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This paper analyses the possibility and the consequences of rational bubbles in a dynamic economy
where financially constrained firms demand and supply liquidity. Bubbles are more likely to emerge,
the scarcer the supply of outside liquidity and the more limited the pledgeability of corporate income;
they crowd investment in (out) when liquidity is abundant (scarce). We analyse extensions with firm
heterogeneity and stochastic bubbles.
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1. INTRODUCTION

Despite some progress in our understanding of asset price bubbles, many challenging questions
are left unanswered. What role do macroeconomic conditions and financial institutions play in
the emergence of bubbles? Is the classic theory of rational bubbles correct in predicting that
bubbles raise interest rates and crowd out productive investi8gtAmetrically, what are the
consequences of bubble crashes? Do bubbles benefit/hurt some sectors more than others? What
is the appropriate test for the existence of bubbles? Is there a link between dynamic inefficiency
and the possibility of bubbles?

This paper investigates these questions by adding to the standard growth model an asyn-
chronicity between firms’ access to and need for cash. While this asynchronicity is perfectly
resolved by capital markets in classic growth theory, capital markets here are imperfect: factors
such as agency costs prevent firms from pledging the entirety of the benefits from investment to
outside investors, resulting in credit rationing. The anticipation of credit rationing in turn gives
rise to a familiar demand for liquidity (or stores of value; we will use the two terms interchange-
ably). Firms also supply liquidity by issuing securities, claims to their future revenues. Each
firm is at times a net demander of liquidity or a net supplier of liquidity.

At the heart of this paper is the interplay between different forms of liquidity. Specifically,
we investigate the interaction dfiside liquidity (securities issued by financially constrained
firms), outside liquidity(assets that originate in a different sector in the economy)habbtles

1. While the interest rate response is rather undisputed, some famous episodes seem consistent with a crowding in
hypothesis. For example, Japan’s bubble came with not only high interest rates but also vigorous investment and growth;
when it bursts, the country went through a prolonged deflation and recession. Similarly, in the U.S., the Internet and
housing bubbles were accompanied with economic booms; interest rates and investment fell when these bubbles burst.

678



FARHI & TIROLE BUBBLY LIQUIDITY 679

Literally speaking, bubbles are a form of outside liquidity, but because they are the focus of this
paper, we choose to single them out.

The impact of outside liquidity on investment and economic activity accordingly hinges on
the relative potency of two effects: a liquidity effect and a leverage effect. On the demand side,
the firm’s hoarding of liquidity makes them benefit from an increase in the supply and a reduction
in the price of liquidity. On the supply side, their issuing securities to finance investment makes
them vulnerable to high interest rate conditions: an increase in outside liquidity raises interest
rates and competes with the securities issued by the firms, reducing their leverage.

This paper makes several contributions. First, as we just discussed, it studies the interplay
between inside and outside liquidity. Outside liquidity helps firms address the asynchronicity
between their access to and need for cash—the liquidity effect—but also competes for savings
with productive investment—the leverage effect. We show that the liquidity effect dominates
when outside liquidity is abundant.

Second, this paper shows that bubbles are more likely to exist and can be larger when agency
problems are severe (firms can only pledge a small fraction of their future revenues), outside
liquidity is scarce and the demand for liquidity is high (the net worth of firms is Hgh).

Third, bubbles are a form of outside liquidity. They are more likely to crowd the financially
constrained corporate sector’s investment in (out), the more (less) abundant the outside liquidity.

Fourth, the crash of a bubble is accompanied by low interest rates and high leverage. It has a
negative effect on firms’ financial net worth and further reduces liquidity. Consequently, even in
a risk-neutral environment, a stochastic bubble carries a liquidity premium (it features positive
excess returns relative to the risk-free rate) since it pays little or zero in states where internal
funds can be levered the most. Furthermore, bubble bursts can be endogenously triggered by ad-
verse shocks to corporate net worth, resulting in a liquidity dry-up: financial disruptions amplify
real disturbances.

Fifth, bubbles, and more generally outside liquidity, impact firms differently. Firms with
limited ability to pledge future cash flows are little hit by competing claims as they issue no or
few securities. They benefit more from a bubble. They are also more eager to hold stochastic
bubbles.

Finally, in standard models of rational bubblesg Tirole, 1985, bubbles can occur only if
the economy is dynamically inefficient so that tests aimed at detecting dynamic inefficiency can
be used to determine if bubbles are possible. In our environbet et al. (1989’s finding that
the productive sector disgorges at least as much as it invests does indicate that the economy is
dynamically efficient. The possibility of bubbles is determined by the condition that the interest
rate be higher than the growth rate of the economy, in conformity @éhtos and Woodford
(1997.2 But with imperfect capital markets, the economy can be dynamically efficient, and
at the same time, the interest rate can be lower than the growth rate of the economy. This is
because the social rate of return on internal funds exceeds that on borrowed funds; therefore,
the social rate of return on investments is higher than the market interest rate when returns can
be only imperfectly collateralized. As a result, bubbles are possible even when the economy is
dynamically efficient?

2. Accordingly, the much discussed “global savings glut” may have contributed to the recent housing bubble in
the U.S. by creating a shortage of liquidity (stores of value). The low real interest rates that accompanied this episode
are consistent with this narrative. To be certain, there are also other causes (failure of prudential regulation, etc.).

3. Moreover, our agency-based approach argues in favour of the use of (relatively low) interest rates received by
outside investors such as the interest rate on riskless bonds.

4. Typically, bubbles do not lead to Pareto improvements. For example, the holders of outside liquidity in general
lose from the emergence of a bubble, since the latter increases interest rates and lowers the price at which they can sell

the outside liquidity. Similarly, equilibria with bubble crashes are usually not Pareto dominated by equilibria with no
bubble crash.
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The paper proceeds as follows. Sectisets up the model and describes the solution when
there are no bubbles. It characterizes its unique steady state and derives some key comparative
statics results. Sectiadintroduces the possibility of rational asset price bubbles. It derives the
dynamics with bubbles and describes the properties of the unique bubbly steady state. Section
4 first analyses how bubbles affect the cross section of firms when there is heterogeneity in
pledgeability; it then introduces stochastic bubbles and derives the mechanics of a bubbly boom-
bust episode. Sectioh checks the robustness of the results in several variants of the model.
Finally, Section6 summarizes the main insights and discusses alleys for research. Most of the
proofs are contained in the Appendix, as well as in an Online Appendix.

1.1. Relation to the literature

The paper builds on a number of contributions. Most obviously, it brings together the literature
on (rational) bubbles and that on aggregate liquidity. The leverage effect, however, differs from
the related competition effect featureddiamond(1965’s celebrated analysis of national debt

and is prominent in the theory of rational bubbld@#dle, 1985, whereby bubbles crowd in-
vestment out. The standard competition effect captures the idea that unconstrained firms want to
invest less when interest rates are high. Our leverage effect has it that high interest rates aggra-
vate credit rationing and so firms cannot invest as much. In particular, Diamond’s competition
effect is inconsistent with the existence of a liquidity effect.

The role of stores of values in supporting investment when income is not fully pledgeable
has been stressexg. by Woodford (1990, Holmstrom and Tirolg§1998, and a large recent
literature, including independent contributionsKiyotaki and Moore(2008 andKocherlakota
(2009. In Woodford’'s and Kocherlakota’s contributions, which are most closely related to ours,
firms are net demanders of liquidity and there is always a potential shortage of stores of value.
These two papers assume that firms cannot supply liquidity (they have zero leverage) by positing
that none of the future cash flow is pledgeable to investors and so firms do not issue securities.
The possibility of leverage is central to many of our insights (existence of liquidity and leverage
effects, conditions for the existence of bubbles, impact of bubbles on the cross section of firms).

Saint-Paul(2005 shows that government debt (a store of value), while deterring capital
accumulation, can increase the efficiency of the financial sector. Entrepreneurs can buy public
debt and use it as collateral. The existence of collateral reduces agency costs (Saint-Paul uses the
costly-state-verification model as an illustration). Accordingly, public debt boosts growth over a
range of parameters.

The paper shares witkiyotaki and Moore(1997) the idea that investment decisions are
intertemporal complements. In Kiyotaki-Moore, tomorrow’s investment will raise the price of
the store of value, which is used as an input in the production process; this future increase in the
price of the store of value raises the firms’ wealth and thereby today’s investment. In our paper,
it is yesterday’s investment that supports today’s investment by creating securities that firms can
hoard to meet their liquidity needs. Thus, Kiyotaki and Moore’s dynamics are forward looking
while ours are essentially backward looking (in the absence of bubbles). Also, Kiyotaki-Moore’s
focus is rather different as it has no bubbles.

The rational bubble literature has addressed the crowding-out critique in alternativé ways.
Bubbles are attached to investmen@itiver (2000 and to entrepreneurship Wentura(2003,

5. As we show in Appendix A.3, the mechanism through which bubbles may crowd investment in is very different
in our model and i'Woodford(1990 or Kocherlakotg2009.

6. Other theories based on agency problems and asymmetric information as well as behavioural models have
proliferated in recent years. A partial list includ@sreu and Brunnermeief2003, Allen and Gale(2000, Allen
and Gorton(1993, Allen, Morris and Postlewaitél993, Barlevy (2009, Conlon(2004), Doblas-Madrid(2009, and
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generating an incentive and a wealth effect, respectively; in both papers, bubbles can crowd in-
vestment inSaint-Pau(1992, Grossman and Yanagayt93, andKing and Fergusofi1993
address the dynamic-efficiency critique by studying endogenous growth models with bubbles,
in which the social return on investment exceeds the private return due to spilfovers.

