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CHAPTER I. INTRODUCTION

The fundamental motivation for the study of dynamical systems is the desire to
understand, qualitatively, the long-time behavior of solutions of differential equations,
even if these differential equations cannot be solved explicitly. This subject can be
studied on a number of different levels of generality and abstraction. We can situate,
roughly, the subject of these lectures by saying that, in contrast to ergodic theory, we
will emphasize the differentiable character of the objects being studied but that, on the
other hand, we will not investigate the properties of Hamiltonian motion which derive
specifically from its conservative character. It is customary to refer to the general subject
to be addressed in these lectures as the theory of dissipative differentiable dynamical
systems, where the word “dissipative” is to be taken to mean merely “non-Hamiltonian”;
it is rare that one can ever exploit the genuinely dissipative features of systems with
friction.

Let us consider, then, a differential equation

dz

(DE) i X(=).

Note that we are supposing that our differential equation is autonomous, i.e., that ¢ does
not appear explicitly on the right-hand side. We will refer to the set of possible z’s as
the state space, and generally denote it by M; it might be Euclidean space, or an open
set in Euclidean space, or an open set in a Banach space (infinite system of coupled
equations, or partial differential equation) or it might be a manifold, or a Banach man-
ifold. The natural framework for most of our investigations will be manifolds, possibly
infinite dimensional ones. Nevertheless, we will write all formulas for the simple case of
differential equations on Euclidean or Banach spaces. The reason for doing this is that,
on the one hand, non-trivial global properties of manifolds play almost no role in the in-
vestigations to be described here—most of these analyses, once carried out in Euclidean
spaces, are easy to extend to manifolds—and, on the other hand, the systematic use of
the formalism of differentiable manifold theory, with co-ordinate patches, tangent bun-
dles, etc., is a serious distraction from the real issues. This expositional strategy doesn’t
quite work, since we will want sometimes to assume that M is compact, but I don’t
intend to worry about this; the audience will be assumed to be translating everything
into the language of differentiable manifold theory. (Mike Shub has suggested that most
theorems about differentiable dynamical systems are proved assuming the state space
to be a compact Euclidean space.)

This may be a good place to comment on the philosophy to be adopted in the lectures
about whether or not to assume that the state space is finite dimensional. The first
point to be made is that many of the most penetrating analyses of finite dimensional
dynamical systems rest on the use of non-linear functional analysis on infinite spaces, so,
even if we are really only interested in finite dimensional systems, we need to develop
a fair amount of infinite-dimensional theory. Once that theory is at hand, it turns
out that a great deal of dynamical systems theory can be done, at little or no extra
cost, without assuming finite dimensionality. Indeed, as is often the case, the discipline
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of avoiding unnecessary assumptions of finite dimensionality frequently leads to bett
proofs. I have therefore adopted the point of view that, whenever finite-dimensionalit
assumptions can be avoided, without making an argument essentially more difficult,
avoid them.
One should not, however, overstate what is accomplished by avoiding unnecessar
finite-dimensionality assumptions. It does not, in itself, make the theory applicable t
_interesting infinite dimensional systems like the Navier-Stokes equation. The proble:
with the Navier-Stokes equation, and most other partial-differential evolution equation
is that it is definitely not a smooth dynamical system. If one writes it in the schemat:
form (DE), the X (z) appearing on the right-hand side is not a smooth function of z b1
involves, e.g., unbounded operators. To a certain extent, the lack of smoothness of X (a
can be circumvented by exploiting the fact that the equation of motion, like the he:
equation, produces smoothing when run forward in time, so time evolution operato
for positive times may be smooth even if the infinitesimal time evolution operators a:
not. Analyzing the dynamical properties of such evolution equations as the Navie
Stokes equation will certainly need to make use of the methods of infinite dimension:
dynamical systems theory, but. will require in addition a detailed study of the particul:
evolution equation. That kind of analysis of particular partial differential equations wi
not be given here.
If X(z) in (DE) is Lipschitz continuous, then solutions exist, at least locally, fc
arbitrary initial data, and they are unique. As simple and apparently well-behaved a
equation as

dz 2
E =2
shows that solutions need not exist for all times. In any event, we introduce the a
sociated solution mapping f*, defined as follows: f'o(z¢) is defined if and only if t}
differential equation admits a solution z(t) defined for all ¢ between 0 and ¢y, and i
value in this case is z(¢p). By the uniqueness of solutions of the differential equation,

2 (£2(=)) = f274(2),

whenever the left-hand side is defined. This condition is expressed by saying th:
ft is a_semi-flow, If fi(z) is defined for all (z,t), then each f* is a diffeomorphis;
(i.e., a smooth mapping of M onto itself with a smooth inverse) and f* f2 = fh+t
Furthermore, f(z) is jointly smooth in (¢,z). We thus say that f* is a smooth flot
Conversely, any smooth flow f! is the solution flow for the differential equation with

X(z) = %(:c) o

A flow is a one-parameter group of diffeomorphisms with parameter ¢ € R. Often, or
considers instead discrete one-parameter groups, i.e, the set of all iterates ™ of a sing
diffeomorphism. Sometimes, moreover, one drops the condition that f be invertibl
i.e., one considers the positive iterates of an arbitrary smooth map.
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There are a number of reasons for considering maps rather than flows. One is the
fact that most theorems about maps have analogues for flows, and vice versa, but the
versions for maps is often technically simpler and exhibits the main ideas in a less
encumbered form. Secondly, if f* is a flow, then the large-t behavior of f* is essentially
determined by the behavior of iterates of any single f* with £y # 0, e.g., to = 1. Thus
any theorem about maps gives information about flows. A third reason is the “surface
of section” idea of Poincaré which, in some cases, reduces the study of a flow in an m-
dimensional space to that of a mapping in an m — 1-dimensional space. The idea is as
follows: Let f* be a flow in an m-dimensional state space M and let ¥ be a hypersurface
(codimension-one submanifold) of M which is, at each of its points, transverse to the
generator X (z) of f'. If the forward orbit of z € X crosses ¥ again, define ®(z) to be
the first such crossing point (and leave ®(z) undefined otherwise.) The mapping @ so
defined is called the first return map or Poincaré map for %. It follows easily from the
Implicit Function Theorem that the domain of ® is an open subset of ¥ and that & is
smooth on its domain. It is often the case that, if ¥ is judiciously chosen, quite a lot
of the dynamics of f* is captured by the dynamics of the iterates of ®. For example, a
fixed or periodic point zo for ® corresponds to a closed orbit (periodic solution) for f%,
and the long-time behavior of orbits with initial point near zo can be determined from
the behavior of iterates of ® near zy. Fourthly, iteration of maps provides a natural way
to analyze the behavior of solutions of differential equations which are not autonomous
but periodic. Consider a differential equation

-i—at:- =X\, 5),

where X is periodic in t: X(t + 7,z) = X(¢,z). If solutions exist for all time, then
we can construct the corresponding solution mapping f*. This will not be a flow—the
group property will fail—but it will remain true that f*” = (f7)". Thus, the iterates
of the time 7 mapping essentially determine the long-term behavior of solutions of the
differential equation. Finally, interesting phenomena occur in state spaces of smaller
dimension for mappings than for flows and may therefore be more comprehensible.
Roughly speaking, flows on spaces of dimension less than three cannot exhibit any
interesting asymptotic behavior, while invertible maps can already do interesting things
in two dimensions and non-invertible maps already in one dimension.




CHAPTER II. RUDIMENTS OF SPECTRAL THEORY FOR
GENERAL BOUNDED OPERATORS ON BANACH SPACES

§1. Orientation. Any normal operator A on a finite dimensional (complex) Hilbert
space X has a very simple structure: If the eigenvalues of A are Ay,...,A,, and if & is
the set of vectors ¢ such that A¢ = A€ (i.e., the eigenvectors with eigenvalue A; together
with the zero vector), then X is the direct sum of the Aj.

This simple structure theory can be extended satisfactorily in two directions. The
first extension is to general linear operators on finite-dimensional vector spaces. The
principal complication here is the necessity to take into account the possible existence of
generalized eigenvectors, i.e., vectors annihilated by some power of A — A1, A a complex
number, but not necessarily by A — Al itself. If, again, we let the eigenvalues of A be
A1, -+ Am, and if we now let X; denote the set of all vectors £ such that (4 —X;1)7¢ =0
for some integer j > 1 then, again, each &j is a linear subspace mapped into itself by A,
and X is the direct sum of the A;. To complete the structure theory it is only necessary
to work out what A restricted to any one of the &; can look like, and this is a relatively
straightforward task. &

The second extension is to normal operators on infinite dimensional Hilbert spaces.
Leaving aside problems concerning unbounded operators, the main complication here
is the fact that such an operator need not have any eigenvectors at all. The direct-
sum decomposition into eigenspaces in the finite dimensional case is replaced in this
more general situation by an integral representation 4 = [ AP(d\) where P(d)) is a
projection valued measure on the complex plane. The intuitive interpretation of this
projection valued measure is that the range of projection P(X ) corresponding to a Borel
set X is the proper infinite-dimensional analogue of the linear span of the eigenvectors
with eigenvalues in X in the finite-dimensional case.

For a general bounded operator A on a Banach space X, our knowledge is much less
complete. There is, however, a good definition of the spectrum in this general situation,
and one can construct useful spectral projections P(X) associated with subsets X of
the spectrum which are at a non-zero distance from the rest of the spectrum.

§2. The spectrum. From now on in this chapter, A will denote a bounded linear
operator on a Banach space A. By the resolvent set of A we mean the set of complex
numbers A such that A1 — 4 has a bounded (everywhere deﬁned) inverse. By the Closed
Graph Theorem, this is the same as saying that A1 — A is injective—i.e., that ) is not
an eigenvalue of A—and that the range of A1 — A is all of X'. The inverse (A1—-A4)"1is
called the resolvent (of A, or of A, or of (A4, A), depending on the context.) The spectrum
of A means the complement of the resolvent set; we will denote it by a(A). o

One of the principal tools of elementary spectral theory is the systematic exploitation
of the Neumann series. This means the following: Let U be an operator with a bounded
inverse, and V some other operator. Then, formally, the infinite series

(2.1) P sl VT s 4 (=0 @IV UL

should give the inverse of U + V. It is easy to check that this is true in the sense that,
whenever the series (2.1) converges in norm, U + V is invertible and the sum of the series
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§2 The spectrum 5

is (U + V)™'. Furthermore, the series is easily seen to converge if | V|| < (||U"1||)_1
more generally, if H (U 1V) ” < 1 for some positive integer m. This remark shows, for

example that the resolvent set for any A is open, and that the resolvent (A1 — A) varies
analytically with A on the resolvent set, i.e., that it is given locally in the neighborhood
of each point by a norm-convergent power series. Since the spectrum is defined to be
the complement of the resolvent set, it is closed.

It is quite a non-trivial fact that the spectrum of an operator A cannot be empty.
To prove it, assume the contrary, i.e., that the resolvent set of some operator A is the
whole complex plane. Then (A1 — A)™" is an entire operator valued function, which
furthermore is easily seen—using the Neumann series—to go to zero at infinity. Thus,

for any £ in X and any ¢ in the dual of X', ¢ ((Al — AL)_1 ) is an entire complex valued

analytic function vanishing at infinity which therefore, by Liouville’ s Theorem, vanishes
identically. Since this is true for all £, ¢, it follows that (A1 — A) vanishes for all A,
and this is manifestly impossible.

The argument in the preceding paragraph illustrates a general method of extending
results from complex analysis to vector- and operator-valued functions. Many important
results are easy to extend in this way, among them the Cauchy Integral Theorem and
Cauchy Integral Formula; the integrals involved can be interpreted simply as Riemann
integrals.

By elementary properties of the norm, ||A"*™|| < ||A™||||A™||. From this it follows

easily that IIA“H” ™ converges as n goes to infinity, and that the limit is actually the

infimum of the ||A"||1/n The limit is called the spectral radius of A; we will denote it
by p(A) The terminology is justified by the fact that the spectral rachus turns out to
be equal to the supremum of |\| over the spectrum of A. To see this, we first invoke the
Neumann series to write

(22) (1— Ay = 3 ar )

wherever the right-hand side converges. Since the right-hand side certainly converges
for [A\| > p(A), this shows that the supremum of |A| over the spectrum of A is at most
equal to p(A4). On the other hand, integrating (2.2) term-by-term gives

A" = if A" (A1 — A)7Hd),
TR

2m

where g is the circle {|\| = R}, traversed in the counterclockwise sense, and R is any
positive number larger than p(A). By the Cauchy Integral Theorem we can reduce the
radius R to any number strictly larger than the supremum of |A| over the spectrum.
Estimating the integral in a straightforward way gives a bound ||A™|| < BrR"™ for any
such R and any positive integer n, and from this bound it follows that R > p(A); Hence,
the supremum of |A| over the spectrum cannot be strictly smaller than p(4), so equality
is established.
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Since p(4) = inf, ||A"||1/n, we always have p(A4) < ||A||. The 2 x 2 matrix

(6 9)

shows that this inequality cannot always be made an equality, even with the freedom
to replace the norm by an equivalent one. However, we can do almost as well:

PROPOSITION 2.1. If R > p(A), there exists a norm ||| |||, equivalent to the original
norm || ||, such that |||A||| < R

PROOF: Since R > p(A), ||(A/R)*|| goes to zero as n goes to infinity. Hence, if we put

I[1€]] = sup ||(4/R)™E|l,
LS TSR LR R N O O

we get

el < el < (sup /2" ) el
i.e., the norm ||| ||| is equivalent to the norm || ||. On the other hand,

1| A¢|l| = sup I(4/R)"4¢]l = Rsup |(4/R)™2¢|| < RlIENl,

so |||4]|] £ R, as desired.

§3. Spectral projections. A projection will mean a bounded operator P such that
P? = P, .., such that P¢ = ¢ for all £ in the range of P. Note that P is a projection if
and only if 1 — P is. To specify a projection is essentially the same thing as to specify
a direct-sum decomposition of X into two closed complementary subspaces. In one
direction: Given a projection P, we let A} denote.the range of P (or, equivalently, the
null space of 1 — P ) and &> the null space of P. Only the zero vector is in both X;
and A,. If £ is any vector, then P¢ € &) and € — P{ € A5; hence, X; and X, span
X. Thus & = A @ A>. In the other direction: Given a direct sum decomposition, the
mapping &; @ €, —— & is a projection and the Closed Graph Theorem implies that it
is continuous if A; and A&, are closed. In this case, we speak of the projection onto A}
along Xs.

~ Note that it it necessary to specify both the range and the null space in order to specify
a projection. This is contrary to experience with spectral theory for normal operators,
where the projections encountered are all self-adjoint or orthogonal projections, i.e., ones
for which the null space is the orthogonal complement of the range; evidently, in this
case, it suffices to specify one of them. It is easy to see that a projection P commutes
with a bounded operator A if and only if both the range and null space of P are mapped
into themselves by A (i.e., are “invariant under A”). Again, the invariance of the null
space follows from that of the range and vice versa if A is a normal operator and P an
orthogonal projection, but the two conditions are independent in the general case.



83 Spectral projections T

The main piece of spectral theory which persists in the general case we are considering
is the following: To any splitting o(4) = S; US, into two disjoint closed subsets (which,
by the compactness of the spectrum, must be at a non-zero distance from each other),
there corresponds a direct sum splitting X = X; ® X, of the space into two closed
invariant subspaces such that the spectrum of the restriction of A to X; is S; and that
of the restriction of A to X, is S,. Furthermore, the splitting is invariant not only under
A itself, but under any operator which commutes with A, and this condition, together
with what was said above, determines it uniquely.

The construction of this splitting is trivial in the case of a diagonalizable operator on
a finite-dimensional space—X is the linear span of the eigenvectors with eigenvalues
belonging to 51 and A&} the linear span of the eigenvectors with eigenvalues belonging to
S2. Described in this way, the construction does not generalize; the key to generalizing
it is the observation that the projection onto X; along X, can be written as

1 i |
— ¢ (A1 — A) " d],
2m J,
where « is a contour enclosing all the points of S; and none of the points of S,. To see
that the above integral formula does give the indicated projection, it is only necessary
to verify that the integral is the identity on eigenvectors with eigenvalues in S; and
zero on eigenvectors with eigenvalues in S,, and this follows easily, for diagonalizable
operators, from the Cauchy Integral Formula. We should note here that the description
of the conditions on the “contour” v were a little imprecise. What we need, precisely, is
that v is a cycle, i.e., a formal sum of closed paths, in the complement of the spectrum,
which winds once around each point of S; and zero times around each point of S5, i.e.,
(1/2m3) 561 (A= X')"1d) is one for A in $; and zero for M in S,.

With this simple example as motivation, we formulate the following more general
result:

PROPOSITION 3.1. Let A be a bounded operator on the Banach space X, o(A) = $;US,
a decomposition of the spectrum of A into two closed disjoint subsets, and v a cycle
in o(A) winding once around each point of Sy and zero times around each point of S5.

Then
P (A1 — 4)"1dx
2m J,
is a projection which commutes with every bounded operator commuting with A (so
in particular commutes with A itself). The integral depends only on S;, S, not on
v. Furthermore, the spectrum of the restriction of A to the range of P is S; and the
spectrum of the restriction of A to the null space of P is S». The properties of P listed

determine it uniquely.
We will refer to P as the spectral projection of A corresponding to the subset Sy of
its spectrum.

Proor: We first remark that it follows easily from a sufficiently general form of the
Cauchy Integral Theorem (see, e.g., L. Ahlfors, Complez Analysis, 2nd. ed., Theorem

7



8 Spectral theory II

18 of Chapter 4) that the integral does not depend on 7. Also, in the case where S; is
empty and v is a sufficiently large circle centered at the origin, we have already noted
that integrating the Neumann series term-by-term gives P = 1. From this and the
fact that P does not depend on 7, it follows that interchanging the roles of S; and S,
replaces P by 1 — P.

We now want to show that P, as defined by the contour integral, is a projection. For
this purpose, we will need the following topological remark: Let -y be as in the statement
of the proposition. Then there exists another cycle 71, which also winds once around
each point of S; and zero times around each point of S», and which is “inside” v in the
sense that 4 winds once around each point of 4; but v, winds zero times around each
point of 4. One way to guarantee this is to take 4, to lie in a small neighborhood of S;.
Then

2_L]{ _ Ay _1_} _ Ay
P* = — 1(A1 A7 o : (Ml —4)"d)\

= — ¢ (A1 —A4)"" (Ml1—A)" drdx
(27‘1 v Jm ) ( ' ) '
1\? - 1

_(L)z }{ (A1 — 4)™? L _id)
o) J,V A — A

where we have used the identity
vrl-vil=yul(v-v)v?
with U = A1 — A and V = \;1 — A to write

(1= 4)7 a1-4) 7 == 2) 7 (a1 -4 - (1 - ™).

Finally, since 7, is inside v, we have

1 1
d\ = 273 d; =0
ﬁ)—k; it ‘fnll—-A ! ’

and hence P? = P, as desired.

It is clear from the definition that P commutes with any bounded operator which
commutes with A. In particular, it commutes with A, so the range and null space of P
are invariant subspaces for A. We want next to show that the spectrum of A restricted
to the range of P is contained in Sy, i.e., that, if A € Sz, then (A1 — A) is invertible
on the range of P. We prove this by constructing its inverse explicitly as a contour
integral. Let v be as in Proposition 1; let A € S3; and let

_1 g1 .
B—21ri£/\—/\1 (Ml = A)~' diy.

8



§3 Spectral projections 9

Then B commutes with 4; hence also with P, and

s B -
(L iy ol j£ At (d ) (M1—4)""d)\
Y

2t A=)
1 1 1
1 1
=F
i ZWiﬁA—AldAl
- P,

since A € S and vy winds zero times around S». Thus, if P{ = €, (A1 — A) B = ¢, and
hence, since A and B commute, the restriction of B to the range of P is a two-sided
inverse to the restriction of (A1 — A) to the same subspace.

Interchanging the roles of 5; and S, shows that the spectrum of the restriction of 4
to the null space of P is contained in S;. But since the union of the spectral of the
restrictions of 4 to S§; and S; must fill up the whole spectrum of A, it follows that the
spectrum of the restriction of A to the range of P (respectively the null space of P)
must be all of S; (respectively, all of S,.

It remains to prove the uniqueness of P. Thus, let P be another projection which
commutes with every operator commuting with A and such that the spectrum of A
restricted to the range (null space) of Pis S, (S2). Then P and P commute, so
P(1 - 15) is again a projection, and it commutes with A since both P and P do. Since
its range is contained in both the range of P and the null space of 1 — P, the spectrum
of A restricted to its range is contained both in S; and in S;. Since S; and S, are
disjoint, this range must be zero-dimensional—Recall that a bounded operator on a
Banach space of non-zero dimension has non-empty spectrum—so P — PP =0, ie.,
P = PP. Interchanging the roles of P and P gives P = PP, so P = P, as desired.

General spectral theory gives a bit more information if the operator A is compact, i.e.,
if the closure of the image of the unit ball under A is compact in the norm topology. In
this situation it can be shown that the spectrum of A is a finite or countable set with
no accumulation point except, perhaps, zero. Thus, there is a spectral projection for
each non-zero point of the spectrum. Furthermore, each of these spectral projections is
finite-dimensional, i.e., if A # 0 is in the spectrum of the compact operator A4, and if P
is the associated spectral projection, then the range of P is a finite-dimensional space
invariant for A. The restriction of A to this invariant space is thus a linear operator on
a finite-dimensional space whose spectrum consists of the single point A; it thus has a
Jordan Canonical Form with all diagonal elements equal to A.

It is illuminating to see what the structure of one-dimensional spectral projections
is. Let P be a projection with one-dimensional range, and let {, be a vector spanning
its range. The null space of P is a codimension-one subspace of &, i.e., a hyperplane.
Any hyperplane is the null space of some linear functional which is uniquely determined
up to multiplication by a non-zero constant. Let ¢y be a linear functional whose null

9



10 Spectral theory 11

space is the null space of P. Since o is not in the null space of P, ¢o(&s) # 0; by
multiplying ¢o by an appropriate constant, we can arrange to have ¢o(£o) = 1. We now
claim that, for a general vector £, P¢ = ¢o(£)éo. The proof of this is almost immediate;
£ — ¢o(€)€o defines a linear operator which is easily checked to be a projection whose
range is the set of multiples of &, i.e., the range of P, and whose null space is the null
space of ¢y, i.e., the null space of P.

Now suppose that P is a spectral projection for some operator A. Then, since the
range of P is invariant for 4, {, must be mapped by A to a multiple of itself, i.e., must
be an eigenvector of A with some eigenvalue . We define the adjoint A* of A to be the
mapping of the dual X* of X to itself defined by (A*¢)(€) = ¢(AE) for all £ € X and
all 4 € X*. Since the null space of ¢, is the same as the null space of P and hence is
mapped into itself by A4, it follows that A*$o vanishes on the null space of ¢p and hence
that A*@o is a multiple of o, i.e., that ¢g is an eigenvector of A*. Furthermore,

A = Ado(€o) = do(Abo) = A" do(£o),

which implies that the corresponding eigenvalue is again A. Summing up the results of
the above arguments: If ) is an isolated point of the spectrum of 4, and if the spectral
projection corresponding to {\} is one dimensional, then that spectral projection may
be written as

€ — do(€)éo,

where £, is an eigenvector of A with eigenvalue ), ¢, is an eigenvector of A* with the
same eigenvalue, and these eigenvectors are normalized to that ¢o(£o) = 1. One of the
lessons to be drawn from this is that the eigenvectors of A* are as important as those
of A in determining the “spectral representation” of A.

§4. Real vector spaces. There is one more small twist needed for most applications
to dynamical systems theory. In the above discussion, we assumed tacitly that & is ¢
Banach space over the complez numbers; even in the finite-dimensional case, an operator
on a real vector space need not have any spectrum on the real axis. In dynamical system:s
theory, on the other hand, we usually want to work in real vector spaces, but would stil
like to be able to use simple spectral theory.

One satisfactory way to develop spectral theory for operators on a real vector space
X is to work systematically with an associated complex vector space, called the com
plezification Xc of X. As an additive group, X is simply & x &, and multiplicatior
by complex numbers is defined by

(a+1iB)(&1,&2) = (s — Bé2, by + ﬁé:;)-

It is easy to check that this does make X x X into a complex vector space. A norm or
X can be extended to a norm on X¢ by

I(é1,62)ll = SHp || cos 6¢1 + sin 66z ||;

10



§4 Real vector spaces 11

again it is easy to check that this does define a norm on the complex vector space Xg
and that the complexified space is complete if the initial real space is.

If A is any real-linear operator on X, we construct a corresponding complex linear
operator Ag, called the complexification of A, on Xg, by Ac(é1,£2) = (A&, ALe); again,
it is necessary—but trivial—to check that thls does define a complex-linear operator and
that its norm is the same as the norm of A. With the construction available, we can
then interpret any statement about spectral properties of A as referring instead to Ag.

Although this device permits us to apply spectral theory to operators on real-linear
vector spaces, it is not entirely satisfactory because it entails working in the auxiliary
space Xc, and this is often inconvenient. There are some statements in spectral theory,
however, which, although most conveniently proved by passing through the complexi-
fication, can be formulated directly in the original space X. The following proposition
gives one such statement:

PROPOSITION 4.1. Let A be a bounded linear operator on the real Banach space X.
Then the spectrum of A (i.e., the spectrum of Ag) is invariant under complex conju-
gation. Let o¢(A) = S1 U S, be a decomposition of the spectrum of A into two disjoint
closed subsets invariant under complex conjugation. Then there is a unique projection
P on X, commuting with every operator which commutes with A, such that the spec-
trum of the restriction of A to the range of P is S; and the spectrum of the restriction

of A to the null space of P is S,.

ProOOF: Not every complex-linear operator on X¢ is the complexification of a real-linear
operator on A. It is not difficult to see, in fact, that an operator is a complexification if
and only if it commutes with the complex conjugation operator K : (é1,&2) — (&1, —&2).
Furthermore, Ag — A1 is invertible if and only if K~ (Ag — A1) K = Ag — Ml is, so the
spectrum of Ag is invariant under complex conjugation.

Now let S;, S» be as in the statement of the proposition, and let Po denote the
spectral projection belonging to the subset S; of the spectrum of Ac. The uniqueness
statements in Proposition 3.1 imply that K~!PcK = Pg, i.e., that Pg is, as its name
suggests, the complexification of a real-linear operator P on A'. It is nearly immediate
that this operator has the properties asserted in the proposition. To prove uniqueness,
we note that the complexification of any operator with the asserted properties has the
properties which characterize the spectral projection Pg.

A linear operator is A said to be hyperbolic if its spectrum does not intersect the unit

circle.

COROLLARY 4.2. Let A be a hyperbolic linear operator on the real Banach space X .
Then there is a splitting X = X, ® X, into subspaces X,, X, each of which is invariant
under all operators commuting with A, so that the spectrum of the restriction of A to
X, is inside the unit circle and the spectrum of the restriction of A to X, is outside the
unit circle.

We will refer to A,, A, respectively as the stable and unstable subspaces of A.
EXERCISES:

11




12 Spectral theory I

1. Evidently, a complex-linear vector space X is also real-linear and so can re-
complexified. This doubles its dimension if it is finite dimensional. Similarly for
complex-linear operators. What is the relation between the spectrum and spectral
projections of a complex linear operator A and of its re-complexification Ag?

2. Again let X be a complex-linear space, A a complex-linear operator on it. Suppose
X is equipped with a complex conjugation, i.e., a real-linear operator K such that
K? = 1 and KM = MK¢. What is the relation between the spectra of the complex-
linear operator A and the real-linear operator K A?

3. In the notation of Corollary 4.2, show that X, can be characterized as the set of
vectors ¢ such that A™¢ is uniformly bounded in n. Give an analogous characterization
of X, which does not assume that A is invertible.
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14 Calculus on Banach spaces III

are defined by an obvious extension of this definition, and we can think of D™ f as taking
values in the space of bounded n-linear mappings from A x ... x X (n times) to Y.
A function defined on an open set I whose n-th derivative exists at each point of U,
and such that, furthermore, z — D™ f(z) is continuous, is said to be of class C", and a
function of class C™ for all n is said to be of class C*™.

It will be useful to define also non-integral degrees of differentiability. A function f
defined on an open subset & of a Banach space A, with values in a Banach space
Y, is said to be Hé¢lder continuous of order « if there is a constant C such that
|f(z1) — f(z2)|| < C||z1 — 2| for all z1, z; in U. Here, in principle, a can be any
strictly positive real number, but the notion is not very useful for « > 1: A Holder con-
tinuous function of order greater than one is everywhere differentiable, with derivative
zero, and hence is locally constant. The term Lipschitz continuous is used as a synonym
for Holder continuous of order one.

Now let 7 be a strictly positive real number, and write » = n + «, with n an integer
and 0 < a < 1. We then say that a function f defined on U is of class CT if it is of class
C™ and if D™ is Hélder continuous of order « on a neighborhood of each point of I.

As already noted, a great deal of standard multidimensional differential calculus ex-
tends to the infinite-dimensional situation in a completely straightforward way. Among
the most important such results are the chain rule, Taylor’s Theorem with remainder in
integral form, and the fact that existence and continuity of partial derivatives implies
differentiability. Another important result of this kind, to be discussed in the following
subsections, is the Implicit Function Theorem. There are, nevertheless, differences be-
tween the finite and infinite dimensional situations, and care is needed to avoid pitfalls.
Perhaps the most obvious pitfall concerns results which depend on the local compact-
ness of the domain space. For example, a continuous function on an infinite dimensional
Banach space need not be bounded on bounded sets; in fact, even a function which is
C* on the whole space need not be bounded on bounded sets (See Exercise 1.1). Sim-
ilarly, continuity apparently does not imply local uniform continuity, i.e., a continuous
function apparently does not need to be uniformly continuous on a neighborhood of
each point in its domain of definition.

A more subtle difference concerns the existence of smooth partitions of unity. On a
given Banach space, there need not ezist non-zero smooth functions vanishing outside
bounded sets. Such functions of course exist on Hilbert spaces and other spaces whose
norms are smooth away from zero. But many spaces arising naturally do not have
smooth norms. The most complete results of which I am aware concern the sequence
spaces £P. It is easy to see that ||.||2 is of class C™ on £P for any integern < p. If pis an
even integer, then ||.||? is everywhere p times differentiable, and that the p-th derivative
is constant, so ||.||2 is in fact of class C*°. (If, on the other hand, p is an odd integer, the
p-th derivative fails to exist on the dense set of points (z,) for which z, = 0 for some
n.) If we exclude the trivial case of even p, it is not hard to see that |.||} is nowhere
n-times differentiable for any n > p. The fact that the standard norm has only a limited
number of derivatives does not in any obvious way imply that there are no smoother
equivalent norms, to say nothing of nonconstant smoother function of bounded support.

14
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CHAPTER III. DIFFERENTIAL CALCULUS ON BANACH SPACES

Much of elementary multidimensional differential calculus extends in a straightfor-
ward way to Banach spaces. In this section, we sketch this extension, concentrating
mostly on pointing out the few places where the standard arguments do not work.

[ §1. Differentiable mappings. Let X, Y be Banach spaces, f a mapping defined on

some subset D of X and taking values in Y. We say that f is differentiable at a point
| z of D provided that z is an interior point of D and that there is a bounded linear
: operator L : X — Y such that

fl(z+¢&)— f(z) - LE = o(||€]) as&—0
",}i.e., such that for any € > 0 there is a § > 0 such that

I £(z +€) — f(z) — LE|| < €lléll ~ when [|£]| < 6.

If this is the case, the linear operator L is unique, and is called the derivative of f at z;
\we will denote it by Df(z). Prevss S LB oh i et B
" The kind of differentiability we have defined above is sometimes called Fréchet differ-
entiability, to distinguish it from the weaker notion of Gateauz differentiability, which
means that ¢ — f(z + t£) is differentiable at 0 (or perhaps just right-differentiable at
M&MM@_{. There is also a notion of weak
Gateauz differentiability, which means that ¢ — ¢ (f(z + 1)) is differentiable at 0 for
each ¢ in the dual of Y and each ¢ in X. The difference between the various notions
is not very great. For example, if, f is Gateaux differentiable at each point of some

non-empty open set; if, for each z in that set,

o df (z + t€)
oz dt S

5 ¢ = La(§)

is linear and bounded and if z — L, € £(X,)) is continuous (in the norm topology),
then f is also Fréchet differentiable and L, = D f(z). We will not take the time here
to investigate the extent to which the results we discuss can be generalized to Gateaux
differentiable functions; Fréchet differentiability generally suffices for the purposes of
dynamical systems theory.

We have explained what is meant by the derivative of a function at a point. The
function Df is defined at exactly those points of A where f is differentiable, and its
value at such a point z is Df(z), which is in £(&X,)), the space of bounded linear
mappings from X to V. Since £L(X,)) is itself a Banach space, it makes sense to speak
of the derivative of the function Df, and this derivative is what is called the secona
derivative D?f of f. As defined, this second derivative takes values in £ (X, L(X,))),
but it is often useful to use the observation that this space is naturally identified with
the space of all continuous bilinear mappings from & x & to ) and to think of the
second derivative as taking values in this space of bilinear mappings. Higher derivative:

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed November 11, 1987
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6 EX o x£( 4 r— & .
+"‘“¢f::‘“":m‘=_ ) flsean)—] 06 - Len] = [ (x+rts)+ +§)-4x) = Lircs) it +("-~+rrs} Ly) §4 - Lx risif
Ly, 4 linear , heschranied fl x LS il | Ll
N o Ly SHHAY < H{nrts)f-fﬂ— -ff"}"' Lscares)y s;'{""' ,_(L_::;_ﬂ__"_‘_);__ ___er__J
= -;-Hisg-’ Fﬁ:{:’f:‘bar 2o AT +5_2§ 'éé'—f Jor }-{,)fiaf £ <&

cla -} Cakawete] har da L, skHy da L, heschreml

<Ge-lnl  tells In) <0



§2 Fixed point theorems and Newton’s method 15

Nevertheless, it has been shown by R. Bonic and J. Frampton (“Differentiable functions
on certain Banach spaces”, Bull. Amer. Math. Soc., 71, (1965) 393-395.) that, on £7,
p not an even integer, there exist no non-constant functions of class C®, n > p, which

vanish outside the unit ball. They prove this as a corollary of the following remarkable
“Maximum Modulus Principle”:

THEOREM (BONIC AND FRAMPTON). Let p > 1 be a real number which is not an even
integer; let D be a connected bounded open set in £P, and let f be a real-valued function
defined and continuous on the closure of D and n times differentiable on D itself for

some integer n > p. Then the image under f of the boundary of D is dense in the image
under f of D itself.

EXERCISES:

1.1 Construct a real-valued function f, defined and of class C* everywhere on a Banach

space X, which vanishes outside the unit ball but which is nevertheless unbounded.

v 1.2 (Easy) If X, Y are Banach spaces show that A — A~?! is differentiable on the
: ) Sgpen) set of mvertlble linear mappings X — ) with bounded inverses, and compute

ts derivative. The main point of this exercise is to get the “functorial” aspects right,
;' i.e. the derivative is to be exhibited as a linear mapping from £(X,Y) into £(Y, X)
~ 1.3 We first have to establish some notation, and we do it only in a simple case: For n a
" non-negative integer, let C*(—1,1) denote the space of all real valued functions of class

., C™ on (—1,1) whose n-th derivatives are bounded on that interval. Equipped with the

" norm

Il = (_sup (1A _sup (iroe})
—1<z<1 —-1<z<1

~ C™(—1,1) becomes a Banach space. (This construction can evidently be generalized to
define Banach spaces of C™ mappings, 7 not necessarily an integer, from an open set in
one Banach space into another.)

Now consider the mapping f +— f o f which sends the open unit ball of Cc™(—1,1) into
itself. Show that this mapping is nowhere differentiable from c™(-1,1) to 1tself but
that it is differentiable—in fact, of class C*—from the open unit ball of Cc™(-1,1) into
c*~1(-1,1).

The reason for the non-differentiability will probably strike you as an inessential
pathology, but the non-differentiability of composition operators turns out to have se-
rious consequences.

§2. Fixed point theorems and Newton’s method.
The starting point for this subsection is the Contraction Mapping Principle:

THEOREM 2.1 (CONTRACTION MAPPING THEOREM). Let (X, p) be a complete metric
space; f a mapping of X to itself such that, for some k <1,

p(f(z1), f(=2)) < kp(x1,22) for all z1, z2 In X

Then f has exactly one fixed point z € X, and, for any zo € X, f" (zo) —— Z.

n—oco

15



16 Calculus on Banach spaces 11

The essential observation is that
p(f™ (zo), M(0)) < £"p(f(0), 20)-
From this it also follows that
p(20,2) < (1 — &) ™" p(0, f(=0))-

This estimate implies immediately the following corollary, which shows that the fixed
point varies continuously with the map:

COROLLARY 2.2. Let (X,p) be as in Theorem 2.1; f; and f, two mappings of X to
itself, each contractive with contraction constant k; T; and T; their respective fixed
points. Then

p(55,73) < (1= )05, f(71) < (1= #) ™ sup plfu(e), fo())-

For a differentiable mapping (on a convex set), the obvious way to check contractivity

is to estimate the norm of the derivative:
REMARK: Let z;, z; be two points of 2 Banach space A, and write [z;, 23] for the
straight line segment joining them. Let f be defined and differentiable on. [:cl; :1:2]
Then 1o} Bl 2 sup i
If(e) = @)l < suwp {IDF@I} e = zall, ~7

36[21 1y L2

To apply the Contraction Mapping Theorem to a differentiable mapping on a ball in
a Banach space, it is not enough to know that the derivative of the mapping has norm
less than one on that ball; one also needs to know that the ball is mapped into itself.
The following extremely simple proposition provides a way to check this which is often
useful in practice:

PROPOSITION 2.3. Let f be differentiable on the (closed) ball of radius p about y in

the Banach space X', and suppose there is a constant k < 1 such that ||Df|| < & on
that ball. Then if

1£(20) — 2oll < (1 —K)p
f has exactly one fixed point in that ball.

