DIFFERENTIAL GEOMETRY

MATH 136

Unit 2: Preliminaries

1 filwy, . x)
21. Amap f: R - R" | ... | — is called differentiable or
T (1, . )
O, if all derivatives % fi are continuous. For such a map, define the n x m Jacobian
%fl(xl,...,a:m) %fl(m,...,mm)
matrix df (z) = .
| aimfn(xla"‘7xm) %fn(*xlv"‘7$m)

/
2.2. a) Ifr(t) = ZE:; } is a curve, then dr(t) = r'(t) = [ Z,gg } is the velocity.
b) If f(x,y, 2) is a function of 3 variables, then df (z,y, 2) = [fe, fy, -] is a 1 x 3 matrix.
It is the transpose of the gradient.
¢)A vector field f(x,y) = w,y) has df = | *® "% | is called the Jacobian
’ v(x,y) Uy Uy '

d) If f(z) = Az is a linear map, then df (z) = A.

2.3. We say df has maximal rank if its rank is the minimum of m,n. If m < n, then
the image of f is in general a m-dimensional set in R"™. If n < m, then we can look
at the roots {f(x) = 0} which is in general a (n — m)-dimensional set. If m < n,
we can say that f is manifold like near f(x) if df(z) has maximal rank. If n < m,
then M = {f — ¢ = 0} is manifold like near z, if df(x) has maximal rank. The
fundamental theorem of linear algebra is ker(A”) = im(A4)~*.

2.4. Example: m = 2,n = 1 and f(z,y) = 23y?> — vy®> = —4. What happens near
(xo,y0) = (1,2). To investigate this, we look at the Jacobean matrix df(z,y) =
[32%y* — 4®, 223y — 3wy?| which is at (1,2) equal to [4, —8]. The line 4z — 8y = —12 is
tangent to the curve. If we write the curve as y = g(x) near z = 1, then f(z, g(z)) = —4
and differentiating gives f, + f,¢' = 0 so that ¢’ = —f,/ f,. It exists:

Theorem 1 (Implicit function theorem). If f(x,y) = f(zo,y0) = 0 and f,(zo, yo) # 0,
then f(x,y) =0 can near (zo,yo) be written as y = g(x) for some C' function g(z).

Proof. Take a small neighborhood U = [z¢ — a, xo +a] X [yo — a, yo + a] of (zo,yo). such
that |f,(z,y)| > ¢ and |f,(z,y)| < d for all (z,y) € U. Choose a > 0 so small that
fz,y0 —a)f(x,yo + a) < 0 for all x € [xg — a,x¢ + a]. By the intermediate value
theorem, there is for every = € [zg — a,x¢ + a] a value g(x) such that f(z,g(z)) = 0.
The curve f(z,y) = 0 agrees with the curve y = g(z) in the window U. To see
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that ¢ is differentiable, use the chain rule a%f(x,g(x)) =fo-1+ f,-¢ =0, so that
g (x) = —fo(x,9(x))/ fy(z,9(z)) and |¢'(z)| < d/c is bounded in U. O

2.5. It follows that if the df(zo,yo) # [0, 0], then then the contour set f(x,y) = c is
near (g, yo) the graph of a function: Proof: if f, # 0 use the implicit function theorem
giving y = g(z). If f, =0, and so f, # 0 we can write 2 = g(y) for some C' function

g‘ v

FIGURE 1. f(x,y) = 0 can near (xg,%o) be written as a graph y = g(x).

2.6. If m < n, then f has maximal rank if df has rank m. We look at this case

more next week and look at g = df?df. Lets look at a C* curve C defined by the
/

parametrization r(t) = [ ;Eg } Its velocity if dr = 1'(t) = { ‘;,Eg } If the velocity

is not zero at t = tg then the curve is manifold like. The curve is then close to the line

I(s) =r(ty) + sr'(to). If 7'(tg) # 0, then C is a graph (s, g(s)) close to the line (s, [(s).

2.7. In the case m = n, the map f : R®” — R", the image of f is manifold like near x
if det(df) # 0. In that case f is invertible near z:

Theorem 2 (Inverse function theorem). If y — h(y) € C' and W' (yo) # 0, then there
exists g € C' such that g(h(x)) = 0 with dg(xq) = dh(yy)™".

Proof. Define f(x,y) =z —h(y) =0. As f, = —h/(y) is non-zero, the implicit function
theorem applies: there is g(z) with y = g(z) near zy5. For y = g(x) in the range of ¢
define h(y) = z. This is the inverse we were looking for. O

2.8. All proofs can be generalized to maps f : R™ = RExR" — R”, (2,9) — f(z,y) €
R™. Now f; is a n x k matrix and f, is a n x n matrix. If f, is invertible, then df
has maximal rank and f(z,y) = ¢ can be written as y = g(x) and n x k matrix
dg = —f, 1f.. This is the implicit function theorem. If k = 0, where f : R®™ — R",
then df (x) invertible implies f is invertible near z.

2.9. A point z € R™ is a critical point of f if df (z) does not have maximal rank. The
value f(z) is then called a critical value. Sard’s theorem assuring that for smooth f,
almost all values are critical values.

Theorem 3 (Sard theorem). If f is a smooth map from R™ to R™ with n < m, then
almost all ¢ are not critical values.
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