Caballero and Krishnamurth§2006 developed a theory of bubbles in emerging markets.
They introduced, as we do, an investment-driven demand for liquidity and showed that in the
presence of fragile (stochastic) bubbles, the economy overinvests in the bubbly asset and is
overexposed to bubble crashes due to a pecuniary externality.

Our paper also sheds some light on the debate as to whether monetary authorities should
try to lean against bubbles (or, in a more extreme form, try to make them pop) by raising inter-
est rates or denying access to the discount window to banks that extend too many loans. Some
scholars €.g.Bernanke and GertleP00Q 2001 Bernanke 2002 Gilchrist and Leahy2002
argue that the central bank should not pay attention to asset prices unless these signal future
inflation; others ¢.g.Bordo and Jeann@0032 are in favour of a moderate reactiBmll con-
cur that a restrictive policy leads to a lower output and a significant risk of collateral-induced
credit crunch. Our model is consistent with this premise, as the pricking of the bubble leads to a
collateral shortage and reduced investment and production.

Our paper is related to several strands of the monetary literature. It has been well-known
sinceAllais (1947’s andSamuelsorf1958’s seminal contributions that there exists economies
in which money has a positive value in spite of the fact that it is intrinsically uselesthose
models, money can be readily reinterpreted as a rational bubble, a fact long recognized in the
rational bubbles literature. Our paper is also related to a more recent strand of the monetary the-
ory literature often referred to as the New Monetarist literature. It emphasizes the role of money
and other assets in overcoming trading frictions in economies with decentralized trade. Because
of problems related to the double coincidence of wants, imperfect commitment, enforcement,
and record keeping, unsecured credit is not viable and some tradegumdipto quq involving
either the sale of an asset or a collateralized loan. Such set-ups give rise to endogenous liquidity
premia.Williamson and Wrigh{2011) andNosal and Rocheteg2011) provide excellent sur-
veys. Most closely related to usiocheteau and Wrigli2010. They build on the extension by
Rocheteau and Wrigli2005 of the model olLagos and Wrigh2005 and include endogenous
participation decisions. Some of their results resemble ours. Indeed, in their model, liquid assets
can trade above their fundamental value if the aggregate supply of liquid assets is low. They

Scheinkman and Xion{2003. SeelL.eRoy (2004 for a good survey. These theories typically reach more precise pre-
dictions than rational bubbles models regarding which assets are more likely to feature bubbles and have a rich array of
implications for volume, turnover etc. However, these contributions have for the most part retained a more microeco-
nomic focus and have not analysed the liquidity-provision function of bubbles.

7. The long-term rate of interest can then be smaller than the rate of growth of the economy, and yet the economy
be dynamically efficient. However, the condition for the existence of bubbles is still determined by the condition that the
growth rate of the economy be higher than the interest rate. Our results are reminiscent of their findings. However, in our
paper, the reason that the social rate of return on investment is higher than the interest rate is fundamentally different:
it does not stem from an externality in production but rather from an agency problem such as moral hazard or limited
commitment. As a result, only a fraction of the return to investment can be pledged to outside investors, and the rest is
appropriated by entrepreneurs (and more generally by insiders of the firm in a broader interpretation of the model). The
interest rate reflects the fraction of the return to investment which is pledgeable to outside investors, whereas the social
rate of return on investment accounts for the total return on investment—both the pledgeable part and the unpledgeable
part which is appropriated by entrepreneurs.

8. This is only a partial list of references on the topic. 8eean and Shir(2008 for a more complete list.

9. Overlapping generations models with money have been later thoroughly develo@alen{1973, Cass,

Okumo and Zilchg1979, Wallace(1980, Hahn (1982, Balasko and She([1981), Grandmon{(1985, among others.
A textbook treatment can be foundAzariadis(1993.
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also generate multiple stationary equilibria where asset prices and output are positively related.
Moreover, they also construct non-stationary equilibria, even when fundamentals are determin-
istic and non-stochastic. These include equilibria with price trajectories that resemble bubbles
growing and bursting. An important difference with us is that, using the language of our model,
they focus on liquidity effects and assume away leverage eftécts.

2. THE MODEL
2.1. Description

2.1.1. Demographics, preferences, and technologyOur model has overlapping gener-
ations of risk-neutral entrepreneurs. The population is constant (all our results generalize to the
case of positive population growth). Entrepreneurs live for three periods: young, middle-aged,
and old. For simplicity, we assume that entrepreneurs consume only when old. They are risk
neutral and seek to maximize expected consumption. Each generation is indexed by the period
in which it is born. Time runs fromm=0tot = co. At each dat¢ =0, 1, ..., oo, the economy
is inhabited by the old (generatidn- 2), the middle-aged (generatian- 1), and the young
(generatiort).

There is a single good in the economy. When young, entrepreneurs of gen¢rat@®en-
dowed with A units of good (wealth). When middle-aged, they inviesi to producepiit4+1
when old. However, only a fractioppit+1 < pi1it+1 Of the return on investment is pledgeable,
wherep; > pg > 0.

2.1.2. Market for liquidity.  In every period, a market for liquidity allows entrepreneurs
to lend and borrow, subject to the borrowing constraints imposed by the limited pledgeability
of their future income. The interest rate prevailing between tlated date + 1 is 1+r¢y1. In
equilibrium, it will always be the case that the pledgeability parametés strictly less than &
ri+1, otherwise middle-aged entrepreneurs could achieve an infinite investment scale. Because
pledgeability is limited, firms can only partially rely on outside financing at the investment
stage. We will only analyse equilibria whepg > 1+riy1 So that the investment opportunities
of entrepreneurs are strictly positive net-present-value projects.

The ingredients that determine supply and demand in the market for liquidity are as follows.
The asynchronicity between the availability of cash and investment opportunities, together with
the imperfect pledgeability of cash flows from investment, lead to a demand for liquidity (stores
of value) from young entrepreneurs: they purchase assets in their youth when they hav€'wealth
and sell them in their middle age when they have an attractive investment opportunity that can
only be partially financed by the market. In turn, middle-aged entrepreneurs are also suppliers
of liquidity: they supply assets which capitalize the pledgeable cash flows from their investment
project.

At the heart of this paper is the interplay between different forms of liquidity. Specifically,
we investigate the interaction ofside liquidity(assets produced by middle-aged entrepreneurs
of generatiort when they pledge a fraction of the return on their investment projeat3jde lig-
uidity (assets that originate in a different sector in the economy)bahtles Literally speaking,
bubbles are a form of outside liquidity, but because they are the focus of this paper, we choose
to single them out.

10. More precisely, the absence of leverage effects is tied to their assumption that shares in firms provide no
liquidity service.

11. That the entrepreneurs are net savers when young folvesiford(1990. The results, however, only hinge
on their having a demand for liquidity available in their middle age.
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We model outside liquidity as follows. At each point of timehere is a net supply dfunits
of Lucas trees or “rents”: datetrees each pay one unit of good at datel. These assets will
be purchased in equilibrium by young entrepreneurs so as to be able to invest when middle-aged.
We will focus on the case whele> 0. In extensions in Sectiorts1 and5.3, we explain how in
some cases it can make sense to examine the cage Sectionb.1 explains how our analysis
differs in this case. At this stage, we only offer a simple model of the owners of these assets:
they are completely passive and supply them inelasticélig: just an exogenous supply and
the focus is entirely on entrepreneurs. One possible micro-foundation is that at eatlodate
period-lived datd-consumers are endowed with trees paying a dividend equiattdatet + 1.
These consumers live only in peribcand need to consume at that date. We will encounter in
Section5.3 other micro-foundations for outside liquidity in whithmay respond to the interest
rate; as we will see, the theory extends to such situations.

Liquidity can also come in the form of a rational bubble. The bubble is an asset in unit supply
that pays no dividend. We denote by> 0, the value of the bubble at date

In the basic model, all these forms of liquidity—securities issued by middle-aged
entrepreneurs, trees, and the bubble—are riskless assets. No arbitrage requires all these assets to
have the same rate of return-Y;,1 between datesandt + 1.

2.1.3. The problem of entrepreneurs. Entrepreneurs invest all their wealth in their
youth in assets—trees, the bubble, and investment projects of the previous generation—and use
these savings when middle-aged as internal funds for their investment project. In their youth,
entrepreneurs of generatiomust decide how much to sperd, on trees, how much? of the
bubble to acquire, and how muéj to invest in securities issued by entrepreneurs of generation
t—1

A=A +A AL
At datet + 1, the total resources available for investment for da¢ertrepreneurs are the value
of the claims on the future cash flows from their investmejnt,1/(1+rt42) and the daté+ 1
value of its portfolio of treesA't, bubblesAP, and securitieWt issued by the previous generation
of entrepreneurs. All these assets have the same retdrp, . Hence,

, oiti1 - : (L+rer)[ A+ AP+ Al
it41= POTtE +A+r D[ A+ AN+ AL or = +0l tpoAt At]'
14T 1-95

As is standard from the corporate finance literature, investmemtincreases with the en-
trepreneurshet worth(1+r,1)[ A, + AP + Al] at the time when the investment is made. The
investment multiplie/[1 — po/(1+ri+2)] is @ measure deverage It increases with the frac-
tion of income that is pledgeable to investarsand decreases with the interest rate k2
through the decrease in the value of the collateral generated by the project.

2.1.4. Discussion. We have adopted a framework with overlapping generations of en-
trepreneurs. The concept of generation should not be interpreted too literally—a period in our

12. We also need to specify what happens with the initial middle-aged and the initial old entrepreneurs in period
0. We assume that the initial old entrepreneurs have invested afi sgad@d pledged a fractiopgi _1 of this return in
the form of securities issued to the inital middle-aged entrepreneurs. At date 0, the value of the portfolio of the initial
middle-aged entrepreneurs is equal to the sum of the value of the bupybbke dividendpgi _1 on the securities issued
by the initial old entrepreneurs, and the dividdnon the trees. The resources available for investment for the initial
middle-aged entrepreneurs in period 0 are the sum of the value of their portfolio and thexyigJid +rq) of the
securities that they sell to the initial young entrepreneurs.



