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Problem 1) True/False questions (20 points), no justifications needed

The function f(z,y) = 2®y/(2° + y°) can be filled in at the origin with a
1) T F value f(0,0) = a so that f is continuous everywhere.

Solution:
Go to polar coordinates. The function diverges at (0, 0).

2) | T || F The chain rule assures that [ (Vf(7(t)) - 7'(t)) dt = f(#(1)) — f(7(0)).

Solution:
Just integrate the chain rule and use the fundamental theorem of calculus.

3) K F The formula [y [ f(z,y) dydx = [y 3 f(y, ) dy dz holds.

Solution:
Just change the variables x,y first on the left hand side to get [, [y f(y,z) dz dy, then
use Fubini to get the right hand side.

If u(z,t) solves the partial differential equation u; = u,, then so does the
function wu,.

Solution:
We can use Clairaut to see that.

There is a surface S containing the curve 7(t) = [t,t%,¢3] for which the
5) T F tangent plane to S at (0,0,0) is = + 2y + 32 = 0.

Solution:
The velocity vector is perpendicular to the surface, not parallel to the surface.

6) T F For any two unit vectors @ and v, and any f, we have DzDzf = DzDgzf.




Solution:
Write down the definitions, we have in both cases fy,u1v1 + fyyuovs + fryui1v2 + fyzuovr.

If the tangent plane to z = f(x,y) at (0,0, f(0,0)) is 4 + 3z + 2y + z = 0,
noT F then L(z,y) = 4 + 3z + 2y is the linearization of f(z,y) at (0,0).

Solution:
This is fast because L(x,y) = —4 — 3x — 2y

8) T F For f(x,y) = 23ev sy _ 34 cogy the function foywyayayay 1S Zero everywhere.

Solution:
Use Clairaut. We differentiate 5 times with respect to z.

9) T F The point (0,0) is a critical point of f(z,y) = x3y>.

Solution:
There are many critical points but (0,0) belongs there.

The gradient of f(x,y) = 22 + 3 is a vector perpendicular to the surface
0 | T ® 2= fz,y).

Solution:
It is not a 3-vector.

If the function f(z,y) attains an absolute maximum on the region z?+y?* < 4
1) | T || F at the point (2,0), then we must have f,.(2,0) < 0.

Solution:
The maximum does not need to be in the interior.

If f(z,y) < 5 for all values of (x,y), then 7™ [T f(rcos,rsin®)rdrdf <
12) T F 5 (7).




Solution:
The integral is smaller or equal to [Z™ [ 57 dr df which is 5 times the area of the disk.

13) T F For any constant a, we have [* [ (ex2 sin y) dx dy = 0.

Solution:
Use the symmetry

The linearization of the function f(z,y) = e* ¥ at the point (0,0) is the

4) | T||F function L(z,y) = 1 + 222"+ 4 ye* tv,

Solution:
The linearization is linear

15) | T F Let @ be the unit vector in the direction [1,1]/v/2. Then Dgf = fu,-

Solution:
The directional derivative only invokes the first derivatives of f.

16) T F The integral of f(x,y) = v/22 + y? over the unit disk is 7™ [, r drd6.

Solution:
We have forgotten the factor r.

17) | T F There is a function f(x,y) for which Dzf(0,0) = 1 for all directions v.

Solution:
Switching the direction gives a negative value.

18) | T || F Given f(z,y(z)) =0, then f, + f,% = 0.




Solution:
This is implicit differentiation

19) T F Any function on a closed and bounded region must have a critical point.

Solution:
Take a linear non-constant function like x + y.

The integral [[,2,,2<, | f(7,y)| dvdy computes the surface area of the surface

DL THE] e=fep?ry <t

Solution:
The surface area is |/1+ f2+ f2. In general the areas are different. Take f = 2 for
example, then the integral under consideration is 27 while the surface area is 7.



Problem 2) (10 points) No justifications needed

a) (6 points) Double integrals like ([ 1 dxdy or [[ r drdf can be interpreted both as the area
of the region R as well as the volume of the solid under the graph of the constant function

f(z,y) =1or f(0,r) =1. Match the regions with the integrals:

Yy
o/

y
/

‘<{\}>$ -~.¥\$

A X B X C
y
10 10

4}]0‘ E 1!0!