ProoOF: We have only to check that f maps the ball into itself. But ||z — zo| < p
implies

1£(z) = 2oll < [If(=) = f(zo)ll + [ f(z0) — zoll < ko + (1 - &)p = p,

as desired.
The Contraction Mapping Theorem is a simple and powerful tool, but it does have
the disadvantage that it only works for contractions. By using the circle of ideas around

16



§2 Fixed point theorems and Newton’s method 17

Newton’s method, its range of applicability can be extended considerably. Let us review
the idea of Newton’s method. Let f be a mapping defined on an open subset of a Banach
space X, with values in a Banach space ). To fix ideas, suppose that f is of class C? and
that D f(z) is invertible for each z. We want to find a zero of f, i.e., a Z € X such that
f(2) = 0. The idea is as follows: If we have an approximate zero z,, then near zg, f(z)
may be approximated by the affine mapping f(z¢) + D f(zo)(z — z0), wluch has a zero
at zg — D f(z¢) ™" f(z0). We can then hope that this zero of the affine approximation to
f is a better approximation to a zero of f itself than is the starting point zo and repeat
the process starting there. In other words: We note that a zero of f is the same thing
as a fixed point of

&(z) = z — Df(z)"' f(=),

and we seek a fixed point for ® by iteration. If we suppose that Z is a zero of f, we
can see that this iteration must converge if we start near enough to Z by computing the
derivative of ®:

D&(z) =1— D (Df(z)™?) f(z) + Df(z) ' Df(z)
= —D (Df(z)™?) (=),

which vanishes at #. Thus, simply by continuity, ® is a contraction on a sufficiently
small ball about the fixed point Z, so iterating ® starting at any point in such a ball
gives a sequence which converges to . Furthermore, the convergence is asymptotically
extremely fast, provided that f is of class C3. In fact, if f is of class C*, then @ is of
class C%, and if | D?®|| < K on a ball of radius p about Z, then, if ||z — z|| < p,

12(2) — 2l = [|8(=) — 2(2)]| < (K/2)|l= — 2%,

i.e., the error after n + 1 iterations is of the order of the square of the error after n
iterations, i.e., the number of decimal places of accuracy doubles with each iteration.

In the above discussion we have, for simplicity, started from the assumption of the
existence of a zero of f. It is not difficult, however, to use the preceding proposition to
give a concrete sufficient condition for the existence of a zero which also shows that it
can be found by Newton’s method. The formulation, admittedly a little awkward, is as
follows:

PROPOSITION 2.4. Let f be of class C?, with bounded second derivative, on the ball of
radius p about zo. Assume that Df(z,) is invertible with bounded inverse. We will use
the following notation: M = ||Df(zo)~||, € = [[f(zo)ll, K1 = sup|jz—zq)<, 12 F(2)]];
K3 = SUP|jz—z,||<p | D% f(z)||, We now assume

(1) KipM <1 ,
(@) k=K (1—_%4—114) (e Kup) <1
(3) Me < p(1— x).

17



18 Calculus on Banach spaces 111

Then f has a unique zero in the ball of radius p about zg.

PROOF: The proof consists simply in checking that the various hypotheses suffice to
guarantee that

3(z) ==z — (Df(2))” f(=)

is defined on the ball of radius p about zo and satisfies the hypotheses of Proposition
2.3. We note, first of all, that for z in that ball, |[Df(z) — D f(ze)|| < K1p, and hence
the Neumann series implies that Df(z) is invertible and that

M

” (Df(z))—l ” < Tm

Second, as we have already noted, D®(z) = —D (D f(z)™!) f(=). This actually calls for
a little interpretation. By definition, D®(z) is a linear operator from & to ), whereas
D (Df(z)™?) is a linear mapping from X to £(Y,X); what the above equation means
is that, for any £ € &,

D)t = — (D (Df(2)™) (&) f(2)-

EL(Y,X)

Again using the Neumann series, one checks easily that

D (Df(z)7") (€)(n) = =Df(z) "' D*f(=) (Df(z) "¢, Df (z)"'n) -

Also, ||f(z)|| < € + K;p. Combining all these remarks we see that || D®(zy|| < & for all
z with ||z — zo|| < p. Furthermore, ||®(zo) — zo|| = ||Df(z0) ' f(z0)|| < Me, so our
final assumption is just what is needed to guarantee that the final assumption of the
Proposition 2.3 holds.

The preceding proposition is inconvenient to apply because it requires estimating the
second derivative. For this reason, it is sometimes advantageous to replace Newton’s
method by another approximation scheme which is easier to control. The idea is to
redefine & by replacing Df(z) by some fixed constant invertible operator I'; if I is a
good enough approximation to Df(z) for all = in the ball of radius p about zg, the
redefined @ is still a contraction on this ball. The precise conditions which have to be
satisfied are quite simple:

PROPOSITION 2.5. Let B,(z) denote the closed ball with radius p centered at zq; let f
be a mapping defined on a neighborhood of B,(z¢) taking values in ) and differentiable
at each point of By(zo); and let I' be an invertible linear mapping X — ). If there
exists & < 1 such that

(1) [T~ (Df(=) = T)|| < & for all = € B,(z0).
(2) [T f(=o)|| < (1 —5)p

18



20 Calculus on Banach spaces III

Proor: To prove (1), we simply apply Proposition 2.5 to the mapping f® : z —
f(z, z), with 0 as an approximate zero, I' = D; f(0,0), and z € Z as a “parameter.” We
have to choose p and x. At z = 0, we have I'"* (D f(2)(0) — I') = 0 and I'? f(3)(0) =
0. By continuity, there exist §.,8, > 0 such that ||I"_1 (Df(z)(;r:) - I‘)” < 1/2 for
|z]| < 6, and ||z]|| < é,. By making §, smaller if necessary, we can also ensure that
IT=2£=)(0)|| < 6./2if ||z]| < §.. Proposition 2.5 now applies, with x = 1/2 and p = 6,
for each z with [|z|| < §, and proves (1).

We now turn to the proof of (2). Note that the formula for DX(z) would follow
immediately by differentiating the identity f(X(z),z) = 0, if we knew that X was
differentiable. Proving that X is differentiable, assuming that f is, is an instructive
exercise in the definition of the derivative. To get started, we need to know that X is
continuous. This follows from the proof of Proposition 2.5 together with Corollary 2.2.
To prove differentiability, fix z, and, for sufficiently small 6z, define 6X = X (z + éz) —
X(z). From f(X,z) =0, f(X +6X,z+§z) = 0, and the definition of derivative, we get

D3 £(X, 2)62 + Dy f(X, 2)5X = of[152]) + 6.
Since we have set things up so that we know that D, f(X, z) is invertible, we get
6X = — (D1 f(X,2))™" D2f(X,2)6z + o([182]| + [|6X1]).

A first application of this estimate together with the continuity of X shows that ||§X|| =
O(||6z||), and hence o(||6z] + ||6X]||) can be replaced simply by o(||éz]]). A second
application of the estimate shows, directly from the definition of derivative, that X is
differentiable at z and that its derivative is as indicated in (2).

Once the formula for DX (z) is established, it is straightforward to prove—by differ-
entiating that formula repeatedly—that X is n times differentiable if f is. This process
also leads to an explicit (if unwieldy) formula for the n-th derivative of X in terms of
the partial derivatives (of total order not greater than n) of f. From this formula it
follows at once that if the partial derivatives of f of order n are Hélder continuous of
order a, then so is the n-th derivative of X.

COROLLARY 3.2 (INVERSE FUNCTION THEOREM). Let f be a continuously differen-
tiable mapping defined on a neighborhood of ©o € X, taking values in ). Assume
that D f(zg) is invertible. Then f maps any sufficiently small ball about =y homeomor-
phically onto a neighborhood of f(zy). The inverse homeomorphism is continuously
differentiable, and of class C™ if f is. We have

Df(f(z)) = (Df(=z))™".

ProoF: To prove the local invertibility of f, we need to show that f(z) = y, regarded
as an equation to be solved for z with y fixed, has a unique solution near z, for each y
sufficiently near to f(zo). This follows from the Implicit Function Theorem applied to
(y,z) — f(z)—y. Differentiability of the inverse function also follows from the Implicit

20



§3 The Implicit Function Theorem 19

then f has a unique zero in B(zg).

In fact, the exact conditions of the preceding proposition are not often very important,
but it is simpler to state them explicitly than to formulate qualitatively what it is about
them which is actually used.

PROOF: The proof is almost immediate. Put ®(z) = z — I'"* f(z). Evidently, a fixed
point of ® is the same thing as a zero of f. By a very simple computation,

D&(z) =T~} (I — Df(=)),

so the two condition of Proposition 2.5 are simply reformulations of those of Proposition
2.3.

It should be noted that, although this modified Newton’s method is easier to control,
and requires less regularity, than Newton’s method itself, it does not give the extremely
rapid convergence that Newton’s method does (unless I' = D f(Z), which is hard to
arrange in practice).

§3. The Implicit Function Theorem.
The ideas of the preceding section can be used to prove the Implicit Function Theorem:

THEOREM 3.1 (IMPLICIT FUNCTION THEOREM). Let X, )V, Z be Banach spaces, f a
function defined on a neighborhood U of 0 in X X Z, with values in ). Assume:

(1) For each (zo,20) € U, f(z, 2) is differentiable in = on a neighborhood of z¢, and
the partial derivative D, f(z,z) varies continuously with (z,z) € U.

(2) _f(0,0) = 0.

(3) D;1f(0,0) is invertible.

Then

(1) If 6, > 0 is sufficiently small, there exists §, > 0 such that, for each z with
|lz|| < 8, there is exactly one & with ||z|| < 6 such that f(z,z) = 0. (Intuitively:
For each small z, the equation f(z,z) = 0 has a unique small solution.)

We will from now on suppose that §., , have been fixed once and for all so that the
condition of (1) holds, and are also small enough so that D, f(x,z) is invertible for all
(z,2) in

A ={(z,z):||z|| < é. and ||z|| < 6.} .

We will denote the z corresponding to z by X(z)
(2) If, in addition, f is differentiable on A, X is differentiable on

A.={z:|z] <&},

and

DX (z2) = — (D2 f(X(2),2)) " D1f(X(2), 2).
(3) If fis of class C", r > 1 on A, then X is of class C™ on 6.

19



§3 The Implicit Function Theorem 21

Function Theorem; the formula for the derivative can be derived from the formula
given above for the derivative of an implicitly defined function, but it is easier simply
to differentiate the identity f~! (f(z)) = =z and apply the chain rule.

/Pie Theorem 3.1 is frequently referred to as the “soft” Implicit Function Theorem,

to distinguish it from the much deeper “hard” Implicit Function Theorems of Nash and
Moser.
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CHAPTER IV. INVARIANT MANIFOLDS

§1. Orientation. Let f be a map. A periodic point of f means a point z¢ such that
fP(z0) = zo for some strictly positive integer p. The smallest p > 0 for which this is true
is called the period of f. A periodic cycle of f means a sequence zg, f(zy),-.. fP~2(z,),
where z, is a periodic point of period p. Study of the behavior of a map near a periodic
point can be reduced to study of the behavior near a fixed point by replacing f by f?.
Somewhat more precisely: The motion induced by f near a periodic cycle of period p is,
in a natural sense, the semi-direct product of a cyclic permutation of order p with the
motion induced by fP near any point of the cycle. The cyclic permutation if “trivial”;
we therefore focus our attention on the case of a fixed point.

Thus, let f be a differentiable mapping defined on an open set in a Banach space
€, with a fixed point zo. Near this fixed point, f is well approximated by the linear
mapping ¢ — f(z¢)+ Df(z¢)(z — z¢). The question we want to address in this section
is: To what extent is the dynamics of f near the fixed point like the dynamics of D f(zg)?

One nice situation, which happens reasonably frequently, is that, near the fixed point,
f differs from Df(zo) only by a change of coordinates. More precisely, what we mean
is that there is an invertible mapping ¢, defined on a neighborhood of 0 and mapping
0 to zg, such that f = #Df(z¢)¢~! on a neighborhood of 0. We speak of such a ¢ as
a linearization of f (near z,), or we say that ¢ conjugates D f(zg) to f (near zq). It
matters a lot how much regularity ¢ is required to have. In order to be of any interest
at all, a linearization must be at least a homeomorphism, in which case we speak of a
topological linearization. As we shall see later on, topological linearizations exist quite
often—not always—but the information they give about the dynamics near the fixed
point is too coarse to be very useful.

Linearizations with some degree of differentiability are more useful than ones which
are merely topological, but conditions for their existence are more complicated. For ex-
ample, among maps of class C*, “most” (in a sense which we will not define here) admit
C® linearizations, but a dense set of them do not. Because the existence or non-existence
of a smooth linearization depends on delicate properties of the map, these linearizations
are not very effective tools for analyzing general smooth maps. Nevertheless, it can
be a helpful heuristic device to imagine that linearizations exist. Judiciously chosen
“obvious” facts about linear maps often extend to give useful and less trivial properties
of general maps. For example: Suppose f admits a C? linearization, with C! inverse, at
the fixed point zo. Without loss of generality, we can assume that D¢(0) = 1.* Now
if £, is a linear subspace of £ invariant under D f (o), #& is an invariant manifold for
f. (Actually, since we are only supposing that ¢ is locally defined, this manifold is in
general only locally invariant in an appropriate sense. This manifold passes through =z,
and its tangent space there is exactly the subspace £;. Thus, if a smooth linearization
exists, invariant subspaces for Df(z)—about which spectral theory provides detailed
information—give rise to locally invariant manifolds for f. It is then natural to ask

*In general, we get from the chain rule that Df(z0) = D$(0)Df(z0)D¢(0)~1, i.e., D¢(0) commutes
with Df(zo). Hence, replacing ¢ by ¢ o [D¢(0)~1] gives a new linearization whose derivative at 0 is
the identity.
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§2 Linear stability analysis 23

to what extent this correspondence can be established without assuming the existence
of a smooth linearization. It turns out, in fact, that a strict correspondence between
invariant subspaces and invariant manifolds breaks down in general, for roughly the
same reasons as does the existence of smooth linearizations, but that there are some
“dynamically defined” invariant subspaces for Df(z,) to which there do correspond
invariant manifolds. The study of these questions will be the main topic of this chapter,
but, before beginning on it, we will look at a simpler relation between the dynamics
of f near a fixed point zo and the dynamics of Df(zo), manifested in what is called
“linear stability analysis”.

§2. Linear stability analysis. A fixed point z, for a mapping f will be said to be
attracting if there exists a neighborhood U of zo whose images under f shrink down
uniformly to {zo} in the sense that, for any neighborhood V of z4, f"U C V for all
sufficiently large n. (Although we ha.ve not explicitly assumed that &/ is mapped into
itself by f, we can add this assumption without making the definition more restrictive;
simply replace U by Ui, f™U.)

This definition calls for two comments on terminology. The first comment is that
what we call an attracting fixed point is commonly called a stable or (in the older
hterature) asymptotically stable fixed point. The reason for this terminology is that, if
we imagine perturbing an a attracting fixed point slightly, we get another initial point
whose orbit converges back to that of the unperturbed fixed point. The term “stable”
is, however, overused in dynamical systems theory, and I have preferred to reserve it
primarily to refer to properties of a system which are preserved under small changes in
that dynamical system (as opposed to properties of an orbit which are preserved under
small changes in initial condition). The second comment is that the above definition of
attracting fixed point is never satisfied by a Hamiltonian dynamical system (at least on
a finite-dimensional state space); such systems, because they preserve volumes in state
space, cannot map a set { of nonzero volume into an arbitrarily small subset of itself.
There is another definition of stability more appropriate for Hamiltonian systems: A
fixed point z is said to be Lyapunov stable if, for any neighborhood U of z4, there exists
a (smaller) neighborhood V such that f*V C U for all n > 0, i.e., any orbit starting
sufficiently near to zo stays near forever.

Whether or not a fixed point is attracting can often be determined from the spectrum
of the derivative at that fixed point.

PROPOSITION 2.1. Let f be a mapping of class C'; z¢ a fixed point of f.

(1) If the spectral radius of D f(zg) is strictly less than one, z, is attracting.
(2) If Df(zo) is a compact operator, and if the spectral radius of D f(z) is strictly
greater than one, x4 is not attracting.

Thus, at least in the case where D f(z¢) is compact—and in particular in the finite-
dimensional situation which is our principal interest—the spectral radius of D f(zg)
determines whether or not zy is attracting unless it is exactly one. I do not know

whether (2) is true without some assumption like compactness to permit the splitting
off of the part of the spectrum W1th largest modulus.

23



24 Invariant manifolds v

PRrRoOF: We will prove only (1). We choose a norm such that ||Df(zg)|| < 1; then, by
continuity of the derivative, there exist £ < 1 and p > 0 such that ||Df(z)|| < & for all z
with ||z — zo|| < p. We take U to be the ball of radius p about zg; then forn = 1,2,...,
f™U is contained in the ball of radius ™ p about z;. Any neighborhood V of z, contains
the ball of radius «™p for all sufficiently large n. L

The analogue of the above considerations for flows is as follows: A stationary solution
of a differential equation

dz

o A,

a2

means an o such that X(zo) = 0. Then z; is a fixed point for the solution flow f* for
all . (Recall: It is our one of our standing hypotheses for flows that X (z) possesses
enough regularity to guarantee uniqueness of solutions.) A stationary solution’z, is
attracting if there is a neighborhood U of z4 such that, for every neighborhood V of T,

f{(U) C V for all sufficiently large £. By the uniform continuity of {f*:0 <t < 1}, it is
enough to guarantee that for every neighborhood V, f*% C V for all sufficiently large
integers n, i.e., a stationary solution of a differential equation is attracting if and only
if it is an attracting fixed point for the corresponding time-one solution map.

The spectrum of the derivative of the time-one solution mapping at a stationary
solution is also easy to compute—given the spectrum of the linearization DX (zo) of the
differential equation—using the first variational equation. The idea is as follows: Let
z(t), 0 < ¢ <t be a solution of the differential equation. Write V(t) for Df*(z(0)).
Then V(¢) satisfies the linear differential equation

X _xex)
dV - A . Ef_(z_"'ingn__x B
i V(t)DX(z(t)) with initial condition V(0) =1. DR
At i =-j

This equation, furthermore, determines V(t). In the simple case where z(t) = zg, we
get
V(t) o etDX(zo),

and hence we have

COROLLARY 2.2. A stationary solution z, of the differential equation

dz

— = X(z(¢

= = X(a(1)

is attracting if the spectrum of DX (=) is contained in the open left half-plane; in finite
dimensions, such a stationary solution is not attracting if the spectrum of DX (z,) is
not contained in the closed left half-plane.

§3. The stable manifold: Setting up the problem. We will say that a fixed point
zg for a differentiable mapping f defined on an open set in a Banach space £ is hyperbolic
if Df(zo) is a hyperbolic linear operator. (Recall that in §II.4 we defined a linear
operator to be hyperbolic if its spectrum is disjoint from the unit circle.) By Corollary
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26 Invariant manifolds v

set of points near z, whose orbits remain near z; and in fact converge to it with
distance decreasing faster than (p_ + €)™ for all € > 0.

(3) p— =1, in which case we speak of a center-stable manifold.

We will use the following notation: We write the space on which f acts as £_ @ &,
and we put the fixed point zo at the origin. When referring to points of £_ @ £, we
will generally use z (with subscripts, accents, etc.) to refer to the £_ component and y
to refer to the £, component. We denote by A_ and A the restrictions of Df(0) to £_
and &4 respectively. The spectral radius of A_ is p_; A is invertible and the spectral

“radius of A;l 1s pf‘. We can therefore equip £_ and £, with norms such that

IA-[IAZH ] < 1.

If p_ < 1, we also arrange that
Al < 1.

We equip £_ @ £; with the norm
(2, )l = max{[], [|ly[[}-

We then split off the linear part of f near the origin by writing:

(3.1) [ 1Gy) = Aoz + f-(5,9), Asy + F1(2,0)); |

where the fi vanish, together with their first derivatives, at the origin.

We will refer to the fi as the nonlinear partof f. A first very important observation
is that, because we want to prove a result which is local at the fixed point, we can
without loss of generality assume that the fi are “small”. This goes as follows: By
assumption, the fi are continuously differentiable and vanish, together with their first
derivatives, at (0,0). Hence, the norms of their first derivatives can be made as small as
we like on the ball of radius € about (0,0) by making ¢ small. We can then replace f by

1 4 J ; 4
z — —f(€ez) to get a new mapping with the same linear terms as f but whose non-linear
€

terms have first derivatives which are uniformly as small as we like on the unit ball.
That is: Working on the unit ball with the fi small in the C! sense is equivalent to
working on a small ball for a general C! mapping f. We will refer to this reduction as

“magnification”.
The next step is to determine when the graph of a mapping w from £_ to £, is

mapped to itself by f. To answer this question we write out, in our detailed notation
(3.1) for f, the image under f of a general point of the graph of w:

£z, w(2) = (A—z + f (2, 0(2)), Ay (=) + f1 (2, w(2)).
This will again be in the graph of w if and only if
Ajw(z) + fr(z,w(z)) =w(A_z + f_(z,w(z))),
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§3 The stable manifold: Setting up the problem 25

I1.4.2, there is then a splitting of £ as a direct sum of two closed linear subspaces £, and
&y, each invariant under D f(z,), such that the spectrum of the restriction of Df(zo) to
€, is entirely inside the unit circle and that of the restriction to &, is entirely outside the
unit circle. Our principal objective in this chapter is to prove the existence, uniqueness,
and smoothness of an invariant manifold for f, passing through z, and tangent there
to &. This invariant manifold is known as the stable manifold for f at zy. To be
slightly more precise: We will concentrate, for the first part of the analysis, on the
behavior in the immediate vicinity of the fixed point, and will construct only a little
piece of invariant manifold. In nice cases, it is possible to extend the small invariant
manifold we construct here in a natural way to a global invariant manifold. Thus, what
we are concerned with here is more properly called a local stable manifold. Invariant
manifolds tangent to £, are also important; they are called u,n._s-}fable_,mgnifolds. If fis
invertible, an unstable manifold for f can be constructed as the stable manifold for T,
As we will see later on, however, unstable manifolds can also be constructed without
the assumption that f is invertible.

It turns out that the argument we are going to give for the existence and smoothness
of the stable manifold works, with almost no extra effort, to prove the existence—and
to some extent the smoothness—of more general invariant manifolds, including what
are known as center manifolds. It is worthwhile, therefore, to give this argument in a
slightly more general context. For this purpose, we introduce the following notation:
By a gap in the modulus of the spectrum of an operator A we mean an open subinterval
(p—,p+) of the positive real axis such that the spectrum of A does not intersect the
annulus {A : p_ < |A| < p1} but does intersect both of the circles {A:|Al = p+}. With
this terminology, the condition that A is hyperbolic can be expressed by saying that 1
belongs to a gap in the modulus of the spectrum of A. Given any gap in the spectrum of
an operator 4 on a Banach space £, there is a corresponding direct sum decomposition

g=£_®g+,

where £_ is the spectral subspace corresponding to the part of the spectrum of A inside
the annulus {A: p_ < [A\| < p4} and £, is the spectral subspace corresponding to the
part of the spectrum outside this annulus. We are going to study invariant manifolds
for a continuously differentiable mapping f with fixed point zy which are tangent to a
subspace £_ corresponding to a gap in the modulus of the spectrum of D f(z,).

We will call such manifolds generalized stable manifolds. A few particularly important
cases are:

(1) The gap in the modulus of the spectrum contains one, in which case the fixed
point is hyperbolic and the invariant manifold is the ordinary stable manifold.
The term stable manifold is also sometimes used in the case P+ =1, ie, a
stable manifold means an invariant manifold tangent to the spectral subspace
corresponding to the part of the spectrum strictly inside the unit circle.

(2) p+ < 1 (whichimplies p_ < 1). In this case, we speak of a strong stable manifold.
As we shall see, a strong stable manifold can be characterized dynam.ically as the
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§3 The stable manifold: Setting up the problem 27

i.e., if and only if

(3.2) w(z) = A7 (w (A_z + f_(2,(=))) - f+(z,0(2)).

Now the right-hand side of (3.2) can be taken as defining a non-linear operator on
function w, i.e., (3.2) can be interpreted as the fixed-point equation w = F(w) where

(3.3 | F(w)(z) = A7 (w A=z + f-(z,w(z))) = Fo @, 0(=)

The final result, then, is that the graph of w is mapped into itself by f if and only if w
is a fixed point for F as defined in (3.3). Note that the fixed point condition includes
the requirement that the right-hand side of (3.3) is defined on all of the domain of w,
i.e., that A_z + f_(z,w(z)) is in the domain of w for all z in the domain of w.

The idea now is to choose a function space on which the operator F is a contraction.
At first glance, it appears that it could be made to be contractive on the space of
continuous functions with the supremum norm because of the overall contractive factor
of A;l. For a variety of reasons this turns out not to be a good approach; a better idea
is to observe that the operator should contract the first derivative of w by a factor of
about ||[A7'|||A=||. Showing that the operator is contractive in a supremum norm on
first derivatives is not quite satisfactory either; it leads to complicated estimates and
does not seem to give the strongest possible results. The space which turns out to work
well is a space of Lipschitz continuous functions, equipped with a judicious modification
of the supremum norm. The great advantage of working with Lipschitz functions is
that a Lipschitz condition is almost as good as a bound on the first derivative for
making estimates but Lipschitz continuity, unlike differentiability, is well-behaved under
uniform—or even pointwise—limits.

We need to introduce a little formalism. If (X, p1), (X2, p2) are metric spaces, we
say that a mapping f : X1 — X3 is Lipschitz continuous if there exists a constant k
such that

pr(f(=), £(=) S kpa(e, ') for all 2,2’ € X

The set of k’s for which this inequality holds is closed; its infimum will be denoted by
Lip(f). If the range space is a normed vector space, then the set of Lipschitz continuous
functions is a vector space and Lip(f) is almost a norm on this vector space. Although

it fails to be a norm because it vanishes on constant functions, we will nevertheless refer
to Lip(f) as the Lipschitz norm of f.
The Lipschitz norm has very nice properties with respect to composition of functions:

PRroOPOSITION 3.2. Let (Xi1,p1), (X2,p2), (X3,p3) be metric spaces, f : X; — X, and
g : X2 — X3 Lipschitz continuous mappings. Then g o f is Lipschitz continuous and

Lip(g o f) < Lip(g) Lip(f)-

ProoF: For z, z' in X,

p3(9(f()),9(f(="))) < Lip(g)p2(f(z), f(=')) < Lip(g)Lip(f)p1(z,z").
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28 Invariant manifolds v

Once we have decided to look for the invariant set as the graph of a Lipschitz con-
tinuous function, it is no longer necessary to assume that f is continuously differen-
tiable. Instead of requiring that fi be continuously differentiable on the unit ball with
uniformly small first derivatives, it suffices to assume instead that they are Lipschitz
continuous with small Lipschitz norm.

We have thus reworked the problem we want to solve into the following: We have
two Banach spaces £_ and £, equipped with operators A_ and A4 respectively. We
assume that A, is invertible and that s S

IA-[HIAZH] < 1.

(This condition depend on what norms we are using on the Banach spaces £_ and £,.
We can always choose the norms so that the condition holds provided that the spectral
radius p_ of A_ is strictly smaller than p,, the infimum of |A| over the spectrum of
A4.) It will be convenient to equip the direct sum space £ = £_ @ &4 with the norm

Iz, 9)Il = sup {[[=[], [ly/|}-

We consider maps f defined on the unit ball of £ of the form

(3.1) f(z,y) = (A_z + f_(z,y), Ay + fi(2,7)),

_where the f; are Lipschitz continuous and vanish at the origin. We want to show that,
provided the Lipschitz norms of the f. are small enough, there is a unique mapping w
from the unit ball of £_ into £, with w(0) = (__)_émd Lip(w) < 1, which satisfies the
functional equation (3.2) on the unit ball of £_. I S e

To simplify the formulas arising in the course of the proof, it is convenient to introduce

a streamlined notation. We write (3.2) and (3.3) as

(3.9.) w(z) = Fle,u(z), w(e(z,w(e) = Fw)(=),
where

(3.9.5) Fleuy) = A7 ' — fi(e,y)]

and

(3.9.c) v(z,y) = A._.m +_ f’_(qz_,gi)

Note that

v(0,0) =0 and F(0,0,0) =0,

(and, if the fi are differentiable with first derivatives vanishing at the origin, then
D,F(0,0,0) = 0.) When we consider functions of several variables, like F' and v, we
will write Lip; for the Lipschitz norm with respect to the i-th variable with the other
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§4 Generalized stable manifolds: the functional equation 29

variables held fixed (i.e., in the differentiable case, the supremum norm of the i-th partial
derivative.) From the definitions, we have

Lip: (F) < [|ATY|| Lipa(£-),

Lip,(F) < [|AZ || Lip1(£4),
Lips(F) = [|AFY],

Lip1(v) < [|A-|| + Lip:(£-),

and

Lipy(v) < Lipa(f-).

Thus, all these Lipschitz norms except Lips;(F') and Lip;(v) can be made as small as we
like by making f4 small in Lipschitz norm, and the remaining two can be made almost
as small as ||A7'|| and ||A_|| respectively. Finally, we will write X and ) for the two
Banach spaces rather than £_ and £,.

§4. Generalized stable manifolds: the functional equation.

To construct a solution to the invariant manifold problem as set up in the end of
the preceding section, and to prove its uniqueness, we will construct a complete metric
space of candidates for w on which F is defined and contractive. The space we use will
be the set Xr of Lipschitz continuous mappings w from the unit ball in X to ) with
w(0) = 0 and Lip(w) < 1. We equip Xx with the metric

= wg| = sup 122(Z) — w2(@)]
270 [z

Since the w;, i = 1,2, vanish at zero and have Lipschitz norm majorized by one, the
supremum is no larger than two. Note that we are not using the Lipschitz norm as a
metric. Instead, we are using essentially a weighted supremum norm, which is much
weaker, but which nevertheless makes Xr into a complete metric space.

Rather than stating a formal result at this point, we are going to proceed to develop
an argument, deriving along the way a set of conditions on F' and v needed to make
the argument work; the conclusions will be collected at a proposition formulated at the
end.

The first point we have to deal with is that of making sure that, for all w in X,
the right-hand side of (3.9.a) is defined on the whole unit ball of X, i.e., that for any
w € Xr, the mapping = +— v(z,w(z)) sends the unit ball into itself. Since it maps 0 to
0, it suffices to show its Lipschitz norm is not greater than one. But the Lipschitz norm
of this mapping is certainly not greater than

Lip1(v) + Lip2(v)Lip(w) < Lip1(v) + Lipz(v).
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30 Invariant manifolds v

We will for the remainder of this section use the (not strictly consistent) notation of
writing Lip'(v.) for Lip; (v) + Lip2(v), so our first condition on v and F' can be written as

(4.1) Lip(v) < 1.

Looking back at the original problem, we see that it will be possible to satisfy this
condition if [[A_|| < 1,1i.e.,if p_ < 1. We will introduce shortly a device to get around
this limitation, but for the moment we impose (4.1).

Next, to show that F maps X to itself, we have to verify that Fw(0) = 0 (which is
immediate from w(0) = 0, ¥(0,0) = 0, and F(0,0,0) = 0) and that Lip(Fw) < 1. But

Lip(Fw) < Lip;(F) + Lip,(F)Lip(w) + Lips(F)Lip(w) [Lipyv + Lip,vLip(w)]
< Lip1(F) + Lipz(F) + Lips(F) [Lipyv + Lip,v]

where we have used Lip(w) < 1. Thus, to guarantee that F maps Xr into itself, we
require

(4.2) . Lip1(F) + Lip2(F) + Lips(F)Lip(v) < 1

To find conditions under which F is contractive on X’ F, we take an arbitrary pair of
element w; and w, in Xx, and an arbitrary z # 0, and estimate

Fwy(z) — Fuwa(z) =F(z,w1,w1(v1)) — F(=,ws, w1 (v1))
+ F(z, w2, w1(v1)) — F(z,ws, wy(vs))
+ F(z,wz,w3(v1)) — F(z, w2, w(v2))

where we have suppressed many arguments, using the convention that w; without ar-
gument means w;(z) and that v; means v(z,w;(z)). We then use the estimates:

lv1 = v2]| < Lipz(v)|lwr — we|| ||,

lwa(v1) = wa(v2)|] < [lwy — wal[Lip(v)]<]],

to get
|Fwi(z) — Fwa(z)|| < [Lipa(F) + Lips(F)Lip(v) + Lips(F)Lipa(v)] [|wi — wa|[|z]-

Dividing by ||z|| and taking the supremum over z, we see that F is a contraction on Xr
provided

Thus: If (4.1), (4.2) and (4.3) all hold, then (3.9) has a unique solution, as desired. We
will, from now on, denote this unique fixed point simply by w.

30



§4 Generalized stable manifolds: the functional equation 31

We next want to introduce a new idea which makes a version of the above argument
work without the assumption Lip(v) < 1. The idea is to cut off the non-linear terms in
f away from the origin to get a mapping which is globally close, in a Lipschitz sense, to
a linear mapping and to apply the analysis developed above to prove the existence of a
global invariant Lipschitz manifold W for the cut-off mapping. The cutting-off is done
in such a way as to make the cut-off mapping agree exactly with f on a neighborhood of
the fixed point; then the manifold W which is globally invariant for the cut-off mapping
is locally invariant for f in the sense that, for &/ a small enough neighborhood of the
fixed point, if z € U N W, and f(z) € U, then f(z) € W.

More explicitly: Consider a mapping f of the standard form

f(z,y) = (A_z + f-(2,9), Avy + f+(z,9))-

with fi small in Lipschitz norm. Choose a Lipschitz-continuous real-valued function
on A" which is identically equal to one on a neighborhood of 0 and identically zero for
lz]l > 1 — € for some strictly positive €. Such a function can easily be constructed by
composing the norm with a smooth function on the positive real axis which is one on
a neighborhood of 0 and 0 to the right of 1 — e. (Note, however, that the remarks in
§II1.1, it may not be possible to take % to be differentiable if X is infinite dimensional.)
Define

f-(z,9) = $(z)f-(=2,)
?—:(37 y) = '¢(z)f+(z’ y)
) = (A2 + F(@ ) Asy + Fi(2,))

Although f might not have been defined on all of £, we can evidently extend ;’:, ?.:.
to vanish when ||z|| > 1 and extend fcorrespondingly. By making Lip(f_) and Lip(f)
small on the unit ball, we can guarantee that the Lipschitz norms of 3’: and ;’: taken
over the set of all (z,y) with ||y|| < ||z|| with no restriction at all on z are as small as
we like.* Dropping the tildes, we are led to consider a global version of the invariant
manifold problem, i.e., to consider a mapping f which is defined and uniformly near to
linear in the sense of Lipschitz norm on—essentially—all of X @ ) and to look for a
function w defined and satisfying the condition Lip(w) < 1 on all of X whose graph is
mapped into itself by f. Reexamination of the argument in the first few paragraph of
this section shows that it works perfectly in this situation, without requiring Lip(v) < 1,
provided that all the Lipschitz norms are understood to be taken over the appropriate
domains, e.g., the Lip;(F) is to be understood as taken over the domain

{9 y): vl <zl and |yl < |lz|| with no restriction on z.}

*We could have taken a cutoff function 1 which cuts off in both z and y, in which case the condition
ll¥ll £ llz|]| would be unnecessary. Cutting off only in z has the advantage that it may be easier to
find smooth cutoff functions on £ than on £ (particularly if £_ is finite-dimensional and £; infinite-
dimensional.)
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32 Invariant manifolds v

From now on, we will carry simultaneously two versions of the argument, a local version
where F(z,y,y') and v(z,y) are defined for z,y,y' in the unit balls of their respective
spaces and Lipschitz norms taken over these unit balls, and a global version where z
runs over all of X’ and y,y' are constrained only to have norms not greater than that of
z. In the local case, we always assume in addition that

Lip(v) £ 1;

this guarantees that there are no domain problems involved in making sense of the
functional equation.

Although the main arguments are exactly the same in the local and global cases,
the results obtained in the global case, i.e., in the invariant manifold problem from
which we started, for p_ > 1, turn out to be considerably less satisfactory than those
for p_ < 1. First of all, in the infinite-dimensional situation, there is the problem of
whether the cut-off function % can be taken to be smooth, or, more generally, whether
we can find a way of cutting off f to produce a smooth f with globally small non-linear
terms. Unless this can be done, there would seem to be no hope of showing that w
is smooth. We will see shortly that, if we add to our hypotheses the assumption that
fx are continuously differentiable with derivatives vanishing at zero, then the function
w is also continuously differentiable and has derivative which vanishes at zero, i.e., its
graph is a C! submanifold tangent to X at the zero. The next difficulty arises if one
wants to prove more smoothness for w. The assumption that f is of class C*—which
can certainly be arranged if f itself is of class C™ and if there exists a cut-off function
¥ of class C™—does not suffice to guarantee that w is of class C™; it is also necessary
to assume that ||A_||*||A7}|| < 1. If the spectral radius of A_ is greater than 1, this
condition can only be satisfied for n not too large. Finally, there are problems with the
uniqueness of the invariant manifold. The Contraction Mapping Theorem assures us
that the global function w is uniquely determined by the condition of global invariance
of its graph under the global cut-off mapping. This does not imply—and we will later
see from examples that it is not true—that the restriction of w to a small neighborhood
of the fixed point is independent of the cut-off. That is: For p- =2 1 there may be
many locally invariant manifolds tangent to £_. This is a reflection of the fact that,
for p_ > 1, local invariance is not really a local property: The invariant manifold can
contain orbits which start out arbitrarily near to the fixed point but which get well away
from it. In spite of these drawbacks, the center-stable manifold (the invariant manifold
given by this argument when p_ = 1) is still quite useful.