684 REVIEW OF ECONOMIC STUDIES

model need not last for 25 years. Rather, overlapping generations are the simplest modelling
device that allows us to capture two features that are essential for our analysis. First, at any point
of time, some entrepreneurs are net suppliers of liquidity while others are net demanders of lig-
uidity. Second, interest rates can be lower than the rate of growth of the economy (here, zero),
which makes room for rational bubbles.

Other modelling options would have delivered the same features. For example, we could
have analysed a model aVdoodford (1990 where entrepreneurs are segmented into groups
with alternating investment opportunities and borrowing constraints. Or we could have opted
for a model a laAiyagari (1994, Bewley (1986, andHirano and Yanagawg010 where the
investment opportunities of entrepreneurs are stochastic, with idiosyncratic risk (and possibly
aggregate risk as well). Under both types of models, occasionally binding borrowing constraints
segments the horizons of agents with essentially the same effects as overlapping generations.

The potential benefit of Aiyagari-Bewley models over ours is that they are in principle more
suitable for realistic quantitative explorations. However, the parameters for a realistic calibration
in the context of our model.g. a precautionary savings model for firms instead of the more cus-
tomary income fluctuation problem for consumers) are currently largely unknown. Moreover,
this benefit has to be weighted against the cost in terms of loss of tractability. Indeed, the dy-
namics of such models can be hard to characterize theoretically because of the need to keep
track of the evolving cross-sectional distribution of wealth. By contrast, we are able to derive
the solution of our model in closed form. Since our objective is mostly theoretical, we view our
model as preferable.

2.2. Competitive equilibrium

A competitive equilibrium imposes market clearing\{ =1/(1+ris1), ATIO = b, and Ait =
poit/(L+riy1). We will use a version of recursive equilibrium as our running definition. The
economy is amenable to a recursive representation with two-state variables: past investment
it—1 and the bubbld. The laws of motion for these variables can be derived from three simple
equations: a bubble dynamics equation, an asset supply equation, and an asset demand equation.

2.2.1. Bubble dynamics. The absence of arbitrage implies that the bubble must grow at
the rate of interest

bty1 = (A4rep1)by. 1)

2.2.2. Asset supply. The supply equation describes how generagton 1)’s investment
at datet is constrained by the available liquiditys by + poit—1, and by the investment-related
pledgeable incomeygit /(1 +ri4+1) ,

poit

it = +[I4+bt + poit—1
v [ poit—1]
and can be expressed as
. I +Dbt+ poit—1
|t = _— po__° (2)
I4riga

2.2.3. Asset demand. The demand equation says that generatisrwealth goes into
buying outside liquidity I), the bubble, and the assets generated by the previous generation’s
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investment(poit)
A— n polt _
14141 14141

It can be expressed as

i\ = A(d+riy1) —/io— bt (1+ri41) _ A3)

We define a competitive equilibrium as a sequence of investment levels, bubble, and interest
rates{it, b, rt} such that, at every datethe asset market clears. We need to specify the follow-
ing initial conditions: the investment leviel; of generation-1 maturing at date 0 and the value
bg of the bubble at date 0.

Definition 1. A competitive equilibrium is a sequenda, b, rt}t>o0 together with an initial
investment levei_; > 0 and an initial bubbldg such that: (i) the bubble conditiod)( and the
asset supply and asset demand equatighar(d @) hold; (ii) for allt > 0, i; > 0, b > 0, and
p1> 141t > po.

Note that in a competitive equilibrium, we necessarily haverl > po for all t, otherwise
middle-aged entrepreneurs would invest at an infinite scale, which is impossible because the
resources available for investment are bounded.

2.3. The bubble-free case

Let us first assume thdip = 0. This implies thato; = O for all t. The economy is a one-
dimensional dynamic system with state variable. Givenii_1, we now explain how; can
be computed using equation®) @nd @) with by = 0. Detailed derivations can be found in
Appendix A.1.

2.3.1. Dynamics. The asset supply equatiof)(determines; as a decreasing function
of ri41, and the asset demand equatiBhdetermines; as an increasing function of 1. As
1+r41 increases fronpg to +oo, the supply curve decreases frepwo to (I 4 poit—1) and
the demand curve increases frg®—1/pg) to +o00. The unique intersection of these supply
and demand curves witfl +r¢+1) € (po, +00) determines the values @f > 0 and 1+ riy1 >
0.1 We denote by: = @' (it_1,0), re41 = O (it—1, 0), the corresponding policy functions. The
argument “0” ind' (i;_1, 0) and®' (i;_1, 0) indicates that we have imposbd= 0. In Appendix
A.1, we derive closed-form expressions for(i_1, 0) and®' (it_1, 0).

2.3.2. Inside and outside liquidity. The productive sector provides its own liquidity in a
dynamic fashion: an increaseiifn.; leads to an increase in Indeed, an increase ip_1 leads
to an upward shift in the asset supply cur2g £nd does not affect the asset demand cusye (
The result is an increase in investmardénd an increase in the interest rate t 1.

The asset supply and asset demand equatidnand @) can also be used to determine
the impact of outside liquidityl] on investment; for a giveni;_1 (see Figurel). Giveni;_1,
increasing outside liquidity shifts the asset supply curv@)(upwards and the asset demand
curve @) downwards. The interest ratg,1 unambiguously increases. The effect on investment
it is ambiguous. Indeed, using the asset supply equatien(l + poit—1)/[1 — po/(L+ri11)],

13. This derivation assumes thatis large enough so thay > 1+r¢, 1. As stated above, we focus on equilibria
which verify this property.
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ir A
Asset demand
) Asset supply
0 >
Po 14741
FIGURE 1
Asset supply and asset demand curves. The dotted curves represent the effects of an intrésesetion 2) orb
(Section 3)

the impact of the increase in outside liquidity on investment can be decomposed into two effects.
On the one hand, increasing outside liquiditpcreases the net wortht b; + pgit—1 of middle-

aged entrepreneurs at ddte-a liquidity effect Also, and as noted above, increasing outside
liquidity increases the interest ratg 1. As a result, leverage/l1 — po/(1+riy1)] decreases,
which just expresses the fact that financing is harder when interest rates are high. This we call
theleverage effectThe resulting effect on investmeintat datet is ambiguous.

Intuitively, firms demand liquidity which is akin to an input in production. This tends to
make investment and outside liquidity complements. But investments made by the private sector
also play the role of inside liquidity. Inside liquidity is in direct competition with outside lig-
uidity. This tends to make investment and outside liquidity substitutes. This distinction between
the liquidity effect and the leverage effect also has a temporal dimension. Existing liquidity—
inside liquidityi;_1 or outside liquidity —and contemporaneous investmirare complements.
Future outside liquidity and contemporaneous investmearte substitutes.

2.3.3. Steady state. To solve for a steady state*, r*) of the bubble-free economy, we
look for a solution to the system of equations obtained by impdsiag:—1 =i* andri 1 =r*
in the asset supply and asset demand equat®ran@ @)
. A(l+r*)—I
— 5 and i* = (+—)
1-415 Po

i | + poi *

4)
There is a unique solution wittf > 0 and 1+r* > po. In Appendix A.1, we provide a closed-
form solution fori * andr *. The following proposition establishes that this steady state is stable
and summarizes the dynamics of the bubble-free ecortémy.

14. When > 0 (this is also true of the ca$e< 0 analysed in Sectiob.1), this is the unique solution of the system
of equations in4) with positive investmenit* > 0. Whenl = 0, there is another solution of the system of equations in
(4) with positive investmenti* = 0 and 1+r* = 0. However, this is not a competitive equilibrium, since a necessary
condition is 3+r* > pg.
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Proposition 1. Let {it,rt}i>0 be a competitive equilibrium of the bubble-free economy. The
economy converges to the bubble-free steady state. Moreover, this convergence is monotonic:
investment;i converges monotonically td.i

We can clarify the circumstances under which outside liquidity and investment are comple-
ments or substitutes. The equations4hdan be rearranged to yield

. Ad+r*
= ®

14r*
It can be verified that* increases with* if and only if the following condition holds:
1 S P
27 1+r*

(6)

In Appendix A.1, we verify that * increases with. Hence,i* increases with if and only if
i* increases with * in equation 9), i.e. if and only if condition @) holds. Given that* is an
increasing function of outside liquidity this condition will hold ifl is large enough?® Let g be
the corresponding threshold. Cleatly,> 0 if and only if condition 6) is violated wherd =0
(in which case 3-r* = pg/(1— po)), i.e.if and only if 1/2 < po.

Proposition 2. In the bubble-free economy, steady-state interest rateareases with outside
liquidity. Steady-state investmeritincreases with outside liquidity | when the interest rate is
high enough so that equatiof)(is verified. More precisely, there exists* 0 such that for all

ai*

| >0, 5 is positive if and only if | is greater (smaller) thag. IMoreover, we havel> 0 if and

only if pg < 1/2.

This proposition characterizes the situations where inside liquidity (investment) and outside
liquidity (trees) are complements or substitutes. When liquidity is abuntlaigl), the price of
liquidity is low (the interest rate* is high) and the liquidity effect outweighs the leverage effect
so that investment increases with. An intuition for this result is that an increase in the interest
rater* has a constant positive marginal effect on net worth at the time of investig&ntr*)
but a decreasing negative marginal effect on leverafe-1 po/(1+r*)].

2.3.4. The casé=0. The casé = 0 proves to be an important benchmark to understand
the effects of bubbles. For this reason, we find it useful to highlight its properties even in the
bubble-free case. The bubble-free steady state isithenA/(1— pg) and 1+r* = po/(1— po).

