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Weight of an hourglass—Theory and experiment in quantitative

comparison

Achim Sack and Thorsten Poschel

Institute for Multiscale Simulation, Universitdt Erlangen-Niirnberg, Nigelsbachstrafie 49b, 91052 Erlangen,

Germany

(Received 3 March 2016; accepted 16 December 2016)

A flowing hourglass changes its weight in the course of time because of the accelerated motion of its
center of mass. While this insight is not new, it is frequently said that the effect is tiny and hardly
measurable. Here, we present a simple experiment that allows the monitoring of weight as a function
of time, and that shows that there are different stages of the weight variation. The experimental result

is in quantitative agreement with theory. © 2017 Author(s). All article content, except where otherwise noted, is
licensed under a Creative Commons Attribution 4.0 Unported License. [http://dx.doi.org/10.1119/1.4973527]

I. INTRODUCTION

The question whether or not the weight, shown by a scale,
of a running hourglass differs from the weight of the hour-
glass at rest is of great pedagogical value since experience
shows that this question leads to controversial and instructive
discussions. In our opinion, it teaches that a systematic anal-
ysis of a physical situation is superior to a phenomenological
analysis, in a certain sense.

Phenomenologically, when the sand starts pouring part of
it is freely falling and is thus not supported by the scale,
which leads to a reduced weight shown by the scale. But
when the grains arrive at the bottom, they come to rest in the
lower chamber by transferring momentum and, conse-
quently, force to the balance. A simple calculation' shows
that these two effects cancel out; thus, it may be argued that
except for short intervals of time at the very beginning and at
the very end of the flow, the scale shows the same weight as
if the sand were at rest. It has been shown that this argument
is wrong (or insufﬁcient);z*5 nevertheless, it is still taught in
high schools and universities. Interestingly, this flawed solu-
tion can be found in well recognized textbooks and journals
(e.g., Refs. 610, to mention just a few out of many), and it
even made it to the National Physics Olympiad of
Singapore.'!

A related problem is the change of weight of an Atwood
machine when it is in motion. This classical experiment by
Poggendorff'? (repeated many times in the literature, e.g.,
Refs. 13 and 14) can be explained easily by evaluating the
acceleration of the center of mass. Thus, the idea that leads
us immediately to the correct solution is simple: look to the
acceleration of the center of mass of the hourglass! This
more systematic approach reveals that the solution sketched
above fails at least for the following arguments:

@) The material in the upper and lower containers, as
well as in the freely falling stream of sand, is not at
rest, and sand of time-dependent mass moves with a
certain velocity determined by the outflow rate and
the geometry of the container. Thus, in the course of
time, moving material (in the upper container) comes
to rest at a different location (in the lower container),
which implies an acceleration.

(i)  Ata given time 7, during the small interval of time df,
sand moves effectively from a certain height /4, in the
upper container to a height /4, in the lower container
(see Fig. 1), where h, — h; is a decreasing function of
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time. This corresponds to an acceleration whose time
dependence is determined by the geometrical shape of
the hourglass.

From the analysis of the motion of the center of mass,2*5 it
follows that the weight of the hourglass is a function of time
that depends on the specific details including the geometric
shape of the hourglass, the outflow rate, and the angle of
repose of the sand. In the literature, the effect was described
as tiny, perhaps smaller than the change of gravity when
turning the hourglass over and thereby changing the distance
of the center of mass of the sand from the center of Earth,’
an effect that is on the order of some pg and cannot be mea-
sured with usual physics lab equipment. Even in an experi-
ment with a very large device of height 120 cm, emptying in
only 10s, a maximal change in weight of only 49 mg was
measured,” and the time dependence of this effect could not
be determined. Using a multiple-orifice setup® where the
upper cylindrical container was separated from the lower
cylindrical container by a sieve, a quantitative measurement
was presented. For the given geometry, however, a constant
increase of the weight is expected from theory whereas the
measurement shows a clear trend that may be understood
either from the large uncertainty (error bars) of the measure-
ment or from the non-stationary flow rate. Indeed, unlike flu-
ids granular matter shows flows at a rate independent of the
filling height. Whether this result, shown for a single orifice
using different approaches,'>™'7 holds true also for flow

& )
dm - hu(t)
lv m(7) + h(t+AY)
my(?) ! E t+At
my(1) L h@+Ap
/A N\ L

Fig. 1. (color online) (a) In an hourglass, the mass of moving material in the
upper container and in the stream sand changes over the course of time. This
material comes to rest in the lower container, exerting a force during decel-
eration. (b) In the regime of steady flow, during time df the mass dm is effec-
tively transferred from /() to hy(t), where Ah = h, — h; is a function of
time and depends on the geometry of the hourglass. This transfer involves
accelerated motion of mass and, thus, a time-dependent force.