D X E X F

Enter A-F | Integral

o Jo 1 dydz

010 I Y dodr

2 (200 drdg

Jo" Joowy ™ dirdf

o Jg 1 dxdy

0 S 1 dydz

b) (4 points)

You know the Transport, Wave, Heat, or Burgers equation.
Given in a possibly different order, these differential equations are
Up = Uggp, Up = Ug, Uy = Ugy, U + UU; = Uz,. Check all the boxes
where the given function solves the given PDE.

f(z,t) =2/(1+1) solves | Name

f(x,t) = xt solves | Name

Burgers

Heat

Transport

Wave




Solution:
a) The order is DBACFE.

b) z/(1 +t) solves the Burgers equation and xt solves the wave equation.

Problem 3) (10 points)

3a) (7 points) All the parts of this problem refer to the labeled points and the differentiable
function f(x,y) whose level curves are shown in the following plot:

a) At the point I:', the gradient V f has maximal length
b) At the point |:|, f>0and f, =0
c¢) At the point I:L fz <0and f, <0

d) At the point |:|, D[ }fzoand fo#0

1
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S

e) At the point I:L f achieves a global min on —4 <x <4 and —4<y <4
f) At the point| |, Vf=0and fo <0

g) At the point I:', V f points straight toward the top of the page.
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3b) (3 points) Check the cases where
the maximum, minimum or saddle
point of the function can be established
conclusively using the second deriva-
tive test. Don’t check the box if the test
does not apply, (even if it might be a
sort of minimum, maximum or saddle).

Critical Point | 2% + 4% [ 2y | 22 —y
Maximum
Minimum
Saddle point

Solution:

a) The answer is YVWSQPR.

b) Only check ”Saddle xy”. The other cases are critical points but situations where D = 0
and the second derivative test is inconclusive.

Problem 4) (10 points)

a) (4 points) A math candy of the form
f(r,y,2) = 32%° + 3y?22 + 32722 + 2” + > + 22 = 12

is leaning at (1,1,1) at the plane tangent to it. Find
that plane.

b) (3 points) Estimate f(1.1,1.01,0.98) using lineariza-
tion.

c¢) (3 points) A fruit fly just dipped some sugar from
the candy at (1,1,1) and moves along a path 7(¢) with
constant speed 1 perpendicularly away from the candy.
What is 4 f(7(t)) at the moment of take-off?



Solution:

a) Vf(1,1,1) gives a normal vector to the tangent plane. As Vf = [6xy? + 6x2* +
2z, 622y + 6yz? + 2y, 6y°z + 622 + 22], we have Vf(1,1,1) = [14,14,14]. The plane is
’ 14z + 14y + 14z = 42|, where we got the constant on the right hand side by plugging in
the point (1,1,1).

b) The linearization L(z,y, z) of f(x,y,z) at (1,1,1) is given by L(z,y,2) = f(1,1,1) +
VI(1,1,1)-[z—1,y—1,2—1] = 124+ 14(z—1)+14(y—1)+14(z—1). So f(1.1,1.01,0.98) ~
L(1.1,1.01,0.98) = 12+ 1.4 + 0.14 — 0.28 = 13.26.

c¢) This is the length of the gradient as we know that this is the directional derivative
in the direction of gradient. The length is 14+/3. If you should have forgotten the
interpretation of the length of the gradient, here is the computation: by the chain rule,
we have 4 f(7(t)) = Vf(7(t)) - 7'(t). Since the fly moves perpendicularly to the candy
at the unit speed, 7/(¢) at the moment of take -off is the unit vector in the direction of
Vf(1,1,1) = [14,14,14], and thus it is %[1, 1,1]. Note that Vf(1,1,1) points outward,
so this is the direction of the fly’s path.) Hence 4 f(7(t)) at the moment of take-off is

VF(1,1,1) - 51, 1,1] = 14V/3.