In Appendix A.1, we show that whenever 0, the steady-state interest rate is higher so that

141" > po/(1= po).

3. BUBBLES

In this section, we consider the possibility of rational bubbles. We first start by eliciting the
dynamics of the economy and the conditions for the existence of a bubbly steady state in Section
3.1 We show that there exists either zero or one bubbly steady state. This steady state features
higher investment than the bubble-free steady state. There are multiple competitive equilibria
corresponding to the same initial investment léval. For any initial investment level ;, we

15. Indeedr* goes to infinity ad goes to infinity as can be seen from eliminatirigin equation 4) or from
equation A.6) in Appendix A.1.
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show that there exists a maximum feasible initial buliigie.1). Forby < b(i_1), the economy
converges to the bubble-free steady state bget b(i_1), the economy converges to the bubbly
steady state. Detailed derivations can be found in Appendix A.2 and its continuation in the
Online Appendix A.2.

3.1. Bubbly dynamics and steady state

In this section, we focus on the case where 0. We return to the cade= 0 at the end of the
section.

3.1.1. Dynamics. The economy is a two-dimensional dynamic system with state vari-

ablesi;_; andb;. Giveni;_1 andb;, we now explain how; andb 1 can be computed.

As can be seen from equatioB)( a necessary condition for equilibrium is then that<
A. The asset supply equatiof) (determines; as a decreasing function of;; and the asset
demand equatior8] determines; as an increasing function of1. As 1+r¢1 increases from
po to +oo, the supply curve decreases frepvo to (I + by + poit—1) and the demand curve
increases from(A—by —1/pg) to +o00. The unique intersection of these supply and demand
curves with(1+ri+1) € (po, +00) determines the values &f andri+1. See Figurel for a
graphical illustration.

We can then infer the value &1 from equation {).X® We denote byi; = @' (it_1, by),
rep1 = @ (it—1, by), andbiy1 = cDb(it_l, bt) the corresponding policy functions. In Appendix
A.2, we derive closed-form expressions f(it_1, by), @ (it_1, by), and®P(iy_1, by).

3.1.2. Bubbly steady state. There exists either zero or a unique bubbly steady state.
When a bubbly steady state exists, the values“tf b**, andr** can be found by imposing
it =it—1=1"", by =b*, andri;1 =r** = 0in equations?) and @). See Figure for a graphical
illustration.
When it exists, the bubbly steady state is given by
A 1-2po

- , b** = A
1-po

[, and r* =0.

The condition of existence of a bubbly steady state is

1-2p9 |
—> —_—

1=p A (B)

Condition B) shows that bubbles can emerge when ingjgg¢ and outsid€l) liquidity is scarce,
creating a high demand for assets. Moreover, the size of the bobhiethe bubbly steady state
decreases with the fractigr of income that is pledgeable and with outside liquidityariations
in | are compensated one for one by variations in the size of the bubble. The interest iate
pinned down at 0. As a result, investmétfit at the bubbly steady state does not depent on

In Section3.2, we show that conditionB) is equivalent to the standard condition that the
interest rate in the bubble-free steady statg be less than the rate of growth of the economy
(0). There, we also analyse the connection between dynamic efficiency and the condition for the
existence of bubbles.

16. This derivation assumes thatis large enough so thah > 1+r¢ 1. As stated above, we focus on equilibria
which verify this property.
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FIGURE 2
Asset supply and asset demand curves in steady state. The dotted curves represent the effects of an ihcrease in
(Section 2) or a shift fronh* = 0 tob** > 0 (Section 3)

3.1.3. Phase diagram analysis. It will prove convenient to describe the dynamics that
we have just derived using a phase diagram. This requires characterizipg-the; schedule—
the set of value§i;_1, by) such thatd' (i;_1, bt) = i;_;—and theb; 1 = b; schedule—the set of
values(i;_1, by) such thatd®(i;_1, by) = b.17

Theiy =it_1 schedule is given by

o(1— po A+ (2-F)
bt_.tzlf’l_ﬂ) soit_ 1%4,

which defines a functiob' (ii—1). Theby,1 = by schedule is given by

bt = —pfit-1+ (L= po)(A—=1) = pol,
which defines a functiobP(it_1).

Lemma 1. Suppose that b 0. The interest rater.; = @ (i—1,b) and investment;i=
o (it-1, by) are increasing ind_1 and k. Investment;i= @ (i_1, by) is greater (smaller) than
it—1 if and only if i is greater (smaller) than 'lﬂlt—l)- The bubble p= ®°(i;_1, by) is greater
(smaller) than b_1 if and only if b is greater (smaller) than'iit_1).

The intuition for this lemma is simple: the presence of the bubble lowers the price of outside
liquidity or, in other words, increases the interest rate. This increases corporate net worth and
investment to the detriment of the suppliers of outside liquidity.

17. Note thaty1 = bt = 0 wheneveib = 0. Literally speaking, thé;; = bt schedule consists of two parts:
the one characterized HDF(I'( 1) which applies whenevés; > 0, and the lindy; = O; abusing terminology, we refer to
the former as thé; 1 = by schedule.
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FIGURE 3
Phase diagram with positive outside liquidity

Figure3 is a phase diagram representing the dynamics of the ecoHome bubbly steady
state always features more investment than the bubble-free steady state. The latter is stable while
the former features a downward-sloping saddle path. If the economy starts on the saddle path,
it will eventually converge to the bubbly steady state. If it starts below the saddle path, it will
eventually converge to the bubble-free steady state. The economy cannot start above the saddle
path without eventually violating the constraint < A, which is a necessary condition for a
competitive equilibrium.

Proposition 3. Assume that conditiorBj holds and that &> 0. Thenr* < 0and i** > i*. For

any i_1, there exists a maximum feasible bubble_1). The paths of productions/investments
{it}t>0 and interest rategr}t>0 are increasing in the size of the original bubblg For by <

b(i_1), the economy is asymptotically bubble free: it converges to the bubble-free steady state.
For bg = b(i_1), the economy is asymptotically bubbly: it converges to the bubbly steady state.
Moreover, the functiob(i_1) is decreasing inij.

Remarkl. Asis usual in rational bubbles models, our model features multiple equilibria. Ab-
sent additional structure, theory is agnostic as to equilibrium selection: it makes no prediction
as to which equilibrium is more likely to be observed.

We are now in a position to describe the dynamics when a bubld&pectedlypursts. We
have in mind the following experiment. Fbi< tg, the economy evolves as a competitive equi-
librium {i;, bx, ft}t>0 With bt > O for allt. Then att = tp, an unforeseen (zero probability) event
materializes which changes the conditions in the economyt fettg, the economy evolves
according to the competitive equilibrium with initial conditiong_1 = Tt,—1 andby, = 0. In
Section4.2, we set up a sunspot model. The realization of the sunspot triggers a bubble crash.

18. We haveb' (0) = —I < 0 andbP(0) = (1— pg)(A—1) — pgl which is strictly positive as long as conditioB)(
holds. It is easy to verify that' is increasing when it interseck®. The sign 01‘#?'1 —0, on the other hand, is
uncleara priori.

lig_q
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We construct a rational expectations equilibrium which takes into account that the bubble has
a non-zero probability of crashing. The unexpected bubble burst that we consider here can be
thought of as a limit of the sunspot model when the probability that the sunspot variable materi-
alizes goes to zero.

Supposee.g.that we are initially in the bubbly steady stdte=i**, by = b**, andf; =
r** = 0. When the bubble crashestat tg, the economy jumps downwards to the= 0 line.
Investment collapses, the interest rate decreases, and the economy gradually converges to the
bubble-free steady state.

3.1.4. Thecasé=0. This analysis carries through to the case whete. The only dif-
ference is that the = i;_1 schedule becomes verticali&t Investment dynamics are unaffected
by the existence of a bubble

it = A+ poit—1.

The reason is that the sum of the value of the securities issued by the middle-aged generation,
poit/(1+r41), and the bubble; in the end is equal to the savingof the young generation. Put
differently, the bubble fully crowds out the value of the assets produced by previous generations
of entrepreneurs. Its only effect is to increase the rate of interest as

poit
14141

bt +

Similarly, the bubbly steady state (if it exists) features the same investment level as the bubble-
free steady staté* =i* = A/(1— po). At a steady state, the bubble simply increases the interest
ratel®

3.2. Tests for bubbles and dynamic efficiency

To discuss efficiency, we first need a metric to index the welfare of the original holders of trees
in every period. We take the utility of the original holders of dateees to be (any increas-

ing function of) the amount of resources that they receive from selling their trees. This is the
right concept in the example we gave for the supply of outside liquidity with one-period-lived
consumers in Sectica

In our model, dynamic efficiency and Pareto efficiency are equivalent concepts and we there-
fore use the two terms interchangeably in what follows. An allocation is dynamically efficient
if there is no other resource-feasible allocation that increases the lifetime utility of some agent
without reducing that of another. Note that in this definition, the pledgeability constraints are
deliberately ignored.

If an allocation is not dynamically efficient, we can ask whether it satisfies a weaker notion
of efficiency which we refer to as constrained dynamic efficiency: an allocation is constrained
dynamically efficient if there is no other resource-feasible allocation that increases the lifetime
utility of some agent without reducing that of another, which satisfies the pledgeability con-
straints that require that the consumption of old entrepreneurs at dateed(p; — po) times

19. Woodford (1990 shows that the introduction of bubbles always crowds investment in, starting in a situation
where there are neither outside stores of value Q) nor inside stores of valugg = 0). Becausepg = 0, his model
assumes away leverage effects. As we show here,pgith 0, bubbles have no effect on investmeritif 0. There is a
discountinuity ajpg = 0. See Appendix A.3 for a detailed discussion.
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the amount of resources that were invested at date. Actually, we will show that competitive
equilibria of our economy, when they are not dynamically efficient, are also not constrained
dynamically efficient.