© Author(s) 2017 98

L€ 1€€ 20 9202 |14dv 02


http://dx.doi.org/10.1119/1.4973527
http://crossmark.crossref.org/dialog/?doi=10.1119/1.4973527&domain=pdf&date_stamp=2017-02-01

through a sieve remains unclear. But even for the simplified
experiment’ the full time dependence of the change of
weight could not be measured due to perturbations of the
opening mechanism.

In this paper, we present experimental results that show
that the difference of weight of a flowing hourglass, in com-
parison with the same hourglass in which the sand is at rest,
is clearly measurable, even with simple equipment. When
measuring the weight of the hourglass as a function of time,
we observe different stages of behavior that can be under-
stood qualitatively in comparison with a high speed video
recording. While the simple phenomenological argument
mentioned above fails to explain the change of weight, by
means of a systematic analysis of the physical process
(namely, the accelerated motion of the center of mass) we
derive a theoretical description without any free parameters
that is in quantitative agreement with the experiment.

In Secs. IT and III, we will present the experimental results
and the corresponding theory, respectively. Section IV dis-
cusses the stages of the flow apparent in the time dependence
of the change of weight of the hourglass. Unlike earlier refer-
ences, this paper will show that even with simple equipment
the weight of the hourglass can be measured as a function of
time, and that this time dependence can be explained
theoretically.

II. EXPERIMENT

The experiment is shown in Fig. 2. The upper container
consists of a cylinder and a cone -characterized by
R, =2.75cm, R, = 1.0cm, and z; = 3.5 cm, initially filled
up to z; =82cm with M =800g bronze powder (our
“sand”) of density p = 5,230kg/m?, a grain size of approxi-
mately 150 um, and angle of repose o = 28.3°. This filling
material was chosen for its high density and in order to avoid
electrical charging of the material that might disrupt homo-
geneous flow. The lower compartment consists of a cylinder
characterized by R; =2.75cm and z3 = —21.5cm. Both
upper and lower compartments are manufactured from poly-
carbonate material. Unlike common hourglasses, the upper
and lower vessels were not sealed, in order to avoid a differ-
ence of air pressure in the upper and lower compartments; in
closed, non-evacuated hourglasses the flow of sand through
the orifice carries a small amount of air with it leading to
increased pressure in the lower chamber.'® It has been shown
that the counter-flowing air leads to unsteady flow, termed
“ticking of hourglasses,” which has been extensively studied
in the literature.'®? The open construction of our experi-
ment avoids pressure differences caused by flowing air and
thus provides a steady flow of sand at rate F = 720 g/s.

The hourglass was placed on a scale using a load cell with
2 kg capacity (LCB70, ME-MeBsysteme). The electrical sig-
nal from the strain gauge of the load cell was amplified and
digitized using an ADS1281 analog-to-digital converter. The
weight of the hourglass was sampled at a rate of 250 Hz.

Initially, the orifice of the upper container was closed by a
lid held by an electromagnet. At time ¢ =0, the orifice was
opened and the pouring of the sand led to an accelerated
motion of the center of mass, and thus to a change in the
weight measured by the scale. Figure 3 shows the weight of
the hourglass during the run, with the weight of the apparatus
subtracted (this figure is enhanced online with a movie of the
experiment). A running average over six consecutive force
measurements was applied. It is worth mentioning that the
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Fig. 2. (color online) Experimental setup (left). The sketch (right) introduces
the geometric parameters, defines the sub-volumes I-VI, and shows o, the
angle of repose. The sketch shows a cut through the symmetry axis.

experiment is highly reproducible; the deviations between
independent repetitions of the experiment are tiny. These
deviations and all the fine structure of the data are no more
than the line width of the curve in Fig. 3.

The details of the experimental result will be discussed
below. In Sec. III, we compute the weight of the hourglass
theoretically with some model assumptions. Note that the
theory presented does not contain any free parameters.
Comparing experiment and theory in Sec. IV, we obtain
quantitative agreement. Noticeable deviations between the
experiment and theory can be seen only in the very begin-
ning and very end of the experiment. These deviations are
due to model assumptions, are well understood, and will be
discussed in detail in Sec. I'V.

III. MODEL
A. Geometry

The geometry of our model hourglass is sketched in Fig. 2.
As for a typical hourglass, the upper container consists of a
cone and a cylinder and the lower container has the same
shape as the upper container. For the model presented here,
we assume that the total volume of the sand only fills the
cylindrical portion of the lower container, so that we do not
need to include the cone of the lower part in our calculation.