Next, we will assume that F and v are continuously differentiable, with D, F(0,0,0) =
0 and seek conditions which guarantee that the fixed point w of F is also continuously
differentiable. In outline, the argument is going to go as follows: Tf we knew that
was differentiable, we could differentiate the functional equation w to get the functional
equation

Dw(z) = D, F + D, FDw + D3 F Dw(v)[Dyv + DyvDuw)

for its derivative. Here again, we have suppressed arguments, and, from here on, we will
normally leave them out when it is obvious from the context what they should be. We
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84 Generalized stable manifolds: the functional equation 33

first argue that this functional equation, with w fixed, uniquely determines Dw. That
is: We define an operator K acting on a space of mappings from X to £(X,)) by

(44) K:O'(.T.) = D1F+ DzFU -+ DsFO'('U)[D]_’U + Dg'UU],

and show that this mapping has a unique fixed point in an appropriate function space.
Again, we denote this unique fixed point simply by ¢. Thus, although we do not yet
know that w is differentiable, we know that if it is differentiable its derivative must be
o. We then use the functional equations for w and o to verify that o has the defining
property of the derivative of w—i.e., that w(z + §z) — w(z) — oéz is o(§z)—and hence
that w is indeed differentiable.

We will work in the space Xx of continuous mappings o from X to £(X,)) with
o(0) = 0 and |lo(z)|| < 1 for all =. (This last bound is chosen to correspond to the
condition Lip(w) < 1.) We equip Xx simply with the supremum norm. From the
definition (4.4) of K, and from v(0,0) = 0, w(0) = 0, and D, F(0,0,0) = 0, it follows
that Ko (0) = 0 if 0(0) = 0. Also, simply by taking the norm of the defining equations,
and using estimates like || D, F|| < Lip;(F'), we see that ||Ko(z)|| < 1 for all z provided
lo(z)|| <1 for all £ and provided

Lip; (F) + Lip2(F') + Lips(F)Lip(v) < 1.

This latter condition is exactly (4.2) (and this is not an accident; (4.2) was what was
necessary to guarantee that 7 preserves the condition Lip(w) < 1.)
To find conditions which make X a contraction, we use the definition to write

Koi(z) — Koy(z) =Dy F (0 — 02) + D3 F(o1(v) — 02(v))[D1v + Dyoy]
+ D3FO’2D2’U(O’1 - 02).

Taking norms and estimating in a completely straightforward way shows that K is a
contraction provided

Lip;(F) + Lips(F)Lip(v) + Lips(F)Lip2(v) < 1,

and this is exactly (4.3), i.e., the condition needed to make F contractive.
We thus now let o denote the unique fixed point for K in Xx. We want to show that
o(z) is the derivative of w at z for each point z. For this purpose, define

M = suplimsup (2 + &2) — w(z) — o(z)bz| ;
T Sz—0 ”63”

The idea will be to use the functional equations to show that M < kM for some & < 1.
Since M is finite, this implies M = 0, which is exactly the statement that o(z) is the
derivative of w at z for all . (Finiteness of M follows at once from the finiteness of
Lip(w) and uniform boundedness of o(z).)
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34 Invariant manifolds IV

To keep the formulas of reasonable size, we introduce the abbreviations:

bw = w(z + éz) — w(z)

bv = v(z + bz, w + fw) — v(z,w)

From the functional equation for w, and the assumed differentiability of F,
bw = D1 Féz + Dy Féw + D3 Flw(v + 6v) — w(v)] + o(éz).

We then multiply éz by the expression given by the functional equation for o(z) and
subtract from the above equation; this gives

bw — 0éz = Dy F [bw — obz] + D3 Flw(v + §v) — w(v) — o(v)§v]
+ D3 Fo(v) [6v — Dyvéz — Dyvéw)
(4.5) + D3 Fo(v)Dyv [§w — odz] + o(éz).

By the differentiability of v,

6v — Dyvéz — Dyvéw = o(8z).

Also,
[[6v]| < Lip(v)l|é|l,
and hence
fiisup lw(v + 6v) — w(v) — o(v)év|| < Lip(v) M.
5210 |62

Taking norms of both sides of (4.5), dividing by the norm of §z, letting éz tend to 0,
and inserting the preceding two estimates gives

fmsap 18w = 7(2)6e]
P T

< [Lip2(F) + Lips(F)Lip(v) + Lips(F)Lip,v] M,

so w is differentiable, with derivative o, provided
Lips(F') + Lips(F)Lip(v) + Lips(F)Lipsv < 1,

and this is precisely (4.3).

Next, we assume that the first derivatives of F' and v are a-Holder continuous, with
0<a<1,and try to prove that o is also a-Hdlder continuous. It will be convenient
to define a “Hélder norm” generalizing the Lipschitz norm already introduced: If g is
an o-Hélder continuous function from (X1, p1) to (X2, p2), then Hol,(g) will denote the
smallest constant k such that

p2(9(2),9(z")) < kpy(z,2')*  for all 2,2' in X;.
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§4 Generalized stable manifolds: the functional equation 35

The idea will be to try to find a bound on Hol,(o) which is propagated by K. We can
then restrict Xx to the subspace of ¢’s satisfying this bound; the restricted X is still
complete in the original metric, so K has a fixed point in it, and this fixed point must
be Dw by uniqueness of the fixed point in the unrestricted Xx.

Thus, let o € Ax be a-Holder continuous. For any z; # z,, we have

Ko(zy1) — Ko(z2) = D1Fy — D1 F> + (D2 Fy — Dy Fy) oy
+ Dy F; (01 — 02) + (D3 Fy — D3y F3)o(v1) (D1v; + Dyvyoy)
(4.6) + D3 F, (0(v1) — 0(v2)) (D1v1 + Davyoq)
+ D3 Fy0(v2) [((D1v1 — D1v3) + (D2v1 — Dyvy) 01 + Davs (07 — 02)]

Here we have written subscripts 1 and 2 to indicate objects to be evaluated at z = z,
and ¢ = z, respectively. This notation is superimposed on our usual suppression of
arguments. Thus, for example, D; Fi means D, F(z1,w(z1),w(v(z1,w(z1)))).

In equation (4.6), each of the terms D1 Fy, — Dy Fy, Dy Fy — Dy Fy, D3Fy, — D3 F5,
Dyvy — D1vz, and Dyv; — D,v, is bounded by a constant multiple of ||z; — z2||*, with
a constant which doesn’t depend on the z’s nor on o. Also,

llo(v1) — o(v2)l| < Hola(a)[lvs — v2||* < Hola(o)Lip(v)*||z1 — 22|*.
Taking norms of both sides of (4.6) and using these remarks, we get a bound of the form

[Ko(z1) — Ko(zz)|| < Allz1 — 22|
+ [Lip2(F) + Lips(F)Lip(v)'* + Lips(F)Lipz(v)] Hola(o)||z1 — 22|,

with A independent of o, z;, and z;. Thus, if we require

(4.7) Lip2(F) + Lips(F)Lip(v)**® + Lips(F)Lip2(v) < 1,

and if we write x for the left-hand side of (4.7) and B for A/(1 — &), we get
Holy(c) £ B implies Hol,(Kc) < B

and so

Hol,(Dw) < B.

We next take up the question of higher dlfferentla.blhty To start with, we want to
assume that F is of class C2 and show that w is also. We can write the functional
equation satisfied by Dw in approximately the same form as the functional equation
satisfied by w:

(4.8a) Dw(z) = F(z, Dw(z), Dw(3(z)))
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36 Invariant manifolds v

where

(4.8b) F(z,0,0') = D1F + Dy;Fo + D3 Fo' [Dyv + Dyva]
and

(4.8¢) 7(z) = v(z,w(z)).

We already know that, provided the appropriate bounds hold, the solution of (4.8)
exists and is unique in the space of continuous functions with norm bounded by one,
and that it is Lipschitz continuous if the first derivative of F' is. We would like to use
the argument given above to deduce the differentiability of w from that of F and v to
deduce the differentiability of Dw from that of F' and %, which in turn follows if we
know that F is of class C2.

The functional equations (3.9) and (4.8) are, however, sufficiently different so that it
is necessary to repeat the argument with appropriate modifications; the result we want
does not follow formally from the argument already given. On the one hand, equation
(4.8) is considerably simpler to treat than (3.9) because 7 depends only on z, and not
on o(z). (We are now supposed to regard w as “known” and fixed.) This simplification
already permitted us to treat the existence and uniqueness problem for (4.8) directly
in a space of continuous functions equipped with the supremum norm, without the
refinements needed to treat these questions for (3.9). On the other hand, the specific
bound Lip(s) < 1, analogous to the bound Lip(w) < 1 for (3.9) may not be satisfied.

Differentiating (4.8) formally shows that the derivative of D?w, if it exists, must
satisfy

D*w(z) = Dy F + D, FD*w + Dy FD*w(5)D.

Accordingly, define an operator F(?) by
(4.10) FPo®(z) = D, F + D,Fo'® + D; Fo'?(5) Ds.

Note that () is linear (or, more precisely, affine.) We are going to let this operator act
on the space of all bounded continuous functions equipped with the supremum norm.
It is nearly immediate that

(4.11) Lip,(F') + Lips(F)Lip(7) < 1,

implies that (2 is a contraction in the supremum norm and hence that it has a unique
bounded continuous fixed point, which we will now denote simply by w(2), (A further,
very minor, difference between this analysis and that given for first derivatives is that
w(?)(0) need not vanish. We simply do not put the condition ¢(?)(0) = 0 into the
definition of the space, and so do not need to verify that the operator F(2) preserves
it.)
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85 Expanding and contracting wedges 37

It is useful to re-express the condition (4.11) in terms of the original functions F' and
v. From the definitions (4.8bc) it follows almost immediately that

Lip(F) < Lip2(F) + Lips(F)Lipa(v)

Lips(F) < Lips(F)Lip(v)
Lip(?) < Lip(v).

Hence (4.11) follows from
(4.12) Lips(F) + Lips(F)Lip(v)? + Lips(F)Lip2(v) < 1,

and this is the same as condition (4.7) with o = 1.

If we now look back at the analysis showing that the unique fixed point of K is
indeed the derivative of the unique solution of (3.9), we note that the only terms for
which we had to use the estimate ||o(z)|| < 1 were multiplied by Dyv and hence do not
appear at all in the present analysis. That proof therefore applies to the present case as
well and shows that Dw is continuously differentiable provided that (4.11) holds, and
hence provided that (4.12) holds. Similarly, the argument showing that Dw is a-Holder
continuous applies to show that, if D?F is a-Hélder continuous, and if

Lipz(F) + Lips(F)Lip(v)*** + Lips(F)Lipa(v) < 1,

then D?w is a-Holder continuous.

If we then proceed to analyze the third derivative of w, assuming that F is of class
C®, we find that the functional equation satisfied by D?w has all the properties that we
needed to assume about the equation for Dw in order to make the preceding analysis.
Hence, we use induction to deal immediately with arbitrary degrees of differentiability.
We can sum up the results obtained in the following proposition:

PROPOSITION 4.1. Let F', v be as at the end of the preceding section. Assume further
that F' and v are of class C", with 1 < r < oo, and that

Lipy(F) + Lip2(F) + Lips(F)Lip(v) < 1

Lip2(F') + Lips(F)Lip(v) + Lips(F)Lip2(v) < 1
Lipy(F') + Lips(F)Lip(v)™ + Lips(F)Lipz(v) < 1

(this last condition should be replaced by Lip(v) < 1 for 7 = co0.) Then (3.9) has a
unique solution w with w(0) = 0 and Lip(w) < 1; this solution is of class CT.

A discussion of other approaches to proving smoothness should go here.
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38 Invariant manifolds v

§5. Expanding and contracting wedges. We consider a mapping f of the form
described at the end of §3, and we also suppose that

|A_|| + Lip(f-) < 1,

and that there is a mapping w with w(0) = 0 and Lip(w) < 1 whose graph is mapped
into itself by f. If z = (z,w(z)) is in this invariant graph, then the z component of
f(z) is given by A_z + f_(z,w(z)), and the Lipschitz norm of the mapping

e A_z+ f_(z,w(z))

is bounded by ||[A_|| 4+ Lip(f-). Furthermore, because of the norm we have chosen on
XDY, |[(z,w(z))| = ||z| for any z. Puttmg these remarks together, and writing r_
for [|A_|| + Lip(£-), we see that

lf(2)|| £7-||z]| for all z in the graph of w.

Since the graph is invariant, we can immediately iterate this remark to show that, for
any z in the graph of w, f™ (z) goes to zero at least as fast as r™

We want to prove here a complementary result showmg that, 1f zis notin the invariant
manifold, then ||f™(z)| cannot go to zero too fast. Lo prove this, we introduce a new
idea which has many applications in dynamical systems theory. To illustrate the idea,
we consider a particularly simple case: a continuously differentiable mapping f with a
hyperbolic fixed point. The ke servation in this situation is that, if z; and 2z, are

two points near the fixed point whose separation lies approximately in the expanding

direction, t

(a) ||f(21) = f(22)ll = k||21 — 22]| for some constant k > 1 independent of z;, z,.
(b) the separation between f(z;) and f(z;) still lies approximately in the expanding
direction.

Because of (b), this observation can be applied repeatedly to show that the orbits of
z1 and z; diverge exponentially as long as they both remain near the hyperbolic fixed
point, and hence that they cannot both remain near the fixed point forever.

A precise version of this argument, adequate for our present purposes, is as follows:
We let, as usual, A_, A} be linear operators on Banach spaces £_, £, respectively, with

ANl < [IAZY)2,
and let
f(z,9) = (A_z + f_(=,9), Ary + f+(z,9))

with fi(O 0) = 0. We use the norm ||(z,y)|| = max(||z||, [|y||) on the direct sum space.
If zz = (21,11) and 2z, = (Zg,yg) are two points of £_ @ £, we will say that the

separation between z, and z, is _predominantly vertical if % Lf-r , « horil
=2 = =11l < lloz - will, 1% g

and predominantly horizontal if W [ 2 .

24 Y ‘ A produre. Vo

[y2 — 3l < llz2 — 4.

Also, write r for ||A_;1||‘1 L1p(f+) and r_ for |A_ ” + Lip(f-), where the Lipschitz
norms are taken over the unit ball.
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§5 Expanding and contracting wedges 39

PROPOSITION 5.1. Assume that the Lip(fy) are small enough so that
r- < T4,

and let z,, zo be two points of the unit ball. Then

(a) If the separation between z; and z, is predominantly vertical, then so is the
separation between f(z;) and f(z;), and

[ f(21) = f(z2)l| = 74|21 — 22]|.

(b) If the separation between f(z1) and f(z;) is predominantly horizontal, then so
is the separation between z, and z;, and

1£(z1) = f(=z2)l| £ 7|21 — 22]I.

Proor: Write (z;,y;) for z; and (Z;,%:) for f(2;), ¢ = 1,2. We assume first that the
separation between z; and z, is predominantly vertical, i.e., that ||y; —y2|| > ||z1 — z2]].
Note that in this case, because of our choice of norm for the direct sum space, ||z; —z2|| =
lyr — y2|. Thus

172 — 31l 2 [[A+(y2 — 1)l — Lip(f4 )22 — 21|
> (IAFHI7 = Lip(f4)) lz1 — 22| = 74|21 — 22]|-

Similarly,

122 — 21| < (|A- ]l + Lip(f-)) lz2 — 22|
=r_|lz21 — 22| < |72 — @ll,
(where, to get the strict inequality on the first line, we used the fact that ||z; — z2]| is

strictly less than ||z; — z2||.) These two inequalities together prove (a).
It then follows from (a) and continuity that

lv1 — v2ll 2 [lz1 — z2f| implies |71 — Z2|| 2 [|Z1 — Z2].
Hence, if the separation between f(z;) and f(z;) is predominantly horizontal, the sep-

aration between z; and z; must also be predominantly horizontal. Once we know this,
it is nearly immediate that

1(z1) = f(22)ll = 1212 — Z2|| S [A- + Lip(f-)l] |21 — 22| = r—|z1 — 22l
as desired. £

39



40 Invariant manifolds v

COROLLARY 5.2. Let the hypotheses and notation be as in Proposition 5.1 but assume
in addition
(a) |[A-|| + Lip(f-) < 1, (with Lipschitz norm taken over the unit ball)
(b) There is a function w from the unit ball in £_ to £, with w(0) = 0 and Lip(w) <
1, whose graph is mapped into itself by f.
(¢) f+ are continuously differentiable with derivatives vanishing at (0,0).

Then, for any z in the graph of w,
i 1 -
lim sup —log([| f*(2)]|) < log p—,

while, if z is in the unit ball but not in the graph of w, either some f™(z) is not in the
unit ball or

liminf = log(|| f(2)])) > log -+

If z is not in the graph of w, but if the orbit of z nevertheless remains in the unit ball
and converges to zero, then

oy ik n
liminf —log([| f*(2)]) 2 log .

Ifry > 1, and if z is in the unit ball but not in the graph of w, then f™(z) is outside
the unit ball for some n.

PROOF: We have already seen, in effect, that if z is in the graph of w,
i 1 -
lim sup —log(|| f*(2)]|) < log(r-).

Thus, for an arbitrarily small ball & centered at the origin, f™(z) is inside U for all n
greater than some ng, and the term Lip(f_) in the definition of 7_ can be replaced by
the Lipschitz norm of f_ over . But because f- is continuously differentiable with
derivative vanishing at zero, this Lipschitz norm can be made as small as we like by
making U small, so we get

limsup — Log(||"(2)]) < log(/1A_).

Since the left-hand side is unchanged if the norm is replaced by an equivalent one, we
can minimize the right-hand side over norms and thus get

; 1 o
lim sup ~ log([(=)]) < log(p_),
as desired.
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§7 Generalized unstable manifolds 41

Now suppose that z = (z,y) is not in the graph of w, and let z' = (z,w(z)). Then
the separation between z and z' is predominantly vertical, so we can apply Proposition
5.1 to conclude that, as long as f™(z) and f™(z') remain in the unit ball,

177(2) = £ 2 2|z = 2l

completing the proof.

If z is not in the graph of w but f™(z) nevertheless converges to zero—which, by the
preceding estimate, is impossible unless r; < 1—the argument like that given for the
asymptotic rate of convergence of orbits in the invariant manifold shows that

B | "
liminf —log(|f"(2)l]) 2 log p+-

Note also that, by restricting to a small enough neighborhood of zero, and adjusting
the norm, we can bring 74 as close as we like to p... |

§6. Reformulation of results. We now want to re-express the main results obtained
so far in a way which is less closely tied to specific choices of coordinates, norms, and
so on. We use the following terminology: A set X is said to be locally invariant for. f
at zg if there is a neighborhood U of zy such that

z€ XNU implies f(z)e€ X.

i.e., such that f(X NU) C X, and we say that two sets X; and X, coincide near z if
there is a neighborhood U of zy such that

UnNnX;=UniX,.

THEOREM 6.1 (GENERALIZED STABLE MANIFOLD THEOREM). Let f be a mapping
of class C", zy a fixed point for f, (p—,p+) a gap in the modulus of the spectrum of
Df(z), € = E_ @ &4 the corresponding splitting of the state space. If p_ = 1, assume
r is finite; if p_ > 1, assume p” < py.

1. There exists a C™ manifold ’Wl(o:), passing through z, and tangent there to £_ and
locally invariant for f at z.

2 Hp. <1 T/VIE;) can be taken to be invariant in the literal sense, i.e., mapped into
itself by f. In this case, the invariant manifold is locally unique in the sense that any
two locally invariant C' manifolds passing through zy and tangent there to £_ coincide
near zo. If z is in such an locally invariant manifold and near enough to zy, then f™(z)
converges to zo. More precisely, if U is any sufficiently small neighborhood of z,, then

any such locally invariant manifold coincides near zo with the set of z such the f™(z) is
inU for alln = 0,1,... and such that

(61) limsup log(|f"(2) - zoll) < log(p-)
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42 Invariant manifolds v

3. If p > 1, we have the partial uniqueness result that, for any locally invariant
manifold tangent to £_, and for any sufficiently small neighborhood U of zq, any z such

that f(z) isin U for alln = 0,1,... is in W2,

loc

4. If p_ <1 < py (hyperbolic case), then for any sufficiently small neighborhood U of

2o, VVIE):) coincides near zg with the set of z such that f*(z) isin U for alln =0,1,....

§7. Generalized unstable manifolds. Given a splitting £_ @ £, as in the preceding
sections, we want to investigate invariant manifolds tangent to £,. We will call these
generalized unstable mapifol'ds. The most important case is that where pe <Lt o
corresponding invariant manifolds are called an unstable manifold. Similarly, if p_ > 1,
we speak of a strong unstable manifold, and, if p, = 1, of a center-unstable manifold.
If f is invertible, we can deduce the existence and properties of generalized unstable
manifolds by applying our results about stable manifolds to f~1. It turns out, however,
that a theory of unstable manifolds completely parallel to that for stable manifolds
c e developed without assuming the invertibility of f. This is a useful thing to do,
since in applications to partial differential equations one expects that derivatives of
the mappings encountered will often be compact operators and hence not invertible but
with finite-dimensional £, s, so restricting to a generalized unstable manifold may give a
means of extracting the essential finite-dimensional part from such infinite-dimensional
dynamical systems.

Although the generalized unstable manifolds parallels that of generalized stable man-
ifolds, I have not been able to invent one formalism which encompasses both cases.
Furthermore, unfortunately, the functional equations arising in the theory of unstable
manifolds seem to be significantly more complicated than those for stable manifolds.

The initial reductions are just the same: We want to study mappings of the form

(3'1) _f(myy) = (A—$+ f—($$y)!A+y+f+(3!y)):

with fi small in Lipschitz norm and vanishing at the origin, and we seek invariant
sets which are graphs of mappings w from £, to £_ with Lipschitz norm no greater
than one. The appropriate invariance condition is, however, different if the mapping is
non-invertible. To see what is going on, consider the case where f is exactly linear, i.e.,
where fi = 0, but where A_ has non-trivial null space. In this case, it is easy to see

that £_ satisfies
fled=tegr " tel z€€&_ ifandonlyif f(z)eé&_,

and, in the class of graphs of bounded linear mappings from £_ to &4, 1s characterized
by the (logically weaker) condition

Frig wongirwie, z'€ ELimplies " f(z) e €.,
On the other hand, it need not satisfy
fE_ D& .
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§7 Generalized unstable manifolds 43

Appropriately localized versions of these statements are true in the non-linear case: For
sufficiently small z (and writing W for the graph of w), we have f(z) € W if and only
if z € W (The “only if” part of the preceding assertion has not been proved, but a
proof is not difficult to supply using the “expanding wedges” idea.) Furthermore, we
constructed W by writing a functional equation expressing the requirement that z € W
implies f(z) € W and showing that this equation has a unique solution in the class of
graphs of Lipschitz mappings from £_ to &;.

The situation for the unstable manifold is different. Returning to the linear case, it
is easy to see that £, satisfies

f€+ = &,
and is characterized in the class of graphs of linear mappings from £, to £_ by

FEL D Ey.

It does not in general satisfy
flE =&,

since the left-hand side contains in particular the null space of f.

_The lesson we draw from all this is that we should try to construct generalized unstable
manifolds by wntlng__ fungtlonal equation for w corresponding to the requirement that
its graph W satisfies

AW W

NNV EPHON

Thus, if z = (w(y),y), we want to find z = (w(¥),§) such that f(z) = z. Using the
detailed form for f we find the pair of conditions

(7.1.a) Y= A7+ f4(w(7),9)

(7.Lb) w(y) = A-w(g) + - (w(3), 9).

We treat these conditions as follows: We first argue, under appropriate smallness con-
ditions on f, and the assumption Lip(w) < 1, that equation (7.1.a) can be solved
uniquely for 7 in terms of y. That is, the y-component of the equation f(z) = z already
determines Z if Z is required to lie on the graph of w. We stress: Solvability here does
not depend on any special property of w; it works for all w with Lipschitz norm not
greater than one. We will denote the solution by v(y,w); in contrast to the correspond-
ing notation in the case of generalized stable manifolds, v depends in principle on the
whole function w.

Solving the y-component of the equation f(Z) = z does not, however, suffice to solve
the equation completely; the z-component of the equation imposes a constraint on w of
the form

(7.2) w(y) = F(w(v(y,w)),v(y,w)) with F(z,9) = A_z+ f_(z,7).
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44 Invariant manifolds v

Thus: Assuming solvability of (7.1.a) for all relevant y, the graph W of w satisfies
fW D W if and only if w satisfies the functional equation (7.2).

The analysis of (7.2) goes along the same general lines as that already given for (3.9),
but with significant differences of detail. The first step is to show that (7.1.a) is solvable.
We have two cases to consider: Either y is allowed to run over all of £, or is restricted
to the unit ball. Let us start with the first case. The equation to be solved can be
rewritten as a fixed point problem:

§=A7'y+ A7 4 (w(9),9),

and the right-hand side is a Lipschitz continuous function of § with Lipschitz constant
not larger than ||A_'|_1||Lip f+. Thus, if

(7.3) IAT ILinfy <1,

(7.1.a) is uniquely solvable for 7 for all y. Now consider the case where y is restricted to
the unit ball. The same estimate holds for the Lipschitz norm of the right-hand side of
(7.3), with y restricted to the unit ball and Lip(f, ) interpreted as meaning the Lipschitz
norm over the unit ball of £_ @ €£;. To apply the contraction mapping principle, we
need to check that the right-hand side of (7.3) maps the unit ball into itself. This will
be the case provided that

(1.4) IATYI[L + Lip(fs)] < 1

Thus, if (7.4) holds, we can study the functional equation (7.2) on the unit ball without
the necessity of cutting off the nonlinear terms. If we start from a gap (p—,p4+) in the
modulus of the spectrum of the derivative of a differentiable mapping at a fixed point,
it is clear that, by choosing the norm appropriately and magnifying sufficiently, we can
make (7.4) hold provided that p, > 1.

As indicated above, we denote 7 solving (7.1.a) by v(y,w). We next want to estimate
the Lipschitz norm of v with respect to y. It in fact turns out to be useful to make a
slightly more general estimate. Let y;, y, be two points of £, or of the unit ball of £,
and let z1, z2 two points of £_ such that ||z;|| < ||y;|| and such that lz1—z2|| < ||ya—v2].
Then

I{A+31 + fi(z1, 1)} — {Arwe + Fr(za,92)H] = |Ay (91 — )| - Lip(f+)lly1 — 2|l
> [IAZ - Lip(£+)] lly2 — w2]-

We now define Lip(v) to be the smallest constant such that

llys — w2l

Apyr + Arys + > = 22l

{A+v1 + fi(z1,31)} — {Avve f+(z2,92)Hl > Lip(v)

whenever the z; and y; are as above; the computation we have just done shows that

HAZ |
1 - ||A*||Lip(f4)
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It is evident from the definitions that, for any w with Lip(w) < 1, the mapping y —
v(y,w) has Lipschitz norm no larger than the constant we have called Lip(v), and this
is the justification for the terminology although it does not appear to be necessarily
true that, for arbitrary fi, Lip(v) is the smallest bound on the Lipschitz norms of
all the mappings y — v(y,w). We note for later use that, if the f4 are continuously
differentiable and if A is a linear operator from £} to £_ with ||4|| <1,

(7.5) ||[A+ +Dif+ A+ Do fy] ™ || < Lip(v);

this can be seen by applying the definition of Lip(v) with y; and y, very close together.
We now want to find conditions which guarantee that the operator F defined by
the right-hand side of (7.2) is a contraction on the space of mapping w from £, (or,
as appropriate, the unit ball in £;) to £_, with w(0) = 0 and Lip(w) < 1. From
the equation (7.1.a) which determines v, together with f,(0,0) = 0, it follows that
v(0,w) = 0, and this, together with F(0,0) = 0, implies that F preserves the condition
w(0) = 0. Also, the Lipschitz norm of the right-hand side of (7.2) is bounded by
Lip(F)Lip(v), so
(7.6) Lip(F)Lip(v) <1

suffices to guarantee that F preserves the condition Lip(w) < 1.

To check contractivity we take two mappings w;, w, satisfying all the conditions and
write

(F(w1)) (v) — (F(w2)) () = F(wi(v1),v1) = Fwz(v1),v1)
+ F(wz(v1),v1) — F(w2(v2), v2),
where we have written v; for v(y,w;), i = 1,2. Now
1 F (w1 (1), v1)— F(wz(v1), v1)|| < Lipa (F)|lwi —wa||[[vs]| < Lip2(F)|lwy —w.||Lip(2)|ly],

and
[ F(w2(v1),v1) — F(wz(vz),v2)|| < Lip(F)lv1 — v2]].

To make effective use of this last bound, we need to estimate ||vy —v;|| carefully. Writing
the two equations for v; and v, gives

Aoy + fo(wi(v1),01) = Apvz + fi(w2(v2),v2)
or
{Arvr + fo(wi(va), v1)} = {Ayvz + fi(wi(v2),2)} = fi(wi(v2),22) = Frlwz(v2),v2).
Taking norms, and using the definition of Lip(v), gives

lv1 — v2|| < Lip(v)Lip1(f4)ljw1(vz) — wa(v2)]|
< Lip(v)Lip1(f4)llw1 — waf|llv2|| < Lip(v)*Lip1(f+)|lws — w2|||yl|
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By analogy with the corresponding definitions in the stable manifold case, we define

Lip,(v) = Lip(v)Lip1(f4),
and we can thus write the preceding estimate at

l[v1 = v2|| < Lipz(v)l|wr — w2 [ly]-

Returning to our analysis of the contractivity of F, we find

I (F(w1)) (9) - (F(w2)) (W)l < [Lip1 (F)Lip(v) + Lip(F)Lip(v)] |lws — wel|[lyll,

and hence we see that F is contractive provided that
(7.7) [Lipy (F)Lip(v) + Lip(F)Lipz(v)] < 1

Thus, if (7.6) and (7.7) hold, F has a unique fixed point in the space considered. We
will denote this fixed point simply by w.

The next step is to investigate the differentiability of w. Again this goes roughly as
before: We first differentiate the functional equation for w to get a functional equation
which must be satisfied by Dw if w is differentiable; we then prove that this functional
equation has a unique solution; then finally we show that the solution is indeed the
derivative of w. If w is differentiable, then, differentiating the equation for v gives

Dv(y) = [A+ + D1 f+(w(v),9)Dw(v) + Dz fi(w(v),v)] " ;
then differentiating the equation for w gives
Dw(y) = [D1F + D, F Dw] Du(y),

where suppressed arguments are now to be understood to be (w(v),v) Hence, if w is
differentiable, then, writing ¢ for Dw, we have

o(y) = [D1F + Dy Fo][A+ + Dy fro(v) + D2 f4] 7.

We will denote the right-hand side of this equation as Ko(z), and we want to show that
K is a contraction on the space of continuous mappings y ~— o(y) with o(0) = 0 and
le(y)l| <1 for all y, equipped with the supremum norm. From D, F(0,0) = 0 it follows
that K preserves the condition o(0) = 0. It is easy to see that

A+ + Difro(v) + Dafe]™ || < Lip(v),
and hence X preserves the condition ||o(y)|| < 1 for all y provided
(Lip1(F) + Lipa(F)] Lip(v) < 1,

46



§7 Generalized unstable manifolds 47

and this is (7.6) again.
To find conditions which make X contractive, we choose o; and o, and write

Ko1(y) — Koa(y) = Do F [01(v) — 03(v)] [A4 + D1 froa(v) + Dafi] ™
+[DyF + D, Foy(v)] [Ay + D1 fro1(v) + Dpf4] ™" Dafyx
[02(v) = 1(v)] [A+ + D1 fro1(v) + D2 f4] 77,
where we have used the standard operator identity
vl-vii=UuY}(v-u)v-l.

Using the bound (7.5) repeatedly, and then the definition to Lipy(v) to simplify the
expression obtained, we get

[Ke1(y) — Kaz(y)l| < [Lip2(F)Lip(v) + Lip(F)Lip2(v)] [lo1(v) — o2(v)]l,

which shows that K is contractive provided that (7.7) holds.
Once again we let o denote the unique fixed point for K; we write

M = suplimsup 120+ ) = () = ()3,
v sy B

and we want to use the functional equation to show that M < kM for some x < 1. We
write
bv = v(y + by, w) - v(y,w);
5w = w(o(y, w) + 6v) — w(o(y,w)).
This last is a little unnatural, but is convenient because w(v(y,w)) occurs frequently on

the right-hand sides of the functional equations whereas w(y) does not. Note also that
suppressed arguments in £, are to be taken to be v(y,w) and in £_ are to be taken to

be w(o(y, w)).
Writing the equations satisfied by v(y, w) and by v(y + §y, w), subtracting, and using
the differentiability of f., gives
Sy = A év + Dy fiéw + Dy f v + o(by)
= [A4 + D1fr0 + D2 f4]8v + D1 fy [bw — o8v] + o 6y).

Similarly, writing the functional equation for w and using the differentiability of the
fx, we get

w(y + §y) — w(y) = D1 Féw + D, F§v + o(6y)
= [D1Fo + D, F)§v + D, F [§w — a§v] + o(6y)
= [D1Fo + D;F)[Ay + Dyfyo+ Dyfy ] 6y + D, F[6w — o6
— [D1Fo + DyF)|[Ay + Dy fro + D2 f+]7 Dy fy [6w — o6v) + o(6y).
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48 Invariant manifolds v

The first term on the right of this last equation can be recognized as o(y)dy, so we get

w(y + 8y) — w(y) — o(y)by =
{DlF ~[D1Fo + DaF] A4 + Dif1o + D2 fs] ™ D fi } (6w — o6o] + o(6y).

Taking norms, dividing by ||&y||, letting §y tend to zero, and using

. |6w — aév|| )
limsup ———— < MLip(v),
6y—0 |6yl (v)
we get
dy) — - 8
R L2 8) ”;‘;("y) 7(w)éyll [Lipy FLip(v) + Lip(F)Lip(v)] M
dy—0

Hence, (7.7) implies M = 0, i.e., implies that w is differentiable with derivative o.

The analysis of Hélder continuity of the first derivative and of higher differentiability
goes in almost exactly the same way as for generalized stable manifolds. The outcome
of the analysis is summed up in the following result:

PROPOSITION 7.1. Let F, v be as above. Assume that F' and f, are of class CT, with
1 < r < o0, and such that
Lip(F)Lip(v) <1

[Lip1(F) + Lip(F)Lips(f+)Lip(v)]Lip(v) < 1
[Lip1(F') + Lip(F)Lipy(f+)Lip(v)]Lip(v)" < 1
(with the last condition replaced by Lip(v) < 1 for r = o0.) Then the functional

equation (7.2) has a unique solution with w(0) = 0 and Lip(w) < 1, and this solution
is of class C™.

We now want to apply the expanding and contractmg wedges idea of §5. A backward
orbit for a point z w111 mean a SeqUENce z_1, Z_3, ...,2—n With f(z_1) = z and f(z_;) =
_z_j4 for 7 =12,3,.

PROPOSITION 7.2. Let the hypotheses and notation be as in Proposition 5.1, but as-
sume in addition that
(a) 4 >1
(b) There is a function w from the unit ball in £, into £_ with w(0) = 0 and
Lip(w) < 1 whose graph is mapped onto itself by f.
(¢) fs are continuously differentiable with derivatives vanishing at (0,0).

Then, for any z in the graph of w admits a unique infinite backward orbit (z_,) in the
graph of w. This backward orbit converges to (0,0) fast enough so that

: 1
limsup ;logllznll < —log(p+)
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87 Generalized unstable manifolds 49

Conversely, a z in the unit ball but not in the graph of w does not admit an infinite
backward orbit in the unit ball such that

1
lim sup —log||z,|| £ —log(r_).
n T

We now drop the assumption that ry > 1 and assume instead that
P L As

we also let the various Lipschitz norms be taken over the domain |y|| < ||z| with =
unrestricted, and we assume Lip(w) < 1/2 rather than Lip(w) < 1. Then, if z is a point
of the unit ball such that the f/(z) up to j = n are all in the unit ball, the distance from
f™(z) to the graph of w is not greater than 3r™. In particular, any orbit which stays in
the unit ball for all n converges to the graph of w, and any orbit which starts very near
to fixed point—and so stays in the unit ball for a long time—but which nevertheless
eventually escapes from the unit ball must escape “along” the graph of w.

ProOF: Under our hypotheses, f is injective on the graph of w and maps a subset of
this graph onto the whole graph. Hence, there is a uniquely determined sequence of
successive preimages z_,, and these are easily seen to converge to (0,0) at least as fast
as 7. Improving this rate of convergence to the one indicated is done by the same
arguments as those used to prove Corollary 5.2.

Next suppose that z is not in the graph of w but that it admits successive preimages
Z_1, Z—2, +++,Z—n, all in the unit ball. Write z = (z,y); put 2’ = (w(y),y); and write
z_; for the successive preimages of z' in the graph. By construction, the separation
between z and z' is predominantly horizontal, so the separations between the z; and z;
are all predominantly horizontal, so

Iz = 2"l < (r-)"llzn — 22]l-

Since the left-hand side of this inequality is non-zero and independent of n, ||z, — z! ||
cannot go to zero faster than (r_)~". But we already know that ||z!|| goes to zero at
least as fast as (r4)~", so ||z,|| cannot go to zero faster than (r_)~".