Determining whether an allocation is dynamically efficient is a simple task: when the
pledgeability constraints are ignored, our economy is a simple overlapping generations economy
with a linear investment technology with rate of retyrn The following proposition demon-
strates that the efficiency of the allocations that satisfy Definttioha competitive equilibrium
(and this definition does incorporate pledgeability constraints) hinges on thepqalue

Proposition 4. If p1 > 1, all competitive equilibria of our economy with or without bubbles are
dynamically efficient. b1 < 1, no competitive equilibrium is constrained dynamically efficient.

Note that dynamic inefficiencypf < 1) implies thatr* < 0. However,r* < 0 is compati-
ble with dynamic efficiency£; > 1). Interest rates below the growth rate of the economy are
compatible with dynamic efficiency because the interest rate reflects the fraction of the return
on investment which is pledgeable to outside investors and not the total return on investment.
Indeed, the paths for investment and the interest rate do not depend on the total return on invest-
mentp; (as long ap1 > 1+r; for all t) but only on the pledgeable part of this retwig In sum,

r* < 0is anecessary but not sufficient condition for dynamic inefficiency.

Abel et al. (1989’s test remains valid in our model as a test of dynamic efficiency, but it
does not directly address the possibility of bubbles: dynamic inefficiency is a sufficient but
not necessary condition for the possibility of bubbles. In contrast, the possibility of bubbles—
condition B8)—is still determined by the interest rate tet< 0.

Proposition 5. The possibility of bubbles is exactly determined by an (uninformed investor)
interest rate test of the fornir< 0.

At the bubbly steady state, the interest nateis equal to 0. Therefore, at a steady state, one
can test for the possibility of bubbles by comparing the interest rate with the rate of growth of
the economy, without taking a view as to whether or not the economy is at the bubble-free or
bubbly steady state.

The validity of Abel et al. (1989’s test to detect dynamic efficiency is most easily illustrated
by applying it to steady states. Indeed, consider a (bubbly or bubble-free) stead diate
{(i*,0), (i**,b*)}. The test involves three quantities: the value of resoupgeproduced in
every period, the resourcésised for investment, and the value of the market portfpgio It
states that the economy is dynamically efficient (inefficient) if and only if the difference between
the resources produced and the resources used of investment normalized by the value of the
market portfolio(p1i —i)/(poi) is strictly positive (negative)i.e. if and only if p1 is greater
(smaller) than 1, exactly as prescribed by Proposiion

The considerations brought about by our analysis go part of the way towards rehabilitating
interest rate tests as an indication for the possibility of bubbles. They shed light on which interest
rate should be used in these tests: this rate corresponds to an interest rate available to outside
investors—a relatively low interest rate such as the interest rate on riskless bonds.

3.3. Summary

Figure4 allows for a concise summary of the dependence on outside liquiditghe bubbly
and bubble-free steady states. The figure displays invesirhatthe bubble-free steady state as
a function of outside liquidity. We denote this function by (). We also use the notatiari(l)
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FIGURE 4
Comparing(i **,r**) and(i*,r*)

to denote the interest rate in the bubble-free steady state. The figure also represents investment
at the bubble-free steady state wHesn 0. This case will be covered later in Sectibri. For
now, we focus on the part of the figure that correspondist®.

The functioni *(l) reaches a minimum on [§-o0) at the thresholth > 0. In Propositior?,
we showed thdp > 0 if and only if pg < 1/2. The left panel illustrates the case whege< 1/2
(and hencéy > 0) and the right panel illustrates the case wheye 1/2 (and hencéy = 0).

Whenpg > 1/2, liquidity always crowds investment in* (1) is increasing irl for all | > 0.

For all valued > 0, condition B) is violated, and hence bubbles cannot arise.

In the rest of this section, we assume that< 1/2, liquidity crowds investment in (out) if
and only ifl >1gp (I <lg): i*(I) decreases ihon [0,1p] and increases ihon [lg, c0). There is
always a valu¢** = A(1—2pg)/(1— po) > 0 such that*(1**) =i*(0).

Condition B) holds, and hence bubbles can arise, if and only & 0 < [**. At the
bubbly steady state, variations lirare compensated one for one by variations in the size of
the bubble sincé** = A(1—2pg)/(1— po) —I. As a result, investmemt* = A/(1— po) at the
bubbly steady state does not depend dmportantly, investment at the bubbly steady state is
always equal to investment at the bubble-free steady state hWwhaéni** =i*(0).

Whenl = 1**, investment is at the same level in the bubble-free and bubbly steady states:
i*(**) =i** =i(0). Moreover, the gross interest rate is equal to zero in the bubble-free steady
state 1+r*(1**) = 0, and the value of the bubble in the bubbly steady stat&"is= 0. For
0 < I < I*™, investment is strictly higher in the bubbly steady state than in the bubble-free steady
statei** =i*(0) > i*(I). For 0<| < I**, the gross interest rate at the bubble-free steady state is
strictly negative(1+r*(l) < 0) and the size of the bubble at the bubbly steady state is given by
b** =1**—| > 0.

All in all, bubbles, when they are possible, always restore investment to the steady-state
level corresponding to both= 0 andl =I**: i** =i*(0) =i*(**). When bubbles are possible,
investment at the bubble-free steady statg) initially decreases as outside liquidity increases
from| =0 tol =lp. Investment at the bubble-free steady stdig) then increases as outside
liquidity increases fromd =g to I** and reacheg*(1**) =i (0). For all 0< | < |**, we have
i*() <i*™ =i(0)=i(*). Forl > 1**, bubbles cease to be possible.
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4. ECONOMIC IMPLICATIONS
4.1. Collateral heterogeneity

We have assumed so far for simplicity that firms are homogeneous (perhaps up to a scaling
factor). When firms differ, say, in the pledgeability of their income, those with limited access
to unsophisticated investorse. low pg firms (family firms, private equity, startups), benefit
relatively more from the presence of a bubble. They enjoy the liquidity effect without being
much impacted by the leverage effect. Conversely, they also suffer more from a bubble crash.
Letk be an index for firms and Iei‘a be an increasing function & We can assume without
loss of generality that is distributed uniformly on [01]. We denote by¥ the investment of firm
k in periodt: each firm’s investment is potentially different since they differ in their ability to
generate pledgeable mcom@t from investment. Importantly, all firms have the same initial net
worth A, and hence the same wealif| +fp0 {_,dk when middle-aged, so that investment
by firmk is
ki k
k_ bt—i-l—l—fpot 1dk @)
__n
I4ria

We then have the following aggregation result. The economy is described by two state vari-
ables: the value of the bubhibg and the mtegrajfp0 {_,dk describing the total value of the ex-
isting stock of securitiesThe law of motion forb is still by = by (1+rt4+1), while fplo( tk_ldk
andr¢ 1 are jointly determined as the intersection of the aggregate supply and the demand curves

for asset&
k
/Plaitkdk: (/p—opkdk> (bt+|+/Pot 1dk) (8)
1— . Po_

I4rea
and

/p‘éitkdk: [Ad+rii1) = —A+r)b] 9)

There exists either zero or a unique bubbly steady state. When a bubbly steady state exists, the
values of [ pfi***dk andb** can be found by imposing pifdk = fpo il dk= [ pi**kdk,
by = b**, andry 1 = r** = 0 in equations &) and @). Investmeni **¥ by firm k can then be
computed using equatiod); We then have

A 1-2
k= D e / podk I, and r* =o.
1-pp 1—p0

The condition for a bubble to exist is now given by
1—2pK
/ 70 dk | ®)
1- po A
The analysis of the dynamics of the economy is exactly as in Se8tioReplacing the repre-

sentative firm’s pledgeable income by the industry-average pledgeable income, we see that the
previous analysis generalizes to heterogenous firms.

20. Equationsg) and Q) are the same as equatior®y &nd @) replacingpgit with fpléitkdk andWloHtH)

Po
by/i
1—p§/(L+rt40)
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The relative size of firms with low pledgeable income increases when bubbles arise and
decreases when bubbles crash. Taking derivatives in equjion (
dif  aif oI dregq

ikdb,  ikoby = ifor, dby
_ 1 B e dreya
b+l + [ pgif jdk  (L+r1—p§? dby

We can also analyse the consequences afreaxpectedzero probability) bubble crash of the

form discussed in Sectidhl There are two immediate opposing effects on investment: (a) firms
which used the bubble to hoard liquidity have less net worth and (b) the interest rate decreases,
which allows for more leverage. The percentage decrease in investment resulting from a lower
net worth is independent @1‘5 The percentage increase in investment from a higher leverage is
higher, the higher the pledgeable incopﬁje As a result, in relative terms, the size of firms with

low pledgeable income compared to the size of firms with high pledgeable income decreases
when a bubble crashes.

Proposition 6. Assume that conditiorB() holds and that & 0. Then

(i) for any value off pi¥ dk, there exists a maximum feasible bubb(g p&i* ,dk). The
path of interest rate$r:}i>o is increasing in the size of the initial bubblg;lihe path of
productions/investmentg }t>o is increasing in the size of the initial bubblg bFor by <
B(fp'gifldk), the economy is asymptotically bubble free: it converges monotonically
to the bubble-free steady state. Fay & B(fp‘gifld k), the economy is asymptotically
bubbly: it converges monotonically to the bubbly steady state;

(i) the equilibrium paths fofbt}t>0 and {ri}t>o are increasing in the sizeglof the initial
bubble;

(iii) the relative size of firms with low pledgeable income (laﬁ/)/ compared to the size of
firms with high pledgeable income (hi@lﬁ) increases with the size of the initial bubble
bo: the relative variation(i}) ~di¥/dhy of investmenti at date t+ 1 with respect to the
initial bubble ky is decreasing in k.

