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Unit 7: Independence

7.1. A,B ∈ A in (Ω,A,P) are called independent if P[A ∩ B] = P[A]P[B]. A set of
events {Ai}i∈I ⊂ A is called independent, if P[

⋂
j∈J Aj] =

∏
j∈J P[Aj] for any finite

subset J ⊂ I,

7.2. Given a pairwise disjoint finite set A1, A2, . . . , An ∈ A satisfying
⋃n

j=1 Ah − Ω
is called a finite partition of Ω. Its elements are called atoms. It generates a σ-
algebra A = {A =

⋃
j∈J Aj }, where J runs over all subsets of {1, . . . , n}. It has 2n

elements. Every finite sub-algebra of A is of this form: Every finite Boolean algebra
has 2n elements for some n.

7.3. Two π-systems I,J ⊂ A are called independent, if for all A ∈ I and B ∈ J ,
P[A ∩ B] = P[A] · P[B]. Similarly, two σ-algebras Ai ⊂ A are called independent
in (Ω,A,P0, if any pair A ∈ A, B ∈ B are independent. An arbitrary family

∏
j∈I Aj

of σ-algebras in A are called independent, if any finite set Aj ∈ Aj of events are
independent.

7.4. Examples:
1) On (Ω = {1, 2, 3, 4 }, 2Ω,P[A] = |A|/|Ω|), the two σ-algebrasA = {∅, {1, 3 }, {2, 4 },Ω }
and B = {∅, {1, 2 }, {3, 4 },Ω } are independent.
2) For independent setsA,B in a probability space, the sub σ-algebrasA = {∅, A,Ac,Ω}
and B = {∅, B,Bc,Ω} are independent.
3) If (Ωj,Aj,P[Aj]) with j ∈ I are probability spaces then each any subset of them is
independent in the product probability space (Ω,A,P) where Ω consists of sequences
Ω = x = {(xj)j∈I , xj ∈ Ωj} and where the σ algebra is generated by the π-system of
sets

∏
j∈J Aj in which only finitely many are not equal to Ωj and where the measure

P is extended from that π system via Carathéodory once P[
∏

j∈J Aj] =
∏

j∈J P[Aj] is
fixed on the π-system.

7.5. Given a probability space (Ω,A,P). Let G,H be two σ-sub-algebras of A and
I and J be two π-systems satisfying σ(I) = G, σ(J ) = H. Then G and H are
independent if I and J are independent. Proof: (i) Fix I ∈ I and define on (Ω,H) the
measures µ(H) = P[I∩H], ν(H) = P[I]P[H] of total probability P[I]. By independence
of I and J , they coincide on I and by the extension, they agree on H and we have
P[I ∩H] = P[I]P[H] for all I ∈ I and H ∈ H.
(ii) Define for fixed H ∈ H the measures µ(G) = P[G ∩ H] and ν(G) = P[G]P[H] of
total probability P[H] on (Ω,G). They agree on I and so on G again by extension. We
therefore have P[G ∩H] = P[G]P[H] for all G ∈ G and all H ∈ H.
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7.6. A random variable X generates a σ subalgebra σ(X) of A. It is defined as
the smallest σ-algebra that contains all events A = {X ∈ [a, b)} with a < b. Write
σ(X) = X−1(B) because σ(X) = {X−1(B) | B ∈ B }, where B is the Borel σ algebra
on [0, 1].

7.7. Examples:
1) A constant map X(x) = c defines the trivial algebra A = {∅,Ω }.
2) The projection map X(x, y) = x from the square (Ω = [0, 1]× [0, 1], σ(B×B), λ×λ)
to the real line R has B = {A× [0, 1] } as a projection.
3) The map X from Z6 = {0, 1, 2, 3, 4, 5} to {0, 1} ⊂ R defined by X(x) = x mod 2
has the value X(x) = 0 if x is even and X(x) = 1 if x is odd. The σ-algebra generated
by X is A = {∅, {1, 3, 5}, {0, 2, 4},Ω }.

7.8. Two random variablesX, Y are called independent, if they generate independent
σ-algebras. They are independent if and only if A = {X ∈ (a, b]} and B = {Y ∈ (c, d]}
are independent for all a < b, c < d. Independent random variables as two aspects of
the laboratory Ω which do not influence each other. An A = {a < X(ω) ≤ b } defined
by X is independent of B = {c < Y (ω) ≤ d } defined by B.

7.9. Examples:
1) Throwing a dice 3 times is modeled with a laboratory Ω has 63 = 216 elements, where
each experiment is a random vector x = (x1, x2, x3). Now, Xj(x) = xj ∈ {1, 2, 3, 4, 5, 6}
are independent random variables.
2) Given random variables Yj on (Ωj,Aj,Pj), w: Xj(x) = fj(xj) on a product proba-
bility space (Ω =

∏
j Ωj,A =

∏
j Aj,P =

∏
j Pj) are independent.

7.10. If a σ-algebra F ⊂ A is independent to itself, then P[A ∩ A] = P[A] = P[A]2 so
that for every A ∈ F , P[A] ∈ {0, 1}. Such a σ-algebra is called P-trivial.
The trivial algebra F = {∅,Ω} is P-trivial in any probability space (Ω,A,PP ). (See
HW). Independence implies zero covariance Cov[X, Y ] = E[XY ]−E[X]E[Y ] = 0 and
zero correlation Cor[X, Y ] = Cov[X, Y ]/(σ[X]σ[Y ]).

Theorem 1. If X, Y are independent L2 random variables then E[XY ] = E[X]E[Y ].

Proof. L2 assures that E[XY ] ≤
√

E[X2]|E[Y 2] exists (Cauchy-Schwarz). By approx-
imation it is enough to check for step functions X =

∑n
i=1 ai1Ai

, Y =
∑m

j=1 bj1Bj

which generate finite independent σ algebras meaning every pair Ai, Bj is independent
for i, j. Because E[X] =

∑n
i=1 aiP[Ai] and E[Y ] =

∑m
j=1 bjP[Bj], we have E[XY ] =∑n

i=1

∑m
j=1 aibjP[Ai∩Bj] =

∑n
i=1

∑m
j=1 aibjP[Ai]P[Bj] = (

∑n
i=1 aiP[Ai])(

∑m
j=1 bjP[Bj]).

= E[X]E[Y ]. □

7.11. The moment generating function MX(t) = E[eXt] is defined if X ∈ L∞ and can
be expanded as eXt =

∑∞
k=0X

ktk/k!. In the HW you show: IfX, Y are L∞ independent
random variables, then Xn, Y m are independent and etX , etY are independent.

Theorem 2. X, Y are independent in L∞ then MX+Y (t) = MX(t)MY (t).

Proof. MX+Y (t) = E[et(X+Y )] = E[et(X+Y )] = E[etXetY ] = E[etX ]E[etY ] = MX(t)MY (t).
□
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