Our strategy for the computation of the vertical position of
the center of mass (com), Z(f), is to subdivide the volume into
geometrical primitives such as cylinders, cones, and annuli,
whose geometrical extensions are known for each time ¢ of
operation. The mass and center of mass of these primitives
are either known or can be obtained by combining other prim-
itives of positive and negative mass. The coordinate of the
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Fig. 3. Weight of the granulate inside the hourglass as a function of time
(the weight of the apparatus has been subtracted). At time =0, the orifice
opens. We observe a characteristic evolution that can be understood in detail
from the theory presented in Sec. III. The dashed line shows the increase in
weight due to the accelerated motion of the center of mass (enhanced online)
[URL: http://dx.doi.org/10.1119/1.4973527.1].

center of mass of the hourglass as a function of time is then
obtained from the combination of the masses and centers of
mass of the primitives.

Following this strategy, as illustrated in Fig. 2, we subdi-
vide the volume into sub-volumes I-VI of time-dependent
mass m;(¢) and center of mass Z;(t), with i =1,..., VI, so
that the overall com of the sand is

> zom@
Z(t) = = M;Zi(omi(r), (1)

VI
:§:: n1i(t)

where M is the total mass of the sand. Knowing Z(¢) as an
analytic function, we can compute the time-dependent force
acting on the balance as

2)

F,=M (g + )

The masses and centers of mass of the sub-volumes are func-
tions of time of the form

m? = const. for t < 1
mi(t) = ¢ mi(t) for 0 <t < 3)
m$ = const. for r > 1,

79 = const. fort <
Zi(t) = { Zi(1) for ) <r < 4)

Z; = const. fort > ¢,

where i = I...VI and #? and # are, respectively, the times for
each sub-volume at which the flow starts and stops. For the
initial conditions, we assume that the upper container is filled
up to the height z; and the upper surface of the granular mate-
rial is flat. At time =0, the material starts flowing through
the orifice at rate F. In contrast to a fluid, the granular-
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material flow rate F is independent of filling height.>*~** (The
independence of pressure on filling height is known as
Janssen’s law;34 the independence of flow rate as Beverloo’s
law.'%) The functional form of the flow rate (Beverloo’s law)
follows from a dimensional analysis, and is given by>>¢

dm

F=—"=CrygpA™", )

with Cr a dimensionless constant, g the gravitational
field strength, p the material density, and A the cross-
sectional area of the orifice. In this paper, we assume
that the flow rate F is independent of time as long as
sand flows. This is a good approximation except, per-
haps, for the very first instant where the acceleration of
the granulate is limited by its inertia, and the very last
moment when the filling height of the upper container is
on the order of the diameter of the orifice. For the quan-
titative comparison in Sec. IV, we measured the value of
F under this assumption.

In Secs. III B-III F, we compute m; and Z; and the corre-
sponding times # and # for all sub-volumes, and subse-
quently, in Sec. IV, the function Z(#) and the corresponding
weight of the hourglass. For these calculations, we will intro-
duce the time-dependent filling level z(¢), defined as the
highest vertical position occupied by sand, and some tempo-
rary variables, indicated by an asterisk (e.g., x*). Such varia-
bles are only relevant in the context of the present section.

For the quantitative plots, we take the parameter values:
2=9.81m/s? p=5,230kg/m?, Ry =2.75cm,R, =1.0cm, z,
=8.2cm,z; =3.5cm, 2=28.3°, and F=0.69kg/s, in agree-
ment with the experiment described in Sec. II.

B. Sub-volume I

At the initial time, =0, sub-volume I (see Fig. 2) has the
shape of a cone. This gives us

0

m
t?:O; 6=-"1
F

mt=0; m(t)=m)—Ft; Z)=z

o
m? = R? tan o;

1R tan o
g e
(6)

There are two possible scenarios for the emptying of sub-
volume I: In case (a), shown in Fig. 4(a), a crater of constant
slope o forms in the middle of the sub-volume. The crater
grows until its radius approaches R; at r = f;. In case (b),
shown in Fig. 4(b), a crater of radius R; and increasing depth
forms. At t = 11, its slope approaches the angle of repose a.
For both cases, we describe the body of mass n7) (¢) sketched
in Fig. 4 as a superposition of the initial cone whose mass
and center of mass given in Eq. (6) and the cone of (nega-
tive) mass m*(t) = —Ft and com

(a) R, () R

m(f)

mi()

Fig. 4. Scenarios (a) and (b) for the outflow of sub-volume I.
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1/3
1 <3F tan2a> 13
71 ——|———| t/° case(a)
4 pT

Z(t) = 5 (N
F
71 — anR%t case(b).
The com of sub-volume I for t? <t < ¢ is then
1
Z\(1) = 720m? + Z*()m* (1)]. 8
() = Ly [ + 2 (m (0] 8)