Problem 5) (10 points)

In order to figure out the Egos x and y of the US presi-
dential candidates, we want to minimize the sum of the
perimeter of the letters H and T written in units x and
y if the total area is fixed. The letter H has area 72 and
perimeter 16x, the letter T has area 5y? and perimeter
12y. Minimize

f(z,y) =16z + 12y .

under the constraint
g(x,y) = T2* + 5y* = 2016 .

We don’t actually need to know = and y. As political
pundits, we are only interested in the ratio y/z
at the minimum. Find this ratio!

Solution:
Write down the Lagrange equations 16 = Al4x,12 = A10y, then eliminate A\ to get
y/x = 21/20. There is slightly more "Ego” for T.

Problem 6) (10 points)




With F(x,y,2) = 22% + y*> + 2% and the surface S
parametrized by 7(x,y) = [2x,y, 222 + y* — 1], the func-
tion f(x,y) = F(r(x,y)) giving the value F on S is

flz,y) = 4a* + 4% +42® +y* — > + 1.

a) (8 points) Find all the critical points of f and classify
them with the second derivative test. Please organize
your work carefully so that we can see your method
and your conclusions easily.

b) (2 points) The minimum could be obtained by mini-
mizing F(z,y, z) on the surface G(x,y,2) = 22/2+1y* —
1 —2=0. We would then use a method found by some
mathematician. Which one? Just check the name. No
additional work is needed in b).

Fubini | Burgers | Laplace | Lagrange | Bolzano | Clairaut

Solution:

a) This is a standard problem for exrema without constraint. The gradient of f is
8z (222 + y* 4+ 1), 2y (42 + 2y* — 1)]. We have f,, = 8 + 48z% + 8y?. There are three
critical points (0, 0), (0,v/2/2), (0, —v/2/2). The first is a saddle with D = —16, the other
two are minima with D = 48 and f,, = 12.

Xy D fu Type
0 0 -16 8 saddle
0 1/v/2 48 12 minimum
0 —1/v/2 48 12 minimum

b) The problem has been reformulated as a Lagrange problem. Some were crossing
Bolzano but since the surface is not bounded, one can not conclude the existence of
a minimum from Bolzano.

Problem 7) (10 points)




Integrate

11
in(z°) dady .
/o /(1_y)1/4 sin(z”) dxdy

The figure just shows a fancy plot of the func-

tion sin(z?).

Solution:
Change the order of integration to get

11
/ / sin(2°) dy dx .
0 J1-—=z4

/01 2 sin(z?) dz = (1 — cos(1))/5 .

This simplifies to

Problem 8) (10 points)

Integrate the double integral

// z? dady |
R

where R is the region

and




Solution:
Use polar coordinates. We integrate [ / *(15/4) cos2(#) df. Now use the double angle

formula. We end up with | (157 4+ 30)/32/|.

Problem 9) (10 points)

a) (7 points) Compute A = |rp X 7| for the half cylinder
parametrized by

70, ¢) = [cos(0),sin(0), cos(¢)] -
with 0 < ¢ < 7/2 and 0 < 6 < 7 and use this to find

the surface area of the half cylinder

b) (3 points) Compute B = |y x 7| for the quarter
sphere parametrized by
70, ¢) = [sin(¢) cos(#), sin(¢) sin(0), cos(¢)]

with 0 < ¢ < 7/2 and 0 < 6 < 7 to show that (remark-
ably!) it is the same factor than in part a).

Remark: The fact that the surface area elements A and B are the same has been realized by

Archimedes already. It allowed him to compute the surface area of the sphere in terms of the

surface area of the cylinder.

Solution:

a) The integration factor is A = sin(¢). The integral is [ [o /2 sin(¢) = 7.

b) The integration factor is again sin(¢). We did not ask for the integral as the integral
is the same.

P.S. It is remarkable that one can project the sphere onto the cylinder to see that the
areas are the same. You can do that also in a way how Archimedes might have derived it:
compare a thin slice of size dz on each surface. The surface area of the cylinder is 2wdz
which integrates to 27, the area of the full cylinder of height 1 and radius 1. At height
z = cos(¢) the radius is rsin(¢) and since the surface is slanted, the length of the cross
section of the piece is dz/sin(¢) Now the surface area piece is is 277 sin(¢)dz/ sin(¢) =
2mdz again.



