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Section 10.4 Solutions

1. Notice that T'(z,y) = zy satisfies Laplace’s equation, since %if = %25 =0

So if the center of the disk is at (zg, yo) then the temperature there could be
ZoYo-

But can we come up with another solution? Let’s assume that the disk
is located in the square [0,1] x [0, 7], and let the temperature function on the
disk be s(z,y) subject to the constraint that s(z,y) = zy on the boundary and

g—jj + g%}i = 0. Then T(z,y) = s(x,y) — zy gives the temperature of a disk such
that the temperature is 0 on the boundary. Now extend 7'(z,y) to be zero on
the rest of the square; then this extended function satisfies Laplace’s equation
as well as the boundary conditions 7'(z,0) = T(z,7) = T(0,y) = T(7,y) = 0.
Note that we can do this because T' is continuous, as it is zero on the boundary
of the disk. Given these boundary conditions, all methods only come up with
one solutions for T'(z,y); namely T(z,y) = 0. Since T(z,y) = s(z,y) — 2y,
we weren’t able to come up with any temperature function s(z,y) # zy. This
doesn’t mean that no such s(z,y) exists, but it at least makes 2y a reasonable
answer for the temperature of the center of the disk.

2. Tf s(z, y) satisfies Laplace’s equation with the boundary conditions

s(z,0) =0 s(0,y) =0

=0 y):{y <

T—Yy Yz

INIERNIE]

and h(z,y) satisfies Laplace’s equation with boundary conditions

h(0.y) =0 s(z,0)=0

h(r,y) =0 x x
g’ s(z,m) = { .

T™T—2X

INENSIE]

IV IA

then T'(z,y) = s(z,y) + h(z,y) satisfies Laplace’s equation with
T(z,0)=0 s(0,y) =0

T(m,m:{“ﬁ i~ S(w):{y V=

T—Zx T—Y Y>>

IV IA
[NIERNIE]
[NIERNIE]

We would now like to find s and h. From page 20, we know that

B > 4(=1)™  sinh(2m + 1)z
s(z,y) = Z 7(2m + 1)% sinh(2m + 1)7

sin(2m + 1)y
m=0
switching z and y, we see that

= 4(=1)"  sinh(2m 4+ 1)y
h =
(z.9) Z 7(2m+ 1)2 sinh(2m + N)w

sin(2m + 1)z
m=0
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So that
T(x,y) = s(z,y) + h(z,y)
i A=) (sinh(2m + 1)z sin(2m + 1)y + sinh(2m + 1)ysin(2m + 1))
— 7(2m + 1)2sinh(2m + 1)7

3. We know that
[e.0]
u(z,t) = Z(an sin nt + b, cosnt) sin nz
n=0
is a general solution to the differential equation % = % subject to the con-
straints u(0,¢) = u(m,¢) = 0. If the string is initially undisturbed, we have that
u(z,0) = 0 = b, = 0 for all n. Furthermore, if

ou x r< I
0 ' - 2=0
ot (@0 = {w—m, T > (=)
then a“(:z: 0) = ZOO o Ny cos nit sin nx|t o 22020 na, sinnz = O(z). We

now need to find a Fourier sine series for ©(z).

[—m, 7], we get
—-T—z, -7

Since O(z) = Y7, %;—i% sin(2m+1)z, we obtain (2m+1)agm41 = %%% =
4=nm™

aam+41 = TEm+1)3 asm = 0, and

~—

Extending to the interval

0

8 o
IA N

IAIA

[NIE]

e}

u(z,t) = mz::() % sin(2m + 1)tsin(2m + 1)z.

4. Suppose that f(y) and g(y) are twice-differentiable functions and that
u(z,t) = f(z +1t) + g(z — t) satisfies the equation g%ﬁ = %. We see that
this is always the case, as

d?u _ 82f(:n+t) a2g(m—t) et "

dz? Ox2 + Ox2 =+t +g"(= -1

Pu _ Bfa+t) | Fele—1) _ s O
E/EAETE gz S @) -1 @ -t = Fn

The condition u(O,t) = u(m,t) = 0 then requires

u(o,t) = f(t) + g(=t) = 0= f(y) = —g(-v)

u(m, ) fr+t)+g(n—t)=0= f(r+t)— flt—m) =0
= f2r +y) = f(y)
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From the initial condition %(m, 0) = 0, we get

6“_8f(m+t) 3f(t—;13)_ / /
Ou_ S A=) pioigy— prit-a)