Figure 5 shows Z; for both cases. It may be surprising that
the limits + — ¢ are different for the two cases. When we
express for case (a) Z{(r) as a function of the instantaneous
radius 7* of the smaller cone we obtain

)

4
. . tanocR‘l1 — () Rtano
lehrr]% zy — 3| =721 —
r*—R

3
4 R? — () 3

For case (b), we express Zi(f) in terms of the position z of
the tip of the smaller cone, and here we obtain

1
e _ . 1 B B
ZI o ZH21lflg}tan1 |:Zl 4 (Zl Rl tan o Z):|
Ryt
—n =T (10)

The different limits (see Fig. 5) are an interesting mathemati-
cal peculiarity that has its origin ultimately in the continuum
description of granular matter, which is problematic in the
limit of mass approaching zero. This issue is not a problem
for our calculation, however, because the mass vanishes
my(t) — 0 as r— 1, and therefore the product my(t)Z;(r)
does not contribute to Eq. (1) for t — #.

C. Sub-volume II

Initially, sub-volume II (see Fig. 2) consists of a cylinder
of height z; — 2z, and radius R, closed at the top by a cone of
negative mass and an identical cone, but of positive mass, at
the floor. For this sub-volume we have

0
c € m
m?l = an%(zl - 22); t% =1; = t?l +?H
my () = MYy — (t — ) F; mS =0. (11)
For £ <t < £, the filling level reads
2(t) =21 ———5 (t — ), (12)

prR}

and we write for the com of the cylinder

. 2(t) + 2,

chl(t) == (13)
For the upper (cu) and lower (cl) cones, we obtain
Ryt
mi, = —p—nR? tano;  Z: (1) = z(¢) — Lans
3 (14)

. . . R tan o

Moy = —Mgy; ch(t) =2 = 4 .
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7.8
R 2 A T G G T
2
= 7.6
N 75}

74 F

0.06 |
)
= 0.04
S
£ 0.02f 0

€
0t ! tl

0.00 0.02 0.04 0.06 0.08 0.10

time [s]

Fig. 5. Top: com as functions of time for scenarios (a) (dotted line) and (b)
(solid line); bottom: mass of sub-volume I as a function of time.

Consequently, we have that the com is at

l * *
Z{I =7 [miIZ:yl + mZchu + mch:l}

my (]5)
_z(t) + 2z Ritana
2 37
and in particular
z14+2p Rjtana Ritano
=== -m5 i Aimn- (16)

Figure 6 shows the functions Zy;(¢) and my ().

D. Sub-volume III

Sub-volume III is located below sub-volume II; see Fig. 2
and the expanded details in Fig. 7, where the nomenclature
used in this section is introduced. In Fig. 7, we define the
conical segments S, ..., S4, of negative and positive masses,
whose superposition equals sub-volume III. Note that only
S5 and S4 depend on time.

1. Segment S,

Sub-volume S; (see Fig. 7) is a time-independent cone of
positive mass with height and radius

. _R . Z
fa = 72; R(z) = tan o’ a7

respectively, where we define for later reference

1 R —-R
T= L (18)
tan o Z

Consequently, the mass and com are

3
. ot (R, . 3R,
- e iy 19
™ ?)tanzoc<T>7 Yar (9

2. Segment S,

Segment S, is a time-independent cone of negative mass
with the same radius as S and height z + zoR, /(R1 — R2),
so that with Eq. (17) we have
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Fig. 6. com (top) and mass (bottom) of sub-volume II as functions of time.

. pT R2+ Ry
m, = — o
2 3tan?x \ T Rl —R2

R, 1(R R 0
z§=—2——< 2 22 )

T 4\T "R1—-R2

3. Segment S;

Segment S5, of negative mass, is a cone with radius R(z)
and height R(z) tan o; therefore, for £, = £ <t < £,

3
mjy(z) = _7%/0 [Rz —|—Rl_Rzz(t)] tan o
: R1—R2 @b
Zi(z) = =(1) — ta:“ {Rz e Z(t)}
)

Fig. 7. (a) Sketch of sub-volume III to introduce the nomenclature. (b)—(e)
Segments of volumes of positive € and negative © masses used in the cal-
culation. Their superposition results in volume III.
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The filling height z(#) and #}; are computed later from the
total mass of sub-volume III. For t — £, when z — z5, we
obtain

* T X 1

m3(z2) = ——pR? tano;  Z3 (2) =122 — Ztanoch.
(22)
4. Segment S,
Segment S, is a cone of mass and com given by
2
* o R1 — R2 22R2
=—|R —z(t t
o) = [+ 0] fe 4 25 ],
3 1 22R2