We now turn to the last assertion. If f™(z) is in the graph of w, there is nothing to
prove. Otherwise, the argument of the preceding paragraph with z of that paragraph
replaced by f™(z) shows that there is a 2’ on the graph of w whose separation from
z is predominantly vertical and such that the distance from f"(z) to the graph of w
is not greater than r™ ||z — z'||. Since we are no longer assuming 7, > 1, we cannot
immediately conclude that z' is in the unit ball, but from the facts that z' is on the
graph of w and has predominantly vertical separation from a point of the unit ball imply
== || < 3.

To apply this last result, we need to be able to prove the existence of mappings w with
Lip(w) < 1/2 whose graphs are invariant. This can be deduced by applying the result
with Lip(w) < 1 but with the norm on £_ doubled (and the norm on &£, unchanged.)
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50 Invariant manifolds v

This change of norms multiplies some of the Lip;(f+ by 2 and others by 1/2 but the
norms of A_ and A_T_l are unchanged; it thus only changes the smallness conditions on
Lip(fi) necessary to make the argument work.

We can now reformulate the results of this section in the following theorem:

THEOREM 7.3 (GENERALIZED UNSTABLE MANIFOLD THEOREM). Let f be a mapping
of class C", zq a fixed point for f, (p—,p+) a gap in the modulus of the spectrum of
Df(z0), € = E_ @ &, the corresponding splitting of the state space. If py = 1, assume
r is finite; if py < 1, assume pL > p_.

1. There exists a C" manifold W;!_, passing through z, and tangent there to £, and
locally invariant for f at z,.

2. Hpe > 1, VV{:C can be taken to be “backwards invariant”, i.e., mapped onto itself
by f. In this case, the invariant manifold is locally unique in the sense that any two
locally invariant C' manifolds passing through zy and tangent there to €4 coincide near
zg. Any z is in such an locally invariant manifold and near enough to zy admits an
infinite sequence of successive preimages converging to zo. More precisely, if U is any
sufficiently small neighborhood of zy, then any such locally invariant manifold coincides

near zg with the set of z admitting an infinite sequence z_,, of successive preimages, all
in U, with

; 1
limsup —log(]|z-n — 2||) < —log(p+)

3. If p_ < 1, any orbit which remains near z, for all time must converge to Wi_
4. If p_ <1 < p; (hyperbolic case), then for any sufficiently small neighborhood U of
20, VVljc coincides near zy with the set of z admitting an infinite sequence of successive

preimages in U.

§8. Complements.

8.1 Real analytic mappings. If f is real-analytic, and if p_ < 1, it is easy to
show that the invariant manifold tangent to £_ is real-analytic: Instead of giving the
fundamental proof of existence in a space of Lipschitz continuous functions on a real
neighborhood of zero, work instead in a space of complex-analytic functions on a complex
neighborhood of zero. The proof of contractivity is just the same, and gives immediately
an analytic w, thus bypassing completely the complicated analysis of smoothness given
above. Similarly for the invariant manifold tangent to £, when p,. > 1. In the cases
p— 2 1 and py < 1, however, the procedure we have adopted of cutting off the non-
linear terms spoils analyticity so this argument does not work. In fact, we will give
shortly an example showing that analytic mappings do not necessarily admit analytic
invariant manifolds.

8.2 Nonexistence of smooth invariant manifolds. We will give here an example
to show that the condition p” < p. appearing in Theorem 6.2 for the existence of a

C" generalized stable manifold (in the case where p_ > 1) is, in at least one instance,

sharp. Let A > 1, and let
f(=,y) = (Az, A%y + z?).
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The origin is a fixed point, and Df(0,0) is the diagonal matrix with diagonal entries
A, A2, Thus, (A, A?) is a gap in the modulus of the spectrum of Df(0,0), and the
corresponding spaces £_ and £, are the £ and y axes respectively. Since

pl =A" < pp =X ifandonlyifr <2,

our general theory asserts that there is, for each 7 < 2, a locally invariant manifold of
class C™ tangent to the z axis. We will show that there is no such manifold of class C2.
A manifold tangent to the z axis at (0,0) is, locally near (0,0), the graph of a function
y = w(z). The condition for invariance is easy to work out directly: The image under
f of a point (z,w(z)) of the graph is (Az, A>w(z) + z?); this is again in the graph if and
only if
w(Az) = Nw(z) + %

hence, the graph is locally invariant if and only if this equation holds for all sufficiently
small z. It is nearly trivial to see that this equation cannot have a C? solution: Differ-

entiate twice to get
/\zw”()\z) o Azwﬂ(m) + 2,

then put z equal to 0 to get the contradiction
A" (0) = A2w"(0) + 2.
8.3 Flows. Consider a differential equation

dz

— e K

- = X(2)

with solution flow f*, and let 0 be a stationary solution of this differential equation.
The analogue of a gap in the modulus of the spectrum at a fixed point of a map is an
interval (¢_, 04 ) in the real axis such that the spectrum of DX (0) does not intersect
the vertical band

{Aio- <R(A) <04},

but does intersect the vertical lines {R(A) = 0+}. Corresponding to such a band is a
splitting of the state space into the direct sum of the spectral subspaces £_ associated
with the part of the spectrum of DX(0) in the left half-plane {R(A\) < o_} and &,
associated with the part of the spectrum in the right half-plane {R()\) > o4}. As we
saw earlier,

Df*(0) = exp(tDX(0)),
so, for each ¢, £_ @ £, is the direct sum decomposition corresponding to a gap
(exp(to_), exp(to))

in the modulus of the spectrum of D f*(0), and there are therefore invariant manifolds
for f* tangent to £_ and £;. These invariant manifolds might, in principle, depend
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52 Invariant manifolds v

on . What we want to show here is that there is a single manifold tangent to £_
locally invariant for all the f* simultaneously, and similarly for £;. We will restrict our
discussion to invariant manifolds tangent to £_, i.e., generalized stable manifolds.

In the case o_ < 0 (stable and strong stable manifolds), this is quite easy: Let W be
a manifold locally invariant for f! tangent to £_. From the Stable Manifold Theorem
for maps, we know that such a manifold exists and that it is “locally unique”. Since
the f* commute, f*W is another such locally invariant manifold, and so must coincide
near 0 with W. Thus, for any ¢, W is locally invariant for f* at 0.

The case o_ > 0 requires a little more care. In this case, for a map f, we constructed
a locally invariant manifold for f by constructing a globally invariant manifold for a
cut-off version of f, and this globally invariant manifold is unique. In the case at hand, if
we cut off the non-linear terms in the solution mappings f*, it is hard to see how we will
preserve the commutativity needed to apply the argument of the preceding paragraph.
What we do instead is to cut off the non-linear terms in the differential equation. That
is, we write

X(:z:,y) = ("4—z s X__(:z:,y),A+y + X+(T'ay))a

where the X vanish, together with their first derivatives, at the origin. As in the case
of mappings, we can make the X small on the unit ball by magnification, and we can
then multiply them by a smooth function which is identically one on a neighborhood of
the origin and identically zero outside the unit ball to get a globally defined differential
equation with globally small non-linear terms. For any £, the time-# solution mappings
for the cut-off differential equation agrees with that for the original equation on a
neighborhood of the origin (but this neighborhood may become very small as |t| becomes
large.)

We now consider only the cut-off equation, which we denote by the same symbols as
before. It is not difficult to see that the solution mappings have globally small non-linear
terms. Hence, the time-one mapping, for example, admits a unique global invariant
manifold W which is the graph of a mapping with Lipschitz norm not greater than
one. We would like to argue that W is mapped into itself by all the ft. By the group
property of the solution flow, it is enough to prove this for small ¢. By commutativity,
f*W is mapped into itself by f1. Hence, if we can show that f*W is the graph of a
mapping with Lipschitz norm not greater than one, we are done, by the uniqueness of
such a globally invariant graph. One way to proceed here is as follows: By imposing
further smallness condition on the non-linear terms in f!, we can ensure that W is in
fact the graph of a mapping with Lipschitz norm not greater than 1/2, say. Uniqueness
still holds, of course, in the class of maps with Lipschitz norm not greater than one. By
making ¢ small enough, we can make f* globally as near as we like to the identity in
the C! sense. By making it near enough, we can guarantee that that image under f* of
the graph of any mapping with Lipschitz norm not greater than 1/2 is again the graph
of a mapping, this time with Lipschitz norm not greater than one. Thus, the desired
invariance follows by uniqueness.

There are a number of respect in which the arguments we have given are less than
optimal:
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1. In the case o_ < 0, we would like to show how to construct an invariant manifold
which is ma.ppeci into itself by all f* with £ > 0. Such a manifold would be realized as
the graph of a mapping of the unit ball in £_ into £;, and to make it invariant for all
positive ¢ it is necessary to choose the norm on £_ with more care than we have used.
The remark we need is that, for any s > o_, it is possible to choose a norm on £_ which
is equivalent to the original norm and for which

| exp(tA_)|| < exp(ts) forallt > 0.

If we use such a norm, with s < 0, it is not difficult to see that, by making the non-
linear terms in X sufficiently small on the unit ball, we can arrange that the invariant
manifold for f! defined as the graph of a mapping defined on the unit ball in £_ is
indeed mapped into itself by all f* with ¢ > 0.

B. The argument we have given for the case o_ > 0, involving cutting off the non-linear
terms in the differential equation, does not seem to be very well adapted to the case of
partial-differential evolution equations. In this latter case, the f* for small ¢ need not
be Cl-near the identity. It is more likely, however, that the cutting off can be arranged
to make them C!-near to exp(¢DX(0)). If this can be done it is not difficult to see that
the preimage under f?, ¢ small and positive, of the graph of a mapping with Lipschitz
norm not greater than 1/2 is the graph of a mapping with Lipschitz norm not greater
than one, so uniqueness will imply that (j“)_1 W = W f{for small positive £ and hence
for all positive ¢. A different approach which may work better in this case is suggested
on p. 48 of Marsden-McCracken.

8.4 Center manifolds. Suppose we have a fixed point z, for a smooth mapping f
such that spectrum of D f(zy) does intersect the unit circle non-trivially but also such
that the part of the spectrum on the unit circle is separated from the rest. There is
then a splitting of the state space into a direct sum of three subspaces:

£=50808,

where &, the center subspace, is the spectral subspace associated with the part of the
spectrum on the unit circle and &,, £, are, as before, the spectral subspaces associated
with the parts of the spectrum inside and outside the unit circle respectively. We want
to argue that there exists a locally invariant manifold passing through z, and tangent
there to €. Such an invariant manifold is called a center manifold. We do this in two
steps. We first apply the Generalized Unstable Manifold Theorem to see that there is
a locally invariant manifold W, (a center-unstable manifold) tangent to £ @ £,. We
know that such an invariant manifold exists; we don’t know that it is unique, but we
know that it can be chosen to be of class C”, r finite, if f is of class C". The idea now is
to apply the Generalized Stable Manifold Theorem to the restriction of f to the center-
unstable manifold. The spectrum of the derivative of the restriction of f is just the
spectrum of the restriction of D f(z) to £. @ E,, i.e., the part of the spectrum of Df(z,)
on and outside the unit circle. The Generalized Stable Manifold Theorem applies to
show that there is a locally invariant manifold for f, contained in the center-unstable
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manifold and tangent to £. at zy. Again, this center manifold can be taken to be of
class C” for any finite r if f is. Evidently, a similar construction can be done for a
separated part of the spectrum contained in an annulus centered at the origin, except
that smoothness need not be preserved in this more general situation.

The center manifold, although useful for many things, turns out to be a somewhat
unnatural object which only barely manages to exist and which is subject to a number
of pathologies. We will give here two sfrnple examples showing some of the sorts of
things which can go wrong.

1. Non-uniqueness. Consider the pair of differential equations

dz dy 2

e ek
We can regard them as forming a single differential equation in the plane (of a degenerate
form). The origin is a stationary solution; the spectrum of the linearization at the origin
has eigenvalues 0 and —1, with corresponding eigenspaces the y and z axes respectively.
A center manifold is a locally invariant manifold tangent to the y axis. In fact, the y
axis itself is a center manifold.
There are, however, many more. The equations are easy to solve explicitly:

fi(z,y) = (8_‘% i_y_ty)

with ¢ < 1/y for y > 0 and ¢t > 1/y for y < 0. Any solution curve starting in the
lower half-plane converges at t goes to infinity to the origin, and it has an infinite-order
contact with the y axis there. Thus, any such solution curve can be put together with
the origin itself and the positive y axis to form a C* invariant manifold tangent to
the y axis at the origin, i.e., a C* center manifold. There are thus continuously many
C* center manifolds. Only one of them, the y axis, is analytic. In general, in fact, an
analytic mapping or flow cannot admit more than one analytic center manifold because
the Taylor series of the center manifold is uniquely determined; see subsection 8.5 below.
2. An analytic mapping with no C* center manifold. We start by generalizing the
example given above showing non-existence of a C? invariant manifold. Let \ = 21/»
and consider the mapping
(z,y) — (Az, 2y + h(z))

with h analytic and vanishing to second order at 0. We claim that, unless h("")(O) = 0;
there can exist no locally invariant manifold through (0,0) of the form y = w(z) with
w of class C™. The argument is essentially as before: In order for y = w(z) to be locally
invariant, w must satisfy

w(Az) = 2w(z) + h(z) for small enough z.

If w is of class C™ near zero, we can differentiate this equation n times, put ¢ = 0, and
use A™ = 2 to get the relation

20(™(0) = 2w(™(0) + A(™(0),
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which is impossible unless 2(")(0) = 0. Thus, if & is not a polynomial, there are infinitely
many parameter values A accumulating at 1 (namely, those of the form 2'/™ with n such
that A(™(0) # 0) for which the mapping

(z,y) — (Az, 2y + h(z))

does not admit a locally invariant set of the form y = w(z) with w infinitely differen-
tiable.

We now apply an idea due to Ruelle and Takens which is extremely useful in bi-
furcation theory: We consider the one-parameter family of two-dimensional mappings
(z,y) — (Az,2y + h(z)) as a single three-dimensional mapping by treating the param-
eter as a third variable with trivial evolution, and we look at center manifolds of this
augmented system. That is, we consider

(2,9, A) — (Az, 2y + h(z),N).

For each A, (0,0, ) is a fixed point, but we want to look particularly at the fixed point
with A = 1. The derivative of the mapping at that fixed point is

o o+
o N O
= o o

There are two eigenvalues on the unit circle; the z-A plane is the center subspace; and
so a center manifold will be the graph of a mapping y = w(z,)). We want to show
that no such graph, with w infinitely differentiable, can be locally invariant. The key
observation is that, if the graph of such a w is locally invariant, then the graph with A
fixed (near enough to one) is locally invariant for

G, ) B ).

We have just seen that there is a sequence of A’s converging to one for which this mapping
does not admit a locally invariant set which is the graph of an infinitely differentiable w,
so there cannot exist an infinitely differentiable w(z,)) whose graph is locally invariant
for the augmented mapping. (This example is modelled on one due to S. J. van Strien,
“Center manifolds are not C*°”, Math. Z. 166 143-145 (1979).)

8.5 Derivatives of invariant manifolds. We have shown how to reduce the problem
of finding generalized stable and unstable manifolds to solving functional equations, and
have proved existence theorems for those functional equations. We have not, however,
‘been able to give “formulas” for the invariant manifolds. We want to note here that
‘at Teast the derivatives at the fixed point of the function whose graph is the invariant
manifold can be computed algebraically. Consider for definiteness a generalized stable
manifold which is the graph of a function w satisfying

w(z) = A7 {w(A—z + f_(z,w(2))) - f1 (e, w(z))}.
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We have already seen what the equation given by differentiating this one once looks
like. Differentiating a second time gives a discouragingly complicated equation which
reduces to

D*w(0) = A7' {D*w(0)A2 — D?f,(0,0)}

at ¢ = 0. This is a simple inhomogeneous linear equation for D?w(0) which can be

solved provided
B 2
A A-1? < 1.

(It may also be solvable otherwise, but more delicate considerations are involved.)
It is not difficult to see that this procedure can be repeated: If f is of class C™ and if

A A" <1,
(which guarantees that w is of class C™), then
D™w(0) = A7'D™w(0)A™ + T,

where ¥, is an expression involving derivatives of order up to n of the fi and derivatives
up to order n—1 of w, all at the origin. Thus, the D™w(0) can in principle be computed
explicitly.

One consequence of the above analysis, which we will have occasion to use later, is
that, if the f1 vanish to order n at zero, so does w.
8.6 Global stable and unstable manifolds. If f is invertible, it is possible to define
global stable and unstable manifolds. We need only consider the stable manifold, since
the unstable manifold is simply the stable manifold for f~1. Let zy be a hyperbolic
fixed point for f, the (global) stable manifold for f means the set W* of all z such that

fn(z)—)Z() as n — 00,

This definition of course makes sense whether or not f is invertible; the reason for
restricting to invertible f is to ensure that this set has a nice structure. To see this,
let W(’l =) be a “nice” local stable manifold, i.e., the graph of a smooth mapping from a
small ball in &, to £,, where the norm on &, is chosen in such a way as to make W(’loc)
be mapped into itself by f. Then W("I e is contained in W*, and, furthermore, any orbit
which stays in a small enough neighborhood of zj for all time must be in Wiioe)- Thus,
for any z € W?*, f*(z) € Wioe) for all sufficiently large n. Thus, W* is a increasing
union of a sequence of pieces f ""W(loc) each diffeomorphic to a ball in &,. The global
manifold W* can nevertheless have a complicated structure; loosely speaking, it can
double back on itself (but cannot cross itself). Technically, it is a connected injectively
immersed submanifold of the state space, locally diffeomorphic to &,.

Strong stable and unstable manifolds can similarly be globalized. If, for example,
r < 1 belongs to a gap in the modulus of the spectrum of D f(zp), with z; a fixed point
of the differentiably invertible mapping f, then the set of z such that

; 1 ”
lim sup = log(||f™(2) — zo||) < log(r)
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is again an injectively immersed submanifold of the state space. Here, the state space
can be allowed to be an arbitrary manifold with ||f™(z) — zo|| understood to mean the
distance between f™(z) and 2z, with respect to any Riemannian manifold.

We mention, without going fully into the details, that there are, in fact, reasonable
definitions of global stable and unstable manifolds even without the assumption that

We stable manifold is the maximal invariant

submanifold of the stable set W* as defined above. The precise definition is that the
global stable manifold is the set of all z such that, for some =,

(a) f™(2) € Wi,

(b) The range of D f™(z) together with the tangent space to W;}_ at f™(z) spans &£

(i.e., f™ is transverse to W} _ at z.)

At least if £ is finite-dimensional, it is then not difficult to show that this set is a
submanifold in the same sense as is the global stable manifold for an invertible mapping,
and it is almost obvious that it is mapped into itself by f and contained in the stable
set of zg.

8.7 Example. Hyperbolic linear torus automorphisms. Let T? denote the
quotient of R? by the additive subgroup Z? of points with integer coordinates, i.e., the
standard realization of the two-dimensional torus. Let f denote the linear mapping of
R? to itself generated by the 2 x 2 matrix

2 1
Tila agh
i. e., f(z,y) = (2¢ + y,z + y). Since f is linear and maps Z? to itself, it induces
a mapping which we will call f from T? to itself. Because the matrix F' has unit
determinant, its inverse also has integer entries and thus maps Z? to itself, and this

implies that f is an invertible mapping of T? to itself. The image of (0,0) under the
quotient mapping

r:R%2 — T?

is evidently a fixed point for f, and is in fact easily seen to be its only fixed point. In
the obvious coordinates, the derivative of f at this fixed point (and everywhere else) is
the matrix . The eigenvalues of F' are easy to compute by solving the characteristic
equation; their values are

3+ 5

A = 7

Since neither value is on the unit circle, F' is hyperbolic, so the fixed point of f is
hyperbolic. If we let ¢ denote (real) eigenvectors with eigenvalues A, then it follows
from the “linearity” of f that the global stable manifold of the fixed point is the image
of the line

{tp_ : —c0 <t < o0}

under the quotient mapping of R? onto Z2. Since this line has irrational slope, its
image wraps densely around the torus without ever crossing itself. The global unstable
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manifold is similarly the image under the quotient mapping of the line generated by ¢.
which again wraps densely around the torus.

This example gives some feeling for how complicated the global structure of stable
and unstable manifolds can be even in the simplest cases. It is worth noting, however,
that the situation is much more complicated than the preceding analysis shows. For any

n =1,2,3,..., the image under the quotient mapping of ;Zz is a finite subset of T2

which is mapped into itself by f. Since f is invertible, this set is in fact mapped onto
itself by f, and this in turn implies that every point of the set is periodic for f. Since
this is true for all n, we have shown that any point of T? which admits a representative
in R? with rational coordinates is periodic for f. In particular, the periodic points are
dense in T2. (It is not difficult to show, using the fact that 1 is not in the spectrum
of F'™ for any n that, conversely, any periodic point for f admits a representative with
rational coordinates.)

If 2o = m(%) is a periodic point of period p for f, then the derivative of fP at zg,
again in the obvious co-ordinates, is just F?. The eigenvectors of F? are the same as
those of F', and from this it easily follows that the unstable and stable manifolds for f?
at zo are the images under the quotient mapping of the lines

{Z + 1P+ : —00 <t < 0},

i.e., the stable manifolds (and the unstable manifolds) of periodic points are all “parallel”
to each other and each of them is a line wrapping densely around the torus.

This example can be generalized. Everything remains essentially unchanged if we
replace T? by T™ and F by any m X m matrix with integer entries with determinant
%1 all of whose eigenvalues have modulus different from 1.

8.8 Example. The Hénon mapping. The Hénon‘__qugi.n‘_g is a mapping from the
plane R? to itself given by the formula

(8.3) f(=,y) = (1 - az® + by, z),

with ¢ and b constants (parameters). (The right-hand side is often taken to be (1-
az? + y,bz), and it was in this form that Hénon originally wrote the mapping. The
two forms differ only by a rescaling of y by a factor of b, and the one we have chosen is
better adapted to looking at what happens for small b.) We are going to be interested
primarily in small b and, roughly, a between 1 and 2.

It is illuminating to split the Hénon mapping into a sequence of simple steps:

(z,y) — (z,by) — (2,1 — az? +by) — (1 — az? + by, z).

The first step is a vertical compression. The second is a vertical shear: Each vertical
line z = z is shifted up or down along itself by an amount 1 — az? depending on z,.
The last step is simply a reflection through the line y = 2. The first step multiplies
areas by [b|, while the second and third steps preserve areas, so the composite mapping
(8.3) multiplies areas by a factor of |b|. This can also be seen algebraically by checking
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that the Jacobian of (8.3) is —b. Thus, small b corresponds to strong contraction of
areas. (At the other extreme, for b = +1 the mapping is area preserving. This is a very
interesting case, but not one we will investigate here.) Note also that f is orientation
preserving for b negative, and orientation reversing for b positive. This gives the cases
of positive and negative b slightly different flavors. For example: The eigenvalues of
Df? at a periodic point of period p are either real or complex conjugates of each other.
Since their product is (—b)?, the second alternative is not possible for b > 0 and p odd.
Thus: In the vicinity of a periodic point of odd period p, f? can look like a rotation
followed by a constant contraction (by |b|P/2) if b is negative but not if b is positive. We
are going to concentrate, for definiteness, on the case b > 0.

Somewhat surprisingly, in view of the 2% term it contains, f is invertible as a mapping
of the whole plane to itself (provided that b # 0.) This can be seen either by noting that
each of the three elementary steps into which f is decomposed is separately invertible,
or by computing its inverse in a straightforward way:

e = (wile - -a)]).

Numerical studies first performed by Hénon, and since repeated and extended by
many others, strongly suggest that the above mapping f, with ¢ = 1.4 and b =
admits a “fractal strange attractor”, i.e., that almost all orbits starting in a reasonably
large region of the plane converge to a set with a self-similar structure which is Cantor-
set like in some directions. This is best seen by looking a pictures showing the results
of numerical expenments This situation, simple as 1t seems, remains outside the grasp
of mathematical investigation. As we shall see, the situation for b = 0 is fairly well
understood, and the most promising approach to understanding the Hénon attractor
seems to be regard it as a small modification of the b = 0 situation. Even for very
small b, our degree of control is very poor. To put our ignorance in a sharp form: No-
one has exhibited a parameter pair a, b, with b small but non-zero, for which it can be
shOWn that there is a set of orbits with n non-zero planar Lebesgue measure none of which
converges to a.n attra.ctmg penodlc ‘orbit. To put things more concretely if less precisely:
It is not excluded that the “Henon attractor” does not exist at all and that what one
sees in the numerical expenments referred to above is a numerical artifact—the true
orbit is converging to an attracting cycle with a lafge period; but the convergence is
masked by the effects of round-off error in the computation. I stress that these are only
conceptual possibilities; it seems overwhelmingly unlikely that they are true. Part of
the difficulty in ruling them out lies in the fact that it seems practically certain that
the set of parameter pairs for which f admits an attracting periodic orbit is dense, and
fairly likely even that the set of parameter pairs for which f_ admits mﬁmtelv _many
attracting periodic orbits is dense. Delicate estimates would be needed to show either
that there are some parameter pa.u's with no attracting periodic orbits or that, when
there are attractmg periodic orbits, they don’t always attract essentially all orblts

Let me return, then, to describing some of what we do understand about the Hénon
mapping. Suppose we fix a at some value between 1 and 2. If we put b = 0, the mapping
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is of course no longer invertible; the whole plane is squeezed down onto the parabola
z =1 — ay®. The square

Ao ={(z,9): 1<z <1,-1<y < 1}

is mapped onto the arc
{1-ay’y):-1<y<1}.

This arc is contained in Ag but touches its boundary at three points. If we open up A,
slightly, say to the rectangle

Ae={($,y)=—(1+€)S?ﬂ §1+51—(1 +2E) Sysl+25}7

" with € small, then A, is mapped into its own interior by f (with b = 0.) By continuity,
then, A, will be mapped into itself by all f with sufficiently small b.
Suppose we pick and fix such a b which is not exactly zero. From the fact that f
maps A, into itself it follows that

A 3 f-&e I 28T pop D F s
On the other hand, the area of f*A, is |b|™. Hence

A= Nt A,

is a compact set of zero Lebesgue measure, mapped onto itself by f, to which all or-
bits starting in A, converge. Although the above simple construction of an invariant
rectangle doesn’t work for Hénon’s parameter values a = 1.4, b = .3, Hénon was never-
theless able, by looking at the mapping in slightly more detail, to construct an invariant
quadrilateral in his case as well, so there is also a set X in that case.

It might be thought that the set X, since at attracts all orbits which start in the
much larger set A., would qualify to be called an atfractor. On closer examination,
this does not seem to be a good idea. To see why, suppose for example that f has an
attracting periodic orbit in A.. (This certainly happens for some parameter pairs to
which our analysis applies.) This orbit—indeed, any periodic orbit, attracting or not—
must be in X. Around each point of the periodic cycle there will be a neighborhood
of points whose forward orbits are asymptotic to the cycle and which are therefore, in
a natural sense, non-recurrent. It is easy to see that X, as the decreasing intersection
of a sequence of sets each homeomorphic to a rectangle, is connected, so some of these
transient points have to belong to X. It seems natural to make attractors as small
as possible by leaving out all transient points, and X does not meet this requirement.
Accordingly, it is customary to distinguish between attractors and atiracting sets. An
atiracting set simply means a compact set X mapped onto itself by f which has an

~ open neighborhood & O X whose forward images f™U shrink down to X in the sense
that, for any open set V O X, f"U C V for all sufficiently large n. What we earlier
defined as an attracting fixed point is simply an attracting set with only one element.
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Just as in the fixed point case, one can add the requirement that fi/ C U without
making the definition more restrictive. An attractor then means an attracting set with
some further r properties. It is still controversial exactly what these properties should
be, but two things one certainly wants are that every point of an attractor should be
(m some sense) recurrent and that the motion on the attractor should be in some sense
indecomposable. The set X constructed above is certainly an attracting set, but need
not be an attractor.

It is immediate from the formula (8.3) for f that any fixed point must lie on the line
y = z. The point (zg,2) is a fixed point if and only if

1 —a:cﬁ + bz = z,.

For a > 0, whatever the value of b, this equation has one positive solution and one
negative solution, so f has exactly two fixed points. As b goes to zero, these fixed
points converge to the two points of intersection of the parabola z = 1 — ay? with the
line y = z. We are going to study the solution with zo > 0, for small b. It is easy to
check from the equation that this fixed point lies above and to the right of the parabola
z = 1 — ay?® for small positive b. Since the fixed point and the derivative of f at it can
be computed explicitly, it is straightforward to determine the spectrum of the derivative
of f at the fixed point. In this way it can be shown that the fixed point is hyperbolic,
with one-dimensional unstable manifold, if and only if @ > 3(1 — b)%/4, and that the
expanding eigenvalue is negative. For b = 0, the contracting eigenvalue is zero, and
it is easy to guess what the local stable and unstable manifolds are: The local stable
manifold is a vertical line segment through the fixed point, and the local stable manifold
is a small segment of the parabola ¢ = 1 — ay®.

(Incidentally, the Hénon mapping with b = 0 provides a tame example of the problems
with global stable and unstable manifolds for non-invertible mappings. It is nearly
obvious that the parabolic arc

{1-ay®y):1-a<y<1}

is mapped intoitself by f and it can be proved that the successive images of an arbitrarily
small segment of this arc containing the fixed point expand to fill up the whole arc. Thus,
if W), is a local unstable manifold, i.e., a small segment of the parabola, then

(==]

U rwe.={1-a’y):1-a<y<1},

n=0

and the segment on the right-hand side of this equation is not a submanifold because
it contains its end points.)

As soon as b is different from 0, the pathologies of the preceding paragraph have
to disappear. What happens for a large enough and b small is that the global unsta-
ble manifold winds back and forth infinitely often, always staying close to the above
parabolic arc, never crossing itself, with sharper and sharper bends.
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We will next give an argument indicating that the Hénon attractor, if it exists, cannot

FraE e

be too different from the closure of the global unstable manifold of the fixed point with

Zo > 0. For small b, the unstable manifold has a “first branch” lying roughly along
{1-ay’y):1-a<y<1},

and there is a large piece of the stable manifold lying roughly along the vertical line
through the fixed point. The stable and unstable manifolds therefore cross at a point
near (zg,—o). (A point of intersection of stable and unstable manifolds for a single
hyperbolic fixed point is called a_homoclinic point; the fixed point itself, of course,
doesn’t count. If the crossing takes place at non-zero angle, as will be the case here,
one speaks of a transverse homoclinic point. We will see later on that the existence of
a transverse homoclinic point implies that the mapping has quite a lot of complicated
structure, and in particular has infinitely many periodic orbits.) The above argument
for the existence of a homoclinic point only works for b small, but for the rest of our
argument all we need is the existence of a homoclinc point and |b| < 1.

Let A denote the D-shaped region bounded by the segments of the stable and unstable
manifolds joining the fixed point to the homoclinic point. We want to argue that all
_orbits starting in A converge to the global unstable manifold. The proof is very simple:
Consider A, = _f"’:;&i&’*i“{‘:‘h‘nwllafge'.wLike A, A, is homeomorphic to a disk and its
boundary is made up a a piece of stable manifold and a piece of unstable manifold.
The piece of stable manifold is however the image under f™ of the piece of stable arc
joining the fixed point to the homoclinic point and so is small; most of the boundary
is unstable manifold. On the other hand, the area of A, is |b|™ times the area of A,
and so is small. This means that, for any fixed ¢ > 0, A, for n sufficiently large does
not contain any disk of radius ¢, i.e., every point of A, is within a distance ¢ of the
boundary. If, furthermore, n is big enough so that the part of the boundary consisting
of stable manifold has length no larger than e, it follows that every point of A, is at
distance no greater than 2¢ from the unstable manifold, and thus every orbit starting
in A converges to the unstable manifold.

Finally, we present a clever and convenient procedure, due to Franceschini and Russo,
for numerical computation of the stable and unstable manifolds of the fixed points of
the Hénon mapping. Franceschini and Russo pose the problem as follows: They look
for analytic functions z(t), y(¢), and a number ), such that

(8.4) F(=(2),y(1) = (=(Xe), y(MD)).

That is: They look for a representation of the invariant manifolds as parametrized
curves, with parametrization chosen so that the action of f on the curve itself, using
the parameter as a coordinate, is simply multiplication by A. It is clear that if such
a representation exists, it is non-unique in a trivial sense; the parameter ¢ can be
multiplied by an arbitrary non-zero constant. We can thus expect to have to impose a
normalization condition to remove this arbitrariness.

The first observation to be made about (8.4) is that any solution must have (=(0),y(0))
a fixed point for f, and we should expect to be able to choose here either of the fixed
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points. From the explicit formula for f, the equation (8.4) is equivalent to the pair of
equations

z(t) = y(At) and z(M) =1 - az(t)? + by(2).

It is now easy to eliminate y(¢) from this equation, so what we really have to solve is

(8.5) z(At) =1 — az(t)? + ba(t/N).
Now suppose z(t) has the Taylor series expansion
.'z:(t) — Z Tat™s
_..n=0

Inserting this expansion into (8.5) gives

oo n
Z znA"+aszzn_j—b,\_"' " =1.
n=0 j=0

Identifying the constant terms gives
T =1— axﬁ + bz,
which is exactly the fixed point condition. Identifying the linear terms gives
:El)\ + 2&310231 - b$1/z\ =0
or
(/\2 + 2azg) — b) z, = 0.
The equation
A2 4+ 2azgA —b=0

is exactly the condition for A to be an eigenvalue of the derivative of f at the fixed point
(zo,z0). If we require this, then z; is undetermined and we can fix the normalization
for ¢ by putting 21 = 1. (If A is not an eigenva.lue then z; = 0 and it is not hard to
see that all higher z,’s are zero. This does give us a solution of (8.4) but not a very
interesting one.) For n > 2 we get 8 !

2y= « %G Xn-i
Bl (J” ha "4 2an,)
zn,\"—{—ZGIozn‘*‘ainx"—j "-bA'"-:cn = 0, .
=1 Yo= P4 [(4-8)"1H 0
- 2a?
imd A= -2ax Ffuaxl140
(A" +2azo —bA™) 2 = —a Y ;2. z
j=1 : .

From this last equation it is straightforward to compute as many z,’s as desired nu-
merically. It is not difficult to see, directly from (8.4) that, if an analytic solution exists
at all, it is entire, and the existence of an analytic solution follows from general theory.
Thus, the series computed in this way converges for arbitrary ¢ to give as much as de-
sired of the global stable and unstable manifolds (subject, of course, to the limitations
imposed by round-off error.)
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CHAPTER V. LINEARIZATIONS

§1. The one-dimensional case. We begin our discussion of linearizations by looking
at the one-dimensional case, which is much simpler than the general multidimensional
situation but nevertheless instructive.

The question we want to address is: Given a mapping f with a fixed point, which
we may as well take to be at zero, when does there exist an 1nvert1b1e (i.e., strictly

monotone) inappmg ¥ defined on a ne1ghborhood of zero, with ¥(0) ___l_)____‘_suoh‘ that
¥ f¥1 is linear, i.e., such that '

(1.1) TfU () = Az

A a real number, for all z near zero. Such a ¥ is called a linearization of f, or we
say that U conjugates f to the linear mapping Az. If ¥ is just a homeomorphism, we
will speak of a_topological linearization; if ¥ and ¥~ are of class C”, we speak of a cr
Jinearization. Note that the fundamental conjugation equation (1. 1) can be rewritten
(replacing z by ¥(z)) as

‘I’Of=A‘I‘,

which shows that it is a linear condition on ¥. Hence, multiplying any linearization by
an arbitrary nonzero constant gives another linearization, so, multiplying ¥ by —1 if
necessary, we can arrange to make it strictly increasing. We will assume this from now
on.

We will be mostly interested in differentiable mappings f, but we will consider both
differentiable and non-differentiable ¥’s. One of the lessons to be learned from studying
the one-dimensional case is that linearizations which are not required to be differentiable
can be constructed by crude methods and are not at all unique whereas differentiable
linearizations are harder to construct but unique (up to multiplication by constants)
when they exist. Note, to begin with, that if f admits a linearization ¥ differentiable
at 0 and ¥'(0) # 0, then A must equal f'(0). This need not be the case if ¥ is merely
required to be a homeomorphlsm For example, if f is already linear, say f(z) = Az,
and if we take ¥(z) = sgn(z)|z|%, with « any strictly positive number, then

U1 (z) = sgn())|A|%z.

Thus, for example, if f admits a topological linearization with 0 < A < 1, it also admits
a topological linearization with A = 1/2. On the other hand, the sign of A is determined
since conjugations preserve the property of being increasing or decreasing.

The next thing to observe is that linearizations with A = 1 are very special—if (1.1)
holds with A = 1 then f(z) = = near 0. Those with A\ = —1 are almost as special,
since the existence of such a linearization implies that f?(z) = z near 0. Thus, among
mappings f'(0) = *1, those which admit differentiable linearizations are exceptional.
If, on the other hand, f admits a topological linearization with A # 41, then the fixed
point at 0 of f must be either attracting (]A| < 1) or repelling (|A| > 1), since these

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed February 22, 1988



81 The one-dimensional case 65

properties are evident for Az and preserved under conjugation. Thus, for example, the
mapping f(z) =z + z* admits no topological linearization because it -attra.cts from the
left and repels to the right (or alternatively because f(z) > = both for small positive
and small negative  and no linear mapping has this property.) On the other hand, as
we shall see, f(z) = = + z* does admit a linearization (with, say, A = 2.)

We have thus accumulated some necessary conditions for f to admit a topological
linearization. These necessary conditions are also sufficient, as the following proposition

shows.

PROPOSITION 1.1. Let f be a continuous strictly monotone function defined on a neigh-
borhood of 0, with f(0) = 0. Then f admits a topological linearization at 0 if and only
if one of the four following (mutually exclusive) conditions holds:

(a) f is increasing and f(z) = z for sufficiently small .
(b) f is decreasing and f?(z) = = for sufficiently small z.
(c) 01is an attracting fixed point for f.