S Fa)— F(~a) = 0= f(2) + f(—2) =
Since f(00 =0, k =0, and we have f(z) = —f(—z). Now,

z r <

T—x 2>

bl

u(z,0) = f(&+0) = f(0—2) = f(2) - f(-2) = 2f(2) = {

N ENNIE]

so as found on page 21 of the supplement,

f(z) % Z: Tl)” sin(2n + 1)z E ﬁ sin(2n + 1)z

+1)2 = m(2n+1)°
= u(z,t) = f(z+t)— Z [Sln((2n+1)(:b+t)) —sin ((2n 4+ 1)(t — z))]
5. Let T(z,y) = u(x)v(y). The a T = u"(z)v(y) + u(z)v"(y) = 0, so
u:(f) = —U;I(yy) = const = +\2, There are three possibilities:

i. u(z) = Aedz + Be™*? | w(y) = Ccos Ay + Dsin \y (A # 0)
ii.u() Az +b,v(y) =Cy+D (A=0)
iii. u(xz) = Acos Az + Bsin Az, v(y) = Cedy + De™?Y (X # 0).

We also have the boundary Condltlons

O (0.9 = v (0)oly) = 0= w/(0) = 0
orT PP N
6y(m0) u(z)v'(0) =0=1'(0) =0
oT oy roy
%(CL‘,TF) =u(z)v'(r) =0=v'(m) =0

In case (i), we have

u'(0) = ANe™ — Ble™"| =AN-BA=0=>A=1B

=0

v'(0) = ~CAsin Ay +dAcos Ay| _, = D =0

v'(7) = —CAsin A\t = 0= c =0, or sinAr =0

If C =0, then v(y) =0 = T(z,y) = 0, wich isn’t very interesting. So we will
take sin Aw = 0 = X is an integer. So u(z) = Acosh Az and v(y) = Ccos Ay =
T(z,y) = K cosh Az cos Ay, A € Z.

In case (ii), we have v/'(0) = A =0, v'(0) = C = 0 = u(z) = B, v(y) =
D = T(z,y) = BD = K'. This corresponds to A = 0 in case (i).
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In case (iii), we have
u'(0) = —AXsin Az = B\ cos )\;1:|£:0 =B\=0=B=0

V' (0) = CAN — DAe"\y‘ —CA-DA\=C=D
y=0

v’(ﬂ'):C)\eAy—D)\e_Ay‘ :CA(eM—e_M) =0=C=D=0
y=m
So this is the trivial case where T'(z,y) = 0.

We will consider a general solution to be of the form

o0

E ¢, cosh nx cos ny

n=0

Since both cosine and hyperbolic cosine are even functions, the general form of
the solution is even, as we would like. We can now impose the fourth boundary
condition:

oT (r. 1) i - -
—(m,y) = ncy, sinh nmcos ny = sin
oz ' ) n ) )
n=0
We would like to reexpress sin 2y as a Fourier cosine series in order to solve for

sin 2y, 0<y<m

the coefficients ¢,. Let ©(y) = . Then O(y) is an even

—sin2y, —-7<y<0
function,and so it has a Fourier cosine series:

1\ 1 11 i 1 L[
’ < ) \/§>\/§ V2 - (y)\/i YT 0 va
For n > 0, we see that

1 2 (7 2 [T
b, = (O(y),cos ny) = — O(y) cosnydy = —/ sin 2y dy = —/ sin(n+2)y—sin(n—2)y dy
T Jo T Jo

T —r 7

When n # 2, we get

™

cos(n+2)y cos(n—2)y
n+2 n—2

/ sin(n+2)y—sin(n—2)ydy = —
0

_8
n2—4-

the case n = 2, we get foﬂ sin(n + 2)y — sin(n — 2)ydy = foﬂ sindy dy = 0, so

0, n is even
bn = 8 .
—m, n1s Odd

So if n is even, this integral gives 0, and otherwise it evaluates to —

So

or

bn
72

o0 [ee]
T,Y) = chnsinhmrcosny = ancosnyécn i —

n=0 n=0
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and we get

N —8
h(2k + 1): 2k + 1)y.
)= 2 @k 1 gy emh(ak ¢ 17 Ok Drcos(2ht Dy

k=0

6. We would like to find a solution to o°T + o°T

52 3y2:0f0r0§m<ﬂ'and
0 <y < m such that
orT orT . or orT
GO0 =0 So(my) =siny Go.0)=0 Fo(em =0

Green’s Theorem states that ffs (ﬂ
oL and M = 81‘1. Then

/1.5
&Bay Oydx
Y
Yy
:/ sinydy =2
)

and 0 # 2, so there is a contradiction. Thus we cannot find a T satisfying all of
these conditions, and the system has no solution.