Zy(z) ==z(t) — - . 23

4(2) 42() AR, — R, (23)

The first bracketed expression in Eq. (23) specifies the radius
R(z(1)) of the cone, and the second bracketed expression, its
height. The initial mass and cowm, for z — z,, are

m R
mZ(Zz) = ?pR%ZZ |:1 +R1 —2R2:|

V) R2
Zi(zm)=—=1|3— .
4(22) 4 [3 Rl —R2:|

(24)

5. Mass and com of sub-volume IT11

Using the results of Secs. IIID 1-1IID 4, we compute the
mass and com of sub-volume III by superposition of the seg-
ments Sy, ...,S4. From the initial mass in sub-volume III, we
have that

miiy = iy + m5 + i (z2) + mi(z2) = F (ty — fy),
(25)

and because my; obviously vanishes, we obtain the time ;.
The total mass as a function of time then follows from:

mu(t) = mby — F (t — 1%). (26)

For the computation of the com via the coms of the segments,

/ 1 k% k% * * * *
Ziy () :m [Zim +Zymy+-Z; (2)miy () + Z; (2)m (2],
(27)

we need the filling height z(7), since mj3, m}, Z;, and Z;
depend on time through z(#). The filling height can be found
from

min (1) = my +my +m3(2(1)) + mi(2(1)), (28)

with the segment masses given in Egs. (19)—(21) and (23),
and with the time-dependent mass given in Eq. (26). The
left-hand side is a third-order polynomial of the filling
height. By solving the third-order equation, we obtain
z(f) and subsequently Zj; as an explicit function of time
via Eq. (27). Figure 8 shows the resulting functions Zy(¢)
and mm(t )

A. Sack and T. Poschel 102
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E. Sub-volume IV
1. Time-independent flow rate

Sub-volume IV is a tiny annulus below sub-volume III, and
which is hardly visible in Fig. 2. The magnification shown in
Fig. 9 defines the variable z, which is the same as in Sec.
IIID. One can argue whether it is necessary to compute the
contribution of this sub-volume since its mass is small and the
computation requires some effort. We believe it is necessary
for the sake of consistency. Recall that we need the second
derivative of the com to obtain the weight of the hourglass
[see Eq. (2)]; thus, small rapidly changing masses may lead to
significant contributions to the weight. For ¢ < £, the area at
z=0 is covered with sand such that Beverloo’s law, Eq. (5),
is a good approximation. For # &~ #%y, it is certainly not justi-
fied to assume constant flux /; however, in the absence of sol-
utions in the literature for this situation, we here also assume
constant flux F. Moreover, sub-volume IV is certainly tiny as
compared to all other sub-volumes so that the details of the
flow for this volume are of minor importance for the total
weight of the hourglass, provided that the large jumps in the
second derivatives, discussed above, are avoided.

2. Mass of sub-volume IV

Sub-volume IV combines a frustum (height z(¢), radii R(z)
and R5) of positive mass and a frustum (height z(¢), radii R(z) and
R*) of negative mass, as shown in Fig. 9. Its mass is, therefore,

mi;:) = [RE) + R(E)R, +R}]
- % [Rz(z) +R()R* + (R*)z} (29)
with

R(z) =Ry + z(R1 — R2)/z,,
R* =R, — T, (30)

and with T defined in Eq. (18). The result for the mass is
then

¢ 1. (R —R
my (1) —TR222+—T<¥—T>Z3~ (31)
pT 3 4)

2.0

1.5 f

Zyft) [em]

1.0 |

05

0.12
0.08

my(?) [kg]

0.04
0 e
il Tl

0.00 t . . . :
0.90 0.95 1.00 1.05 1.10 1.15
time [s]

Fig. 8. com and mass of sub-volume III as functions of time.
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Fig. 9. Sketch of sub-volume IV at time ¢ < t?v (left), and at a later time
1y <1< £y (right).

Attime £, = £, we have z = z/ and Eq. (31) simplifies to

1 1
0 3
=pnRy| = ———|. 32
v = PTG (T 3tan O(T2> (32)
We then find the mass of sub-volume IV to be

0
m
myy (1) = mpy —F(1 —1y); iy =ty + % (33)

{CR—
and myy, = 0.

3. COM of sub-volume IV

For the computation of the com, we need the filling height
z(¢) in explicit terms. This can be obtained by solving a third-
order equation obtained from equating mjy(7) in Egs. (31)
and (33). With z(#) from this procedure, the com of sub-
volume IV (frustum) is given by

2(1) R*(2) + 2R(2)Ry + 3R;
4 R%(z) +R(z)Ry + R}

Zy (1) = (34)

and Zj, = lim,_oZ}y, = 0. Figure 10 shows the functions
Ziv (Z) and mlv(f).