(d) 0 is an attracting fixed point for f~1.

In case (c), we can take A = 1/2 if f is increasing and X = —1/2 if f is decreasing. In
case (d), we can take A = 2 if f is increasing and A = —2 if f is decreasing.

PrOOF: We have already proved the necessity of these conditions; it remains to prove
sufficiency. Case (a) is immediate; in case (b), it is easy to verify that

z forz >0
Bl {—f(:c) forz <0

is a linearization; and case (d) follows from case (c) applied to f~!. Thus, we only
need to consider case (c). We will give the argument only for increasing f; the proof
for decreasing f is similar. We can assume without loss of generality that f is a strictly
increasing mapping of [—1,1] to itself and that f®(z) — 0 for all z € [—1,1]. From this
it follows that f(z) < z for all z € (0,1] and f(z) > z for all z € [-1,0).

Consider z € (0,1]. Since every orbit in this interval converges to zero, we must have
f(z) < z for at least some z € (0, 1]. If this were not true for all such z, the continuity
of f would imply that f(zo) = zo for some zo € (0,1], and it would then not be true
that f*(zo) — 0. It is worth noting that, conversely, f(z) < z for all = € (0, 1] implies
that f™(z) — 0 for all such z. To see this, consider any z € (0,1]. Then f™(z) > 0
for all n, and f™(z) is decreasing in n. Hence, f™(z) converges to something, and
this something must—by continuity—be a fixed point of f. But since we are assuming
f(z) < z on (0,1], the only possibility is that the limit is 0.

We are going to argue that any continuous strictly increasing ¥ mapping [f(1),1]
onto [1/2,1] can be extended (uniquely) to a continuous strictly increasing mapping of
[0,1] to itself satisfying

(12) ¥(f(=) = 3¥(=)
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the interval [—1,0] can be treated similarly. We make the extension in a sequence of
steps. For the first step, we note that the right-hand side of (1.2) is defined on [f(1),1],
so there is only one way to extend ¥ to [f2(1), f(1)] consistent with this equation.
The extension made in this way is strictly increasing on [f2(1), f(1)], and the two
determinations of ¥(f(1)) agree since we chose ¥ on its initial interval of definition to
satisfy ¥(f(1)) = 1/2. Thus, the extended ¥ is continuous and strictly increasing on
[f3(1),1], and satisfies (1.2) where that equation makes sense, i.e., on [f(1),1]. Now
repeat this construction to extend ¥ to [f3(1), f2(1)], then to [f*(1), f3(1)], etc. Doing
this infinitely often, and using f™(1) — 0, we get an extension of ¥ to a continuous
strictly increasing function defined on (0,1] and satisfying (1.2) everywhere. From (1.2),

it also follows that /
n
(W) = o,
so we can extend ¥ to a continuous strictly increasing mapping of [0,1] to itself by
putting ¥(0) = 0, and this extension obviously does not spoil (1.2). 0
It is tempting to try to extend this argument to attracting fixed points for mappings
in more than one dimensions. The hard step is to get started: Suppose we consider a
mapping f sending the closed unit ball B of some Banach space homeomorphically into
the open unit ball B, with f(0) = 0 and with sup,. 5 ||f™(2)|| — 0. The problem is to
find a contractive linear mapping A and a homeomorphism ¥ of B\ fB onto B\AB such
that Yo f = Ao ¥ on the unit sphere. This is easy to do in one dimension, but not so
obvious in more than one. If such a ¥ can be found, the argument given in Proposition
1.1 can be used to extend it to a topological conjugacy between f and A. These
topological difficulties can easily be circumvented if f is continuously differentiable
with differentiable inverse and if the norm of D f(0) is strictly smaller than one. In this
case, by cutting off the non-linear terms in f, we can make a diffeomorphism fof B
which agrees with f on a neighborhood of 0 and with Df(0) on B — fB; we can then
simply take A = Df(0) and ¥(z) = = on B — fB.

The degree of arbitrariness in ¥ shows that a topological linearization is only loosely
connected with f. Our next observation is that differentiable linearizations, when they
exist, are essentially unique. To see this, assume that f has 0 as an attracting fixed
point and that some one of the many topological linearizations ¥ of f is differentiable at
zero with non-vanishing derivative. (We don’t need to require that it be differentiable
anywhere else.) By multiplying this linearization by an appropriate constant, we can
arrange that ¥'(0) = 1. We now claim that ¥ is uniquely determined. In fact, we are
going to show that, for each sufficiently small z,

n
z
o i )
n—oo A"
exists and is equal to ¥(z). Mo see this, we first note that the linearization identity can
be iterated to give

C(f*(z)) = A"¥(z),
or, equivalently,
(f(=))

Ua)e =Tans
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But since ¥(0) = 0 and ¥'(0) =1,
(f"(=))
(=)

Thus, the desired assertion holds for all z small enough so that f™(z) — 0. =
Next note that, if we write

A" n~>o0 /\”

»1 provided f"(z

U'(x):_(ﬂ_{'_“iu % ex) = lim ih{a.}
) — 0.

v =L,
then

‘Iln. 0o f = )‘\I’n+1

and hence, if lim,, o, ¥, exists and is strictly increasing, this limit is a linearization.
To check whether the limit exists, we compute

woe =11 (F52) = [T ¢+ ).

=0 i=0

Here, we have introduced n(z) defined by
fl(e) =A(1+n(z)).

If f is continuously differentiable at zero; if A = f'(0) has modulus less than one; and if z
is small enough, then f™(z) converges to zero exponentially fast, so n(f™(z)) converges
to zero. Simple continuity of the derivative of f at zero is not enough to imply the
convergence of the sequence of products

1 @+ (7)),

and it is not hard to make an example of a continuously differentiable f for which
\I!fn(z) goes to infinity for all small non-zero z, with enough uniformity to guarantee
that ¥,(z) goes to +oo for all small positive z and to —co for all small negative z.
Thus, not every C! function f with |f’(0)| < 1 admits a differentiable linearization. If,
however, f is of class C™ for some r» > 1, so f'(z) is Holder continuous, then |n(f™(z))|
goes to zero ezponentially with n, so the sequence of products converges uniformly on a
neighborhood of zero. Thus, f admits a C! linearization ¥ on a neighborhood of zero,
and the derivative of ¥ is given by the infinite product

co

() =[] (@ +n(F (=)

i=0

It is easy to see from this formula that ¥ is also of class C™ for 1 < 7 < oo if f is, and
also that ¥ is analytic near zero if f is.
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PROPOSITION 1.2. Let f be a mapping of class C™, 1 < r < oo, defined on a neigh-
borhood of zero in R, with f(0) = 0. Write A for f'(0). If A # 0,%1, and if U is a
sufficiently small neighborhood of zero, then f admits exactly one topological lineariza-
tion ¥ defined on U which is differentiable at zero and has ¥'(0) = 1. This linearization
is of class C™, and is real-analytic if f is.

We have already proved the proposition for |A| < 1; the case |A| > 1 can be reduced
to this one by replacing f by f~!.

The result in the analytic case is a classical theorem of Schréder (1871). It can be
proved in a number of ways other than the one we have chosen, e.g., by computing a
formal power series which formally linearizes f and proving that it has a non-zero radius
of convergence. It is not necessary that A be real. It should also be mentioned here that
Siegel has shown that analytic linearizations also exist for A\’s with modulus one whose
arguments are sufficiently irrational relative to 2; the proof is much more difficult than
in the case considered here.

§2. Formal theory. We turn now to the multidimensional case. Let f be a mapping
of class at least C™ with f(0) = 0, and denote Df(0) by A. We want to investigate
whether there exists a change of coordinates which eliminates all non-linear terms in f
of degree up to n, i.e., a smooth mapping ® defined on a ﬁeighborhood of zero, with

_%(0) =0 and D®(0) = 1, such that

We might call such a @ an n-th order linearization of f.

The question of whether such a & exists is a purely algebraic one involving only the
Taylor coefficients for f and @ at zero up to order n. In fact, the problem is even linear
in the Taylor coefficients of ® since it can be rewritten as

8(f(2)) = A2(2) + of||z[").

Thus, in principle, the solvability of this problem reduces to a question of the non-
vanishing of certain determinants constructed out of the Taylor coefficients of f. It
turns out, however, that the non-vanishing of these determinants is equivalent to the
absence of certain simple algebraic relations among the eigeuvalues of A, i.e., in a vague
sense, to the absence of certain kinds of “resonances”. The equivalence between the
solvability of the n-th order linearization problem and the absence of resonances is the
main idea in the theory of smooth linearizations; getting from the existence of n-th
order linearizations to the existence of exact linearizations involves some hard technical
work but is much less enlightening.
We rewrite the approximate linearization equation as

®(z) = A7 2(£(2)) + o(l|2]|™),

or, equivalently, ‘ .
D’®(0) = A"'D’ [®0 f](0) forj=2,...,n.
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It is easy to see by induction that (for 7 > 2)
Di[®o f] = [(D'®)o f] Df? + [(D®) o f] DI f + lower order terms,

where the lower order terms mean ones involving only derivatives of order j — 1 and
smaller. Writing f; for D’ f(0) and ®; for D?$(0), we can thus write

ATIDI [®0 f](0) = AT1®,;A + ATV f; + W,

where the W; are expressions involving only the fi and ®; for £ < j. The equations to
be solved are thus

(2.1) &; —A7I®;A = ATIfj+W; for2<j<nm,

and the idea is to solve them successively starting with 7 = 2.

Recall that the ®; and f; are symmetric j-linear mappings from € x --- X £ to £. We
will denote the space of all such mappings by £;; it is again a finite-dimensional vector
space. Each of the equations (2.1) has the schematic form

®; - K;®; = a;,
where K; is the linear operator on the vector space £; given by
K;®;i(z1y...,25) = A71®;(Az,. .., Azj).

Equation (2.1) will be solvable for arbitrary f; if and only if one is not in the spectrum
of K;. We therefore want to determine this spectrum.

If A is a diagonalizable operator then it is easy to see that K; is also diagonalizable
and that the spectrum of K is the set of products

Ag*M1)z2...); with the ); in the spectrum of A (not necessarily distinct).

The result is exactly the same in the non-diagonalizable case. We can see this by
approximation, i.e., we use
(1) every linear operator can be approximated arbitrarily well by diagonalizable ones;
(2) the mapping A — K is continuous;
(3) the spectrum of a linear operator varies continuously with the operator.*
Thus: Equations (2.1) can be solved for all f5, ..., fn if and only if no relation of the

form
Ao =A1...Aj

holds among the eigenvalues of A for 2 < j < n. We have thus proved:

*Remark and question: The argument given only works on finite-dimensional spaces. Is the result
nevertheless true in the infinite-dimensional situation?
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PROPOSITION 2.1. Let f be a mapping of class C™, n > 2, which leaves 0 fixed, and let
A denote D f(0). If no relation

) Ao = A1A2--+A; with Ag, ..., Aj eigenvalues of A
holds, for 2 < j < n, then there exists a C* mapping ® from £ to itself, with
®(z) = z + higher order terms,

such that
Bofod !(z) = Az +o(||2|™),

and the derivatives of ® at zero up to order n are uniquely determined. Conversely, if
one or more relations of the form (*) do hold, then there is a set of non-trivial algebraic
conditions which the derivatives of f of order 2,...,j at 0 must satisfy in order that
there exist such a P.

Note that, if A has an eigenvalue A on the unit circle, then, since the complex conjugate
A of A is also an eigenvalue, and since

A= [AIPA = 2],

we cannot in general eliminate terms of degree 3 in f. Thus, we cannot expect smooth
linearizations to exist with any generality at non-hyperbolic fixed points. Furthermore,
for hyperbolic fixed points, there is a qualitative difference between the situation where
all eigenvalues are on one side of the unit circle (i.e., they are either all inside or all
outside) and the non-trivially hyperbolic situation. In the first case, assuming for def-
initeness that all eigenvalues are inside the unit circle, no relation of the form (*) can
hold for 5 big enough so that ‘
|Amax|J < |)\min|$

where Apa.x and Ap;, denote eigenvalues with maximal and minimal moduli. Thus, in
the neighborhood of any particular such A there are only finitely many conditions to
be avoided in order to be sure that terms of arbitrarily high degree can be eliminated.
This implies that the set of A’s for which no relation (*) holds for any j is open (and
dense) in the set of A’s with p(A) < 1. On the other hand, it is easy to see that the
set of A for which some relation (*) holds is dense in the set of all A’s with eigenvalues
both inside and outside the unit circle. The complementary set where no such relation

holds is also dense, and in fact residual, i.e., a countable intersection of open dense sets.

Thus, loosely, among C*™ f’s admitting 0 as a nontrivially hyperbolic fixed point, those

n the other hand, we see that in
some sense “most” sum approximate linearizations of arbitrarily high
order.

T telations of the form (*) hold, one can try to choose a ® which eliminates as many
terms in the Taylor series for f as possible, i.e., to make a coordinate change reducing
f to some normal form, where the normal form depends on exactly which relations (*)
hold. This does indeed work in many useful cases, but is a little awkward to formulate
in general.
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§3. Attracting fixed points. In this section we find conditions which guarantee
the existence of smooth linearizations for the case where the spectral radius of D f(0) is
strictly less than one. It is striking that the argument we are going to give may require
the existence of very high order derivatives of f in order to construct a linearization
which is even once differentiable, but that, once it works at all, it produces a linearization
which is as smooth as f is.

We denote the nonlinear part of f by Ag, i.e., we write

f(z) = Az +g(2)}.

The idea is going to be to argue that if g(z) is smooth enough and vanishes to high
enough order at 0 then f admits a differentiable linearization. This part of the argument
does not involve any non-resonance conditions. To get from a general f to one with
a g which vanishes to high order, however, we use the proposition of the preceding
section which does require non-resonance conditions. We write the linearization ¥ we
are looking for as

‘I'(z) =z+ "!’(z):

with 1(z) = O(z?) (at least). We can thus rewrite the linearization equation as

U(f(2)) = Az + Ag(z) +¥(f(2)) = A¥(z) = Az + A¢(z)

AY(z) — $(f(2)) = Ag(2)

(3-1) ¥(2) = A7 P(£(2)) = 9(2)-

This equation has the schematic form
¢ - K ¢ =4,

and we can try to solve it by constructing a function space which contains g and on
which K is a contraction, or, alternatively, by proving that the formal Neumann series
solution

2 Kmg(z) =3 AT"g(£7(=))

converges in some sufficiently strong sense. To start with, let us just investigate the
pointwise convergence of this series. The factor A™™ grows with n, but it multiplies
g(f™(z)) which goes to zero because f™(z) converges to zero and g vanishes there. In
fact, by making g vanish to high enough order we can make g(f"(z)) go to zero fast
enough to beat the growth of A™".
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The details go as follows: We choose a norm with respect to which |A|| < 1; then
an € > 0 and a £ < 1 such that |Df(z)|| < « on the ball of radius e¢ about zero. By
rescaling we can assume that ¢ = 1. Then, for any z in the unit ball,

If*(2)f < £™|z]| for n 20,
so, if g vanishes to order N at zero,

lg(f™(2))|| < const ™™||2|¥.
Thus, we have only to take N big enough so that
(3.2) NIATY < 1

to ensure that the series converges uniformly on the unit ball.
Next we see whether the differentiated series series converges uniformly. The deriva-
tive of the n-th term is

AT"Dg(f™(2))Df(f*7H(2))DF(f*2(2)). .. Df(2).

If g is of class CN and vanishes to order N at zero, then Dg vanishes to order N — 1,

so the factor Dg(f™(z)) only gives us a decay like x(N-1)", However, we also have n

factors of Df, each of which contributes a factor of & to the estimates, so the final result

is just the same as for the undifferentiated series—condition (3.2) suffices to guarantee
. that the series converges.in C! and hence that f admits a C? linearizatiqn.

This argument can be extended in a completely straightforward way to higher deriva-
tives; what comes out is that ¥ is of class CV and in fact of class C*, n > N, if f is. The
details of the extension, done in this way, are a little messy, and it is easier to carry out
the proof by constructing a norm on C™ with respect to which K is a contraction. The
proof of the following proposition shows in detail how to do this. In formulating this
proposition, we have taken the opportunity to prove something a bit more general than
what we need here; the more general version will be useful when we discuss lineariza-
tions for general hyperbolic fixed points. Also for convenience later on, we include in
the proposition a generalized version of the formal theory of linearization to finite order
developed in the preceding section.

Since the precise formulation of the proposition is a little intricate, it may be helpful
to start with an informal survey of what it asserts. It gives sufficient conditions for

equations of the form
¥(z) — L(z)d(f(z)) = o(z)

to be uniquely solvable for 1, which is to be a smooth mapping from the unit ball in
some vector space £ into some (other) vector space F. Here, L, f, and a are given;
(a) L is a smooth mapping taking values in the space of linear mappings from F to
itself;
(b) f is a contractive smooth mapping from the unit ball of £ into itself with the
origin as a fixed point; and
(c¢) @ is a smooth mapping from the unit ball in £ into F.
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They are all assumed to be of class C™ for some sufficiently large n; how large n has to be
is related to how strongly f contracts and how large L(z) gets. There is a non-resonance
condition saying that eigenvalues of L(0) cannot be written as products of fewer than
n reciprocals of eigenvalues of Df(0). However, resonance of low order—of order less
than some ny < n—are not excluded; instead, we require that ¢ vanish to order n, at
the origin and look only for %’s which also vanish to this order. For the purposes of the
statement and proof of this proposition, “the unit ball” will mean the open unit ball,

and functions of class C™ on the unit ball are assumed to have all derivatives up to order
n bounded on the unit ball.

PROPOSITION 3.1. Let £, F be finite-dimensional normed vector spaces, and let 0 <
ng < n be integers. Also, let f a mapping of class C™ from the unit ball of £ into itself
with the origin as a fixed point and = — L(z) a mapping of class C™ from the unit ball
in € into the space L(F,F) of linear operators on F. Assume that

x= sup [Df(z)] <1,
llzll<1

and define M as
M= swp |L(@)].
Iz]l<1

Assume:
(1) x*M < 1.
(2) (Non-resonance) No non-zero eigenvalue of L(0) can be written as the reciprocal
of a product of j eigenvalues of Df(0), with ng < j < n.

Let a be a mapping of class C™ from the unit ball in € into F with D?a(0) = 0 for
0 < j < mg. (This latter condition is empty if ng = 0.) Then there is exactly one
mapping 1 of class C™ from the unit ball of £ into F, such that

(3.3) ¥(z) — L(z)y(f(z)) = a(z) for all z in the unit ball of £.

and such that .
D’4(0) =0 for0<j <ng.

PRrROOF: The proof splits into an algebraic part and an analytic part. The algebraic
part—the only place where the non-resonance condition (2) is used—is to show that
there is a unique polynomial

n—1
pO(z) = Z ¢§D)(x) with ¢§_u) a homogeneous polynomial of degree j

j=no

such that
¥ (z) — L(z)¥ " (f(z)) — a(z) vanishes to order n at 0.
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The analytic part is to show that, if a(z) vanishes to order n at zero, then (3.3) has a
unique C™ solution with Di%(0) = 0 for j < n.

The proof of the algebraic part is an easy generalization of the proof of Proposition
2.1. Writing A for D f(0), we first note that

[DiL(z)$(f(=))] omp = L(0)D?%(0)A? + lower order terms.

where the “lower order terms” involve 7 only through its derivatives at 0 of order strictly
less than j. We can thus determine successively the derivatives of order ng, ..., n — 1
at 0 of the desired %(®) provided that, for each j = ny,...,n — 1, the operator £; on
the space of symmetric j-linear mappings ¢ from € x ... x € to F given by

L;d(z1,...,25) = L(0)p(Azy,...,Az;)

does not have 1 in its spectrum. But the spectrum of this operator is easily verified
to be exactly ¢(L(0))o(A)?, i.e., the set of all products of one eigenvalue of L(0) and
J not-necessarily-distinct eigenvalues of A, and the non-resonance condition (2) of the
proposition says precisely that no such product is equal to one.

To prove the analytic part, we let K denote the operator defined by

(K)(z) = L(@)b(f(x))

on the space of functions % of class C* from the unit ball of £ into F with Di(0) = 0
for j < n. We will construct a norm which makes this space of functions into a Banach
space and with respect to which K is a contraction. For such a function %, and for

j £ n, define
_ |I1D? (=)l
[#ll; = sup ===
o<llzli<1 (Il
These suprema are all finite, and the space in question is complete with respect to, say,
the supremum over 0 < j < n of the || ||;. It is not very likely that the operator K will

be contractive in this particular norm, but we are going to show how to construct an
equivalent one in which K is contractive. It is easy to see that

DIKy(z) = L(z)DIp(f(z))Df(z)’ + lower order terms,

where the lower order terms are ones involving derivatives of ¥ only up to j — 1-st order.
Because

1£(@)I < «ll=l,

we get

"DJ'(,L'(f(:B))" < Nn—j||¢||j’

Iz~ =
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and the norm of Df(z)? is majorized by x7. Hence,

| L(z) Di(f(2)) Df (2)|

2 =]

< ME™||9l5

and thus we get an estimate

IKy|; < Me™¥|; + B; iil?{lhbllk},
J

where Bj; is a constant independent of 7.
The estimates we get in this way have the general structure

I1K%|l; < ajll¢ll; + B; ilil?{lhl’llk} with ¢; < 1.
J

The idea now is that, no matter how big Bj; is, it can be made negligible by adjusting
the relative weights of the various norms. Concretely, we let C; be a decreasing sequence
of positive numbers with Cy = 1 and

Cj 1—a;
B J_ < J
JC’j_l T B T
and put
1% = sup{Cjl|%]|;}.
isn
Then
C:
CslE s < aslvll + Bysund (E) el |
k<j k
C; 1+e;
< (aj + Big=) 141l < () Il
-1
Thus,

|K9| < ?‘éﬁ{(l + a;)/ 2} |,

and hence K is contractive relative to || ||, as desired, so the proof of Proposition 3.1 is
complete.

As an almost immediate consequence, we have:

THEOREM 3.2. Let f be a differentiable mapping; zo a fixed point for f; and assume
that D f(zo) has spectral radius strictly smaller than one. Write A for D f(z,), and let
the eigenvalues of A be Ay, ..., A, labelled in such a way that

Pl < Pl € -+ < Posl(< 1),
Let N be the smallest integer such that
Al < M.

Assume

(a) f is of class C*, N < n < oo.
(b) A # Aiy ... Ay for all 4, 1, ...,1; and all j with2 < j < N
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Then there exists a C™ linearization for f, and the linearization is unique (up to nor-
malization) in CV.

PROOF: Let £ > |A;| and M > |A,|™? be such that k¥ M < 1. Choose a norm so that
|Al| < & and ||A7?|| < M. By magnifying sufficiently, we can arrange that | Df(z)| < &
for all z in the unit ball, so Proposition 3.1 applies. Note that, as we saw in the preceding
section, the inequality

Aig # iy -0 Ay

always holds for 7 > N.

§4. General hyperbolic fixed points. Now suppose that zero is a non-trivially
hyperbolic fixed point for f, i.e., that Df(0) has spectrum both inside and outside of
the unit circle. We are going to show that, if f is smooth enough, and if no relations

A0=A1’\2---Aj

hold between the eigenvalues of A = Df(0) for 7 up to some finite N, then f admits
a C" linearization. The number of derivatives f has to have, and the N up to which
resonances have to be excluded, depend on r and on “coarse” information about A. It
seems to be necessary, to be sure that f has a C” linearization, to assume that f has
many more than r derivatives.

We begin by making a number of preliminary reductions. We start by splitting the
space into the expanding and contracting subspaces for A and writing, as usual,

f(m,y) = (A,ﬂ: + .fa(m:*y):Auy + fu(:':’y))'

It is very convenient to arrange things so that the stable and unstable manifolds are
exactly the linear subspaces {y = 0} and {z = 0} respectively. This is done as follows:
Suppose that the stable manifold is {y = w,(z)} and the unstable manifold {z = w,(y)}.
Put z' = 2 — wy(y), ¥' = y — w,(z). Because the derivatives of w, and w, vanish at
zero, the mapping (z,y) — (z',y') has derivative 1 at zero, so (z',y') are good local
coordinates at zero, and they are chosen precisely so that the unstable manifold is the
set where y' vanishes and the stable manifold the set where z' vanishes. We will from
now on assume that we have made this coordinate change, and we drop the primes. Note
that { = 0} is an invariant set if and only if f,(0,y) = 0 for all ¥, so the vanishing of
fs for = 0 is the same as the statement that the unstable manifold is {e = 0}.

We will also want to assume that the non-linear terms in f are globally small. We
can arrange this by constructing a new f in which the non-linear terms are multiplied
by a smooth cut-off function which is one on a neighborhood of zero. Cutting off in
this way does not spoil, e.g. the fact that f,(0,y) = 0 for all y, i.e., does not spoil the
way we have arranged the stable and unstable manifolds in the preceding paragraph. A
linearization for the cut-off f will also be a linearization for f itself on a small enough
neighborhood of zero.
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§4 General hyperbolic fixed points 77

We are looking for a linearization ¥ with D¥(0) = 1, i.e., one which can be written
¥(z) = z + 9(z) with ¢ vanishing to second order at zero. We can split 9 into its &,
and £, components, i.e., we write

Y(z,y) = (¥s(2,¥), Yu(z,9))-

The linearization condition ¥(f(z)) = A¥(z) then splits into two conditions
Az + fi(z,y) + ¥s(f(2,9)) = Asz + Astbs(z,y),

Ay + fu(”:y) + "/’u(.f(z:y)) =AYy + Au";bu(z, y)'

These are two independent equations for 4, and %, which can be attacked separately.
Furthermore, the 1, equation is just the ¥, equation for f~!, so we have only to show
that the v, equation has a solution.

Hence, cleaning up the equation a bit, what we have to show is that there exists a
smooth function ¥, from £ into £, which vanishes to second order at zero and which
satisfies

(41) Pa(2) — A7 9,(f(2)) = A7 fu(2).

We will denote the right-hand side of this equation by a(z). Our approa& will be to
try to make the formal series solution '

(= <]

(4.2) > ATa(f(2))

n=0

converge in C”, as we did in the case of an attracting fixed point.

Note one curious feature of this series. If z is not on the stable manifold, then f™(z)
will eventually be driven away from zero. Thus, since we have arranged to make the
non-linear terms in f vanish outside a small neighborhood of the zero, there will be only
finitely many non-zero terms in the series, so it certainly converges and the sum is as
smooth as f itself. The whole problem is to control its behavior on and near the stable
manifold.

Next we note that, using the expanding/contracting wedges idea and the fact that f
is globally near to A, it is easy to arrange the choice of norms and cutoffs so that the
norm of the z component of f(z,y) is smaller than the norm of = by a factor of K < 1,
where x is independent of (z,y). Thus, writing a general orbit

fn(za y) = (zn7yn)7

we get an estimate
lzall < =™|l=]l,
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i.e., every orbit converges exponentially fast to the unstable manifold, and we have
uniform control over the rate of convergence. Thus, if

lla(z,v)|| < k||z||V uniformly in ¥,
where N is large enough so that
AT <1,

then, just as in the proof for the case of an attracting fixed point, the series (4.2)

converges uniformly on bounded sets, and so defines at least a continuous solution of
4.1).

( C?mtrolling the differentiability of the sum is also straightforward, as in the attracting

case, but, in contrast to the attracting case, it makes new demands on the rate at which
a(z,y) vanishes with z. If ¢(z,y) vanishes to order N in z uniformly in y, then Da(z,y)

vanishes to order N — 1. Using

DA"a(f™(2)) = A7 Da(f(2))Df ("~ (2)) ... Df(2),
we get an estimate
IDA; ™ a(f*(2))]l < const|A;*||"x™N =1 agm,

where M is a global bound on ||Df(z)||. Thus, we can conclude that the sum (4.2)
is continuously differentiable provided that a(z,y) vanishes to order N in z, for all y,
where N is large enough so that

VYA M < 1.

Continuing in this way, we see that there is a C™ solution provided that N is big enough
so that
kN=PATH M < 1.

What we want to do, then, is to find a change of coordinates which eliminates all
terms up to some given order in z for all y simultaneously. In fact, we will do this only
locally, i.e. we will find a coordinate change which eliminates all terms up to a given
order in z for all y in the unit ball. After making this coordinate change, we again
multiply the non-linear terms by a cut-off function to make them vanish exactly for y
outside the unit ball.

The procedure for finding the desired coordinate change is very much like the proce-
dure by which we constructed finite-order linearizations in §2, except that y is carried
along as a parameter. We look for a coordinate change of the form

<I>(a:,y) = (¢(z7 y),y) where ¢(0’ y) = 0 for all y.
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A straightforward computation shows that, if & has this form and if we write

q’fQ—I (:c,y) = (Aaz + fa(z’y)’ Ay + fu(‘c: y))a

then
Dlf,(0,y)=0 for1<j< N
if and only if
(4'3) Di (¢ o f)(os y) = AaDi‘ﬁ(O,y) for1<j<N.

We are going to use Proposition 3.1 of the preceding section to show that this set of
equations has a solution.

As usual, we will solve the equation (4.3) successively for j = 1,...,N —1, and, also
as usual, we start by noting that

Digo f(z,y) = (Dig) (f(z,¥)) (As + D.f:(z,y))’ + lower order terms,

where the lower order terms involve z derivatives of ¢ only of order 7 — 1 or smaller.
We also note that the mapping

y+— Ayy + fu(0,y) = E,-component of f(0,y)
is invertible, and we write F for its inverse. If the non-linear terms in f are small

enough, F is globally contractive. We also write ¢;(y) for Di#(0,y) and A,(y) for
A, + D, f,(0,y). With this notation, we can write the j-th equation of (4.3) as

¢5(F_1(y))(Aa(y))j - As¢j(y) = aj(y),

where a;(y) is “known” once the earlier equations have been solved. Replacing y by
F(y) and multiplying on the right by (A,(F(y)))~’, we can rewrite this equation as

$i(y) — Asdi (F())(As(F()) ™ = bi(v),

with b; also known.
This equation has the form considered in Proposition 3.1 with

(a) E=&,, f=F,
(b) F the space of symmetric j-linear mappings from £, x -+ x &, to &
(c) L(y) the operator defined by

L(y)$(z1,- -, 25) = Aad(As(F(y)) 21, ., As(F (1)) ;).
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In particular, the spectrum of L(0) is
o(Ay) " (A, ).

Since

DF(0) = A7T,
the non-resonance condition (2) of Proposition 3.1, which we can write as
1 ¢ o(L(0))o(DF(0))*
is a consequence of the ordinary non-resonance condition (of higher order)
o(A) No(A)TE =0,

provided j+k > 2. For j > 2, this holds for all k, and in this case we apply Proposition
3.1 with ng = 0. For j = 1, we need to do a little more: We want ¢ to satisfy ¢;(0) =1
so we apply Proposition 3.1 to the equation satisfied by ¢:1(y) — 1, with ng = 1. The

~smoothness conditions on a required in Proposition 3.1 can be guaranteed inductively

by requiring enough smoothness of f.
Thus, given any N, there exists N depending only on N, p(A,), and p(A;?!) such
that, if f,, f., are of class CV, and if

o(A)Na(A) =0 for2<j< N,

then there exist ¢y, ..., ¢ of class C% such that (4.3) holds. Once this has been done,
we construct the coordinate change ® as described above, cutting off in z if necessary
to make it globally invertible. Conjugating with @ gives a mapping f such that

Di(f,)(0,y) =0 forally,forl<j < N.

We do all this only for ||y|| < 1, but, after making the coordinate change, we multiply
the non-linear terms in f by a smooth cutoff function which is identically one on a
neighborhood of zero; the argument at the beginning of this section can then be used

to conclude that this re-cutoff f admits a smooth linearization and hence that f itself
admits a smooth linearization. Thus we have proved:

THEOREM 4.1 (STERNBERG LINEARIZATION THEOREM). Let 0 < a < 8 < 1, and let
n > 1 be a positive integer. There is an integer N depending on o, 3, and n such that,
if f is a mapping of class C; if zq is a fixed point of f; if the spectrum of D f(z,) is
contained in the union of the two annuli

{e< N <Btu{at <A <B71}
and if the non-resonance condition

o(Df(20)) No(Df(2)) =0 for2<j< N
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holds, then f admits a C™ linearization at zg.

It would not be difficult to make an explicit estimate for N. Since N does not
depend on the dimension of &, it seems likely that the theorem remains true for Banach
spaces, although the proof we have given does not work in that generality. (A Banach
space version would, however, be much less satisfactory than the finite-dimensional
version since the non-resonance condition is no longer “generic” if D f(z) has continuous
spectrum.)

It should also be noted that Theorem 4.1 has no uniqueness statement. In fact,
smooth linearizations are not unique in the general hyperbolic case, even in the absence
of resonances, or, more precisely, smooth local linearizations are not locally unique. To
see why this is, we first note thatﬁWthion
at zg if and only if the only smooth ® with #(0) = 0 and D®(0) = 1 which commutes
near zero with A = D f(z) is the identity.

If ¥ is one normalized smooth linearization, and if & commutes with A, then ® o

¥ is another smooth linearization; conversely, if ¥, and ¥y are normalized smooth
linearizations, then & = ¥, ‘I’;l commutes with A.

We want to show therefore that there exist non-trivial ®’s which commute with A
on a neighborhood of 0. We can re-express the commutation condition by writing
$(z) = z + #(z) with ¢ vanishing to second order at 0. Commutativity of ® with A on
a neighborhood of 0 is equivalent to :

(z) = A7 ¢(Az)

on that neighborhood. What we want to do, therefore, is to show that this equation
has non-trivial smooth solutions.

We can exhibit such solutions using the techniques developed above. Let, for example,
a be any C* mapping of £, ® &, into itself, with compact support, vanishing identically
on a neighborhood of 0 and vanishing together with all its derivatives everywhere on
£.. By what we have shown above,

co

$(z) =Y A7a(A2)

j=0
converges in C™ for all n; hence, is of class C*°, and satisfies

#(z) — A71p(Az) = a(2).

Since, by assumption, a vanishes on a neighborhood of 0, this equation means that ¢
commutes with A on a neighborhood of 0.

We still have to show that a can be chosen in such a way as to make ¢ not vanish
identically on any neighborhood of 0. This is easy to do if, for example, A is diagonal-
izable with positive eigenvalues: In this case, we work in a basis of eigenvectors for A,
and we choose a so that each component is strictly positive everywhere in

{1< |zl < A1}
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except on &,. This is certainly possible to do. Then for every z which is in the unit ball
but not in either £, orin £, there is at least one j such that a(A7z) # 0. But since there
are no cancellations in the sum defining ¢, this means that ¢(z) is non-zero everywhere
on the unit ball except on £, and &,. It does, nevertheless, vanish to infinite order at
zero.

§5. The C*™ case. Let f be a C* mapping with fixed point zy, and suppose that
there are no resonances at all, i.e., that :

o(Df(z0)) No(Df(2))’ =0 forall j> 2.

Then the theorem of the preceding section says that f admits a C™ linearization for
each n, but, because of the lack of uniqueness, does not directly imply that there is a
C* linearization. We will prove here that a C* linearization does nevertheless exist.

The argument is essentially that of the preceding section, with one additional twist.
The essential new step is to find a change of coordinates which makes fs(z,y) vanish to
infinite order as z goes to zero, uniformly in y. Once this has been done, the argument
of the preceding section gives an infinitely differentiable 1,. It is also clear from the
preceding section how to construct the change of coordinates as a formal power series
in z with coefficients depending on y. It looks extremely unlikely that this power series
converges, especially if f is not analytic. The new twist is the remark that it is not
necessary to show that the series converges, but only to find a C* function of (z,y)
whose derivatives with respect to z at 0 are as specified. Such a function, it turns out,
can be shown to exist without knowing anything at all about the rate of growth of these
derivatives with order. What we need to prove is an easy generalization of the standard
but surprising fact the every formal power series is the Taylor series of a C*™ function.
We will start by proving this fact and then discuss the generalization we really need.

It will be convenient to use here the multi-index notation. We fix a positive integer
n; a multi-indez a will mean an order n-tuple (ay, as,..., ay) of non-negative integers.
Ifz = (21,...,25) € R™ (or C"), z® means [, 23, and D* means the differential
operator DY ...Dg». We write |a| for } ;- a; and ! for []1, e;l.

PROPOSITION 5.1. Let ¢, be an arbitrary family of real numbers indexed by the multi-
indices. Then there is a C* real-valued function 1 on R™ such that

(D*9$)(0) = alcq for all a,

(i-e., the formal power series Y, caz® is the Taylor series for 1.)

PROOF: The idea is to cut off the Taylor series vigorously enough to make it converge,
without spoiling the derivatives at zero. Let x be a C™ real-valued function of compact
support on R™ which is identically one on some neighborhood of zero. We are going to
show that we can take % to be a function of the form

¥(2) = D caz™x(na2),
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§5 The C*® case 83

where the 7, are positive real numbers increasing rapidly enough as || goes to infinity.
Just from 7o — oo it follows that for each non-zero z there are only finitely many
non-zero terms in the series defining %(z), so the series certainly converges everywhere.
For similar reasons the sum is C™ everywhere except perhaps at zero. Some care will
be required, however, to guarantee that it is also C* at zero and that its derivatives
there are what they appear to be. For this, it will suffice to arrange things so that

Y caD? (2%x(naz))

[+

converges uniformly in z for any multi-index 8.
Once B has been fixed, we can limit the sum to those terms with |a| > |B|. Also,

D? (z*x(naz)) = 7P DP (y*x(v))],-,. -

Now let
M, = sup sup |DPy*x(y)|,

|8I<|a| yeR™
and, for j a positive integer, write N; for the number of multi-indices a with || = j.
Now choose 74 > || so that

fealMa _ 1

-— b]
e~ 2N,

i.e., so that
Nee > 2l°‘||ca|MaN|a|.

