?

b) (2 points) Solve the system for initial condition u(x,0) = sin(3z)+2sin(5z) in the case b = 1.
¢) (2 points) Solve the system for initial condition u(x,0) = sin(3x) + 2sin(5z) and general b.
d) (3 points) For large enough b, the heat production overcomes the dissipation. Assuming still

the initial condition u(x,0) = sin(3z) + 2sin(5z), find the threshold value by so that for b > by,
the temperature u(x,t) grows indefinitely and the match lights up.



