
Math 21a: Multivariable calculus Fall 2014

Homework 12: Partial derivatives

This homework is due Monday, 10/8 rsp Tuesday 10/9.

1 If f (x, y) =
√

4− x2 − 4y2, find fx(1, 0) and fy(1, 0) and inter-

pret these numbers as slopes. Illustrate with either hand-drawn

sketches or computer plots.

2 Find the partial derivatives fx(x, y), fy(x, y) of the function f (x, y) =

5xy.

3 Find the first partial derivatives fx(x, y), fy(x, y) of the function

f (x, y) =
∫ x
y

sin(t2) dt .

4 Verify that the function

u(x, t) = e−α
2k2t sin(kx)

is a solution of the heat conduction equation ut(x, t) = α2uxx(x, t).

Here k, α are constants.

5 Verify that the function

u(x, y, z) = 1/
√
x2 + y2 + z2

is a solution of the three dimensional Laplace equation uxx+uyy+

uzz = 0.
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Main definitions

If f (x, y) is a function of two variables, then ∂
∂xf (x, y)

is defined as the derivative of the function g(x) =
f (x, y), where y is considered a constant. It is called
partial derivative of f with respect to x. The
partial derivative with respect to y is defined similarly.
We also write fx(x, y) = ∂

∂xf (x, y). and fyx = ∂
∂x

∂
∂yf .

Clairaut’s theorem If fxy and fyx are both con-
tinuous, then fxy = fyx.

An equation for an unknown function f (x, y) which
involves partial derivatives with respect to at least two
different variables is called a partial differential
equation. If only the derivative with respect to one
variable appears, it is called an ordinary differen-
tial equation. Here are examples:

1 The wave equation ftt(t, x) = fxx(t, x) governs the motion of light or sound.

2 The heat equation ft(t, x) = fxx(t, x) describes diffusion of heat or spread of an epi-
demic.

3 The Laplace equation fxx + fyy = 0 determines the shape of a membrane.

4 The advection equation ft = fx is used to model transport in a wire.

5 The eiconal equation f 2
x + f 2

y = 1 is used to see the evolution of wave fronts in optics.

6 The Burgers equation ft + ffx = fxx describes waves at the beach which break.
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