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Problem 1) TF questions (20 points) No justifications are needed.

1) T F
The function f(x) = e−(x2/2)

√
2π

is a PDF called the normal distri-

bution.

Solution:
Yes, this is an important function.

2) T F The method of partial fractions is based on the chain rule.

Solution:
No, it is algebra.

3) T F
∫

log(x) dx = 1
x + C.

Solution:
Wrong way

4) T F If 0 ≤ f(x) ≤ 1, then 0 ≤
∫ 1
0 f(x) dx ≤ 1

Solution:
Think about the area. It is in a square of area 1.

5) T F A PDF is the anti-derivative of the CDF.

Solution:
Wrong way.

6) T F If f(x) = 1 everywhere and
∫ b
a f(x) dx = 0 then a = b.



Solution:
Yes, there is no constant.

7) T F If f is continuous, then
∫ b
a f(−x) dx = −

∫ b
a f(x) dx.

Solution:
This is not true in general. It would be true for odd functions.

8) T F

If F is a cumulative distribution function and a < b, then
F (b)−F (a) is the probability that the data are in the interval
[a, b].

9) T F
The function ex cos(x) needs to be integrated by partial frac-
tions.

Solution:
No, it is integration by parts

10) T F
The fundamental theorem of calculus implies

∫ b
a f
′′(x) dx =

f ′(b)− f ′(a) if f ′′ is a continuous function.

Solution:
Yes, this usually just appears for f(x) and not f ′(x).

11) T F The improper integral
∫ 1
0

1
x3/2

dx is finite.

Solution:
It is an improper integral for which the area does not exist.

12) T F
Much of catastrophe theory has been developed and propagated
by René Thom.

Solution:
Yes that is a name to remember.



13) T F
∫ 2
1 log(5x)dx is one fifth of

∫ 2
1 log(x) dx.

Solution:
Make a substitution

14) T F
A CDF is monotonically increasing in the sense F (x) ≤ F (y)
if x ≤ y.

Solution:
Its derivative is non-negative.

15) T F If limx→∞ f(x)2 = 0, then
∫∞
1 f(x) dx is finite.

Solution:
A counter example is f(x) = 1/

√
x.

16) T F An integral is called improper if it does not have a finite value.

Solution:
Improper integrals can be finite.

17) T F The anti-derivative of arctan(x) is 1/(1 + x2) + C.

Solution:
The derivative of arctan(x) is 1/(1 + x2), not tan itself.

18) T F
Tic-Tac-Toe integration method allows to integrate functions
like x10ex.

Solution:
Yes. It is a multiple integration method.



19) T F Gabriel’s trumpet has infinite volume and finite surface area.

Solution:
It has finite volume π.

20) T F
The function f(x) = e−x for positive x and f(x) = 0 else is the
exponential distribution.

Solution:
It is e−x not ex.

Problem 2) Theorems (10 points) No justifications needed.

Fill in the missing part into the empty box to make a true state-

ment. Read the statements carefully.

a) d
dx

∫ 1

x
f (t) dt = f (1)− by the fundamen-

tal theorem of calculus.

b) Applying the iteration T (x) = x − f (x)/f ′(x) is called the

.

c) A probability distribution is a piece-wise continuous

function which satisfies
∫∞
−∞ f (x) dx = 1 and .

d) The improper integral
∫ 1

0
1
xp dx converges, if p is con-



tained in the open interval .

e) Assume fc(x) is a family of functions such that for c < 0,

there are exactly 3 minima and for c > 0 there are exactly 2

minima, then c is called a .

Solution:

a) f (x) + f (1).

b) Newton step.

c) f ≥ 0.

d) p ∈ (−∞, 1).

e) catastrophe.



Problem 3) Matching problem (10 points)

Match the following integrals with parts of the regions and indi-

cate whether the integral is convergent or divergent.

Integral 1-6 Convergent Divergent∫∞
1

sin2(3x) dx∫∞
1

1
x1/2

dx∫∞
1

(x− 1)e−(x−1)2 dx∫∞
1

log(x) dx∫∞
1

x4−1
x4+1

dx∫∞
1

3| sin(5x)|e−x dx

6) 2) 3)

1) 4) 5)



Solution:

1,2,3,5,6,4.

