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Problem 1) True/False questions (20 points), no justifications needed

If 7(t) is a space curve satlsfymg 7/(0) = 0 and f(z,y,z) is a function of
0att=

0.

) | T| F three variables then £ f(7(t)) =
Solution:
This is the chain rule
2) T F The integral [ [z 1 dxdy is the area of the region R in the zy-plane.

Solution:
Yes, it is the volume of the region below the function f(z,y) = 1.

3) T F If f(x,y) is a linear function in x,y, then Dgf(x,y) is independent of .

Solution:
The gradient is constant (a,b) and the directional derivative D, f(z,y) = {(a,b) -
(cos(t),sin(t)) depends on the direction.

4) T F If f(x,y) is a linear function in z, y, then Dz f(x,y) is independent of (x, y).
Solution:
The gradient does not depend on (x,y) so that D, f(x,y) = V f(z,y) - u does not depend
n (z,y).

If (0,0) is a saddle point of f(x,y) it is possible that (0,0) is a minimum of
f(z,y) under the constraint = = y.

Solution:
The gradient is zero so that the directional derivative is zero in all direction.

6) T F The equation fy,(z,y) = 0 is an example of a partial differential equation.




Solution:
Yes, it is an equation for a function and the equation contains partial derivatives with
respect to different variables.

The linearization of f(z,y) = 4+ 2® + y* at (z¢,90) = (0,0) is L(x,y) =
4 + 322 + 3y

Solution:
The linearization is a linear function.

Assume (1, 1) is a saddle point of f(x,y). Then Dy f(1,1) takes both positive
and negative values as ¢ varies over all directions.

Solution:
It is constant zero. Because the gradient is zero.

9) | T F The integral [, JZr drdf is equal to 7.

Solution:
Yes, it is the area of a quarter of a disc of radius .

If [Vf(0,0)] = 1, then there is a direction in which the slope of the graph
1) [T F | of fat (0,0)is 1.

Solution:
It is the direction of the gradient

The vector Vf(a,b) is a vector in space orthogonal to surface defined by
1) | T F z = f(z,y) at the point (a,b).

Solution:
Big misconception. This gradient vector is a vector in the plane, not in space.

19 If f(z,y,2) = 1 defines y as a function of z and z, then Oy(x,z)/0xr =
) T F _fx(x>yaz)/fy(x>yaz)'




13)

14)

15)

16)

17)

18)

19)

20)

T F

T F
Solution:
Yes.

T F

T F
Solution:

T F
T F
Solution:

Solution:

In a constrained optimization problem it is possible that the Lagrange mul-
tiplier A is 0.

The area [ [ |7 X Tp| dudv of a surface is independent of the parametriza-
tion.

The function f(z,y) = 2%+ y% — 2° has a global minimum in the plane.

The area of a graph z = f(x,y) where (x,y) is in a region R is the integral
ffR|fx X fy| dxdy

The equation does not make sense. f,, f, are both scalars, not vectors. If we want to
compute the surface area, we have to parametrize the surface first as (x,y, f(z,y)).

The gradient of a function f(z,y) of two variables can be written as
(D:f(z,y), D;f(x,y)), where i = (1,0) and j = (0,1).

The length of the gradient of f at a critical point is positive if the discrim-
inant D(z,y) = foufyy — f:?y is strictly positive.

The length of the gradient is zero.

If £(0,0) = 0 and f(1,0) = 2 then there is a point on the line segment
between (0,0) and (1,0), where the gradient has length at least 2.

This is the intermediate value theorem applied to the function g(x) = f(z,0).

Solution:

The tangent plane of the surface —2? —y%+ 2% = 1 at (0,0, 1) intersects the
surface at exactly one point.

The linearization is a linear function.



Problem 2) (10 points)

a) (6 points) Match the regions with the integrals. Each integral matches exactly one
region A — F.

E

Enter A-F

Integral

S M f(ay) dedy

o f(r,0)r drdo

J7 5 fay) dyda

Sy S5 f @ y) dyda

J7e Jo f(z,y) dedy

ST I f(,y) dyde

b) (4 points) Name the partial differential equations correctly. Each equation appears once

to the left.
Fill in 1-4 | Order
Burgers
Transport
Heat
Wave

Equation Number

PDE

1

Uy — Uy =0

Ugg — Uyy = 0

Uy — Uyy = 0

2
3
4

Uy + UUy — Ugy = 0




Solution:
a) CEFDBA
b) 4132



Problem 3) (10 points)

(10 points) Let’s label some points in the following contour map of a function f(z,y)
indicating the height of a region. The arrows indicate the gradient V f(x,y) at the point.
Each of the 11 selected points appears each exactly once.

Enter A-K | description

a local minimum of f(z,y) inside the circle

a saddle point of f(z,y) inside the circle

a point, where f, # 0 and f, =0

a point, where f, =0 and f, >0

a point, where f, =0 and f, <0

a point on the circle, where Dyf = 0 with 7 = (2, —1)/v/5.
the lowest point on the circle

the highest point on the circle

the local but not global maximum inside or on the circle
the global maximum inside or on the circle

the steepest point inside the circle

X0
II((‘S}; 0
1




Solution:

Enter A-K

description

a local minimum of f(z,y) inside the circle

a saddle point of f(z,y) inside the circle

a point, where f, # 0 and f, =0

a point, where f, =0 and f, >0

a point, where f, =0 and f, <0

a point on the circle, where Dyf = 0 with 7 = (2, —1)//5.

the lowest point on the circle

the highest point on the circle

the local but not global maximum inside or on the circle

the global maximum inside or on the circle

inlivsk@lio e Rw]jasil e Nel e

the steepest point inside the circle

Solution:
AEIKHDFGCB.J.