F. Sub-volumes V and VI

The calculations for sub-volumes V and VI (sand stream
and lower container) are closely related, therefore we present
them together in this section. Sub-volume V is the falling
stream bound by the orifice at z=0 and the filling level z(¢)
of the lower container. Sub-volume VI consists of the sand
resting in the lower container, which is a cylinder of radius
R; with its bottom at z3, as shown in Fig. 2. Based on

Z(t) [mm]

0 e
L AT

mpf(t) [g]

1.146  1.149 1.152 1.155 1.158
time [s]

1.140  1.143

Fig. 10. com and mass of sub-volume IV as functions of time.
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experimental observations, we assume that the upper surface
of the sand is flat, due to the large flow rate in our experi-
ment. The same calculation can be performed for any chosen
angle of repose at the top of the lower container. The close
relation of the sub-volumes V and VI originates in the fact
that their common boundary changes with time. Indeed, the
surface at vertical position z;(¢) moves upward in time, there-
fore, despite constant flow rate F the rate of sand settling at
the floor is different from F.

1. Density, mass, and com of the sand stream in general

Particles enter volume V at a certain initial velocity
v*, which follows from continuity between volumes IV
and V. Since the flowing sand stream is not confined
by lateral walls, here we cannot rely on Beverloo’s
law's of Eq. (5), but rather assume that the flow is pro-
portional to its cross-section and hence that its velocity
is given by

F

fe . 35
v pres (35

At time ¢ = 0 = #),, the lid opens and the grains start falling
at velocity v*. Using

Fidmidmdzidm

we can compute the linear density of the sand stream dm/dz.
The velocity of the grains at vertical position z is

v(z) = —\/(v*)* + 2¢z, 37

and thus

d F
o T 0>z, (38)
dz

(v*)2 + 2gz

with the filling height z,(¢) given below.

In terms of the as yet unspecified upper and lower bound-
aries of the stream, z; and z;, respectively, we obtain general
equations for the mass of the stream,

Mier ) JZU dmd
jet(ZL,ZU) = —_ 4z
! o dz
F
-2 Vo7 + 260 - o 4 26,
(39
and its cowm,
1 Uod F
Ziet (7L, 20) =4J 2 = —
Miet (21, 20) ), dz 38” Mjet(21, 2U)

X [(ng - (v*)z) (v*)* + 2218

- (ng - (v*)2> V(o) + 2ZU£} : (40)
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2. Vertical position of the interface z;(t) between
sub-volumes V and VI

Sub-volume VI becomes active when the first grain arrives
at the floor at position z3 at time

. :é (\/ (v)* + 2gz3 — v*). 41)

For 0 = t(\), <t < tjy, the mass that has flowed through the
orifice up to any particular time is either located in the
stream or as a sediment in the lower container, so that

Ft= 7TR§Z[ + mslream(zlao)' 42)

With Eq. (39) for mgyeam We obtain a quadratic equation for (7).

3. Mass and com of sub-volume V (sand stream)

Using the general results from Secs. III F 1 and IIIF2, we
can compute the evolution of mass and center of mass posi-
tion of sub-volume V. The scenario is the following: At time
t=0, the lid opens and the sand stream gains mass rapidly.
The first grain hits the floor at z3 a short time later. From this
moment on, the mass of the stream decreases slowly since
the lower filling level z; increases. When the last grain enters
the stream at the orifice, the mass of the stream decreases
rapidly and vanishes when the last grain arrives at the top of
the sand in the lower container. In quantitative terms:

s For0=14 <t<48,

m,\/(t) = Mstream <_ %tz +v't, O>

43)
Z/V(t) = Zstream <_§t2 + vt O) .
s For i), <t <8y,
m/ t) = Mgtream 70
v(t) stream (215 0) (44)

Z/v(t) = Zslream(zla 0)7

with z;(¢) given by the solution of Eq. (42).

e Forff, <1 <1,
at time #;, the last grain comes to rest at vertical position
2§ = z;(¢5,). The terminal filling height z{ is obtained from
equating the initial mass of sand in the upper container of
the hourglass with the final state, where the sand is con-
tained in the lower container,

m? + m?l + m?H =mg 45)
yielding
R% ZZR%+R]R2 +R%
Z?:Z?, +R—%(Zl—22)+§R—%, (46)

and the corresponding time

€ € € l 2 *

Iy =ty =1ly +§ ()" +2gzf —v" ), (47)
with v* given in Eq. (35).
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Fig. 11. com and mass of sub-volume V as functions of time.