4.2. Stochastic bubbles (1): bubbly liquidity premium

As in Weil (1987, we can allow the bubble to burst stochastically depending on the realization of
a sunspot. Suppose that each period the bubble bursts with probabkilityAn asset’s liquidity
service depends on what the asset delivers when cash is particularly valuable to firms. Building
on this idea, we now argue that, even in this risk-neutral environment, a stochastic bubble trades
at a liquidity discount or equivalently a risk premium relative to riskless stores of value. We
focus on the case> 0.

Letit andrii1 (respectivelyj; andr ;) denote the investment levels and interest rates
when the bubble has lasted until peribd- 1 and continues (respectively, bursts). The asset
supply equations are given by

. b+l 4 poit—1 _ |+ poit—1
it S S — and i; =%
T4ripg 4+
Similarly, the asset demand equations are given by
. A(d+r - —(Q+r . Al+r ) —I
i\ — (1+ri+1) (A+rt41)bt and i = Q+rsy) .

P0 PO
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Sincei; andrt‘+l are determined by the same set of equations asdr;,, but withb; =0,
it is clear thatrt4+1 > ry_ ;! the burst of the bubble depresses the interest rate. The immediate
response of investmentto a bubble crash is determined by Lemrasd 3 (Online Appendix):
as long a$ > 0, the burst of the bubble depresses investment sixthaf™ (it =i; whenl =0).

At datet, generationt- entrepreneurs can hold safe assets (trees, claims on previous in-
vestments’ income) or risky ones (stochastic bubble). Leffindenote the return on the bub-
ble when it does not bursty = (14 ft)by—1 if the bubble does not burst arg = 0 other-
wise. By investing one in a tree &t an entrepreneur can secure-i; att+ 1, which al-
lows him to invest(1+ry)/[1 — po/(1+ri4+1)] at t + 1 if the bubble does not crash a4 1
and (1+rv)/[1 — po/(1+r )] if it crashes. This allows him to consungg: — po)(1+rt)/
[1— po/(A+ri+1)] at t + 2 if the bubble does not crash &# 1 and (p1 — po)(1+rt)/[1 —
po/(1+r ] if it crashes. Similarly, investing one in the bubbletatelivers 1+ att +1 if
the bubble does not crashtat 1 and zero if it crashes. This allows the entrepreneur to invest
(1+4+Ft)/[1— po/(L+ri41)] att + 1 if the bubble does not crashtat+ 1 and zero if it crashes.
This allows him to consumépy — po)(1+f1)/[1 — po/(1+ri+1)] att + 2 if the bubble does not
crash at + 1 and zero if it crashes. In equilibrium, expected consumptidrnt+a? from these
two investment options dtmust be equalized. This leads to the following arbitrage equation
between bubbles and trees:

141y 141t 141t
/11_— 20-{-(1—/1)1 m /11_ o (10)
I4reyn 141, T4reqn

This in turn implies that &1 > (14r¢)/A. Despite risk neutrality, stochastic bubbles feature
a liquidity premium: they command positive net excess retuffis-ri) — (1+r¢). The intuition
is straightforward. Bubbles deliver no return when internal wealth is the most valuable: when
liquidity is scarce, interest rates are low and internal funds can be levered a lot.

There are multiple equilibria with such stochastic bubble, exactly as in our baseline model.
There exists a uniqueonditionalbubbly steady state: a competitive equilibrium such that the
variables(it, by) are constant and equal to**, b**) with b** > 0 until the sunspot variable
realizes and the bubble crashes. At such a conditional steady state, the bubble is constant (until
it crashes) and hencefIr** = 1. Moreover,

-1 At
( 1—1 1—%) I+ po—=5—  AQ+r=)—|
1- 1—_‘_% P0o

¥

T +l ==
=" and b**_¢(1— po —po)—l.
1-po 1-po 14r**

The condition for the existence of a bubble becofhes

1—3%—% >|: 1 :||_ ®)
1-po 1+ Al—ri-r** A

21. Unfortunately, this condition determines only implicitly the parameter region that leads to the possibility of
bubbles. It features an endogenous objétt This complication arises for the following reason. Bubbles now present a
risk premium and thus a positive net excess retift+f**) — (1+r**) > 0. In a conditional bubbly steady state, zero
bubble growth pins down the expected return on bubblesft* = 1, but the risk-free rate** has to be determined
jointly with r **~ as solutions to a non-linear system.
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This condition is more likely to be verified, the higher* is. It coincides with conditionR)
whenr** = 0. Note that we necessarily hage+r**)/1 < 1+f** =1sothar** <1—1<O0.
As a result, conditionB”) is more stringent than conditioB.

Proposition 7. Suppose that conditiom() holds and that i 0, then

(i) in any competitive equilibrium with a strictly positive bubble, before the bubble bursts,
the bubble features a liquidity premium;

(ii) in any competitive equilibrium with a strictly positive bubble, the bursting of the bubble
decreases interest rates: firms scramble for collateral, which becomes more valuable;

(iii) in any competitive equilibrium, when the bubble bursts, investment immediately decreases;
then, the economy gradually converges to the bubble-free steady state;

(iv) in the conditional bubbly steady state—before the bubble bursts—as the probability of
bursting (1 — 1) increases, the interest raté’r and the bubble B decrease; investment
i ** decreases;

(v) in the conditional bubbly steady state, interest rates and investment are Higls (r*
and i** > i*).

For example, wheh > 0, steady-state investmeirit, bubble sizeb**, and interest rate**
all decrease in the probability-1/ that the bubble crashes. A more stable bubble provides more
liquidity and is more conducive to investment. This in turn boosts the demand for liquidity and
makes for a larger bubble.

A full characterization of the dynamics is outside the scope of this paper. Indeed, an extra
state variable is required to describe the economy. The state space is now given by the triple
(it—1, bt, rt). The reason past interest ratehave to be kept track of is that the arbitrage equation
(10) involves both the interest rate at datand at daté¢ + 1. As a consequence, simple two-
dimensional phase diagrams cannot be used anymore. A full characterization of the stability
properties of the different steady states and their basin of attraction is rather involved and outside
the scope of this paper.

Remark2. Imagine that there is a stochastic bubble in an economy with heterogeneity in
pledgeable income as in Sectidril Equation (0) has the implication that firms with higher

pg will demand a higher expected return to hold the bubble: they are more affected by the
double whammy associated with a bubble crash (the loss of wealth at the moment when lev-
ering up is attractive). Therefore, in equilibrium, the bubble will be held by the firms with the
Iowestp'g.22 Whenl > 0, we showed in Propositiof that for a given portfolio, these firms

are also the firms whose investment decreases the most in percentage terms when the bubble
crashes. The result is an amplification mechanism whereby the equilibrium allocation of the
bubble across firms magnifies the impact of a crash. In equilibrium, firms with aoﬁigb not

hold the bubble so that their net worth is insulated from the bubble crash. Moreover, they can
increase their leverage more than firms with a Ipﬁvin response to the drop in interest rates
that follows the crash of the bubble. Conversely, firms with ah&nhold the bubble so that

their net worth is impaired when the bubble crashes. In addition, their leverage increases less
than firms with a higho'g in response to the drop in interest rates that follows the crash of the
bubble.

22. Interestingly, the recent real estate crash did affect many highly levered financial institutions. The prospect
of a public bailout (more likely for levered financial institutions), however, is not part of our competitive equilibrium
modelling.
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4.3. Stochastic bubbles (2): endogenous crashes

Following up on Section4.2), we modify the environment in the following way. Suppose that
A follows a two-state Markov procesgs e {Ay, AL} with Ay > A(. Initially A= Ay. With
probability 1— A > 0 per period A transitions toA; which is an absorbing state.

We assume that conditioB() is verified for an exogenous bursting probabiliy— 1) in
an economy with a deterministic and constargqual toAy . Similarly, we assume that for any
A € [0, 1], condition B) is violated in an economy with a deterministic and constarqual
to AL. Hence, if the economy is already in the state of low net wérta A , the demand for
liquidity is low, the interest rate is high, and bubbles cannot exist. Bubbles, however, can exist
as long as net worth is highA = Ay.

Suppose tha#; = Ay and consider the economy entering periedl with state variables
given by(b,it—1,rt). Thenif Ai11 = Ay, (br41,it,re4+1) are given by the same equations as in
Sectiond.2with A= Ay . On the other hand, i1 = AL, then the bubble bursts; = 0 and
it are given by the same equations as above with A| andb; = 0. The economy then evolves
as in Sectior2.2

Proposition 8. Assume that conditiorB() holds with A= Ay but that condition B) is vio-

lated with A= A . Consider an economy where in the initial period the economy is in steady
state along the bubbly path and A Ay . In the first period where A= AL, the bubble bursts.
Then the economy converges to the bubble-free steady state correspondiagAp.A

The mechanics of a bubble crash are similar to those of the previous section. The difference
is that in Sectiort.2, the burst of the bubble was triggered by the realization of a pure sunspot
variable. Here, by contrast, the burst of the bubble is triggered by an adverse fundamental shock
to initial net worth A of entrepreneurs. When this shock occurs, the demand for liquidity drops
enough that bubbles are not feasible anymore.

This environment makes clear that wHen 0, bad shocks to corporate balance sheets can
potentially have an amplified negative effect on investment over and above that described in the
literature emphasizing the importance of corporate net woetli-Bernanke and Gertl¢d 989
andKiyotaki and Moore(1997)—by triggering liquidity dry-ups in the form of bubble bursts.