Problem 4) (10 points)

On October 30, 2012, the wind speed of Hurricane Sandy
was given by the functlon

f(z,y) =60 — 2 + 32y +9° .

Classify the critical points (maxima, minima and saddle *

points) of this function. Compute also the values of f ..

at these points.




Solution:
Compute the gradient Vf(z,y) = (=322 + 3y, 32 + 3y?), then f,, = —6x and D =

faefyy — fo, = =362y — 3.

(=1,1) 27 6 minimum 59 .
(0,00 =9 0 saddle 60

Problem 5) (10 points)

Use the second derivative test and the method of La-
grange multipliers to find the global maximum and min-
imum of the sugar concentration f(z,y) = 10+ z2 + 2y
on a cake given by

glz,y) =o' +4y* < 4.

Note that this means you have to look both inside the
cake and on the boundary.

Solution:

(i) We compute first the critical points in the interior. To do so, we find the gradient
Vf(xz,y) = (2x,4y). In the interior, there is the critical point (0,0) and the value of the
function is 10 at this point. It is a local minimum.

(ii) Now we compute the critical points on the boundary. This is a Lagrange problem.
The Lagrange equations are

20 = Ma?
4y = MN8y.
ot 4yt = 4.

Eliminating A from the first two equations gives 162y = 16y23. This means either = 0
or y = 0 or x = +1. From the third equation we can then get the value of the other
variable. There are 8 critical points (0, +1), (1, £v/3/2), (£v/2,0) on the boundary. The
function takes the value 12,12.5,12. Therefore, the global maxima are at (+1,+£+/3/2)
and the global minimum is at (0, 0).



Problem 6) (10 points)

a) (b points) A seed of “Tribulus terrestris” has the
shape

Pyt ratytratt pytt 92 =21

Find the tangent plane at (1,1, 2).

b) (5 points) The seed intersects with the zy-plane in a
curve
2+t 4 atyt =21

Find the tangent line to this curve at (1,2).

Solution:
a) Compute the gradient

Vf(z,y,2) = 2+ 423 (y* + 24), 2y + 4y (2* + 2*), 22 + 422 (2* +y*) — 9) .

Evaluated at (1,1,2) it is (70, 70,59). The equation of the plane is 70x + 70y + 59z = d.
Plug in the point (1,1,2) to find d = 258 so that | 70z + 70y + 59z = 258].
b) Compute the gradient

Vi(z,y) = 2z +42°y*, 2y + 4a*y?®) .

At (1,2) it is (66,36). The equation of the line is 66z + 36y = d. now plug in the point
to get d = 138. The equation is ‘ 11z + 6y = 23|

Problem 7) (10 points)

Let f(x,y) model the time that it takes a rat to com-
plete a maze of length x given that the rat has already
run the maze y times. We know f,(10,20) = —5 and
f2(10,20) = 1 as well as f(10,20) = 45. Use this to
estimate f(11,18).




Solution:
Use the linearization L(x,y) to the function at (10,20):

f(11,18) ~ L(11,18) =45+ 1(11 — 10) — 5(18 — 20) = 56 .

Problem 8) (10 points)

a) (5 points) Find the double integral

//Rxdyda?,

where R is the region obtained by intersecting x < |y| with 2 + y? < 1.

b) (5 points) The square sin®(x)/x? of the sync function sin(x)/x does not have a known
antiderivative. Compute nevertheless the integral

72/4 /2 qin2
/ / sin 2(m) dedy
0 iz

Solution:
a) Make a picture of the region. Use Polar coordinates: f;ﬂ‘l oy r2cos(6) drdd = —/2/3.
b) Change the order of integration:

/2 ra* gin?(x) 7r
dydxr = — .
/0 /0 2 YT

Problem 9) (10 points)




~

Find the surface area of the surface of revolution z? +
y? = 2% where 0 < z < 1. The surface is parametrized
by

7(t, 2) = (2% cos(t), 2° sin(t), 2)

with 0 <t <27 and 0 < z < 1.

Solution:

Compute
7 = (—2°sin 9t), 2° cos(t),0), 7, = (32% cos(t), 327 sin(t), 1) .

Now

|7y X 7| = \/26 cos?(t) + 26sin?(t) + 9210 = 2°V1 + 924 .
We integrate

o7 1 11
/ / 2V1 + 924 dzdf = (1 + 924)3/2§§27r =
o Jo

(102 - 1)Z.

Problem 10) (10 points)

It turns out that there is only one way to identify
zombies: throw two difficult integrals at them and see
whether they can solve them. Prove that you are not a
zombie!

a) (6 points) Find the integral

T e
/0 /\/g Vv — x? v
b) (4 points) Integrate

1 /142 —
2 2710
/0 /0 (2 +y7) " dady . WORLD WAR

JUNE 2013



Solution:
a) Change the order of integration and first switch also the order of the integral because

y? is smaller than ,/y.

L vz T L.

b) Write the integral in polar coordinates noticing that the region is a quarter circle.

2 g df = =
/0 /or " 14

The answers are | —1/8 | and |7/44 |.