For completeness, we add the initial and final values:
mOV = mS, = 0; the com’s Z(\), and Z3, are both undefined but
finite; that is, they do not contribute to the total com of the
system. Figure 11 shows the functions Zy (¢) and my(¢).

4. Mass and com of sub-volume VI (lower container)

Sub-volumes V and VI have a common interface at z(r),
and therefore 5, = ;. The mass and com of volume VI can
be found directly from the evolution of the lower filling
height z(z), the solution of Eq. (42). In terms of z (), we
then have

my; = prR3[z(1) — 2],

1
Zy = 3 [z:(1) — z3]. (48)

The initial and final values are

0 _
myp =
_ 0 0 0
myy = my + my + my;
— . !
AR tll& Zy (1) = z3 (49)

1
Zy = 3 (z[e — 23).

Figure 12 shows the functions Zyi () and my(7).
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Fig. 12. com and mass of sub-volume VI as functions of time.
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IV. CENTER OF MASS AND WEIGHT OF THE
HOURGLASS

The total center of mass Z(#) is obtained via Eq. (1), where
the masses and coms of the sub-volumes are given in the
form of Eqgs. (3)—(4) with the details for each sub-volume
computed in Secs. III B-IIIF. The solution Z(#) obtained
here is rigorous and entirely analytical, albeit given in piece-
wise form, which makes mathematical operations with this
function rather cumbersome. Computer algebra systems such
as Maple can be used to conveniently compute the second
derivative of this function to obtain the weight F,, of the
hourglass via Eq. (2), with the total mass given by
M = m +mf + m;.

Figure 13 shows the final result of the analysis: the center
of mass Z(#) and the force resulting from its second deriva-
tive according to Eq. (2). While Z(¢) does not seem impres-
sive, the force shows distinct characteristics that are similar
to the experimental data. In particular, we recognize three
distinct stages: (i) the initial interval 0 < # = 0.2's, where the
stream and the cone develop; (ii) the stage of approximately
constant flow, 0.2s <¢= 1s; and (iii) the final stage, = s,
when the upper container and the stream run empty and the
material comes to rest. In all three stages, we find qualitative
and even partially quantitative agreement between theory
(solid line) and experiment (dotted line) without employing
any adjustable parameters in the model. In particular, in
stage (ii) where the textbook solution discussed in the intro-
duction fails, we see good quantitative agreement of theory
and experiment.

Despite the overall good agreement of theory and experi-
ment, there are some sizeable local deviations that will be

Z. 86 | /
B 2
580t
74
model
6.8 t experiment ===
6.2

0.0 0.2 04 0.6 0.8 1.0 12 1.4
time [s]

Fig. 13. (color online) com of the sand flowing in the hourglass as a function
of time, and weight of the hourglass due to the flow, according to Eq. (2).
The horizontal dashed line shows the weight of the hourglass when the
material is at rest. For comparison, the dotted curve shows the experimental
result from the experimental setup pictured in Fig. 2. The horizontal bars
indicate the intervals of time when the respective sub-volumes are active,
(,#) with i = {I, ..., VI}. The colors of the bars (online) correspond to the
colors in Fig. 2.
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discussed in detail. First, we notice a sharp negative peak at
t =0 in the theoretical curve, which appears less sharp in the
experimental data. The reason for this peak is the assumption
that at =0 the sand starts pouring instantaneously; that is, a
finite mass is set into downward motion at finite velocity
instantaneously, which implies a J-function shaped negative
acceleration. Looking at the experimental data, we notice
that there is a similar behavior, however, the negative peak
is of finite value and duration due to the fact that the sand is
not set into motion instantaneously, but needs a finite time to
accelerate. When the total amount of sand is reduced, the
mass accelerated at =0 decreases and the peak gradually
disappears. Figure 14 shows the experimentally measured
weight in the initial interval r < 0.22s for different amounts
of granular material.

Second, at 7~ 0.25s in Fig. 13 we observe a damped
oscillation in the experimentally measured weight that does
not appear in the theoretical result. The reason for this devia-
tion is the splash of the granular material in a short period
after the instant when the stream arrives at the bottom at
t= ’(\)/1- In the theory, we assume that the material comes to
rest instantaneously. The movie of the experiment (see video
enhancement to Fig. 3 online) shows that this assumption is
well justified for the entire experiment, except for a short
interval after #;. (A different small oscillation can be seen,
e.g., in the interval 0.05s < ¢ < 0.1 s in Fig. 14, which is due
to a resonant frequency of the balance.)