5. DISCUSSION AND ROBUSTNESS
5.1. Negative outside liquidity

We now assume that net outside liquiditys negative. This can be motivated by imagining
that there is a demand for outside liquidity from an unmodelled part of the economy (another
group of consumers or foreigners) who demand liquidity in excess of the supply of trees. This is
relevant in light of the recent literature on the “global savings glut” (see for exaBgrteanke
2005 Caballercet al., 2008,b). We develop some of these ideas in SecBdh

We focus on steady states. Detailed derivations, as well as an analysis of the dynamics, can
be found in Appendices A.1, A.2, and A.4.

5.1.1. Steady states. There is a unique bubble-free steady state which corresponds to the
intersection of théx = 0 locus withi; = iy_1 > 0; this steady state is always staBfdf condition
(B) holds, there are two intersections betweenithe i;_1 and theb;; = by schedules such

23. We haved! ©O=-1>0 andbb(O) = (1— po)(A—I)which is strictly positive as long as conditioB)(holds.
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thatb; > 0. The corresponding investment levels are givern-b§l — pg)/po and A/(1— po).
As long as the following condition is satisfied, the lowest solution corresponds to an unstable
bubbly steady state and the highest solution to a saddle-path-stable bubbly steady state

| )
-—— < —. 11
A (1-po)2 ()
Condition (1) is more likely to be verified; the lower the net demandfor outside liquidity,
the higher the level of pledgeable incomgand the higher the net worth of entrepreneArs
We maintain it throughout this section.

Proposition 9. Suppose that k 0, then

(i) r* increases with I; steady state investmeéntricreases with | when the interest rate is
high enough so that equatioB)(is verified; more precisely, there existssuch that for
alll, Zr > 0if and only if | > lo; moreover, we havky > 0if and only if pg < 1/2;

(i) suppose that conditiorBj and equation 11) hold, then investment at the bubbly steady
state is lower than investment at the bubble-free steady state A/(1— pg) <i*;

(iii) suppose that equatiol{) holds, then the results in Propositiodsand 5 extend to the
casel<O0.

The first part of the proposition focuses on the question of whether outside liquidity crowds
investment in or out at the bubble-free steady state. This result generalizes that of Progosition
outside liquidity crowds investment in when outside liquidity is abundant enough.

The second part of the proposition focuses on the question of whether bubbles crowd invest-
ment in or out by comparing the bubble-free and bubbly steady states. Bubbles always increase
interest rates, which reduces the value of the trees. Whet®, the non-corporate sector is
a net seller of trees. The bubble then operates a transfer from the non-corporate sector to the
corporate sector, which increases investmBuabbles and investment are complemeWsien
| < 0, the opposite happens and bubbles crowd investmenBobbles and investment are then
substitutesFigure4 provides a convenient summary.

The third part of the Proposition shows that both our efficiency results in PropoSitiod
our results for the interest rate test to infer the possibility of bubbles in Propoditieneralize
to the casé < O.

Remark3. Entrepreneurs’ preferences were chosen such that they save their entire endow-
ment when young and invest all the resulting wealth when middle-aged. The Online Appendix
A.4 relaxes this assumption and allows more flexibility in the entrepreneurs’ savings/dissavings
choices. It turns out that the results obtained in this paper carry over with the one following
caveat. Once we allow for flexibility in the entrepreneurs savings/dissavings choices, it is still
true that bubbles boost investment when outside liquidiyceeds some threshold; this thresh-

old need not be equal to zero and instead may either be positive or negative.

5.2. Public debt as outside liquidity

In a non-Ricardian environment, public debt can be a form of outside liquidity. Indeed, imagine
that there are consumers who live for one period, receive ineentaagine that the government
taxes a portioh < w of theirincome and issues bonds one period ahead that are claims on the tax
proceeds. Let z be the number of newly born consumers per newly born entrepreneur. At date
t, the government receivés /(1+r¢,1) from the bond issuance and distributes it to consumers.
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Thenl =iz . By issuing debt and redeeming it by taxing newly born consumers, the government
is able to increase the supply of outside liquidity.

As long as Hriy1 > 1, this policy makes consumers worse off. However, when condi-
tion (B) holds so that bubbles are possible, the government can issue debt and constantly roll it
over without ever raising taxes: the bubble and government debt become isomorphic. Hence, a
possible reinterpretation of the model is that the bubble is government debt. Under this interpre-
tation, when liquidity is scarce—conditioB) holds—the government can increase the supply
of outside liquidity at no cost to the government budget (without ever having to raise taxes).

5.3. Interest-rate sensitive outside liquidity

In this section, we provide some other micro-foundations for outside liquidity. In these other
foundations| decreases with the interest rate. We show how to extend some of our most impor-
tant results to this more general case.

5.3.1. Unconstrained firms. Suppose that there also exists a competitive fringe of firms
operating a concave production functiditk;). These firms are owned by consumers who only
consume when young. Consumers then sell the firms to investors for afgkiog(1+rt) — ki,
wherek; is the equilibrium investment level. In equilibrium, it will be the case thak;) =
1+r¢ so thatky = k(ry), wherek is decreasing im¢. This creates a net positive supply of trees

lt =1(r0) = f(k(ro).

5.3.2. Consumers as borrowers and securitization. Suppose that consumers have con-
cave preferences and hence an elastic borrowing margin. They live for two periods and have
preferences given by

u(c’) + pu(c®),

wherecY andc® denote, respectively, consumption when young and old. They earn ine¥me
when young and?° when old. To simplify the analysis, we focus on the case of log preferences
whereu(c) = log(c). In this case, consumers of generatipfacing interest rate;, consume

y_ 1 y, w0 o_ B Y 4 0
Cf =147 w +1+rt and ct_1+ﬁ((1+rt)w +w").

The supply of trees from the consumers’ sector is therefore

li=1(ry) = w° — ﬁ;ﬁ((lﬁ-rt)wy—‘rwo),

wherel (ry) is decreasing witln.

In this analysis, consumers do not face collateral constraints when they borrow. In practice,
they often do; furthermore, the institutions that determine the extent to which claims on con-
sumers’ future income can be transformed into stores of value have high policy relé¢ance.

24. Suppose that consumers have some endowment of geedabour income—in their youth. They use that
labour income to build a house, which has total vayué: at periodt + 1, where j; is the home investment realized
in periodt. However, suppose only a fractionjt < y1jt can be collateralized. Consumers can invest up tfl —
Yo/(1+rt)] in housing. Consumers thus credte= | (rt) additional stores of values for the corporate sector where
I1(rt) = yow/[1 — yo/(1+rt)]. An increase in securitization—in the form of mortgage backed secustgs-can be
formalized as an increase yg towardsy; and materializes as an increaséirin this micro-foundation, the amount of
treesl (rt) is again endogenous as it decreases with the interest rate.
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5.3.3. Generalizing the analysis to interest-sensitive outside liquidity.Let us now
analyse a framework that encompasses all the examples mentioned above. There is a net supply
of assets owned by another sector of the economy (which we call the consumers’ sector) in the
amountl; =1(ry), wherel is decreasing imn;.
The supply and demand equations for assets are now given by

. le+be+ poit—1 d i Al +ri41) =l — A+ 1)y
It = 1_— 50 an It = .
I4re4a PO

The dynamics of this economy are harder to analyse because the endogenéinpobes to
keep track of an additional state variable in additioixtq andb;: the past level of the interest
rater;. However, the steady-state analysis remains very tractable. In the bubbly steady state

. A 1-2
1—po 1-po

—1(0), and r**=0.

Note that investment in the bubbly steady state is independent of the fuh@tipnThere is
perfect crowding out between bubbles and trég$:+ | (0) is independent of the functidrirt)
away from zero interest rates.

The condition for the bubbly steady state becomes

1-2
P
1

—1(0) > 0. (B")

—po

We continue to denote investment and the interest rate that prevail at the bubble-free steady state
byi* andr*.

Proposition 10. Suppose that conditiorB(") holds. Then the interest rate at the bubble-free
steady state is negative: < 0.

@) IfI(r*) > 0, investment in the bubbly steady statéis higher than investment iin the
bubble-free steady state.

@iy fl(r*) <0and —1—_(';&I(r*) < l_i, investment in the bubbly steady stat iis lower
than investmenttiin the bubble-free steady state.

Remark4. In the model with unconstrained firms, we hage*) = f (k*) > 0. Propositionl0

then shows that™ > i*. However, note that the steady-state investment level for unconstrained
firms in a bubbly steady state is lower than that in the non-bubbly steady ktate: k*. This

is the standard crowding-out effect of bubbles on investment emphasiZEtbla (1985 in

the context of the model dDiamond (1965. Therefore, bubbles crowd in the investment of
constrained firmsi ** > i*) but crowd out the investment of unconstrained firtkis < k*).

6. CONCLUSION

This paper suggests a number of promising research avenues. Three themes seem to us particu-
larly interesting. First, we have only briefly touched in Sectlahon the question of who should

hold the bubble. There we saw that a stochastic bubble is held in equilibrium by the firms with
the lowest pledgeable income. To explore the ownership question further, onecoguatiow

less levered agents such as consumers to hold the bubble. Second, our model is too stylized to
analyse the specific role of monetary policy or the interaction between prudential regulation and
interest rate policy; developing the model along this dimension would be interesting. Third, it
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would be worth introducing the possibility of bailouts. Farhi and Tirole(2012), we investi-

gate this question and point out that systemic bailoatg.through lax interest rate policy in
response to a crisis) result in strategic complementarities in liquidity and portfolio choices. The
financial institutions’ incentive to correlate their positions on the overvalued assets would have
implications for macrodynamics and public debt.

