
33 Music
f(t) = ∑

n

xnsinc(t − n)

G(a, b) = 1 + ∑
p|ab

(p − 1)

     f(s) = 440 * 2(s−69)/12



PLAN
1. Poll 2.  Songs and Sampling

3.Hull and Wave form

4) Midi Scale

5. Gradus Suavitatis



POLL
Which of the following Identities is the correct one?

2x =
ex

log(2)

2x = e
x

log(2)

2x = ex log(2)

2x = ex log(2)

a) b)

c) d)



1. SONGS

AND SAMPLING



SONGS
A = Import["queen.m4v"];

AudioPlot[A]

Export["queen.mp3", A, "MP3"]

1.2 MegaBytes, WAV
130 KiloBytes, MP3

left

right

5 second song



ARE FUNCTIONS

300'000 points



SAMPLING
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f(t) =
n

∑
k=1

xksinc(t − k)

sinc(x)

Edmund Whittaker Claude Shannon



2. HULL

AND   WAVEFORM



WAVE FORMS
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SIN
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SIGN
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TRIG POLY
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f(x) = sin(300 x) + sin(301 x)

INTERFERENCE



HULL
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Play[Cos[2 x] Sin[4400 2 Pi x], {x, 0, 2 Pi}]
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f(x) = sin(10000 √x) 

EXAMPLE 1



f(x) = sin(x) sin(1000 x)

EXAMPLE 2



Differentiate a song

g(x)=f(x+T)-f(x)

EXAMPLE 3



3. MIDI 

FUNCTION



     f(s) = 440 * 2(s−69)/12
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MIDI

     f(s) = 440 * 2(s−69)/12



Why 12?

126 810

2 4 7 9 11

531

Frequency ratio:    21/12

TWELF TONE SCALE



PIANO

21

10888 keys

27.5 Hz

4186 Hz

Lemons



4. GRADUS

SUAVITATIS



A NICE 
COMBINATION

s=Sound[{"Flute", SoundNote[{1, 3, 5, 8}, {0, 1}]}]



A LESS NICE 

COMBINATION

s=Sound[{"Flute", SoundNote[{1, 2,3, 4}, {0, 1}]}]



SUAVIS GRAVITATIS
G(a, b) = 1 + ∑

p|ab

(p − 1)

G[a_,b_]:=Module[{s=FactorInteger[LCM[a,b]/GCD[a,b]]}, 1+Sum[s[[k,2]]*(s[[k,1]]-1),{k,Length[s]}]]


b

G(5,12) = 1 + (2 − 1) + (2 − 1) + (3 − 1) + (5 − 1)
Example: 

Euler's Suavis Gravitatis

is a measure of "sweetness"


of a fraction. 



CLOSE TO FRACTIONS

https://upload.wikimedia.org



Lemons



     51/55 TONE SCALE Frequency

Stockhausen: 1928-2007



12 IS BEST
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INTRODUCTION TO CALCULUS

33.9. Filters. A function can be written as a sum of sin and cos functions. Our ear
does this so called Fourier decomposition automatically. We can so hear melodies,
filter out part of the music and hum it.
Pitch and autotune. It is possible to filter out frequencies and adapt their frequency.
The popular filter autotune moves the frequencies around correcting wrong singing.
If 440 Herz (A) and 523.2 Herz (C) for example were the only allowed frequencies,
the filter would change a function f(x) = sin(2⇡441x) + 4 cos(2⇡521x) to g(x) =
sin(2⇡440x) + 4 cos(2⇡523.2x). Rip and remix. If f and g are two songs, we can
build the average (f + g)/2. A composer does this using tracks. Di↵erent instruments
are recorded independently and then mixed together. A guitar g(t), a voice v(t) and a
piano p(t) together can form f(t) = ag(t)+bv(t)+c(p(t) with suitably chosen constants
a, b, c. Reverberate and echo If f is a song and h is some time interval, we can look
at g(x) = Df(x) = [f(x+h)�f(x)]/h. For small h, like h = 1/1000 the song does not
change much because hearing sin(kx) or cos(kx) produces the same song. However, for
larger h, one can get reverberate or echo e↵ects.

Other math relations

33.10. Mathematics and music have a lot of overlap. Besides wave form analysis and
music manipulation operations and symmetry, there are encoding and compression
problems. A Diophantine problem is the question how well a frequency can be
approximated by rationals. Why is the chromatic scale based on 21/12 so e↵ective?
Indian music for example uses micro-tones and a scale of 22. The 12-tone scale
has the property that many powers 2k/12 are close to rational numbers. This can be
quantified with the scale fitness

M(n) =
nX

k=1

minp,q|2k/n �
p

q
|G(p, q)

where G(n,m) is Euler’s gradus suavis (=”degree of pleasure”) defined as G(n,m) =
1+E(nm/gcd(n,m)) with Euler gradus E(n) =

P
p|n e(p)(p�1). The sum runs over

all prime factors p of n and e(p) is the multiplicity. The figure below shows that n = 12
has the best M(n). The 2 could be replaced too. The Stockhausen scale uses 5k/25.
You can hear it f(t) = sin(2⇡t100 ·5[t]/25), where [t] is the largest integer smaller than t.
The familiar 12-tone scale can be admired by listening to f(t) = sin(2⇡t100 · 2[t]/12).
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DATA

-0.4 -0.2 0.0 0.2 0.4
0

5000

10000

15000

20000

25000

30000

35000

Histogram[L]

L={0.0466919, 0.0316467, 0.0105591, -0.00143433,....}

R={0.0383301, 0.0473328, 0.0524292, 0.0482483,....}

L=First[AudioData[A]
R=Last[AudioData[A]

SmoothHistogram[L]

Left channel

Right channel

see next time



5. SOUND

FROM AI



MATHEMATICA

A=Table[SoundNote[k, 0.1], {k, 12}];

s=Sound[{"Guitar", A},{0,2}]



MATHEMATICA

A = Table[{k, k+RandomChoice[{3, 5}]}, {k, 10}];

s=Sound[{"Flute", Map[SoundNote, A]},{0,4}]



MATHEMATICA

A = Table[{k, k+RandomChoice[{3, 5}]}, {k, 10}];

s=Sound[{"Flute", Map[SoundNote, A]},{0,4}]



MATHEMATICA

A = Table[RandomChoice[Range[80] - 40], {30}, {6}];

f[x_] := SoundNote[x, RandomChoice[{1, 2}]];

Sound[{"Piano", Map[f, A]}, {0, 6}]



MATHEMATICA

A = Table[RandomChoice[Range[80] - 40], {30}, {6}];

f[x_] := SoundNote[x, RandomChoice[{1, 2}]];

Sound[{"Piano", Map[f, A]}, {0, 6}]



JAM
Which frequency does Midi number 100 have ? 

What is the Gradus Suavitatis of the fraction 7/10?

What is the hull of   f(x) = x cos(x)  sin(10000 x) 



The End