Then, for |a| > |8,

|ca| M.
|caD? (z%x(naz))| < ngll—l;i

< lea|Ma < 1
T Na - 2|°"N|a| )

Since
S = Do,
Ial>lﬁl Nia i>18l
the desired convergence follows and the proposition is proved.
The result we really need is the following generalization:

PROPOSITION 5.2. Let cqo(y) be an arbitrary family of real-valued C*° functions on R™
indexed by the multi-indices. Then there is a real-valued C* function ¥ on R**™ such
that

(D24)(0,y) = alcal(y) for all @, y.
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PROOF: It is tempting to try to repeat the proof of the preceding proposition but
making the 77, depend on y. This has the disadvantage of making it necessary to worry
about derivatives of the 7, with respect to y. It works better to take the 7, constant,
as follows: It will suffice to show that the series

3 D ca(y) D (z%x(naz))

converges uniformly for z € R™ and for y € R™ with ||y|| < k for all pairs 3,, By
of multi-indices and all positive integers k. Without affecting the convergence, we can
leave out of the sum the finite set of terms with |a| < |B,| or with |a| < |By| or with
|a| < k. We then choose 7, so that

[Pl M 4
Na = 2lelNy’

for all B, with |8,| < |a| and all y with |ly|| < |a|. The proof of uniform convergence
then goes just as before.
This proposition, and the argument sketched at the beginning of this section, prove:

THEOREM 5.3. Let zp be a hyperbolic fixed point for the C*® mapping f such that
o(Df(20)) Na(Df(20)) =0 for all j > 2.

Then f admits a C™ linearization at z,.
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CHAPTER VI. ELEMENTARY BIFURCATIONS

§1. Persistence of fixed points. We are going to develop here an argument, based
on the Implicit Function Theorem, which says that fixed points of mappings depending
on a parameter cannot easily disappear as the parameter changes. Let f, be a mapping
depending on a parameter; for definiteness, let us assume that (z,u) — fu(z) is jointly
smooth in z and p for o < p < p; and for z € £. Here £ can be any manifold, but
we will write write the formulas assuming it is an open set in a Banach space. Suppose
that, for some & € (to,#1), fp has a fixed point Z such that I is not in the spectrum
of Dfy(%). Then zero is not in the spectrum of the derivative (with respect to ) of of
fa(z) — z at Z and so, by the Implicit Function Theorem, there is a smooth function z,
defined for y near f such that f,(z,) — 2, = 0 and z, = %, i.e., the fixed point Z lies
on a smooth family of fixed points depending on the pa.ra.meter u. Furthermore, the
uniqueness part of the Implicit Function Theorem says that, if 2/ is a sufficiently small
neighborhood of Z in £, and if p is near enough to fi, then f, has no fixed point in U
other than z,.

We next make this argument a little more global. By Zorn’s Lemma, there exists
an open parameter interval (u_,p4) and continuous parameter-dependent fixed point
z, defined on (u—,p4+) which cannot be extended to any strictly larger open interval.
We want to see what happens at the ends of this maximal parameter interval, and for
definiteness we will discuss the behavior as y approaches p.. There are a certain number
of trivial possibilities: It may be that p, = pu,, i.e., that the interval of definition of
z, is limited by the limits on the interval of definition of f,. It may also be that, as
approaches p.., z, approaches infinity, or the boundary of the domain of definition (in
z) of the f,, or, in an infinite-dimensional space, that it oscillates in such a complicated
way that no subsequence converges. If, however, there is some sequence p, increasing
to g4 such that z,, converges to a limit z in the interior of the domain of £, , then
necessarily 1 is in the spectrum of Df, (z); if not, then the Implicit Function Theorem
would imply that there is a smooth curve of fixed points parametrized by 1 and passing
through z,; the uniqueness statement in the Implicit Function Theorem would imply
that the z, for u near p, coincides with that part of that curve with p < p4 z4; and
the part of the curve lying on the other side of z; would provide an extension of z,
which we have assumed not to exist. We can sum up the result of this a.rgument by
saying that the onl non-tmnal way in whic ﬁ.xed pomt of a ma pm depending on
situatio ere the spectrum of the derivative of the mapping at ins
1.

/}y’a.pplying the Implicit Function Theorem to the Poincaré mapping associated with
a periodic orbit, one gets a persistency result for periodic orbits: If a flow f; depending
on a parameter p admits a periodic orbit for ¢ = f, and if one is not in the spectrum of
the derivative of the associated Poincaré mapping, then the given periodic orbit lies in
a smooth p-dependent family of periodic orbits defined for for p near . Globalization
is not so simple as for fixed points—among the “trivial” ways in which a parameter-
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86 Elementary Bifurcations VI

dependent periodic orbit can disappear are that the orbit becomes unbounded, or that
the size of the orbit shrinks to zero (so that the orbit becomes a stationary solution) or
that some point on the orbit approaches a stationary solution without the size of the
orbit going to zero (in which case the period goes to infinity.)

§2. The saddle-node bifurcation in one dimension. The considerations of the
preceding section motivate a closer examination of what happens when a mapping be-
longing to a smooth one-parameter family has a fixed point at which its derivative has
spectrum containing one. In general, the behavior can be very complicated, but it has
been discovered that what “usually” happens is quite simple and nearly always the
same. That is: There is a single generic behavior, which happens in all but excep-
tional situations. The analysis of this generic behavior goes in two steps: There is an
argument which shows what typically happens for mappings in one dimension and a
separate argument showing that the behavior of higher-dimensional mappings, properly
understood, is the same as that of one-dimensional mappings. Most of the insight comes
from the analysis of the one-dimensional case which will be given in this section. The
extension to higher dimensions will be done using the Center Manifold Theorem; that
argument will be given in the following section.

We consider a mapping of R to itself depending on a real parameter p; we will write
this mapping as f(u,z) rather than as fu(z). We assume that this mapping is jointly
C? in (p,z); that it has 0 as a fixed point for = 0; and that D.f(0,0) = 1. We also
assume :

(2.1) D, £(0,0) # 0.

As we will soon see, this assumption leads to a very simple picture of the behavior of
f near O for p near 0. It is clear that this condition does not always hold, but it seems
very plausible that it will normally hold: As we follow the parameter-dependent fixed
point, we would expect to pass through at most a discrete set of parameter values at
which D, f vanishes, and there is no reason to expect that one of them will coincide
exactly with a place where D_ f is equal to one. We thus refer to (2.1) as a genericity
or non-degeneracy assumption.
Given the assumption (2.1) and given that

f(#,2) — = vanishes for z =0 and =0

(i.e., that 0 is a fixed point for f at 4 = 0,) we can use the Implicit Function Theorem
to solve the fixed point equation

f(ﬂ)z)_:":o

for p as a function of . That is, there is a continuously differentiable function u(z),
defined on a neighborhood of zero and vanishing at zero, such that « is a fixed point for
f at p = p(z). The usual formula for the derivative of an implicitly defined function

gives
du(z) _D.f-1
dz =~ D.f
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§2 The saddle-node bifurcation in one dimension 87

Since we are assuming that D f(0,0) = 1, it follows that du(z)/dz vanishes at z = 0.
Thus, if d>u(z)/dz? does not vanish at z = 0, p(z) has a local minimum or maximum
there. By a straightforward computation

dp du
puey (DY +DuDAT) Duf - (Duf ~0 DL
d:ﬂ2 o (D,uf)2

)

which reduces at z = 0 to D%f(0,0)/D,f(0,0). We thus make a second genericity
assumption, that

(2.2) D2£(0,0) # 0.

It then follows that either p(z) > 0 for all small © or y(z) < 0 for all small z. These
two situations are essentially the same; one can be converted into the other by using —p
rather than p as the parameter. We can therefore assume without losing any essential
generality that p(z) > 0 for small non-zero z.

The above description, with p expressed in terms of z, is not what we really want;
rather, we want to see how the behavior of f near the origin changes as we vary p. This,
however, is not difficult to sort out from what we now know. For small positive p, f
has two fixed points = (p) with

zy ~ +C,/u, where C is a non-zero constant.

Furthermore, one of these fixed points is attracting and the other repelling. To see this,
write

4
Daflwox) = Duf(u0)+ [ Dif(u,z)ds.

If 1 is near enough to zero, the D2 f(u,z) is approximately equal to D2 f(0,0), which
we have assumed to be non-zero, and the length of the interval of integration is O(,/1).
On the other hand, D, f(x,0) =1+ O(x). Hence,

D.f(pyzx(p)) =1 le(O, O)ﬁ_l” O(\/E)a

where we have written C; for CD2f(0,0). If, for example, C; is positive, then the
derivative at x4 is slightly larger than 1 so x4 is repelling and the derivative at z_ is
slightly smaller than 1 so z_ is attracting; if C; is negative, it is the other way around.

For small negative p, on the other hand, f has no fixed point at all near the origin.
Intuitively, the two parameter-dependent fixed points collide at the origin when p =0,
and “annihilate each other.” A very simple example of this bifurcation is provided by
the family

f(r2) = o —p + 22

We need to go back and look again at our genericity assumptions. The heuristic
argument by which we justified them can be criticized because it could equally well
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be applied to justify adding as a further genericity assumption the requirement that
du(z)/dz is non-zero at z = 0, and this, we know, does not ever hold when the initial
assumption (2.1) does. The justification can be improved by noting that a family in
which (2.1) or (2.2) (or both) do not hold can be perturbed arbitrary little to produce
one in which both nondegeneracy conditions do hold. If, for example, (2.1) fails for
f(u, ), it holds for f(u,z) + ep for arbitrarily small nonzero ¢, and the perturbed
family still has the origin as a fixed point for 1 = 0 and z-derivative equal to one there.
Similarly, if (2.2) does not hold, it can be made to hold by adding ez? for arbitrarily
small nonzero ¢, again without spoiling the other conditions.

§3. The Ruelle-Takens center manifold argument. Let fu be a mapping de-
pending on a parameter; assume that f,(z) is of class C", 1 < < oo jointly in  and z.
Suppose that fo(0) = 0 and that A = Df,(0) has non-trivial center subspace. (To be
precise, in the infinite dimensional case, we mean that the intersection of the spectrum
of A with the unit circle is non-empty and separated from the rest of the spectrum.)
Split the space as usual into

EsBE DE,.

Assume that there exists a real-valued function of class C™ on &, which vanishes outside
the unit ball but is not identically zero. By applying the Center Manifold Theorem to
the augmented mapping

(ﬂ’ z) — (l‘ufu(z)) on R@ ¢,

one proves that there exist open neighborhoods (—¢, €) of 0 in R, ¥, of 0 in &,, and U,,
of 0in &, @ €,, and a function of class C”

(#,z) — wy(z) from (—e,€) x U, iﬁto Usu,

whose graph is locally invariant in the sense that, if |u| < ¢, z € W,, and f.(2) € U,
then f,(z) € W,. (We have used here two new pieces of notation: W, for the graph of
z — w,(z) and U for U, X U,,.) Furthermore

(a) If, for some z in U, the forward orbit f2(z), remains in / for all n > 0 then it
converges to to W,. Similarly, for f, invertible, if the backward orbit fa™(z)
remains in U for all n > 0 then it converges to W,. (For f, not necessarily
invertible, the statement is that any backward orbit in & defined for all n must
converge to W,,.)

(b) Any z in U whose full orbit—forward and backward—remains in & must be in
W,. (For f, non-invertible: Any z whose forward orbit remains in { and which
admits an infinite backward orbit remaining in & must be in W,,.) In particular,
any fixed point for f, which is in & must be in W,; similarly for any periodic
cycle all points of which are in U.

(¢) If 2 is a fixed point for f,, then the spectrum of Df,(zo) (in the full ambient
space £) is the union of the spectrum of Df,(z) in W, and the spectrum of
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an operator on &, ® £, which is near (in the norm topology) to the restriction
of Dfo(0) to E, ® Eu. I &, is zero-dimensional and if the fixed point 2, is
attracting in the submanifold W), it is attracting in £. (This last statement
follows immediately from the preceding one if the spectrum of Df,(z) in the
submanifold is strictly inside the unit circle. It is true in full generality—i.e.,
allowing eigenvalues on the unit circle—by a slightly more delicate argument.)
Similar statements hold for periodic points.

We can use these results to extend the analysis of the preceding section to mappings in
more than one dimension. Let f, be a mapping depending smoothly on a parameter,
and assume that 0 is a fixed point for 4 = 0 and that the spectrum of D fo(0) contains 1.
We make a first non-degeneracy assumption that 1 is an isolated point of the spectrum of
Df,y(0), that the spectral multiplicity of 1is 1, and that no other point of the unit circle is
in the spectrum. (These conditions can always be made to hold by perturbing f slightly
in finite dimensions, or if Df, is compact, but not in the general infinite-dimensional
situation.) We can then apply the analysis outlined above, with £, one-dimensional.
Each invariant manifold W, will be one-dimensional, and, by parametrizing it in any
reasonable way, we can think of the restriction of f, to W, as a mapping of R to
itself, depending smoothly on the parameter p. This is the situation we analyzed in
the preceding section; subject to appropriate non-degeneracy hypotheses, what happens
inside W, as p passes through zero in the appropriate direction is that two fixed points
collide and disappear; the separation of the fixed points is O(|u|*/2). Evidently, a fixed
point for the restriction of f, to W, is also a fixed point in the ambient -space, and
furthermore f, has no fixed points near 0 for 4 near 0 other than those in W),. Thus,
in particular, the fixed points really disappear at y = 0 and don’t simply move out of
W,. Within W,, one of the fixed points is attracting and the other repelling. In the
ambient space, the situation is a little more complicated, but the fixed point which is
attracting in W), is attracting in the ambient space for sufficiently small |u| if D fo(0)
has no spectrum outside the unit disk.

§4. The period-doubling bifurcation. Inthe two preceding sections we studied the
normal mechanism by which fixed points for maps can disappear as a parameter in the
map changes. In this section we investigate the related question of what happens when
an attracting fixed point for a map ceases to be attracting as a parameter changes.
Suppose f, has, for some parameter value fi, a fixed point Z such that the spectral
radius of D fp(Z) is strictly smaller than one. Since the spectrum of Df,(Z) does not
contain one, the fixed point Z lies on a smooth parametrized family of fixed points. As
we move along this family, the fixed point cannot disappear as long as the spectrum
stays in the open unit circle. We want to investigate what happens when part of the
spectrum passes out of the unit circle. There are three non-degenerate possibilities:
Either a single simple eigenvalue goes to 1 (in which case a saddle-node bifurcation as
described in the preceding sections can be expected to occur with the consequence that
the fixed point disappears), or a single simple eigenvalue goes through —1, or a complex
conjugate pair of complex eigenvalues goes to {¢¥*°} with @ not a multiple of . In this
section, we investigate the second of these possibilities.
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As in the preceding section, we can use the Center Manifold Theorem to reduce to
consideration of what happens in a one-dimensional invariant submanifold W, and hence
to a mapping of R to itself. Thus, let f, be a mapping of R to itself depending smoothly
on a parameter 4, and suppose that fo has 0 as a fixed point, with Df,(0) = —1.
By the Implicit Function Theorem, there is a smooth function p — = u defined on a
neighborhood of 0 such that zo = 0 and f,(z,) = =z, for each u. By making a u-
dependent shift of origin, we can assume that z, = 0, i.e., that 0 is a fixed point for
each f,.

Since D f,(0) = —1, it follows immediately from the chain rule that D(fy0,)(0) = +1.
The mapping fy o fy is not, however, a typical mapping with slope one at a fixed point;
it necessarily has D?(fy o fo)(0) = 0. To see this, we calculate (for a general mapping

f) that
D(f o f)(=) = (Df)(f(=))Df(=)
and
D*(f o f)(z) = (D*f)(f(=))((Df(=))* + Df(f(2))(D*f)(z).
If £(0) =0 we get
D*(f o £)(0) = (D*£)(0) [DF(0)* + D£(0)] ,

and the right-hand side vanishes if Df(0) = —1. On the other hand, differentiating
again gives

D*(f o £)(0) = (D*£)(0) [(D£(0))* + D£(0)] + 3(D*£(0))>Df(0),

which has no special reason to vanish when Df(0) = —1. We make the nondegeneracy
assumption

(4.1) D3(fo 0 £o)(0) # 0.
If we write, temporarily, —b for D*(f o fo)(0)/3!, then, for u near 0, we have roughly
fuo fu(z) = (1+€)z — ba®

with € small. For orientation, let us see what the situation would be if this approximate
equation were exact. This we can do by very simple computations; we will then have to
make a perturbation argument to show that the outcome is qualitatively the same for
the original problem.

The fixed point equation for the simplified version of f, o f, reads

(14 €)z —bz® =z,

or (for non-zero fixed points)
¢—bz? =0.
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For b positive, there are two solutions :!:\/673 for € positive and none for € negative; for b

negative, there are two solutions for € negative and none for ¢ positive. There solutions

are fixed points for f, o f,, so they may be either fixed points or periodic points of

period 2 for f itself. For small y, and small nonzero z, the sign of f,(z) is the opposite

of that of z itself, so f, cannot have any nonzero fixed points near zero. Thus the two

non-zero fixed points for f, o f, must be the two points of a period 2 cycle for f, itself.
To determine whether this cycle is attracting or not, we compute

D(fuo fu)(z) =1+ €+3bz> =1 —2¢ at the fixed points.

If b is positive, then, the period 2 cycle, when it exists, is attracting. But positive b
also corresponds to the situation where the parameter values for which the period 2
cycle exists are those for which the fixed point at zero is repelling. The general picture
is therefore that, when the fixed point at zero passes from being attracting to being
repelling, it “emits” an attracting cycle of period 2. We refer to this occurrence as a
normal period-doubling bifurcation. (Another common name is flip bifurcation.)

By contrast, for negative b the period 2 cycle is repelling. Negative b also corresponds
to the situation where the fixed point at zero is attracting when the period 2 cycle exists.
The picture here is that, when the fixed point at zero passes from being attracting to
being repelling, if “absorbs” a repelling cycle of period 2. This is called an inverted
period-doubling bifurcation.

We will now give a more careful argument to show that the situation for a “genera.l”
one-parameter family with Dfy(0) = —1 and satisfying the non-degeneracy condition
(4.1) is qualitatively the same as that we have found in the simplified example. Our
regularity assumption will be that f,(z) is of class C*, n > 3, in (p,z). We will also
assume for simplicity here—although we will drop this restriction later—that D, f,(0)
is non-zero at u = 0, i.e., that the slope of f, at the fixed point is changing at a non-
zero rate when it passes through —1. In this case, it follows from the Inverse Function
Theorem that we can make a C™ change of parameter so that

(DAu(®) = ~vTF 5

and we will from now on assume that the parameter is chosen in this way. Once this is
done, we have

D2(fuo fu)(0) = (DZfu)O)1 + 1 — V1 + 4] = 2pa(p),

where a(y) is of class C*~2,

We now define a function 8(u,z) by

(4.2) fuo fu(=) = (1 + p)z + pe(p)z® — B(u,z)z® for z # 0.

It is clear from the definition that B is of class C® away from z = 0. Moreover, by the
integral form for the remainder in Taylor’s Theorem we can write

Blm=) = =3 [ (- (e)d
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which shows that 8(, z) is of class C*~2 on a neighborhood of (0, 0); we will see shortly
that it is actually a little better than that.
A non-zero fixed point for f, o f, is thus a solution of

(4.3) p+ pa(p)z — B(p,z)z* = 0.
Our non-degeneracy assumption (4.1) reads
b= B(0,0) # 0.
The argument from here on depends on the sign of b, and we start by assuming
b>0.

Under this assumption we want to show that (4.3) has two solutions near zero for small
positive 1 and none for small negative . We take up first the situation for negative .
Rather than just proving that the fixed point equation has no solution near zero, we will
show that for all small negative p, and for u = 0, the fixed point at zero attracts every
orbit starting in a sufficiently small but u-independent neighborhood of itself. This will
follow if we show that

|fu(Ful(2))] <1

for all sufficiently small (y,z) with 4 non-positive and = non-zero. By the formula (4.2),
this is the same as showing

u(1 + a(u)e) — Blu, 2)2? < O,

and this can be guaranteed by taking z, p small enough so that a(p)z > —1 and

B, z) > 0.
To prove the existence of solutions for positive u, we rewrite (4.3) as

2v/B(0%,2) = £ /Ev/1+ o(oP)z.

We then write o for +,/u and eliminate 4 in favor of o to get the equation to be solved
into the form

(4.4) z4/B(0?,z) — o+/1 + a(0?)z = 0,

were o can have either sign. This equation has the solution z = 0 for ¢ = 0, and we
want to use the Implicit Function Theorem to produce a solution for small non-zero
o. This is easy if f,(z) is of class C* with n > 4. Under this assumption B(g, <) is of
class at least C!, and the derivative of the left-hand side with respect to z at o = 0
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is 4/B(0,0) which is non-zero. Thus, there is a solution X (o) of class C*~3 in o with
z(0) = 0. A straightforward calculation shows that

3% (0) = 18(0,0)]72 = 42 £ 0.

The points X(%,/z) (which we will often write simply as z.) are fixed points for
fuo fu. Asin the simplified example discussed above, f, cannot have any fixed points
near zero other than zero itself, so the z. must be the points of a cycle of period 2.
Furthermore

D(fuo fu)(z£) =14 p+ 2pa(p)zs — 38(p,22)ed — DoB(p,z+)zk
=1+ pa(p)es — 28(p, 1)l — Dof(p, 4 )zd
=1—2u+ o(p),

where we have used the equation (4.3) and the fact that z4 =~ 4/ /b. In particular, the
cycle of period 2 is attracting, exactly in the simplified example.

The above was proved under the assumption that f,(z) is jointly at least C*. We can
reduce the differentiability requirement to C3, and show that X (o) is of class C*~2, if
we can show that z+/8(u,z) is of class C*~2 in p,z, with n > 3. For this it suffices to
show that the first partial derivatives of z4/f8(u,z), which are certainly defined (and
even of class C®~1) for z # 0 extend continuously through z = 0 and the extensions are
of class C*~3. Since we already know that 3 is of class C*~* and non-zero at (0,0), it
suffices to show that z8(p,z) is of class C™~2,

For example:
Dg(z+/B(p,2)) = ;2\;—1/:((“—% + 4/ B(p, 2),

which is C*=3 at 2 = 0 if and only if 2zD;8(u, z) is, and this expression in turn is C™~3
at z = 0 if and only if D (z8(u, z)) is. The derivative with respect to u can be treated
similarly.

Using the integral formula for § and integration by parts:

1 1
B(2) =5 [ (1= tPeq" ()it = [ (1-)ls" (=) - 5" Ot

where we have written g for f, o f,; the final expression is manifestly of class cn—2
in (z,p). (To apply the Implicit Function Theorem, we also needed to know that the
z derivative of z4/8(g,z) at z = 0, p = 0 is 4/6(0,0), but this is an immediate
consequence of the continuity of 3.)

The regularity conditions can be weakened even a little more by dropping any differ-
entiability assumptions on the parameter dependence; most of the above picture remains
true just assuming that

p— £,
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is continuous into the Banach space of C® mappings. To use the Implicit Function
Theorem to get a solution X (o) of (4.4) depending continuously on ¢, we have only
to show that the z derivative of the left-hand side exists, does not vanish at z = 0,
o = 0, and varies continuously with o,z, and this holds under these weak regularity
assumptions. From the equation itself, it follows that

lim

tim 29 _ 500,072,

i.e., that even under these hypotheses X (o) is differentiable at zero with strictly positive
derivative.

We saw earlier that, for p, z sufficiently small and p < 0, f:(:r:) converges to the fixed
point at zero. We can derive a similarly complete picture of the local orbit structure of
fu. near the fixed point at zero for 4 > 0. What we want to show in this case is that
there is a p-independent neighborhood of 0 such that every orbit starting in it (except
the trivial orbit of the fixed point at zero) converges to the cycle {z+}. To see this, we
start by noting that there is an > 0, independent of u, such that the left-hand side
of (4.3) is strictly positive for 0 < z < z4 and strictly negative for z, < & < 7, for all
sufficiently small positive . Putting this inequality back into the equation for f, o f,
shows that f, o fu(z) >z for 0 < z < z; and f, o fu(z) < z for z; < =z <. Thus, if
z, 4 are both small and strictly positive, f2"(z) must converge to z as n goes to +oo.
The situation is analogous for small negative z. We can also see what the backwards
orbits do. From the positivity considerations above, it follows easily that the backward
orbit of any point in (z_,z.) converges to 0 and that there is a neighborhood of 0 from
which backward orbits of all points outside [z_,z] eventually escape.

The analysis for b < 0 is, formally, almost exactly the same as for b > 0. Exactly
as before, (4.3) has no solutions near zero for small positive u, and, furthermore, the
fixed point is “macroscopically repelling” in the sense that there is a neighborhood of 0
from which every orbit except that of the fixed point itself eventually escapes. To see
that solutions do exist for small negative u, write 4 = —o? and reorganize as before;
the equation analogous to (4.4) differs from (4.4) only by replacing 8 by —8 and o2 by
—o?. From here on, the analysis goes just as before. Again, there is for small negative
p a cycle of period 2 whose points z4 can be written as C™=2 functions of v—p with
derivative non-vanishing at zero. Again the slope of fuofuatzyisl—2u+o(u), but
this time p is negative and so the periodic cycle is repelling. The regularity conditions
can be weakened exactly as in the case b > 0. The behavior of a general orbit can be
worked out as before: Every orbit—other than the fixed point itself—starting between
z4 and z_ converges as n goes to +oo to the fixed point at the origin and as n goes to
—oo to the cycle {z+}; an orbit starting outside of [z_,z..] converges backwards to the
cycle {z+} and is driven a macroscopic distance away from zero by forward iteration.
It may be noted that the behavior of £, in this case as u increases through zero is the
same as behavior of Vi 1 in the case b > 0 with p decreasing through zero. This can

i

also be seen directly: Replacing fy by f; ' replaces b by —b, so fu is a non-degenerate
family undergoing a normal period-doubling bifurcation at x = 0 if and only if f:; is a
non-degenerate family undergoing an inverted period-doubling bifurcation at px = 0.
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By using the Center Manifold Theorem, the above analysis can be extended to map-
pings in more than one dimension. One way to express the results is as follows: For each
 near zero, let f, be a mapping of an open set in the Banach space £ into £. Suppose
that (g, z) = fu(z) is of class C*, n > 3. Suppose also that 0 is a fixed point for all fus
that —1 is an isolated point of the spectrum of D f,(0) which is a simple eigenvalue; and
that the rest of the spectrum of D fo(0) lies strictly inside the unit circle. By general
spectral theory, the eigenvector of D f(0) with eigenvalue —1 can be followed as the pa-
rameter p is varied; we denote the corresponding eigenvalue by —(1 + 1,). We assume
also that A, is strictly increasing in p near zero. .

There is an analytic function b of the first three derivatives of fo at 0, not identically
zero, such that:

(a) (Normal period-doubling bifurcation) If b6 > 0, there is for small z > 0 an at-
tracting cycle z(u) of period 2 near the fixed point at zero. If we write y4(u)
for z+(u)/v/X, then the vector-valued functions y+(n) are continuous for o > 0
and approach non-zero limits as ;2 decreases to zero. If d\/dp > 0, the z4 () are
C™~2 functions of \/i. Every orbit starting near enough to 0 and not in its local
stable manifold converges to the cycle z4(1). On the other hand, for u < 0, the
fixed point Z(u) attracts all nearby orbits; there is a (u-independent) neighbor-
hood of 0 such that, for all sufficiently small non-positive p, f;(z) converges to
0 for all z in that neighborhood. 4

(b) (Inverted period-doubling bifurcation) If b < 0, there is for x < 0 a cycle z(u)
of period 2. The dependence of the cycle on p is as in the preceding case. The
cycle is not attracting but is hyperbolic with one-dimensional unstable manifold.
For small nonnegative u, every orbit starting near enough to the fixed point Z(u)
and not on the local stable manifold of this fixed point is eventually pushed away
from the fixed point; in particular, there are no other fixed or periodic points
near Z(u).

The requirement that the rest of the spectrum of Dfy(0) is inside the unit disk is
not necessary; as long as there is no spectrum on the unit circle other than the simple
isolated eigenvalue —1, we can conclude that there is a cycle of period 2 near the fixed
point either just before or just after the eigenvalue passes through —1. Furthermore,
there is no other recurrence near the fixed point for either sign of 4. In this more general
situation the fixed point will not be attracting in either of the two cases; normal and
inverted bifurcations differ only in the dimension of the unstable manifold for the cycle.

The requirement that f,(z) be jointly C® in p and z can be weakened to the condition
that u + f, is continuous in the C* topology; proving this requires a version of the
Center Manifold Theorem slightly different from the one we have proved.

It is also possible to say a bit more about the local structure of the dynamical system
near the bifurcation point. For simplicity and definiteness we describe this only for a
normal (non-inverted) bifurcation in the case where the spectrum of D fy is inside the
unit circle except for the eigenvalue responsible for the bifurcation. In this case, for
small positive u, the fixed point at zero is hyperbolic with one-dimensional unstable
manifold. The unstable manifold is a little piece of one-dimensional arc passing through
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zero which terminates at the two points of the attracting cycle; the mapping flips this
piece of arc around the fixed point at the origin. This can be seen by reduction to one
dimension, where the global unstable manifold is the interval (z_,z.).

It is sometimes useful to adopt a more global geometric view of what is going on in
this and similar bifurcations. For simplicity, we describe this global view only in one
dimension and only for the normal bifurcation. Consider, for concreteness, the Banach
space of C™ (n > 3) mappings f for (—1,1) into R with f(0) = 0. Let ¥ denote the set
of f’s in this space with f'(0) = —1 and (f o f)"'(0) < 0. This is an open subset of a
hyperplane; in particular, a smooth codimension-one submanifold of the Banach space
of f’s. In this perspective, a one-parameter family of f’s is a curve in the Banach space,
and a normal period-doubling bifurcation is what happens when a curve crosses the
hypersurface ¥; accordingly, one says that ¥ is the bifurcation surface for the normal
period-doubling bifurcation. A reworking of the analysis given above of what happens
along curves, paying more attention to questions of uniformity, leads to the following
result: For any fp in X, there in a neighborhood U of f; in the Banach space of f’s and
a neighborhood V of the fixed point 0 in R such that:

(a) If f € U and Df(0) > —1 (“f is below or on X”), then for any =z € V, f*(z)
converges to the fixed point at zero as n goes to +0o and eventually gets outside
V as n goes to —oo.
(b) If f €U and Df(0) < —1 (“f is strictly above £”), then f admits an attracting
cycle of period 2 {z1} in V, with z_ < 0 < z,. For any z in V other than
0, f™(z) converges to this cycle as n goes to +00. As n goes to —oco, f(z)
converges to the fixed point at zero if z_ < z < z4 and eventually gets out
of Vif 2 < z_ or ¢ > z;. The magnitude of z4 is O(1/A(f)) (where we
have written A(f) for —Df(0) — 1). More precisely, the z+/+/A(f) extend to
continuous nowhere vanishing functions of f on the subset of 2/ where A(f) > 0)
(i-e., where D f(0) < —1.)
This formulation loses some of the smoothness of the dependence of the periodic cycle
on /i which we proved in the analysis of one-parameter families. We can recover this
smoothness, at the expense of a little care in formulating the result: A mapping f may

be specified by giving the number f'(0) and the function f"(z), so we can identify the
space of f’s with R x C™~?; to simplify formulas, we take as the first coordinate

A=—f(0) -1

rather than f'(0) itself. The sharp smoothness assertion is that there is a real-valued
C™~? mapping X(o,g), defined on a neighborhood of {0} x C*2, such that the pair
of points X(ﬁ:\/x,g) constitute the attracting cycle of period 2 for the mapping f
corresponding to (A, g); furthermore (D, X )(0, g) does not vanish anywhere. Intuitively:
the z+ depend in a C™~2 way on VA and the “other components” of f.

It is also possible to extend the analysis in another direction, restricting to one-
parameter families where the eigenvalue passes through the value —1 at non-zero velocity
but dropping the non-degeneracy condition (fy o f5)"'(0) # 0. Again we will only
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describe this extension for the bifurcation in one dimension; the extension to higher
dimensions goes in the standard way. To start with, we argue on very general grounds
that passage of Df,(0) through —1 produces cycles of period 2. Thus, suppose that
fu is an continuous one parameter family of continuously differentiable mappings with

f4(0) =0 and such that
Df,(0) > -1 for p=pg and Df,(0) < -1 for p=p;.

By the Chain Rule and the definition of derivative, there is a neighborhood V of zero
such that
fuo fu(z) <1 forall non-zero =z € V, when u = o

z >1 for all non-zero z € V, when u = p,

Thus, for each nonzero z € V, there must be at least one p between pg and g, such that
z is a fixed point for f, o f,. For the usual reason, this fixed point must be periodic
of period 2 for f,. Intuitively, then, under these very general hypotheses there are at
least continuously many cycles of period 2 associated with the passage of Df, through
—1. These cycles can be organized in many different ways. At one extreme, as we have
already seen, in the non-degenerate case the cycles are arranged in (u,z)-space so that
is exactly one of them for each p of one sign and none for each g of the other sign.
At the other extreme, if fo(z) = —z (linear case), there are continuously many cycles
coexisting at p = 0.
Now let us assume that f,(z) is jointly C? and that

Dfu(0) = —/1+p.

(As noted above, this last condition can be arranged by a smooth reparametrization is
we start with a parametrized family for which D,f,(0) > 0 at p = 0.) We can then
write

fu o f#(”) = (1 + I")a’ - 132(”"3)“:2’

and thus write the equation for a non-zero fixed point as
p — zPa2(p,z) = 0.

By arguments similar to ones used above, z82(x,z) is jointly C*, and the u derivative
of the left-hand side of this equation at 4 = 0, z = 0 is 1 # 0. Hence, again by the
Implicit Function Theorem, this equation can be solved (uniquely) for x as a continuous
function of z, and the dependence is actually C* (or C*~! if f,(z) is jointly C*). A simple
computation shows that du/dz = 0 at z = 0. In fact: The number of solutions of the
fixed point equation for a given x4 must be even if it is finite, since solutions are points
of period 2, and points of period 2 come in pairs, one positive and one negative. Thus,
the first non-vanishing derivative of 1 with respect to z, at z = 0, if it exists, is of even
order.

OQ.E. Lanford: Dynamical Systems (Preliminary Version) Printed February 22, 1988



98 Elementary Bifurcations VI

§5. Flows and the Hopf bifurcation. We have so far discussed bifurcations only
for maps. There is a parallel theory for flows generated by differential equations

dz

-(R- = X (z).

The analogue of a fixed point of a map is a stationary solution, i.e., a point £ where
X (z) vanishes. If X depends on a parameter p, then a stationary solution can be
followed as the parameter changes as long as zero is not in the spectrum of DX (z). If
we ask how a stationary solution can can lose attractivity as the parameter is changed,
there are only two non-degenerate possibilities: Either a single eigenvalue of DX, goes
to 1, or a complex-conjugate pair goes through +i¢ with ¢ # 0. In the first case, the
only non-degenerate possibility is that the stationary solution undergoes a saddle-node
bifurcation, i.e., collides with a non-attracting fixed point and disappears. The theory of
the saddle-node bifurcation for flows can be deduced from the theory for mappings, but
in this instance it is probably better to prove the result for flows directly; the argument
is simpler than for mappings. We will not repeat the analysis here.

The case of a complex-conjugate pair of eigenvalues is much more interesting. We
are going to argue that there are two non-degenerate possibilities, one of which is a
bifurcation producing an attracting periodic orbit. In other words, the asymptotic
behavior of most orbits starting near the fixed point changes from stationary, with
the typical orbit converging to the fixed point, to oscillatory, with the typical orbit
converging to the attracting periodic orbit.

We start, as usual, by looking at the bifurcation in the lowest-dimensional situation
it which it can occur, i.e., in two dimensions. We will later use the Center Manifold
Theorem to extend the analysis to higher dimensions. As usual, we can arrange things
so that that the origin in R? is a stationary solution for all ;& near zero and that
this stationary solution ceases to be attracting at u = 0. We write A(x) + i¢(p) for the
eigenvalues of DX,(0), and we assume that A(0) = 0 and that A(g) is strictly increasing
on a neighborhood of 0. For definiteness we also take ¢(1) to be positive. It will be
convenient to make a linear change of variable in R? if necessary so that the linearized
solution flow at x = 0 is a rotation.

Since we have arranged to make the linearized flow at ¢ = 0 be a rotation, orbits
near the origin at 4 = 0 are approximately circular with angular velocity ¢(0). For
p near zero, they spiral around the origin, either inward or outward depending on the
sign of A(x). In particular, every orbit near zero (except for the stationary solution
itself) crosses the = axis repeatedly. We will study the return map to the z axis, which
we denote by f,. (To avoid confusion: We mean by fu the mapping which follows the
orbit half-way around the stationary solution, not all the way around.) Evidently, f,
has the stationary solution as a fixed point, and the sign of f,(z) is opposite to that of
z for © # 0. We are going to argue that f,(z) is jointly regular in g,z and that f..(0)
goes through —1 as u goes through zero. Thus we would ezpect fu to undergo either a
normal or an inverted period-doubling bifurcation. We will also show that this is in fact
the non-degenerate situation. If, for example, a normal bifurcation occurs, then, after
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the bifurcation, f, has an attracting cycle of period 2. It is easy to see, however, that
a point z is periodic of period 2 for f, if and only if it lies on a periodic solution for
the differential equation, and that z is attracting (repelling) for f, if and only if the
periodic solution is attracting (repelling) for the flow.