A third significant deviation between experiment and the-
ory can be seen at t ~ f3,;; when the experiment terminates.
While theory predicts an instantaneous drop of the weight,
the experiment shows a smooth decay. The reason for this
deviation is the assumption of the Beverloo-law constant
flow rate F in Eq. (5). According to Janssen’s law,** the
pressure, and thus the flow rate, are independent of the fill-
ing height except when the filling height is too small and
approaches the size of the orifice or even drops below it.
But this is the case for ¢ ~ 13, so that the assumption of
constant flow is not justified close to the very end of the
experiment. For the same reason (the assumption of con-
stant flow rate), in the interval (£;,#;) the small positive
peak at ¢ = £3; appears in the theory (see the discussion in
Sec. IITE 1).

0.5 0.15

experiment, 800 g ——
model, 800 g ===

0.0

- - . 0.00 - -
00 01 02 04 05 06 07

time [s] time [s]

Fig. 14. Left: Experimentally measured weight in the initial time interval
t < 0.22s for different amounts of granular material (magnification of Fig.
13). The figure illustrates the appearance of the initial negative peak due to
the acceleration of the total amount of granular material after the lid is
opened at r = 0. Right: Magnification of the plateau in Fig. 13. The deviation
of the experimental and theoretical result is about 10%.
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The motivation of the division into sub-volumes I to VI is
purely to provide a convenient calculation of M d*Z(t)/df*.
This division is by no means unique and so does not lead
to any useful physical interpretation of the isolated contribu-
tions to Fy. The horizontal bars in Fig. 13 indicate the
time intervals, (#,#) with i = {1, ..., VI}, when the respec-
tive sub-volumes are active; that is, when m; # const.
Comparison with the curve for the com and the force Fy (¢)
shows that an interpretation of the isolated contributions is,
at the very least, not straightforward. This is especially true
since these contributions cannot exist independently of one
another.

From Fig. 2, we see that the sub-volumes are of rather dif-
ferent size. Therefore, one might argue that some of their
contributions are negligible and can be disregarded for the
computation of Fy. However, recall that the change in
weight Fy — Mg follows from the second derivative of Z(f)
in Eq. (2). Neglecting any of the sub-volumes would cause
non-smoothness of Z(), at least since summation in Eq. (1)
would exclude part of the total. Even for small imperfections
of smoothness, the second derivative of Z(r) would reveal
wild jumps. We can see such a behavior in Fig. 13 at r =0
and ¢t ~ 1.15 s due to imperfections of our model assump-
tions, as discussed above. Although both assumptions do not
violate conservation of mass but correspond only to tiny
inaccuracies in the flow rate, they leave a clear fingerprint in
the force Fyy (). Therefore, we believe that it is necessary to
consider the contributions of all sub-volumes before comput-
ing the second derivative, even if it requires some technical
effort.

V. CONCLUSION

The weight of a running hourglass deviates from the
weight of the hourglass at rest due to the accelerated motion
of the sand. While this insight is not new (but still not gener-
ally acknowledged), in several references it was claimed that
the effect is tiny and hardly measurable using standard labo-
ratory equipment. In the present paper, we perform the
experiment using very simple equipment and demonstrate
quantitative agreement with theory.

While in many cases phenomenological approaches to
physics problems are successful, in the case of the weight of
an hourglass such an approach is misleading and gives erro-
neous results that can be found in textbooks and lecture
notes. More systematic approaches, such as the one pre-
sented here (namely, to consider the acceleration of the cen-
ter of mass), are certainly more laborious and less elegant.
However, they are certainly less prone to fail, which may be
considered as the educational message of this paper.
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'At each instant of time, the total weight is a sum of contributions of the
material in the upper container, the material in the lower container, the
force exerted when the falling sand grains come to rest, thus changing their
momentum. Assume at time /=0 the sand starts pouring at constant flow
rate f = dm/dt. At this time, all sand is in the upper container. The first
grain will come to rest at time #; in the lower container where it arrives at
velocity v=gr,. For 0 <7 < t; the measured mass is M(t) = My — ft. For
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t >t weobtain M(¢) =My —ft+f(t—t) + %‘57’,’, where dp / dt is the rate
of momentum change of the pile of sand at the bottom. This momentum
change is d(mv)/dt = mdv/dt + v dm/dt, where vy is the relative speed
between the falling grains and the pile at the bottom. Since dv/dt = 0 and
Urel = gt1, we end up with M(1) = My — ft; +ft; = Mo = const. As a
result of this (flawed) solution, we obtain that apart from the very begin-
ning 0 < ¢ < t; and the very end of the flow (where an equivalent calcula-
tion can be done), the balance shows My, and hence is independent of
whether the sand in the hourglass flows or rests. The problem with this cal-
culation is that the accelerated motion of the center of mass is disregarded,
and this is what the present paper is about.
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