Our analysis has been deliberately theoretical. Its implications for public policy require fur-
ther thought and extensions. Economies recurrently generate cycles of asset price overvaluations,
credit booms, and, when bubbles burst, recessions. Potential applications to the measurement of
capital adequacy abound. For example, asset price overvaluation and crashes are closely related
to the policy debates on pro-cyclical regulation, fair value accounting, and deleveraging in busts.
Similarly, an analysis of the link between bubbles and the scarcity of liquidity can shed light on
public policies controlling the supply of outside liquidity,g. by adjusting the level of public
debt or by tightening or relaxing securitization standards. Finally, this type of analysis can shed
light on the link between bubbles and financial developmem@ur stance that policy impli-
cations lie outside the scope of our paper should not obscure the potential fruitfulness of such
policy investigations.

APPENDIX A

A.1. Proofs for Sectior2

Although we focus on the case> 0 in the text, the derivations in this section are also valid wher®. We make use of
some of these results when we turn to the dasé® in Sectiorb.1 .

Derivation of the closed-form expressions for the policy functibhsd", and ®P in the bubble-free casé\ssume
thatby = 0. The system of two equations (equatioBsand @)) in the two unknownsit, r1) can be solved as follows.
Using equationg) to find an expression fog ;.1 and replacing this expression in equatid)) (ve are led to the following

quadratic equation:
. . 1 - 1+ poit—
"(2_|:A+P0|t—l—|(*— )]'t—w- (A1)
PO PO

Given a solution to this equation, we can then compute the associated interest-mrate; &= (poit +1)/A. The only
solution of equationA.1) with it > 0 and an associated interest rate such thatl 1 > pg is given by

. A+ poit—1— (% _ 1)| +\/[A+p0i2t_1— (% - 1),]2+4p|70(| +poit_1). -

Using the asset demand equati@hwWe can compute the associated interest rate

A+ poit—1+ (1+ %) I +\/[A+poit_1— (;Tlo —1) I]2+4p'—o(l + poit—1)

1+r = A.3
t+1 = /0 2(A=bo) (A-3)
Derivation of the bubble-free steady stafesteady statéi *,r *) of the bubble-free economy solves
. | i . A +r*)—I
i*= +p(/)Jo and |*:7( ) .
1-15+ Po
This yields the following quadratic equationiifi:
2 . 1 12
i"(L-po)—i*|A+l—{ ——-1)I|——=0. (A.4)
PO PO

25. Financial development in our model is captured by the quality of governaptarfd the existing stock of
traded securitiespgit—1).
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This equation has two solutions. Wheg£ 0, one of these solutions is strictly negative and the other one is strictly
positive. The strictly positive solution is given by

(1 1 12 4 _
B U \/[(;I'_)po)(ﬂo Y[ +afga o (AS5)

Using 14+r* = (pgi * +1)/A, we can compute the associated interestréate

A+£6+/kA+n—(%-)q2+q%ﬂ—pw

1+r*=p
0 2A(1— po)

(A.6)
Whenl =0, we have ¥ r* = pg/(1— pg) > po. Whenl > 0, we have B-r* > pg/(1— pg). This is obvious from the
equatiori* =1/(1— po— po/(L+1%)).%°

With | = 0, the second solution of equatiof.§) features positive (in fact zero) investment. It is giveni by= 0
and 1+r* = 0. However, this does not correspond to a competitive equilibrium (which required & po).

Proof of Propositioril.  We know that the steady state is the unique intersection of the furictio' (i, 0) with
the identity functiori — i on [0, c0). We can compute

e A D T e

2

@' (0,0) = >0.

Similarly, @l (i, 0) ~i> 00 2 0. This ensures thab' (i, 0) > i fori low enough andb' (i, 0) <i fori high enough. Since
there is a unique positive solution o (i, 0) =i, this proves thatp! (i,0)>ifori <i* and @' (i,0) <ifori>i*.
Since, in addition®! (i, 0) is increasing iri, we have that* > @i (i,0) > i fori <i* andi* < @ (i,0) <i fori > i*.
This ensures that this steady state is stablé.

Proof that r* increases with.IWe have

dr* _ (A+r*)=po -0
dl 2A1 - po)v[Apo +112 = 4AI(1— po)po

A.2. Proofs for Sectior8

Although we focus on the case> 0 in the text, the derivations in this section are also valid wher0D, except for the
proof of Propositior8 which is specific to the case> 0. We make use of some of these results when we turn to the case
| <0in Section5.1

Derivation of the closed-form expressions for the policy functibhsd", and ®P. The system of two equations
(equations?) and @)) in the two unknownsit, ry1) can be solved as follows. Using equati@ 1o find an expression
for ryy1 and replacing this expression in equati@) (ve are led to the following quadratic equation:

if _[A+P0|t 1—|(i—1)} M.
PO po

Given a solution to this equation, we can then compute the associated interest ratg & (pgit +1)/(A—by). When

| >0, bt < Ais anecessary condition for equilibrium. Whier 0, we can havé: < A or by > A. Assume first that
bt < A. Then the only solution of equatioA(1) with it > 0 and an associated interest rate such thatil, 1 > pg is

given byit = @' (i;_1, bt) where

A+ poit—1— (* —1)| +\/[A+P0it—l_ (,,% —1)|]2+4,,|*0(bt +1+poit—1)

i/
@ (it-1.b) = >

(A.7)

26. Note that the analysis extends to the daseD. In this case, the function[1 — pg/(1+r*) — po] is convex
and increasing. It increases front/pg to +oco on (po, 1= /)o) The function A(1+r*) —1]/pg is linear and increasing.

Itincreases fronA—1 /pg > —I/pg to A/(L— pg) —1/pgon (po, l_—) The unique intersection of these functions on
(Po, - ) is given by equationsA(.5) and @A.6). Hencepg/(1—pgo) > 1+1* > pg.
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Using the asset demand equati@hwe can compute the associated interest raged 1 = 1+ @' (i;_1, bt), where

A+ poit—1+ (l+ 710) I +\/[A+P0it—l - (% - 1) |]2+4,,'f0(b1 +1+ poit-1)
2(A—by)
and the bubble in the next peridgl, 1 = @' (it_1,bt) = [1+ @' (i;—1,bt)]bt. These equations determine the policy
function®', @', and®P in closed form.
We now need to consider the case wHexe0 andb; > A. In this case, there is a solution to the quadratic equation
(A1) with it > 0 and H+ri41 > pg if and only if [A+ poit—1 — (;Tlo - )|]2~l-4p|—0 (bt +1+ poit—1) > 0 andA— bt —
p'—o > bt +1 + pgit—1. When these conditions hold, equatioAsq) and (A.8) still represent one solution wiily > 0 and

14141 > po,2” but there is now another solution given by

140" (i—1,bt) = po

(A.8)

2
- Atpoit-1- (% - 1) I _\/[A+P0it—1 - (% - 1) q +4p|*0(bt +1+poit—1)
It =
2

and 1+ry 1 = (poit +1)/(A—Dbt). We argue that this solution has undesirable characteristics and focus on the solution
given by equationsA.7) and (.8). Our motivation is that the other intersection displays perverse comparative statics: it
has the unnatural feature that an upward shift in the asset demand curve leads to a degrepaeda decrease in the
price I/(1+r¢41). This is because this solution corresponds to a point where the asset demand curve crosses the asset
supply curve from above at the intersection with the lowest valuge &y contrast, the asset demand curve crosses the
asset supply curve from below at the solution given by equatiarng énd A.8).

Derivation of thei =i;_1 and k41 = bt schedulesimposingit =i;_1 in equation ), we find

: PO
it_1(1—po— = +b. A.9
t 1( PO 1+ft+1) bt (A.9)
Using equationg), we can replace/{1+r¢1) in equation A.9) by
1 A—Dbt

14141 1 +poit—1’
This yields the following equation for tHe = i;_1 schedule:
. it— 1
b =i2 122 (1—po)— 22 | At (2= = )1 | -1
' | PO
Imposingriy1 = 0 in equation 2), we find
I +Dbi+poit—1
t=—"".
1-po

Imposingry1 = 0 in equation §) and imposing41 = 0, we find A =1 + poit + b. Using equation4.10) to
replaceit, this expression can be rearranged as follows:

(A.10)

bt = —pgit—1+ (1~ po)(A=1) = pol,

yielding the desired equation for the, 1 = by schedule.

A useful Lemma
Lemma 2. The interestrateg;1 = @' (it—1,bt) is increasing inj_; and k.

The proof of this lemma is as follows. In the derivation of the closed-form expressions for the policy funitions
o', andoP, we proved the following: at the solution given by equatioAs’f and @A.8), the asset demand curvg) (

27. Inthe particular case whelbe= A, equation A.7) givesit = —I /pg. Both the numerator and the denominator
in expression for ¥ r¢, 1 in equation A.8) are zero. The value of the interest rate is not pinned down by this equation.
In this case, the value of the interest rate can be inferred from the asset supply equation
. I
polt ~po

- =po - .
t — (I +bt + poit—1) —/,'—O—(I+bt+p0|t_1)

14141 = i
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crosses the asset supply cur@gftom below. Moreover, the asset supply curve is downward sloping. Since increases in
it_1 shift the asset supply curve upwards without affecting the asset demand curve, incréasésfitthe asset supply
curve upwards and the asset demand curve downwards. In both cases, the intergstirateases.

Proof of Lemmas 1 (and 3 in the Online Appendix)The properties of the interest ratg,; = @' (it_1, bt)
are a direct consequence of Leméhd_et us turn to the properties of investment= @' (i;_1, bt). We can solve for
investmentit as a function of;_, andbt

‘ A+p0it_1+|:l—%]| +\/{A+p0it_1+[l— %]I}2+4p'—o[bt +1+ poit—1]
It = 2 .

From this expression, it is clear thiatis increasing iri;_; andby if | > 0 and decreases with if | < 0. The other
results follow directly from these properties®f and®' .

The rest of Appendix A.2, with the proofs of Propositidhand4 can be found online, together with Appendices
A3 and A4.
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