What comes out, therefore, is that there are two non-degenerate possibilities when
a complex conjugate pair of eigenvalues crosses from the left half-plane to the right.
In one of them, called the normal Hopf bifurcation, the stationary solution emits an
attracting periodic solution as the eigenvalue pair crosses the axis. In the other, called
the inverted Hopf bifurcation, it absorbs a repelling periodic orbit. The detailed analysis
given in the preceding section for the period-doubling bifurcation gives correspondingly
detailed information about the local dynamics and parameter dependence for the Hopf
bifurcation.

To justify the above, we need

(a) to find regularity conditions on X,(z) which guarantee that f, is sufficiently

regular for the theory of the preceding section to apply
(b) to show that f,(0) passes through —1 as the eigenvalue pair for DX, (0) passes
through the imaginary axis.

(c) to show that, for all but exceptional Xy’s, (fo © fo)"'(0) # O.

For the first point, it is convenient to work in polar coordinates. We write the rect-
angular coordinates in R? as (z;,z;) and the differential equation as

de d
—Zt-l- =X1(z1,zg), % =X2(31’z2)'

(We suppress, for the moment, the u dependence.) The mapping from polar coordinates
to rectangular is, is usual,

z; =rcosbh, =z, =rsind,

and a standard computation shows that the differential equation transformed to polar
coordinates reads

d dé
(5.1) "% = R(r,9), 7 o(r,0),

where
R(r,8) = cos§ X;(r cos 8,7 sinf) + sin § X,(r cos 8,7 sin §)
o(r,0) = 1 [sin 8 X (r cos 0,7 sin @) — cos § Xz(r cos 8,7 sin 9)]
T

Because of the singularity at the origin in this change of coordinates, it is necessary to
be careful about exactly what relation is being asserted to hold between the original

differential equations and the transformed ones. The fact we want to use is that, if
r(t), 0(2) is any solution of (5.1), and if z;(¢) = r(t)cos(6(t)), z2(t) = r(t)sin(6(2)),
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then z,(t), z2(t) is a solution of the original equation. There is no need to worry about
whether » is positive or not.

Evidently, if X (z) is jointly C® in p,z, then R,(r,0) is jointly C™ in p,r,d. From
the same sorts of considerations used in the preceding section, @, (r,8) is jointly C™~1.
Note also that R,(0,8) = 0 and that ©¢(0,8) = ¢(0). Thus, if 4, z are small enough
the solution of (5.1) with #(0) = z and 6(0) = 0 will have df/d¢ strictly positive up
to a value of ¢ where 8(t) = n. We accordingly write ¢{,(z) for the first positive time
when 6(t) = 7 for this solution. By standard results about smoothness of solutions of
differential equations, and the Implicit Function Theorem, ¢,(z) is jointly C*~! in p, r.
Here, = can be positive or negative. The return mapping which we called f, above is

given simply by
fu(z) = r(tu(z)),

and is thus of class C*~! in u, z.

Remark: I believe that the lost degree of differentiability can be recovered by more
careful estimates. It is easy to show by example that ¢,(z) need not be more than
C™~! in z, but it appears that zt,(z) is C™ and similarly that f,(z) is C™. I have not,
however, carried out the estimates in detail.

The next task is to compute f,(0). Since f,(0) = 0, we have only to compute f,(z)
for small z to first order in z. For small z, t,(z) ~ m/#(x), and hence

(b)) w -remp (ST,

ie.,

fu(0) = —exp ();E(LJ;) ,

which does decrease through —1 as A(u) increases through zero.

Finally, we have to argue that (f; o fo)"'(0) is “generically non-zero”. This could
be done by direct computation, but it is easier to make an indirect argument: It is
evident that there is a formula for (fo o fo)"'(0) involving only the first, second, and
third derivatives of X, at the origin and that this formula is analytic in its finite set
of variables. Since it is analytic, we need only show that it is not tdentically zero; an
analytic function which is not identically zero is generically non-zero. Thus, all we need
to do is to exhibit one differential equation X such that DX has spectrum {£i¢} and
whose corresponding f satisfies (f o £)"'(0) # 0. We take

dz d:r,
751- = (zf + :cg)ml + ¢z4, —# = (zf + 3%)932 — ¢z;.

In polar coordinates these equation become simply

do dr 4
#=% HZ=T
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and in this form it is easy to solve them explicitly; f o f is the time-27/¢ mapping for
the r differential equation, i.e.,

-1/2
fof(r)=r [1 - 47::1

and hence (f o £)"'(0) # 0 as desired.

The generalization of the preceding analysis to more than two dimensions, using the
Center Manifold Theorem, goes exactly as for the period doubling bifurcation. If the
spectrum is in the left half-plane except for the eigenvalue pair which is crossing the
axis, then the periodic solution produced in a normal bifurcation is attracting; the
one which is absorbed in the inverted bifurcation is hyperbolic with one-dimensional
unstable manifold. Just after a normal bifurcation takes place, the stationary solution—
which still exists—is hyperbolic with two-dimensional unstable manifold. This unstable
manifold is a small disk bounded by the attracting periodic solution. All orbits starting
near enough to the stationary solution but not on its (codimension two) stable manifold
are attracted to the periodic solution. As with the period-doubling bifurcation, it is
not necessary for the rest of the spectrum to be in the left half-plane in order that the
crossing of an eigenvalue pair into the right half-plane be associated with either the
creation or the absorption of a periodic orbit, but this orbit will not be attracting in
the general case. . '

The bifurcation-surface picture developed in the preceding section for the period-
doubling bifurcation extends easily to the Hopf bifurcation. Furthermore, in the same
way as the passage of an eigenvalue of a map through —1 is accompanied by the ap-
pearance of continuously many cycles of period 2, one can show with a minimum of
technical hypotheses that the passage of a non-real eigenvalue pair for a differential
equation through the imaginary axis is accompanied by the appearance of continuously
many periodic solutions.

One point which needs to be stressed about the Hopf bifurcation is that it is easy to
recognize (normal) Hopf bifurcations occurring in complicated systems, e.g. in hydro-
dynamics, even without being able to verify mathematically that the conditions for the
above analysis apply. In hydrodynamic systems, for example, one often wants to study
how the long-time behavior changes as the strength of some kind of driving is increased.
If one observes a situation in which, as the strength of driving is increased slowly past
a critical value, the observed behavior changes from stationary to oscillatory, and if the
amplitude of the oscillations grows like the square root of the difference between the
parameter and the critical parameter value, one can be reasonably confident that this
transition is due to a Hopf bifurcation.

§6. The Hopf bifurcation for maps. In §4 we did not complete our analysis of
the list of possible non-degenerate ways that a fixed point for a mapping could cease to
be attracting; it remains to treat the case where a complex-conjugate pair of non-real
eigenvalues cross the unit circle. This transition presents an evident analogy to the Hopf
bifurcation discussed in the preceding section. Using the Center Manifold Theorem in
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the usual way, we can reduce to the two-dimensional case. The theory of the minimal-
dimensional manifestation of the bifurcation turns out, however, to be significantly more
difficult than the cases considered previously, and we will only sketch the argument.

Let us first describe what the non-degenerate possibilities turn out to be. As with the
period-doubling and Hopf bifurcations, there are only two non-degenerate possibilities,
which can be regarded as normal and inverted versions of a single bifurcation. In the
normal version, the fixed point emits an attracting circle invariant for the map as it
loses attractivity; in the inverted version, it absorbs a repelling invariant circle. What
makes the theory for maps much harder than for flows is that the invariant circle is not
a single orbit; proving it exists for a given parameter value requires solving a functional
equation rather than simply a one or two dimensional fixed point problem. The theory
of this bifurcation is relatively recent. The result was announced (without proof) by J.
Naimark “On some cases of periodic motions depending on parameters”, Dokl. Akad.
Nauk SSR 129 (1959) pp. 736-739. The first complete proof was apparently given by
R. Sacker in his Ph.D. dissertation (1964, unpublished), and the result was rediscovered
and published by D. Ruelle and F. Takens in “On the nature of turbulence”, Commun.
Math. Phys. 20 (1971) 167-192.

Probably the most important applications of the theory of this bifurcation is to
Poincaré maps of periodic orbits for flows. The invariant circle produced by the bi-
furcation then lies in a transverse section to the periodic orbit; the set of all orbits
passing through this circle is a two-dimensional torus invariant and attracting for the
flow. The nature of the motion on this invariant torus is complicated, and we will
discuss it in more detail when we come to talk about homeomorphic mappings of the
circle to itself. The non-degenerate situation is that, for some but not all parameter
values just after the transition, the motion on the torus (in appropriate coordinates) is
just constant-velocity irrational flow. Thus, orbits starting near enough to the invariant
torus display asymptotic behavior which is doubly-periodic.

Let us now turn to a sketch of the theory of this bifurcation. Consider a mapping f,
of R? to itself, jointly sufficiently smooth, with zero as a fixed point for all p, and such
that the spectrum of D fo(0) is {¢**} where 0 < ¢ < w. (We will eventually also need
to assume that ¢ # 7/2,2w/3.) To avoid extraneous technical problems, we assume
that this pair of eigenvalues crosses the unit circle with non-zero velocity at x = 0, and
we can then reparametrize smoothly so that the spectrum of D f,(0) is {(1 + u)e**#(#)},
By making a linear change of coordinates, depending smoothly on u, we arrange further

that
Dfu(0) = (1 + 1) (:ﬁ $§$3 —:ﬁ%) '

The first substantial step in the proof is to make a non-linear change of coordinates to
eliminate as many non-linear terms as possible of degree 2 and 3 in f,. This is a simple
concrete application of the ideas about formal linearizations developed in §V.2. We want
to make these coordinate changes for each p, and they should vary smoothly with pu.
Thus, the presence of resonances at g = 0 prevents us from eliminating corresponding
terms at p # 0 (where there are never any resonances). A second-order resonance can
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only happen at g = 0 when

(6.1a) ei9(0) — g—2i#(0)

and we rule this out by assuming that
30 £ 1, e, ¢(0) # 27/3.

Third order resonances definitely do occur:

eHiB0) _ oHid(0) id(0) Fid(0),

but we can ensure that there will be no third-order resonances other than these un-
avoidable ones by requiring

(6.1b) et (0 £ 1,

The detailed calculation of what terms can and cannot be eliminated is particularly
easy to do in the case we are considering, using complex notation. We need the following
elementary algebraic fact: Describe a point (z;,z;) € R? by the single complex number
z = z;+iz2. In this representation, any homogeneous polynomial ¢ of degree n mapping
R2 to itself can be written uniquely as

n
z+— 2 = Z ajzj(f)”—j,
=0
where the a; are complex coefficients, and where the overbar denotes complex conjugacy.
To prove this, first argue that, since
1 1
2 = E(z +2), =z2= Z(z - 2),
any real-valued homogeneous polynomial can be written in the indicated form with
Gn_j = ﬁj.

Similarly, any pure-imaginary homogeneous polynomial can be written in this form
(with another condition on the coefficients). Thus, any homogeneous polynomial with
valuesin R? admits such a representation with some set of coefficients. The uniqueness
of the representation can be proved by exhibiting each coefficient as the value at zero
of some appropriate linear combination of n-th order partial derivatives of the two
components of the polynomial.
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We write A, for the eigenvalue (1 + p)e*##) of Df,(0). The main advantage of the
complex representation is that the action of Df,(0) becomes simply multiplication by
Ay Thus, if ¢ is represented as above, the transform A~1@¢A™ of ¢ (where A denotes
Df,(0)) is represented by

MRz (2,

Jj=0
Terms which can be eliminated are those for which

MR ) £

As already noted, all terms with n = 2 can be eliminated provided (6.1a) holds. For
n = 3, the term a;|z|>z cannot be eliminated, but all others can provided that (6.1b)
holds. By the analysis of §V.2, this shows that there exists a change of coordinates
$,(z) = z + O(z?) such that

®, 0 fu(2) = A, 8(2) + a, 2]z + O(Jz]*).
Since ®(z) = z+ higher order terms, this equation can be rewritten as
®o f, 0 ®71(z) = Az + alz|*z + O(|z[*).

Thus, by maldng the change of coordinates ®, we can bring f, approximately into the
normal form
z s Au(1 + a,fz[?)z.

(We have changed the meaning of a, slightly by absorbing a factor of A;l.) The
significance of this normal form is clearer if we rewrite the transformed mapping in
polar coordinates (r,8) — (r',6') where

(6.2a) v = (1+p)l+ar’lr =1+ p)r — br® + O(r*)
and
(6.2b) 0' = 0+ ¢(p) + arg(1 + a,r?) = 8 + ¢(p) + cr® + O(r?)

(Here, we have introduced two new real u-dependent quantities b and ¢, related in
a straightforward way to p and a,. Note also that the terms “O(r*)” (respectively
“O(r%)”) mean jointly C* (respectively C3) functions of r, 8, p which vanish to fourth
(respectively third) order as » — 0, uniformly in p (small) and 4. To make all this work,
we need to assume that f,(z) is jointly C%.)

The mapping obtained by dropping the corrections:

(r,0) — (1 + p)r — b7, 8 + $(p) + cr?)
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has a very simple structure: the r-component of the image does not depend on 4. If we

assume
b>0

then for g > 0 the circle
r=19=1+/u/b

is mapped to itself. Furthermore

d
5((1+p)r—br3) =1-2p

=70

so this circle is attracting—any orbit starting near to it converges to it asymptotically.
The idea will be to show that the correction can be treated as perturbations and that,
when they are taken into account, the mapping still admits an attracting invariant circle
near to this one. The argument is a little delicate because the strength of attractivity
of the unperturbed circle under the unperturbed map goes to zero linearly with .
What ultimately makes it work is that, in the vicinity of the attracting circle and with
appropriate rescalings, the other terms are smaller still.

We note, first of all that there exist positive constants Ry, A (depending on the map
but not on u provided p is small) such that

0<r<ro— Ap implies »' >,

and
ro+ Au <r < Ry implies »' <.

(Here, (',0") denotes the image of the point (r,8) under the full map including the
correction terms.) Thus, the annulus

ro—Ap <r <7+ Ap
is mapped into itself and attracts all orbits starting anywhere in the punctured disk
0<r< Ry
Next we shift and rescale the radial coordinate, introducing a new radial variable y

by
=719+ Apy.

Thus, the attracting invariant annulus becomes the band
-1<y<1,

and we will focus our attention from now on purely on this band; in particular, in the
absence of any specification to the contrary, all estimates are supposed to hold uniformly
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in this band. We will write the mapping f,, restricted to this domain and expressed in
these coordinates, as

F:(0,y)— (olyy');

the u dependence is suppressed from the notation except when it is really necessary.
In outline, the argument is now going to proceed as follows: We will show that
the image under F of the graph of a Lipschitz-continuous mapping y = w(8), with an
appropriate bound on the Lipschitz constant, is again the graph of a Lipschitz continuous
mapping with the same bound on the Lipschitz norm. Thus, we can define an operator
F acting on a space of Lipschitz functions so that the graph of Fw is the image under F
of the graph of w. We then show that this operator is contractive in a norm equivalent
to the supremum norm, and hence that there is a unique Lipschitz continuous function
whose graph is mapped to itself by F'. The construction is y-dependent, but all estimates
hold uniformly for small u. Once the existence of a Lipschitz invariant circle has been
proved, the same techniques as were used to prove the smoothness of stable and unstable
manifolds can be applied to establish the smoothness of this invariant circle. We will
sketch the argument only up to the point of showing the existence of a Lipschitz invariant
circle; the rest is laborious but very similar to things we have already seen.
Straightforward computations starting from the approximate normal form (6.2) yield:

1+0Y) O
(63) R = (Ml Y o)

(Note that the arguments are written in the order (6,y), so, for example, the upper
right-hand element in the derivative matrix is the partial derivative of 8’ with respect
to y.) In deriving these estimates, repeated use is made of the fact that » = O(,/&).
The proof of the existence of an invariant Lipschitz circle can be eficiently formulated
in geometric terms by using the idea of expanding and contracting wedges. For a positive
number B, we define
Hp = {(ve,vy) € R? : |y < Blus[}

and
Vg = {('vo,'vy) eR?: lve| < B! lvy|}.

Heuristically, the elements of Hp and Vg should be thought of as displacements be-
tween points; the displacements in Hg are predominantly horizontal and those in Vp
predominantly vertical.

To show that the image under F' of the graph of a functions with Lipschitz norm
not greater than B is again the graph of such a function, it is enough to prove that,
whenever the separation between two points z; and z; is in Hp, the separation between
F(2,) and F(2;) is also in Hg. This will follow if we can show that DF(z) maps Hpg
into itself, preserving the sign of the 8 component, for all relevant z. It will suffice

therefore to find B such that

a6’ a¢'

2_
BIS|+1551 < B — BI5
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i.e., such that ' ' ’ '
3y 1 8y a0 o6
—|+ =|—=—=|+ B|—| < =—.
551+ 51501+ Bl < 5
In view of (6.3), this inequality holds for any sufficiently large B provided that u is
small enough. (More precisely: For any sufficiently large B, there is o > 0 such that
DF,(z) maps Hp into itself for all p < po and all relevant z.) We choose one such B,
say B;, and work in the space of Lipschitz continuous mappings w which are periodic
with period 2w, have |w(0)| < 1 everywhere, and satisfy Lip(w) < B;. We have just
shown that F is well defined on this space and maps it to itself.

The next step is to show that F is contractive in a norm equivalent to the supremum

norm on this space of Lipschitz mappings. The norm we use is as follows: We take
B, > B, and let

|w1 — w2| = sup{|(z1 — 22)y| : 21 € T(w1),22 € T(w2),21 — 22 € Vp, }.

Here, (2, — 22), means the y component of z; — 2, and I'(w;) the graph of w;. This
norm is evidently bounded below by the supremum norm, and it is easy to see that it
is bounded above by the supremum norm multiplied by B,/(B; — By).
It follows easily from (6.3) that by taking B, large enough and y small enough we
can guarantee that
|(DFv)y| < (1 = p)lvy| for v € V3.

We can simultaneously arrange that DF maps Hp, into itself and, since the complement
of Hp, is the interior of Vp,, it follows that DF~! maps V3, into itself. Thus

|[Fwy — Fws|| =
= sup{|(F(21) — F(22))y| : 21 € T(w1), 22 € T(w2), F(21) — F(22) € Vp,}
< sup{|(F(z1) — F(22))y| : z1 € T(w1), 22 € T(w2),21 — 22 € V3, }
< (1 - p)sup{|(z1 — 22)y| : 21 € T(w1), 22 € T(wg), 21 — 2, € Vg, }
= (1 = p)llwy — w2l

Thus, F is contractive, so the existence of a Lipschitz invariant circle follows. The
Contraction Mapping Principle also shows that the successive images of the graph of
any w converge to the unique invariant circle, and this implies in particular that the
orbit of any point in the strip {|y| < 1} converges to the invariant circle. Combining
this with remarks made earlier shows that all orbits starting in {0 < » < Ry} converge
to the invariant circle.

Remark: The above analysis doesn’t say anything about smoothness of the dependence
of the circle on u. Presumably something along these lines could be proved.
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§1. The w-limit set. Let f be a mapping (which, for present purposes, does not need
to be any more than continuous); suppose z is such that f*(z) is defined for all n > 0
and that {f"(z)} is relatively compact in the domain of f. Under these assumptions,
we define the w-limit set (of z, or z with respect to f, and accordingly denoted w(z)
or w(z, f)) as the set of all limits of convergent sequences of the form f™ (z), where
n; — oo. Alternatively

w(za f) = ﬂ fm0+(z, f)a

m—00

where the bar denotes closure (in the domain of f) and o*(z, f) the (forward) orbit of

under f:
o o™ (z,f) = {f"(z) : n > 0}.

It is easy to see that the w-limit set is strictly invariant, i.e., is mapped onto itself by
f. Using the relative compactness of the orbit of z, it follows easily that w(z, f) is
non-empty and compact, and that it “attracts” the orbit of z, i.e., that

@) = wlz, f).

In fact, the definition makes sense without assuming the relative compactness of the
orbit, and the set so defined is strictly invariant, but it may be empty (and neet not
attract the orbit of z).

We make similar definition for a flow (or semiflow) f*, i.e., we put

o (z, ) ={f(z):¢20} and w(z,f')= () Fo¥(z, ).

8— 00

In addition to the properties of the w-limit set formulated above for mappings, the w-
limit set for a point under a flow is connected. The analogous limit set with time going
to —oo is called the a-limit set.

For a mapping f (or a flow) all of whose orbits are relatively compact, each orbit con-
verges asymptotically to its w-limit set. Thus, the very long-term behavior of all orbits
can be determined from knowledge of the behavior of the mapping on a neighborhood
of its limit set L(f) defined by :

L(f) = V{w(=, f)}

where the union is taken over all initial points z. It is often the case that L(f ) is much
smaller than the whole space. For example, we saw earlier that, for the Hénon mapping
with small b, there is a non-empty open invariant set all orbits in which converge to a
certain compact set of Lebesgue measure zero; this set of measure zero thus contains
the limit set of the restriction of the Hénon mapping to the open invariant set.
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§2. Flows in the plane. The main interest in dynamical systems theory is in systems
with complicated limit sets. We will present here a classical result, due to Poincaré and
Bendixson, which says that there is no point in looking, from this point of view, at flows
in the plane—orbits for such flows have uninteresting asymptotic behavior.

THEOREM 2.1 (POINCARE-BENDIXSON THEOREM). Let X(z) be a differential equa-
tion defined in an open subset of the plane R?, zy a point of the domain of X such that
the solution curve f*(z¢) is defined for all t > 0 and relatively compact in the domain
of X. If the w limit set of o contains no stationary solutions of X, this w-limit set
consists of a single periodic orbit to which f*(z,) converges.

If we drop the assumption that the w-limit set contains no stationary solutions, the
situation becomes more complicated but there still appear to be no interesting possi-
bilities. The simplest thing that can happen is that the orbit converges to a stationary
solution. A more general possibility is that it converges to an invariant closed curve on
which there are one or more stationary solutions.

PRrOOF: The heart of the proof is a simple argument which rests essentially on the
Jordan Curve Theorem and thus uses in an essential way deep facts about the topology
of R?. We will use the term transverse arc to refer to a smooth arc 4 in the domain of
X which is everywhere transverse to the vector field X, i.e. such that, for every point z
on v, X(z) is not a constant multiple of the tangent vector to v at = (and in particular

X(z) # 0.

LEMMA 2.2. Let X be a vector field defined on an open subset of R2, v a transverse
arc, z(t) a solution curve for the differential equation defined by X. If z(t) crosses v
more than twice, the successive crossing points form a monotonic sequence in 7.

PROOF: Let ty < t; be two successive crossing times. If z(f9) = z(¢;), there is nothing
to prove. Otherwise, consider the closed curve I' made up of the segment of the orbit
for ¢ between 9 and ¢; and the segment of v between z(%p) and z(¢;). (In Figure 1,
v runs from 9 to 7;. The heavy line is the part of I' within the picture. T starts
at o = z(?o), runs off the top of the picture, winds around in some unspecified way,
re-enters the picture from below and crosses v again at z; = z(#;); it is then closed by
adding the part of v between z; and z,.)

I' is a Jordan curve; hence, it separates the plane into two components. The part of
the orbit for ¢ slightly larger than ¢; may be either inside or outside I', depending on
the global geometry, but in any event is on the other side from points lying slightly
downstream from the part of v running from z(¢;) to z(¢y) and beyond. (In Figure 1,
the dotted arc represents the set of points obtained by following the part of v from ~,
to z; backwards for some short period of time; the future orbit of z(#;) thus cannot
reach the arc from ¢ to z; without crossing the dotted arc, which is on the opposite
side of T' from the part of the solution curve immediately above z;.) Thus, the forward
orbit of z(%;) cannot get to the dotted arc without first crossing I'. But it certainly
cannot cross the part of I' which is a segment of orbit because orbits cannot cross. It
also cannot cross the other part of I'-the arc from z, to ;—because it can’t get there
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Figure 1

without first crossing the dotted arc. Hence, the next place where the orbit crosses «,
if there is one, must lie between z, and 7, as desired.

COROLLARY 2.3. If z(t) is defined for all t > 0, then no more than one point of any
transverse arc vy can belong to the w-limit set of z(t)

PROOF: Let y be a point of 4 which is in the w-limit set. Then y is the limit of some
sequence z(t;) with ¢; — co. Since the vector field is transverse to v at y, we can take
the ¢; to be times when z(t) crosses v, i.e., y is an accumulation point of the sequence
of successive points where z(t) crosses 4. This holds for any point on v which is in the
w-limit set. But the sequence of all successive crossing points is monotonic on -; hence,
cannot have more than one accumulation point.

PROOF OF THEOREM: Let yo € w(zo, f*). By the invariance and compactness of
w(zo, f*), the orbit fy, is defined for all ¢ > 0 and contained in w(zp); hence is relatively
compact. It thus has a non-empty w-limit set, and

w(yo) C w(=o).

Let y; be a point of w(y,). Since, by assumption, there are no stationary solutions in
w(zo), X(1) # 0, so there exists a transverse arc 4 through y,. Because y; € w(yo),
the orbit of yo must return infinitely often to the neighborhood of y; and so must cross
7 infinitely often. But the whole orbit of y, is in w(zo), so each of the crossing points
must be in w(z). By the Corollary, then, there can only be one crossing point, i.e.,
y1 must lie on a periodic solution. From the existence of a sequence t; such that z(¢;)
converges to y;, it follows (simply from the continuous dependence of solutions on initial
data) that the orbit z(t) converges asymptotically to the periodic solution through ;.
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Note, incidentally, that the argument does not use the full force of the assumption
that w(zo) does not contain a stationary solution, but only that there is some point
Yo € w(zo) whose orbit is not asymptotic to a stationary solution.

The above argument evidently depends in an essential way on the global topology
of the plane. The example of constant-velocity irrational flow on the torus—which
has no stationary solutions and for which the w-limit set of every orbit is the whole
torus—shows that the theorem as it stands does not hold if the plane is replaced by
a general two-dimensional manifold. There is, however, a partial extension to general
two-dimensional manifolds, in which the torus appears as the only case with even mildly
interesting dynamics; see §VII.12 of [Hartmann).

Roughly speaking, the situation is that interesting dynamics can occur for non-
invertible mappings already in one dimension; for invertible mappings in two and more
dimensions, and for flows in three and more dimensions.
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CHAPTER VIII. HYPERBOLIC SETS

Dynamical systems often have the property that most orbit pairs which start very
near to each other diverge exponentially, at least until their separation becomes “macro-
scopic,” and the investigation of this phenomenon has been a particularly fruitful di-
rection in the study of dynamical systems. Exponential divergence of orbits gives rise,
notably, to the sensitive dependence on initial conditions which accounts for the appar-
ently stochastic behavior of deterministic systems. In this and the following chapters, we
will discuss the theory of dynamical systems obeying a technically strong version of the
exponential separation of nearby orbits, i.e., ones with strong uniformity assumptions
on the rate of divergence. We begin by looking at some examples.

§1. Linear torus automorphisms. We return to the example discussed in §IV.8.7,
the mapping f of T? = R?/Z? induced by the linear mapping z — Fz of R? to itself,
where F' denotes the 2 x 2 matrix
2 1
(1 3)

In our earlier discussion of this example, we concentrated on the stable and unstable
manifolds of its fixed and periodic points. We saw that periodic points are exactly the
points with rational coordinates; that all periodic points are hyperbolic; and that the
stable (unstable) manifolds for these periodic points are all projections into T2 of lines
in R? parallel to the contracting (expanding) eigenvector of F. We will write ) for the
contracting eigenvalue:

3-5

2 ]
the expanding eigenvalue is A=, and we write ¢, and ¢, for a pair of eigenvectors of F
with eigenvalues A and A~! respectively.

The distance between two points in T? will mean the minimum distance between
representatives in R?. Thus if z = (z,y) and z' = (z',y') are two points in R2, there
is no need to distinguish the distance between z and z' from the distance between
their images in T? as long as the former is small compared to one. By expanding
z — 2' in the basis {¢,,#.}, we see that, unless z — z' is exactly parallel the ¢,, the
distance between F™z and F™z' will eventually get to be of order one. Furthermore, the
distance from z to 2' is small enough, there will be a range of n’s over which the distance
between F"z and F™2' is small compared to one and growing with increasing n like a
constant multiple of A™". Hence, separation between most nearby pairs of orbits grows
exponentially as the orbits are followed forward until this separation gets to be of order
one. On the other hand, if z — 2’ is exactly parallel to ¢,, then the distance between
F"z and F™z' goes to zero and in fact decreases exponentially like A™. Thus, although
the projections of the F™z and F™z' may wander around T" in an uncontrolled way,
they nevertheless approach each other. One piece of information to be extracted from
this is the following: Let 7 > 0 be sufficiently small. (Anything smaller than /2 will
do if we use the standard Euclidean norm on R2.) Then, for any z € T?

Wo(z)={z'€ T?:|f"z— f*2'|| < n forall n >0}

A=
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is a smooth submanifold passing through z (In fact: It is the image under the quotient
mapping of a straight line segment parallel to ¢, in R2.) Furthermore, for any z' €
W, (2), |f*z — f*2'|| goes to zero exponentially as n goes to infinity. All this is very
reminiscent of the situation for stable manifolds of fixed or periodic points except that
the “reference orbit” f™z may keep moving around the space in an irregular way rather
than being stationary or periodic.

The above analysis for forward iteration can be repeated for backward iteration. If
the separation between z and z' is not exactly parallel to ¢,, the backward orbits of z
and 2' diverge exponentially until the distance between them is of order one. If, on the
other hand, the separation is parallel to ¢,, the backward orbits approach each other
exponentially. If, as above, we put

Wr(z)={z' € T?:||f "z f"2|| <y foralln>0,}

then Wy (z) is a smooth one-dimensional submanifold passing through z and every point
on this submanifold has backward orbit converging exponentially to that of 2.

A number of features of this example occur often in more general situations. First:
All but exceptional pairs of nearby points have orbits which diverge exponentially both
forward and backward in time. Second: For each point z, the set of 2/ whose forward
orbits remain near to that of z for all time is a smooth submanifold; similarly the set of
z' whose backward orbits remain near to that of z. These two submanifolds intersect
only in z; their tangent spaces are complementary subspaces of the tangent space to the
full state space. Third: Periodic points are dense, and the number of periodic points
of each period can be determined by combinatorial means. At this point, all these
features have been seen to hold by very special methods based on the explicit form of
the mapping. We will see later on, however, that they are in fact qualitative features of
the system preserved under any perturbation which is small in the C? topology. In fact,
as we will also see later, this system is even structurally stable; any mapping of T? to
itself near enough in the C! topology to f can be transformed into f by a topological
change of coordinates (but usually not by a smooth one.)

$§2. The Smale horseshoe. We consider a mapping f of the unit square into the
plane obtained as follows: Compress the square horizontally and stretch it vertically to
obtain a tall thin rectangle; then bend this tall thin rectangle around into a horseshoe
shape and lay it back over the original square. (See Figure 1). Although this mapping
does not send the unit square into itself, we can still ask about the structure of the set
of orbits (z,) which stay in the unit square for all n, positive and negative. It is not
immediately clear, for example, whether there are any such orbits.

To answer the sorts of questions suggested above, it is enough to know how f acts
on the part of the square which is mapped back into itself. The image of the square
reintersects the square in two pieces, each each a thin vertical strip running across the
full height of the square. The preimage of each of these strips is a thin horizontal strip
running across the full width of the square. We call these preimages Ay and A;. To go
further, it is necessary to impose some conditions on how f acts on Ay and A;. What
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would be most satisfactory would be to base an analysis on qualitative conditions. This
can be done, but, in order to arrive quickly at a clear picture of the structure, we will
do something less ambitious—we make the very restrictive assumption that f is exactly
affine on each of Ay and A;. More precisely, we assume that f is given on A;, i = 0,1,
by

z+— M;z + z;

where the M; are diagonal matrices and the z; constant vectors. In accordance with our
picture of how the mapping is constructed, we should take the diagonal elements of M
to be positive and those of M; to be negative. There are some further constraints that
the M; and z; should satisfy to conform to our picture, but since we have already made
the example quite special, we will go on an make an even more specific choice which
will satisfy all the necessary conditions. The choice will be more special than necessary,
but will make it easier to describe the example.

We thus choose a real number «, a contraction factor, with 0 < a < 1/2. We also
choose four more numbers zy, z;, ¥, and y; such that

O0<zg<zpt+ta<l/2<zi—a<z <1

O<y<yt+ta<l/2<y—a<y <1.

We take
Ac={(%,9):w<y<yw+ea0<z<1}

fi(zy) — (zo + a:c,a'l(y — 1)) on Ay
A ={(zy):nn—a<y<y,0<z <1}
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fi(zy)— (21 — az,a_l(yl —y)) on A;.
With these choices,

fAo={(z,y):z0<z<zp+,0<y<1}

far={(z,9):z1—a<z<2;,0<y <1}

i.e., we take Ay and A; to be horizontal rectangles with height a and unit width; then
fAo and fA, are vertical rectangles with width a and unit height.

Now consider a point z in the unit square such that f™(z) is defined, i.e., such that
f(2) is in the unit square (so f%(z) is defined); f2(z) is also in the unit square (so f3(z)
is also defined); and so on. In order that f(z) be in the unit square, z must be either in
A or in A;, and since these are disjoint, it is in one or the other, not both. Similarly,
in order that f2(z) be in the unit square, f(z) must be either in Ag or in A;, etc. Thus,
we can associate with z a sequence (ig,%1,...1,—1) of 0’s and 1’s by the rule that’s ;=0
or 1 according as f7(z) is in Ag or A;. With this as motivation, we define

0, i .

Afo'n)ﬁn ={z:f(z) € A;; forj=0,...,n.}

Here, n can be any positive integer and ig,...,%, any n-tuple of 0’s and 1’s. Up to now,
it is conceivable that these considerations are empty, i.e., that there are not any z’s such
that f(z) is defined. This is not true, however:

(o0, )

to’s Is a closed rectangle of height a™+! and

CLAIM. For any n, and any ig,...,1n, A}
unit width.

We prove this by induction on n; it is clearly true for n = 0. For n > 0, the definition
implies directly that

AP = {ze Ay, : f(z) e AL}

10, 2L peenylin

Also, f is invertible from A;, to its image, and the inverse mapping acts by scaling down
by a factor of a in the vertical direction and up by a factor of a~? in the horizontal
direction, reflecting if o = 1, and translating appropriately. By the induction hypoth-
esis, A(o'" 1) is a horizontal rectangle of height a™ running all the way across the unit

square; 1ts mtersectmn with fA;, is thus mapped by f~! to a horizontal rectangle of
height a™*! running all the way across the unit square. This proves the induction step
and hence the claim.

By the remarks made above, then, the set of z’s such that f"(z) is defined and in the

unit square is
(0,n—1)
U A‘Oy oyin—1?
£04eesyin=1

i.e., is a union of 2™ disjoint horizontal rectangles, each of height a™ and unit width.
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Since each application of f contracts horizontally by « and expands vertically by a1,

0,n—1
anEO s:n" 'in)— 1
is a vertical rectangle of width a™ and unit height.
For any pair n,m of positive integers, and any sequence i_,y,...,i, of 0’s and 1’s, we

define

(=m,n).
Temyeensin

={z:fi(z) € Ay forj=-m,...,n}
— (fmA(O,m—l? )n A(O,n)

—myeeeytay 20 yer09lin

The second formula displays AE__:::?L-“ as the intersection of a vertical rectangle of
width a™ and unit height with a horizontal rectangle of height ™! and unit width.
The result is therefore a rectangle of height a™*?! and width a™.

Many striking consequences follow from this determination of the AS"™™. - For

Tomyeeeyin”
example:

CLAIM. For each sequence
i=(...,i_1,%0,41,...) € {0,1}%
there is one and only on z such that fi(z) is defined for all j € Z and
fi(z)€ Ay foralljeZ.

To see this, we fix 1 and consider the decreasing sequence of sets

(—nn-1)

i-nv"iiu-l.
A point z has the desired property if and only if it belongs to the intersection of this
sequence of sets. But by what we have just seen, the n-th set in the sequence is a closed
square of side a™, so the intersection contains exactly one point.

We let 7 denote the mapping which associates with each i € {0,1}Z the corresponding
z. For any sequence i, the point f(#i) has the defining property of woi, where o denote
the left shift mapping:

(01); = 2j41.
Thus,
for=moo.

Furthermore, 7 is a homeomorphism from {0,1}Z equipped with the product topology
into the unit square. Since we already know that = is injective, and since {0,1}Z is
compact, we have only to prove that = is continuous. But if i and i’ are close enough
in the product topology so that i; and ¢} agree for j from —n to n — 1, then =i and =i’

are both in AE_’:’:;{L, and this is a square of side a™; thus, continuity follows.
We can thus sum up the results so far as follows:
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There is a homeomorphism 7 from {0,1}Z onto the set E of points z in the unit square
such that f"(z) is in the unit square for all n € Z, and

for=mwoo,

i.e., the action of f on E is topologically conjugate to the left shift o on {0,1}Z.

Hence any statement about the left shift mapping gives a result about the action of
f. For example: f has an infinite number of periodic points; the number of periodic
points of period p is the number of periodic sequences of 0’s and 1’s of period p. The
periodic points of f are dense in E. (Proof: Given any i € {0,1}? and any positive
integer p, we can make a periodic sequence by taking the segment of i from —ptop—1
and repeating it with period 2p. By making p large, we can make this sequence as
close as we like the i in the product topology.) There are points z € E whose forward
orbits are dense in E. (Proof: Take an enumeration of all the finite sequences of 0’s and
1’s, and make a one-sided infinite sequence by concatenating all these finite sequences.
Extend to negative j arbitrarily. The result is a sequence whose forward orbit under
the left shift is dense.)

