DIFFERENTIAL GEOMETRY

MATH 136

Lecture 12: Geodesics

12.1. If M = r(R) is a regular manifold, define the space X of regular paths z(¢) that
start at x(a) € R and end at z(b) € R. If F(x,%) is a function of position z and

velocity &, we can minimize E(x) = ff F(z,) dt by looking for paths x(t) at which
the variation is zero. !

Fi1GURE 1. This geodesic on a torus was computed in Povray with the
Schield’s ladder method: evolve freely in R? but stay glued to the surface.

Theorem 1 (Euler-Lagrange). If x minimizes E, then | Fy(z, &) = LF;(z, 1) |

Proof. For a minimum, the change E(x + §) — E(x) of a displacement = + & of x
satisfies fabF(.iE + &4 &) — F(x,4) dt > 0. As Fermat knew, we better have dE¢ =
limy,o(E(x+hé) — E(z))/h = 0 because a non-zero limit would make E(z+ h¢) larger
or smaller than F(x) for small h. By the chain rule, dE¢ = fab Fy(z, )& + Fy(z, )€ dt.
Integration by parts, using (a) = £(b) = 0, gives dE¢ = f;[Fr(as, i) — L Fy(x, 2)¢(t) dt.
In order that this is zero for all £, we better have [F,(z,&) — £ F;(x,4)] = 0 for all
t € [a,b]. Proof. If # 0 at some point ¢ € [a, b], it would be non-zero in a neighborhood
U of t, allowing to find a smooth function £ that is positive in U and 0 else, producing
a nonzero change dFE¢. 0

12.2. To understand minima if F(v,2) = (&,2) = g(x)(&,2) = 3, ; gij(v)@'d?, we
need notation. M was defined as a regular map r : R — R" giving points r(u!, ..., u™) €
R™. Define the Christoffel symbols |I';;;, = 1y, - 7.+ | The product rule gives

aukgij = Tyigh * Tui T Tyi " Tyigk = Fikj + iji )

Le@t) = (2'(t),...,2™(t)) = (u(t),...u™(t)) as most texts use this notation. For typographical
reasons, write ¥ rather than '%. If r(u, v) parametrizes M, paths z(t) = (u(t),v(t)) € R define curves
r(z(t)) € M. “Variation” instead of “derivative” avoids confusion with #. Variations are directional
derivatives in an infinite dimensional space X of paths between two fixed points.



Differential Geometry

OuiGjk = Twiui * Tuk + Toys  Tykys = Djig 4+ Dy

Owi Qi = Tukys = Tui + Tk Tying = Diji + Dijie -
Adding the second and third and subtracting the first, using Clairaut I';;; = I'j;x, gives
205 on the right hand side. So:

_ 110 0 0

Using the notation ¢” = (¢7');; and F = >, gF' Ty, we get to the main point: 2
Theorem 2 (Geodesics). Minima of the action functional E(z) = f:(x,x) dt satisfy
iF 3o Thitd) = 0.

Proof. To show that Euler-Lagrange for F(x,#) = >, gi(x)a'd’ is 23, gjd? +
2>, Tijpd'd? = 0: use notati.or} Duk Gij = Giih- First get ka =2 g@jij +2; gjk‘jj‘ji.
Then %ka — ka = Zj,i gkjﬂ‘i’lit] + Ej gkj:'sz + Z],z gjk7i.’tz.jﬁj + Zj gjk.i'lfj - Zi,j gim:i:%f.
The 1st, 3rd and 5rd terms add up to 2 Z” [jjpata?. The 2nd and 4th give 2 Zj gk’

]

We see that the acceleration of a particle moving on a geodesic is determined by
the velocity and “gravitational force” terms I' which involves changes in the metric.
Einstein would interpret these changes in metric as “mass”.

12.3. With G(z, 1) = /¢;;(z)2id7 = VF, we get the arc length functional

0= [ lala= [ Vewam a= [ S aserie

Theorem 3 (Maupertius). Action and length functionals have the same extrema.

Proof. Because %Gi = Lo and G,

the Euler-Lagrange equations dtGi =G,

2VF o 2\/F ’
are equivalent to the Euler-Lagrange equations % F;/VF = F,/VF. We have used
that x was regular, so that F'(x, %) is never zero. O

12.4. If z(t) is an arc length parametrized curve on M, the normal curvature is
defined as . It is the scalar projection acceleration & onto n. By Cauchy-

Schwarz, it is smaller or equal than x = |Z|. Define the geodesic curvature r, =
i - (nx &). Pythagoras gives x” + k2 = r*. Note that both &, and x4 can be signed.

Theorem 4 (Schield’s ladder). Geodesics have zero geodesic curvature.

Proof. Geodesics minimize arc length L = ftt+2h ||z|| dt between two close points
x(t),x(t +2h). If K, = & - (& X n) # 0 at some point x(¢), there would be a shorter
connection between x(t) and x(t + 2h) than x(t), z(t + h), z(t + 2h) violating minimal-

ity. 0
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2It’s musical! 8, is co-variant and u’ is contra-variant. Einstein would write gija'a? for (&, ).



