
7 Rate of Change

lim
h→0

f(x + h) − f(x)
h

f is differentiable at x if  the limit

above exists there. 

rise

over

run

differential quotient

We write df/dx or f '(x)



Poll

lim
h→0

sin(π + h) − sin(π)
hWhat is 

A:   1 B:   -1 D:   undefinedC:     0 



h -> 0 limit

lim
h→0

f(x + h) − f(x)
h

Indefinite form 0/0. 



Tangent

lim
h→0

f(x + h) − f(x)
h

x y=x+hx become tangent line
secant lines



Zeno

Pythagoras

Aristotle

Euclid

Plato

ArchimedesEpicur

Zeno



Zeno

490 – c. 430 BC
Fresco in the Library of El Escorial, Madrid.



Arrow Paradox

If everything when it occupies an equal space is at rest at that instant of 
time, and if that which is in locomotion is always occupying such a space 
at any moment, the flying arrow is therefore motionless at that instant of 
time and at the next instant of time but if both instants of time are taken as 
the same instant or continuous instant of time then it is in motion.



Marvelous Mrs Maisel



DIFFERENTIABLE
Continuous


and 
differentiable

-2 -1 1 2

3

4
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7

Where is f 

differentiable?


Where is it continuous? 
Where is f' continuous? -1.4



Power Rule
d
dx

xn = nxn−1

(x + h)n − xn = xn + nxn−1h + . . . + hn − xn

h h



Powers Ruled
dx

xn = nxn−1

Rules



POWERS RULE

We must know the 
powers rule! 



EXPONENTIAL FUNCTION

f(x) = exp(ax)

-3 -2 -1 1 2 3
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20

d
dx

eax = aeax

the slope

grows 


exponentially



WHY EXPONENTIAL?



EULER NUMBER

f(x) = exp(x)

(1 +
1

1000
)1000 =

10011000

10001000



DECAY

f(x) = exp(−ax)

d
dx

e−ax = (−a)e−ax



WHY EXPONENTIAL?



TRIG FUNCTIONS

d
dx

sin(ax) = a cos(ax)

d
dx

cos(ax) = − a sin(ax)



WHY ? 

exp(iax) = cos(ax) + i sin(ax)

ia exp(iax) = ia cos(ax) − a sin(ax)



POLYNOMIALS

(3x4 − 2x2 + 5x)′￼ = 12x2 − 4x + 5

By linearity, we can 
now differentiate 
any polynomial

There is an error in this computation. Can you spot it?



Question

What is 

log(x)

d
dx

1
x

1
x

1
x2

−1
x2



F(X)=1/X

[

1
x + h

−
1
x

]
1
hf(x) =

1
x

= [
−h

(x + h)x
]
1
h

=
−1

(x + h)x

f′￼(x) = −
1
x2

h → 0

f(x + h) − f(x)
h

=



INCREASING DECREASING

x5 + 5x4 + 7

-6 -4 -2 2

-200

200

400

600

decrease

→ − ∞

→ ∞

increase

f′￼(x) > 0

f′￼(x) < 0
decrease

increase



February 10 Jam

f(x) = 102+x

Find the derivatives at x=0

f(x) = (x + 2)10

f(x) = (2 + x)10 f(x) = 2 cos(10x)



Jam

f(x) = 12x − 9x2 + 2x3

Where does the following function have 

positive slope, where negative slope? 

Can you draw the graph of f '? 

More challenging: Can you draw the graph of f



End