Divergent, Divergent, Convergent, Divergent, Divergent, Conver-

gent



Problem 4) Area computation (10 points)

Find the area of the triangular region sandwiched between

the graphs of f (x) = 3x2 and g(x) = 0 and h(x) = 4 − x2.

Document your work.

Solution:

Split the integral up
∫ 1

0
3x2 dx +

∫ 2

1
4 − x2 dx. The answer is

8/3 .

Problem 5) Volume computation (10 points)

A solid has a cross section area of A(x) = π sin2(x), where x goes

from 0 to 2π. What is the volume V of that solid? As men-

tioned in class, the Archimedes formula still works also for

the volume of the solid if it is bent around as long as the bending

does not change the area of the cross section. The picture shows

such a solid.



Solution:

The volume is∫ 2π

0

A(x) dx = π

∫ 2π

0

sin2(x) dx = π2 .

Problem 6) Definite integrals (10 points, 2 points each)

Compute the following definite integrals. State the integration

steps and names.

a)
∫ 1

0
2xex

2+3 dx

b)
∫ 1

0
4x3/(1 + x4) dx

c)
∫ 1

0
1

(x−5)(x−3) dx

d)
∫ 1

0
log2(1 + x) dx

e)
∫ 1

0
xe1+x dx



Solution:

a) Use substitution u = x2 + 3, du = 2dx. The answer is e4 − e3 .

b) Use substitution u = 1 + x2, du = 2xdx again. The answer is

log(2) .

c) Partial fractions log(6)/2− log(5)/2.

d) Integrate by parts log(4)− 2).

e) Use integration by parts to get F (x)1
0 = e1+x(x− 1)|10. Evalua-

tion gives E .

Problem 7) Anti derivatives (10 points, 2 points each)

Solve the indefinite integrals. State the integration method in

each case.

a)
∫ log(x)

x2
dx

b)
∫

cos2(x)− 3 sin2(x) dx

c)
∫

1
x2−8x+12

dx

d)
∫

(x + 1)3ex dx

e)
∫

3x2

(1+x6)
dx

Solution:

a) Parts, (− log(x)− 1)/x.

b) Double angle, −x + sin(2x).

c) partial fraction, log(6− x)/4− log(2− x)/4

d) Use Tic-Tac-Toe: parts ex(x3 + 3x− 2).

e) Substitution arctan(x3) + C



Problem 8) PDF’s and CDF’s (10 points)

We look at the function f (x) which is x7/32 for 0 ≤ x ≤ 2 and

f (x) = 0 else.

a) (4 points) Verify that f (x) is a PDF .

b) (3 points) If data are distributed according to f (x), what is

the probability of the data to be in the interval [a, b] = [0, 1]?

c) (3 points) What is the mean of the distribution f?

Solution:

a) Because the function is zero outside the interval [0, 2] we can

integrate
∫ 2

0
f (x) dx. The result is 1. b) It is

∫ 1

0
f (x) dx = 1/256.

c) It is
∫ 2

0
xf (x) dx =

∫ 2

0
x8/32 dx = 16/9.

Problem 9) Catastrophes (10 points)

Consider the family of functions f (x) = x3/3 + cx on the real

line.

a) (4 points) Find all critical points of f for c < 0 and determine

the stable ones or indicate there are none.

b) (4 points) Find all critical points of f for c > 0 and determine



the stable ones or indicate there are none.

c) (2 points) For which value of c does a catastrophe occur?

Solution:

a) The critical points are x2 +c = 0 which means x =
√
−c. There

are no critical points for c > 0 and two different critical points for

c < 0.

b) The second derivative is 2x which is negative for x < 0 and

positive for x > 0. The point
√
−c is a local minimum for c < 0.

There is exactly one critical point which is a minimum for c < 0.

c) The catastrophe appears at the parameter c = 0 because a local

minimum, present for c < 0 disappears for c ≥ 0.


