Math 21a: Multivariable calculus Fall 2015

Homework 21: Surface area

This homework is due Monday, 11/2 rsp Tuesday 11/3.

1 Find the surface area of the surface given by

2
z:g(x3/2+y3/2), 0<x<1,0<y<1.

Solution:
We compute: f, = 212 and f, = y

1 /1 2 1
/0/0\/1+zc+y-dxdy:3/(){(2+y)3/2—(1+y)3/2}dy

This evaluates to —4/15(—1 + 8v/2 — 9v/3).

/2 The surface area is

2 Find the area of the surface given by the helicoid
m(u, v) = (ucos(v), usin(v), v) .

with0 <u <1, 0<v <.

Solution:
We compute:

r, = (cosv,sinwv, 0) Ty = (—usinv,ucosv, 1).
Therefore, 7, X 7, = (sinv, — cosv, u). The area is given by

/Ow /01 V1 T dudy — g(\/i +log(1 +v2))

To evaluate the integral



A decorative paper lantern is made of 8
surfaces. Each is parametrized by

7(t, z) = (10z cos(t), 10z sin(t), 2)

with 0 < ¢t < 27 and 0 < z < 1 and
then translated or rotated. Find the to-
tal surface area of the lantern.

Solution:
We compute

i = (—10zsin(t), 10z cos(t), 0)
7, = (10cos(t), 10sin(t), 1)
r X 7, = (102 cos(t), 10z sin(t), —1002)

and the length is |7} x 7| = 1024/101.
" [11024/101 dzdt = 10mv/101 .

There are 8 pieces so that the final result is |80w+/101|.

The figure shows the torus obtained by rotating about the z-axis
the circle in the xz-plane with center (b,0,0) and radius a < b.
Parametric equations for the torus are

r = bcosl + acosacost
= bsinf +acosasind

z = asina ,

where # and « are the angles shown in the figure. Find the surface



area of the torus. = £ 10 R f

Solution:
Let ¥ = (x,y, z). Then,

Ty = (—asinacosf, —asin asin b, a cos a)

(—bsinf — acosasinf, bcosf + acosacosb,0)

T X Ty = (—abcos acos ) — a? cos® v cos 6,

2 2 2

—abcosasin @ — a” cos® asin 6, —absin a — a” cos asin a).

Therefore |7, x 7| = a(b+ acos a) and so the surface area is

/027r OQW a(b+ acosa)dadld = 27 - 2abm = 472ab.

5 The volume and surface area of the solid obtained by intersecting
the solid cylinder y?+2? < 1 with the solid cylinder 22+2? < 1 has
been found by Archimedes. Find the surface area of the surface



S bounding this solid.

Solution:

In the picture above, the boundary of the solid is made up of
two red and two yellow pieces. The yellow piece facing us lies
on the cylinder z* + 2z between |z| > |y|. Thus, the surface
area of one piece is

/ /arccos |l Qdy = /_11 2 arccos |y‘dy =4,

arccos |y|

Thus the surface area is 4 - 4 = 16.

Main definitions:

A surface 7(u, v) parametrized on a parameter domain
R has the surface area

[ o [ty 0) X 7w, v)] dudo .

Examples:
(u, v) |7 X 7
(pcos(u) sin(v), psin(u) sin(v), pcos(v)) p?|sin(v)
(u, v, f(u, v)) I+ f2+ f2
(f(v) cos(u), f(v)sin(u), v) flo1+ f'(v)?