The technique of using a correspondence between symbol sequences and orbits to
analyze orbit structure is known as symbolic dynamics; it is one of the principal tools
in the analysis of hyperbolic sets. It must be said that it usually doesn’t work quite as
smoothly as it does in the present case: The more usual situation is that one can con-
struct a continuous mapping from a compact, shift-invariant subset of a sequence space
(rather than from the whole sequence space) onto an invariant set, which transforms
the shift to the restriction of a smooth mapping to the image set, and which is almost
but not quite one-to-one, i.e., for which “most” points in the image set have only one
preimage.

We can also get a more geometric picture of the set . If we let Z,, denote the set of
points z whose orbits are in the unit square from time —n to time n, then

.= |J Ay

T pgeenyina1

fonyensin_t

is a union of 4™ squares of side a™®. We pass from n to n + 1 by putting inside each
level-n square 4 squares smaller by a factor of « and deleting what is left over. Thus, =
is built by a two-dimensional analogue of the Cantor middle-third construction; it is a
self-similar Cantor set.

The set of points z whose forward orbits are in the unit square from time 0 to time n
is, as noted above, the union of 2™ rectangles, each of height ™ and unit width. The set
of points whose forward orbits are in the unit square for all time is a union of horizontal
lines of unit length; its intersection with a vertical line in a binary Cantor set K, so
the whole set in [0,1] X K. Each of the horizontal lines is associated with a one-sided
sequence ig,1;,...; it is the set of all z such that fi(z) € A;; for all j > 0. Two points
on the same horizontal line have forward orbits which approach each other exponentially

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed July 18, 1988



118 Hyperbolic sets VIII

as j goes to +oco. In fact, given a sufficiently small positive 7 and given any z in one of
the horizontal lines, the set of all 2z’ whose forward orbit always stays within a distance
n of that of z is a small horizontal line segment. Thus, each z € [0,1] x K admits a
local stable manifold.

If we look instead at backward orbits, we find that the set of 2’s whose backwards
orbits remain in the unit square for all time is K X [0,1}, i.e., is a union of vertical lines.
Two points on the same vertical line have the same “backward symbolic orbit”, and have
backward orbits which approach each other exponentially. Local unstable manifolds are
defined for points of K X [0,1]; they are small vertical line segments.

With the above notation, we can recognize E as the intersection of the set of points
whose forward orbits stay in the unit square ([0,1] X K) and those whose backwards
orbits stay in the unit square (K x [0,1]); thus,

E=KxK

and each point of = has associated stable and unstable manifolds which are respectively
horizontal and vertical line segments. Note that, in thisinstance, the stable and unstable
manifolds are not contained in = (which is totally disconnected) but stick out into the
ambient space. Nevertheless, each local unstable manifold intersects = in a linear Cantor
set.

Mappings at least qualitatively similar to the horseshoe mapping we have consid-
ered occur very frequently in applications, since, as Smale discovered, they accompany
transverse homoclinic points. We will sketch this argument heuristically. Let Z be a
hyperbolic fixed point for a smooth invertible mapping f. A point z, (different from z)
such that both forward and backward orbits of zy converge to Z is called a homoclinic
point. The condition that the forward orbit converge to Z can be reexpressed as saying
that zo is in the (global) stable manifold of Z; similarly, the convergence of the back-
ward orbit means that Z is in the unstable manifold. We say that z4 is a transverse
homoclinic point if the stable and unstable manifolds cross transversally at zo. (This is
by no means necessary: It is possible, for example, for the stable and unstable manifolds
to coincide; it is also possible for the stable and unstable manifolds to be tangent to
each other.) There are a number of possibilities for the global geometry of the stable
and unstable manifolds of a hyperbolic fixed point. For definiteness we suppose that
the situation is a shown in Fig. ??. We also suppose, again for definiteness, that the
eigenvalues of the linearization at the fixed point are positive. Now consider a thin
rectangular region A bounded below by the part of W* between Z and zo and on the
two ends by pieces of W*. Iterating f leaves the lower right-hand corner of A—the fixed
point—where it is; stretches out the right-hand edge of A, and pulls in the left-hand
end of the rectangle. Thus, after some number n; of iterations, the image of A looks as
shown in Fig ???. Applying f more times pushes out the image along W* until finally
it reaches and passes z9. Thus, if we choose a large n and if we take A to have exactly
the right height, the image of A under f will look as shown in Fig ??: a thin strip
running along W™ from the fixed point Z to zo. This looks very much like the picture
we drew of the horseshoe mapping; it can be made to look more like it by extending A
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very slightly on the two ends and the bottom; the result then will look as shown in Fig
777. One can also convince oneself that f™ on A is (strongly) contractive horizontally
and expansive vertically. Of course, this does not in itself show that the action of f™
is qualitatively what we found for the exactly linear horseshoe mapping. This can in
fact be proved by a combination of careful estimates and a qualitative version of the
analysis we gave above. We will present later on a different approach leading to the
same conclusion. That is, we will prove that, for any sufficiently large n, there is in a
small neighborhood of {Z,z¢} a Cantor set E, invariant for f*, the restriction of f™ to
which is topologically conjugate to the left shift on {0,1}%. Thus, in particular, there
are infinitely many periodic points for f, etc.

§3. Definition and elementary properties. For the theory to be developed here,
we will assume that the mappings under consideration are at least continuously dif-
ferentiable with continuously differentiable inverse, and that the space on which they
act is finite dimensional. We will denote the state-space by M, and write the formu-
las for the case where M is an open subset of a normed vector space £ (and we will,
whenever convenient, suppose that £ is simply R™.) Extension to general manifolds is
straightforward.

Let = € M. We say that a vector £ in £ (in the general context, a tangent vector to
M at z) is a contracting or stable vector for f at z if there exist positive constants )
and ¢ with A < 1 such that

(3.1) IDf™ (=)l < eA™||€]l

for all n > 0. For any fixed z, the set of contracting vectors at z forms a linear subspace,
which we denote by £°(z), the stable subspace. It is easy to see, by considering a basis
for the finite-dimensional space £°(z), that there is a single pair of constants ¢, A < 1
such that (3.1) holds for all £ € £%(z), i.e., that c, A can be taken to depend only on z,
not on £.

Similarly, we say that ¢ is an ezpanding or unstable vector if there exist constants c,

A < 1, such that
IDf~™(=)Ell < ™€l

for all n > 0, i.e., an expanding vector for f means a contracting vector for f~1.
The space of expanding vectors will be denoted by £*(z). (The notation Df~"(z) is
ambiguous; it is to be interpreted here and in what follows as meaning the derivative
at z of f~™", which is equal, by the Inverse Function Theorem, to the inverse of the
derivative of f™ at f™(z).)

Note that, contrary to what the name suggests, we do not define an expanding vector
to be one which is expanded exponentially by Df"(z). In the first place, it is not always
true that expanding vectors are expanded by Df"(z). For example, if the forward
orbit of z converges to a linearly* attracting fixed point for f, and if the backward

*We say that a fixed point z¢ for a differentiable map f is linearly attracting if the spectrum of D f(zo)
is strictly inside the unit circle.
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orbit converges to a linearly attracting fixed point for f~1, then every vector is both
expanding and contracting. We will shortly make a more restrictive definition which
rules out such counterintuitive situations and guarantees that expanding vectors are
indeed expanded by D f"*(z). The problem then is that there are many more vectors
expanded by D f™(z) than just the expanding vectors. For example, in the simple case
where z is a hyperbolic fixed point, any vector which has a non-zero component in £%(z)
is eventually expanded exponentially, not just vectors actually in £*(z). This example
reflects accurately the general situation; the correct intuition is that expanding vectors
are those which are purely expansive, i.e., have no contractive component. Paradoxically,
although the intuitive motivation of the study of hyperbolicity is the phenomenon of
exponential separation of nearby orbits, what turns out to make a detailed analysis
possible is the existence of enough pairs of nearby orbits which converge rather than
diverge.
It follow easily from the definition that

(3.2) Df(z)E%(z) = £°(f(z)) and Df~(2)E%(z) = £(f (=),

and similarly for £%. Furthermore, a A which works at z will also work at f(z) and
f~(z), but it may be necessary to take c larger at f(z) and f~!(z) than at .

We now make the fundamental definition: A set A C € is said to be a hyperbolic set
(for f) if

(a) A is compact and fA = A (i.e., A is strictly invariant.)

(b) For each z € A, £°(z) and £*(z) are complementary subspaces of £, i.e.,

E=Ez)®E¥(x).
(c) there exist positive constants ¢, A < 1, independent of z such that

IDFF"(z)El < eA™|€ll forall z € A, £ € £%(z), n 20

(3:3) |Df~"(z)¢]| < cA™||€]] forallz € A, £ € E¥(z),n >0

The essential element in this definition is the uniformity of the rate of decay of the
contracting (respectively expanding) vectors under Df"(z) (respectively Df~"(z)). It
would therefore be more accurate to call such sets A uniformly hyperbolic rather than
simply hyperbolic. A natural way to weaken these strong uniformity hypotheses is to
make them probabilistic, i.e., to consider, instead of a compact invariant set A, a f-
invariant probability measure y, and to replace the above conditions (b) and (c) by the

assumption that
E=E%z)®E%(z) p-almost everywhere.

In the language of Lyapunov characteristic ezponents, this amounts to requiring that all
characteristic exponents be non-zero almost everywhere. The investigation of the extent
to which the—by now classical—theory of uniformly hyperbolic sets can be extended
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to the more general probabilistic situation is an active subject of research where there
still appears to be much to be done.

In addition to the explicit uniformity assumptions of condition (c), there is more
uniformity implicit in the requirement that A be compact. We will see shortly that this
implies, for example, that (intuitively) the angle between £7(z) and £*(z) is bounded
away from zero on A. To a large extent, the compactness requirement is imposed
simply as a convenient way of formulating many uniformity conditions; most results
about hyperbolic sets can be proved with the assumption of compactness replaced by
weaker—but messy—explicit uniformity assumptions.

Historically, the investigation of hyperbolic sets began with the case in which the
whole space is hyperbolic (if we leave aside the relatively trivial case of a hyperbolic fixed
point.) If the whole space is hyperbolic for f, we say that f is an Anosov diffeomorphism.
The hyperbolic torus automorphism discussed above is an example.

If z is in a hyperbolic set A, then any vector ¢ € £%(z) really is expanded by D f*(z).
To see this, we write  for Df™(z){ and observe that, by the covariance (3.2) of £%,
n € E¥(f™(z)). By the Inverse Function Theorem,

Df~™(f"(=)) = [Df(=)"] ",

so, using (3.3),
€1l = 1D f=™(f™(=))mll < eA™|Inll,

We can rewrite this estimate as
(3.4) IDf(2)ell = AEll for all ¢ € £%(2)

which shows that £ is indeed expanded by Df™(z).
It is easy to see from this that the condition

IDf™(=)Ell < eA™[€]]  for all m 2 0,

which by (3.3) holds for all ¢ € £*(z), in fact characterizes elements of £°(z). Thus,

suppose ¢ is not in £°(z), i.e., has a non-zero component in £*(z). Applying (3.4) to

the component of ¢ in £%(z) and (3.3) to the component of £ in £°(z), we see that

|Df™(z)¢|| goes to infinity with n, so £ certainly does not satisfy the above estimate.
We can reformulate this result as the equation

{(=,6):z € A, £ € £(2)} = [({(=,€) : 2 € A, IDF™(=)E]l < eA™[|€][}-

n>0

The right-hand side is an intersection of closed sets in A x £, so the left-hand side is
closed. Hence:

(3.5) If 2, — % and ¢, € £%(zn) — £ then £ € £°(2).
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The same statement holds with £° replaced with £*.

It turns out that the subspaces £°(z) and £*%(z) vary in a continuous way with z for
z in any hyperbolic set. To make precise the intuitive notion of a continuously varying
splitting of a vector space into two complementary subspaces, we let P*(z) denote the
projection onto £°(z) along £*(z), i.e., the linear operator which is the identity on £*(z)
and zero on £*(z); continuity of the sphttmg will just mean continuity of the operator
valued function z — P?*(z).

PROPOSITION 3.1. Let A be a hyperbolic set for f. Then z — P*(z) is continuous on
A.

PRrROOF: We want to show that, if z, is a sequence in A converging to a limit %,
then P’(z,) converges to P°(%). To prove this, it suffices—by standard compactness
considerations—to prove the following two statements:

(a) If 2n — % and P*(z,,) — P then P = P*(3).

(b) ||P*(z)|| is bounded on A.

The first step in proving (a) is to note that P is a projection, i.e., that P2 = P. This
follows simply by ta.kmg the limit of the corresponding identity for the P*(z,). Next,
if £ is in the range of P, then

€= Pt = lim P'(z.)¢ € £°(2),

by (3.5). Thus, the range of P is contained in £°(2). The same argument applied to
the sequence 1 — P?(z,) of projections onto the £%(z,) shows that the range of the
projection 1 — P is contained in £%(2). But since £°(2) and E¥(&) are complementary
subspaces, it follows from this pair of inclusions that we must have P = P%(2), as
desired.

To prove (b), we assume the contrary, that |P*(z)| is not bounded, i.e., that there
exists a sequence z, of points in A and a sequence £, of non-zero vectors such that

1P°(zn )|
[

We normalize the £, by making ||P*(z,){.|| = 1; then ¢, — 0. By passing to a
subsequence, we can arrange that the z,, converge to a limit & and that the P‘(zn)fn
converge to a limit {; from the normalization condition, ||€ | = 1. By (3.5), € € £°(&).
On the other hand,

(1= P*(z4))ln = n — Pz, )¢, — —E,

since £, — 0. Hence, by (3.5) with £° replaced by £*, £ € £*(&), i.e., € is a non-zero
vector in both £°(2) and £*(%). This contradicts the assumption that £(2) and £%(%)
are complementary subspaces, and so proves that || P*(z)jj is bounded. The proof of the
continuity of P°(z) is thus complete.
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It can be shown, in fact, that P?(z) is Holder continuous (provided that Df(z) is.)
This is proved by constructing an operator on a space of matrix-valued functions which
has P* as a fixed point; which is contractive in the supremum norm; and which preserves
a bound on some Holder norm. Somewhat surprisingly, it is not possible to do better
in general; there exist, for example, analytic Anosov diffeomorphisms for which P*(z)
is nowhere differentiable.

The presence of the constant ¢ in the condition

[Df™(z)E]| < eA™[[€ll  forallz € A, £ € €°(z), n 20
is a nuisance; it is easier to work with the stronger condition
IDf (=)l < Allll - for all z € A, § € €°(=)

(which is equivalent to the preceding condition with ¢ = 1.) It is necessary to use
the former condition in the definition to make the definition of hyperbolic set invariant
under differentiable changes of coordinates. It is possible, however, to make the latter
condition hold by adjusting the norm, at the expense, in general, of making the norm
z-dependent.

PROPOSITION 3.2. Let A be a hyperbolic set for f. Then there is a constant A < 1 and
a Riemannian metric for M (i.e., an z-dependent positive definite scalar product (, ).
with associated norm ||£||, = [({,E)x]:l/z) such that, for all z € A,

IDf(=)lls(=) < Alléll= for £ € £°(=),

(3'6) — u
”Df l(z)éuf“(z) < A|I€||z: for 6 €L (:E)

Such a metric is called an _adapted or Lyapunov metric. To keep things elementary
and avoid complicating the notation unnecessarily, we will consider henceforth only the
case in which (3.6) holds with the standard (z-independent) norm.

PROOF: The main idea of the proof is essentially the same as that used to show that,
by adjusting the norm, the norm of an operator can be made as close as we want to its
spectral radius. This part of the construction will nevertheless differ in a detail from
the one we gave in §77 because we want to construct a Hilbert norm, i.e., one given by
a scalar product, rather than a general one. We start from (3.3):

IDfF ™ (2)Ell < eAT|éll forallz € A, ¢ € £%(z), n >0

(3.3) i ! .
IDF~™(=)éll < eAT[ié]l forall z € A, £ € £%(2), n 2 0,

where we have written A; rather than ) to distinguish the contraction constant with
general ¢ from the contraction constant with ¢ = 1. The A of the Proposition can in
fact be taken to be anything strictly larger than A;.
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Thus, we start by choosing a A with A; < A < 1; then a A, with A; < Ay < A. We
construct a first approximation <, >, to the desired z-dependent inner product by

<&n>.=0 if¢e€E(x)andn e =)
=y BIEEDIEN ey e o)

A2n
n=0 2
Zm (Df (=), Df"(z)n) . "

We make this construction only for z € A. The convergence of the infinite sums, the
continuity in z of the scalar product so defined, and the fact that this scalar product
is unformly bounded above and below by multiples of the standard scalar product all
follow easily from (3.3) (and the inequality A, > A;.) By a straightforward computation,

< Df(2)6, Df(2)E >5()S (ha)? < E,6 >»  for € € £°(a);

= Df"l(:n)g, Df_l(-'c)f >p-1(2) S (>\2)2 <o forg e £%2).

There are two things wrong with the inner product <, >.: It is only defined for
z € A, not for all z € M, and it is only continuous in z, not smooth. To deal with these
problems, we first extend the inner product to all of M, then approximate the extension
by a smooth one. If the smoothed inner product is close enough in the unsmoothed one
in the supremum norm, the desired estimates (3.6) hold.

To show that the inner product can be extended continuously to all of M, we can argue as
follows: Write
<& m >z= (R:cfs 17)

with R; a positive-definite matrix. For some ¢ > 0,
Ry > €l forallze€e A.

We can therefore write
Ry = €1+ SS:,

with S5; a continuous matrix-valued function (by taking, for example, S; as the unique
positive square root of Ry — €l1). Now extend S to a continuous bounded matrix-valued
function defined on all of M by applying Tietsze’s Theorem to each of its entries separately;
then extend R: by using the formula R; = €l 4+ 575, with the extended S, on all of M.
The approximation by a smooth metric is easy: Just approximate each of the entries in the
matrix-valued function R; by a smooth function in such a way as to preserve symmetry;
if the approximation is close enough in the supremum norm, the smooth approximating
function will still be positive-definite for each z.

§4. Transverse homoclinic orbits.
We saw, in the first section of this chapter, two examples of hyperbolic sets. Hyper-
bolic fixed points and periodic cycles are also hyperbolic sets, albeit of a comparatively
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trivial kind. We will present in this section another class of examples, with a rather
different flavor.

Let z be a hyperbolic fixed point of saddle type* for f; z¢ a transverse homoclinic
point, i.e., a point of W?(Z)NW*(Z) such that W*(z) and W*(z) intersect transversally
at zo. Write z,, for f*(z9), n € Z. Then z, converges to Z both as n goes to +oc0 and
as n goes to —oo, so the set A consisting of the homoclinic orbit {z,, : n € Z} together
with the fixed point Z is compact; it is also evidently invariant. We claim that it is a
hyperbolic set.

To prove this, what we need to do is to identify £°(z,) and £¥(z,) for each n; to show
that they are complementary subspaces; and to prove uniformity of contraction under
the action of Df and Df~! respectively. (The spaces of contracting and expanding
vectors at the fixed point Z have the desired properties by elementary spectral theory.)
By the invariance of the global stable and unstable manifolds W*(z) and W*(z), each
zn is in W?(Z) N W*(2). Also by invariance, D f*(zq) carries the tangent spaces of
W?*(z) and W*(Z) to the respective tangent spaces at z,; hence, W?(z) and W*(z)
intersect transversally at each z,.

CLAIM. The space of contracting (expanding) vectors at z,, is exactly the tangent space
to W*(z) (W*(z)) at zy,.

It suffices to consider contracting vectors, since expanding vectors are simply con-
tracting vectors for f~1. Furthermore, by covariance, it suffices to prove the assertion
for large positive n, i.e., values of n such that z,, is in a small local stable manifold for f
at Z. Thus, the claim reduces to a statement about the local behavior of a continuously
differentiable mapping on a small neighborhood of a hyperbolic fixed point. We set up
the problem as in Chapter IV: We put the fixed point Z at the origin, and we write
E=E°@E", where £° and E* are respectively the contracting and expanding subspaces
for Df(0). We write A, (A,) for the restriction of Df(0) to £° (£*); we choose norms
on £° and £* so that ||A,|| <1 and ||A7?|| < 1; and we use the norm

1€, Il = sup{li¢]l, I}

on €. Furthermore, as we saw in §??, we can assume that W?(0) is simply £°, at least
on a small enough neighborhood of 0. Then for z on the stable manifold and close
enough to 0, the derivative of f at z, expressed as a 2 X 2 matrix relative to the splitting

E=E°@E", takes the form
(a(z) ﬂ(w))
0 é=z))°

a(z) = A,, §z)=A, B(z)=0.
Consider now a tangent vector to W* at z,, i.e., a vector of the form (¢,0). Then
ij(zn)(fv 0) = (a(zn+j-1)(Tntj-2) ... &(z5)E,0).

*i.e., whose stable and unstable manifolds both have dimension greater than gero.

where
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If we take n large enough, we can arrange that
le(zm)ll £A <1 forall m > n,

and hence

I Df (za)(£,0)]| < N||(€,0)]|.

Here, A can be any number smaller than one and larger than ||A,|. This shows that
every tangent vector to W* is a contracting vector for f; it also proves the uniformity
of contraction of Df(z,) on this tangent space for large (positive) n.

We also have to show that any vector which is not tangent to W* at z, is not a
contracting vector. Any such vector { can be written as (¢,7) with 7 # 0, so the
£*-component of Df’(z,)( is equal to

8(2nt5-1)6(2nti2) - S(@a)n.
By taking n large enough, we can arrange that
|6(zm) 2| <A< 1 forall m>n,

and hence

1D (za)Cl 2 A~ |Inll,

which shows that { cannot be a contracting vector. (This time, A has to be larger than
IAZH )

To prove that the homoclinic orbit is a hyperbolic set, it remains to prove that
Dfi(z,) is sufficiently uniformly contractive on the tangent space of W?(z) at z,. It
will suffice to prove that, for some A < 1 and the norm introduced above,

for all tangent vectors £ to W*(Z) at z4,, whenever n is sufficiently large. (Failure of
contractivity for a finite number of n’s can be compensated for by choosing the constant
c sufficiently large.) We have already dealt with the case of large positive n. The point
Z_n, for large n, is again near Z, and the problem is again in part reduced to a local
question near the fixed point. This time, however, the z_,, belong to a local unstable
manifold, and, although near to the fixed point and on the stable manifold, they are
not near to the fixed point in the stable manifold, i.e., a path in W*(Z) running from
the fixed point to £_,, cannot be short. Thus, we cannot directly use what we know

about the local stable manifold to determine what the tangent space to W*(z) at z_,,
looks like.

CLAIM. There exists a sequence of positive constants K_,,, defined for n sufficiently
large and converging to zero, such that, if ({,n) is in the tangent space to W*(z) at
T_n, then '

lInll < K-all€]l-
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In other words: The tangent space to W*(z) at z_,) converges to the contracting
subspace at Z. This result is part of J. Palis’ A-Lemma. Once the claim is proved, the
desired contractivity follows easily, since, for large n,

pie-~ ()

To prove this claim, we use the same setup and special notation that we used in
proving the preceding one; we also arrange to make a small enough local unstable
manifold coincide with £*. We choose ny large enough so that z_, is in this local
unstable manifold for all n > ny. We will assume for the remainder of the proof that
n 2> no. Since W*(Z) intersects £* = W*(z) transversally at z_,,,, there is a constant
K_,, such that

Il < K_nglléll for (¢,7) tangent to W*(z) at z_n.

This, together with the fact that Df~!(z_,) maps the tangent space to W*(z) at z_,,
to the tangent space at z_,_,, is all we are going to assume about these tangent spaces
in the proof of the claim; the idea will be to use what we know about Df~!(z_,) to
construct inductively a sequence K_,, with the desired properties.

From the local invariance of £* under f~!, we see that for z € £* and near enough
to the fixed point, Df~!(z) takes the form

(%S 550e)):

a(z)~ A,, §z)~A, ~(z)=0.
Let ¢ = (¢,7) satisfy |lnl] < K_ |, and write (£,7) for Df~*(s_n)(. Then

where

17l = I(z-n)¢ + 67 (@—n)nll < [I¥(z-n)l| + K-nl|67* (z-n)]lI€]

and
€l = lle(z~n)Ell < lla(z-z)Il II€]]-
Hence
Il < K_(nsylI€ll
where

K_(nt1) = la(@—n) 167" (z-n)I K -n + lla(z -]l ll7(z—n)]I.

From this recursion relation and
le(z—n)ll — ||A.]l < 1,
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167 (-l — 1AM < 1,

Iv(z-a)ll — O,

i1t follows that
K_,—0,

as desired.

This completes the proof that a transverse homoclinic orbit, together with the cor-
responding fixed point, forms a hyperbolic set. This set is quite different from, e.g.,
the horseshoe. For example, periodic points are dense in the horseshoe but certainly
not in this example. On the other hand, the horseshoe, as constructed, is an tsolated
hyperbolic set in the sense that every orbit near but not on it eventually escapes. This
is not at all the case for a transverse homoclinic orbit, although it is not yet evident. We
will see shortly, for example, that every point on a transverse homoclinic orbit is a limit
of hyperbolic periodic points. Intuitively, it will turn out that a transverse homoclinic
orbit is a small piece of a larger hyperbolic set while the horseshoe is not. This will be
made precise later when we introduce the notion of locally mazimal hyperbolic set.

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed July 18, 1988



CHAPTER IX. SHADOWING

§1. Formulation of the principal result. Let § > 0. A § pseudo-orbit for f means
a sequence of points (z;) in M, indexed by Z or by a subinterval of Z, such that

lzit1 — f(=:)]] <& for all (relevant) s.

In other words, z;4, is obtained from z; by applying f; then making a jump which has
length less than é but is otherwise arbitrary.

One of the keys to the analysis of hyperbolic sets is the fact that, if § is small enough,
every § pseudo-orbit near a hyperbolic set is followed closely by a true orbit. The precise
statement is as follows:

THEOREM 1.1 (SHADOWING THEOREM). Let A be a hyperbolic set for f, and let ¢ > 0.
Then there exists § > 0 such that, for every § pseudo-orbit (z;) each point of which is
within distance § of A, there is a yo such that

(1.1) Il fi(yo) — zi|| < € for all 3.

Furthermore, if € is small enough and if the pseudo-orbit is indexed by all of Z, then y,
is uniquely determined.

If (1.1) holds, one says that the orbit (f¥(yo)) e-shadows the pseudo-orbit (z;). It
is not difficult to see that it does not weaken the theorem significantly to assume that
the pseudo-orbit (z;) is actually in A rather than simply near A, since any pseudo-orbit
near A can be approximated by a pseudo-orbit in A, possibly with a slightly larger é.
Once the pseudo-orbit is taken to be in A, there is no loss of generality in assuming it
to be indexed by all of Z, since a pseudo-orbit in A indexed by a segment of Z can be
extended to all of Z without increasing §. On the other hand, it is a delicate matter
whether the shadowing orbit will be in A or not; we will return to this question later.

Before giving the proof of the Shadowing Theorem, we will indicate some of its uses.
One immediate consequence of the uniqueness assertion is:

COROLLARY 1.2. Let A be a hyperbolic set for f. There exists n > 0 such that, if
fi(zo) and fi(Z¢) are two distinct orbits one of which stays within a distance n of A for
all i, then . .

| F*(z0) — f(Zo)l| >n for some i.

In other words, two distinct orbits near A cannot stay arbitrarily close together for
all time. This property is called ezpansivity; a number 7 with the indicated property is
called an ezpansivity constant.

§2. Embedded shifts near homoclinic orbits. A typical use of the Shadowing
Theorem is to prove the existence of periodic orbits. The idea is to construct periodic
pseudo-orbits with sufficiently small § so that they have unique shadowing orbits; then
the shadowing orbits must also be periodic. For a concrete example, consider the closure
of a transverse homoclinic orbit, i.e., a set A consisting of a hyperbolic fixed point Z
together with {f*(z¢)}, zo a point where W?(z) and W*(Z) cross transversally.
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PROPOSITION 2.1. Let Z be a hyperbolic fixed point for the C? diffeomorphism f; z,
a point of transverse intersection of W*(z) and W*(z). Then z¢ is a limit of periodic
points for f.

PROOF: Let A be as above, i.e., the orbit of zo together with the fixed point z. For N
a large integer, we construct a sequence (z,) in A by putting z, = z, for =N + 1 <
n < N and extending to all of Z by periodicity, i.e., by requiring Zpt+2N = 2Zn. Thus,
Znt1 = f(2n) except for n an odd multiple of N, in which case f(zn) = zn41 and
Zn41 = T_N41. Since Tn41 and z_pn4; can both be made as close as desired to z by
making N large, we can make sup,, ||zn+1 — f(2»)|| as small as we like by taking N large.

Now take any € > 0 small enough so that the uniqueness statement in the Shadowing
Theorem holds; then take N large enough so that the sequence (z,) constructed in the
preceding paragraph is a § pseudo-orbit for the § corresponding to ¢. The Shadowing
Theorem then says that there is a unique exact orbit (y) which e-shadows (z,), i.e.,
such that ||z, —yn|| < € for all n. Because zn42N = zp, (Yn42n) is another e-shadowing
orbit, so by uniqueness y,, = yn42n for all n, so y, is a periodic point for f. Because of
e-shadowing,

lgo — zoll = llyo — 2|l < e.
We can extend the above argument to prove the following:

PROPOSITION 2.2. Let € > 0. For any sufficiently large N, there is a compact set =
contained in the union of the balls of radius e about Z and z,, invariant for fV, such
that fN on E is topologically conjugate to the left shift on {0,1}Z.

PROOF: We can assume that ¢ is small enough to guarantee uniqueness of ¢-shadowing
orbits near A, and let § correspond to € as in the Shadowing Theorem. Fix a large N,
and construct four sequences of length N in A as follows:

X(0,0) = (Z0sT1ye e oy Ty B Ntm+1, T Ntmt2 - -y Z—1),
where m is the integer part of N/2;
X(O,l) = (20131’ sy TN-2, 5'3);

X(1,o) = (Z,T_N42,--- yT_1);
X(l,l) = (:T:,a':, eae ,ﬁ).

If we take N large enough, each of these is a § pseudo-orbit.
For each sequence i € {0,1}%, we construct an infinite sequence z(i) in A by concate-
nating the above sequences in an order determined by i:

z(i) = . .. X(i_, i0) X (i0yir) X (d1,ia) - - -

(with the origin placed so that zy, is zo or Z according as i, is 0 or 1.) Again, each
z(i) is a § pseudo-orbit. By the Shadowing Theorem, there is a unique exact orbit
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e-shadowing z(i). We let 7i denote the position of this orbit at time zero, i.e., the
shadowing orbit is f™(wi). The correspondence i — z is constructed in such a way as

to make
z(oi) = fNa(i),
so by the uniqueness of the shadowing orbit
fNor=mnoo.

Since z(i)nn is zo or Z according as i, is 0 or 1, f*V (i) is in the ball of radius € about
zo or Z according as i, is 0 or 1. If € is small enough so that these balls do not overlap,
m is injective.

Thus, if we can prove that = is continuous, it will follow that it is a homeomorphism,
and this will complete the proof. The proof of continuity uses a device which is frequently
useful: We deduce continuity from the uniqueness of the shadowing orbit. Let i(™ be
a sequence converging to (). We need only show that the sequence 7i(™ cannot have
any accumulation point other than 7i(®), But it follows almost immediately from the
definitions that the orbit of any accumulation point of 7i(™ e-shadows z(i(*)), so, by
the uniqueness of the shadowing orbit, the only possible accumulation point is m(i(>).

§3. Proof of the Shadowing Theorem.

As noted above, it is enough to prove the Shadowing Theorem for pseudo-orbits
indexed by Z. The proof we are going to give goes by reducing the Shadowing Theorem
to a fixed point problem for a differentiable operator in a Banach space; then applying
an approximate Newton’s method. Schematically, what we do is to define an operator
A on the space X of all bounded sequences (2,) in M by

A(z)n = f(2n-1)-

A sequence z is a fixed point for A if and only if it is an orbit of f. Similarly, equipping
X with the supremum norm, z is a § pseudo-orbit for f if and only if

§ 2 sup [lzn41 — f(za)ll = Iz - Az,

i.e., a pseudo-orbit with small § is the same as a sequence z such that A(z) =~ z. Thus,
in this language, what the Shadowing Theorem says is that near every point moved
sufficiently little by .A there is an exact fixed point.

To prove this, we are going to use Proposition 2.5 of Chapter III, which we reformulate
in our present notation as follows:

PROPOSITION 3.1. Let B,(z) denote the closed ball in the Banach space X with center
z and radius p, and let A be differentiable mapping from B,(z) into X. If there exist a
linear operator I' on X such that I" — 1 is invertible with bounded inverse and a positive
number £ < 1 such that

(1) (T = 1)"(DA(x) - T)|| < & for all x € B,(z)
(2) (T =1)"*(A(z)—2)| S (1 -x)p
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then A has exactly one fixed point in B,(z).
It is easy to see that the operator A as defined above is differentiable and that

(3.1) (DA()D),, = Df(@n-1)m-1-

To be entirely precise, we have to be a little careful about the domains: The exact
statement is that A is differentiable at x provided that Df is uniformly continuous
on some neighborhood of the closure of the point set {zn}. To deal with this and a
number of similar technicalities, we will fix once and for all an open neighborhood of A
with compact closure and consider only sequences taking values in this neighborhood.

Our strategy for applying the above proposition will be as follows: We let z be the
pseudo-orbit for which we want to find a shadowing orbit, and we take for I' simply
DA(Z). Most of the work in the proof is in showing that I' — 1 has bounded inverse.
Let us admit this for the moment and see how the rest of the argument goes. We can
take any x we like, and we choose x = 1/2. From (3.1) it is immediate that

IDA(x) — DA(z)|| = sup [Df(2n) = Df (zn)ll

Using the uniform continuity of D f(z) on a neighborhood of A, we can find a p small
enough so that

1
3.2 IDf(z) — Df(2)| £ =em—————
( ) ) ( )” 2"(1'\ — 1)—1"
whenever ||z — z|| < p and z is within distance p of A. Then condition (1) of the fixed
point theorem holds (with, as indicated, x = 1/2). Thus, in order to ensure that there

is a unique orbit (y») with ||y, — 2zn|| < p, we have only to require that

p
|zn — f(2zn=1)|| < ST =] for all n,
in order to make condition (2) hold.

Although the construction is done separately for each pseudo-orbit, it is essential
that all estimates be uniform in the pseudo-orbit. Examination of the argument in the
preceding paragraph in this perspective shows that the Shadowing Theorem will follow
if we prove

LEMMA 3.2. Let A be a hyperbolic set for the C? diffeomorphism f. There exist positive

constants p and B such that, if z is any p pseudo-orbit staying within distance p of A,
and if " denotes the operator defined by

(Pn)n = Df(zn—l)nn—l’

on the space X of bounded sequences in £ equipped with the supremum norm, then
I’ — 1 is invertible and

Ir -1 < B.

Furthermore, we can make the estimates of the Shadowing Theorem more explicit;
the lemma together with the argument above proves:
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PROPOSITION 3.3 (SHADOWING THEOREM WITH EXPLICIT ESTIMATES). Let A be a
hyperbolic set for the C! diffeomorphism f, and let p, B be as in Lemma 3.2. Suppose
also that p is small enough so that (3.2) holds. Then two distinct orbits one of which
stays within distance p of A are at some time a distance greater then p apart. Also, for

any € < p, we let
€

2B’
Then any é pseudo-orbit (defined for all n in Z) staying within distance p of A is
e-shadowed by a true orbit.

§(e) =

The relation between ¢ and § can thus be taken to be a linear one, with constants of
reasonable size.

PROOF OF LEMMA 3.2: While the proof is not difficult, it is necessary to deal with
a certain number of technical complications. To show what the main idea is, with a
minimum of distracting detail, we will consider first the particularly simple case where
z is an exact orbit in A. As already indicated, we denote by X the space of bounded
sequences {, in £ equipped with the supremum norm. We write X (X*) for the
subspace of sequences such that £, is in £° (€*) for all n. Then X* and X'* are closed
subspaces of X, invariant for I', and X = X* @ X*. From the estimate

IDf(=)Ell < Ml¢]l - for all £ € £°(z), for all = € A,

it follows that the norm of the restriction of ' to X* is not greater than A. Hence, the
Neumann series expansion

o0
1-r)t=3"r
i=0
converges in norm on X'*, so the restriction I' — 1 to X’* is invertible and the norm of

its inverse is bounded by (1 — A)~!. Similarly, the restriction of I' to X* is invertible
and its inverse has norm not greater than . Thus, the formal expansion

(-1 = (@ =T)r)~ =1 31

=0

converges in norm on X', so the restriction of I' — 1 to X* is invertible and its inverse
has norm bounded by A/(1 - 1) < (1 -2A)~2.

Since I' — 1 is invertible on each of two complementary invariant subspaces of X, it
is invertible on X itself. We have z-independent estimates for the norm of the inverse
restricted to each of these subspaces; to get such an estimate on the whole space, we
need to pay attention to how the norm on X is related to its restrictions to X* and
X*. We let (as above) P*(z) denote the projection onto £2(z) along £%(z) and P*(z)
denote 1 — P*(z). By the continuity of P*(z), there is a constant D such that

|P°(z)]| < D and ||P%(z)]| <D forallze€A.
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The projection P’ onto A'® along X* acts “componentwise”:

(Paf)n = Pa(zn)éru

so ||P?|| < D and similarly |P*|| < D, where P* denotes 1—P*. Hence, for any ¢ € X*,

€1l < 2sup{[IP*¢l, IP*£]I} < DI¢]I-

From this estimate together with the fact that the restrictions of (I' — 1)~! to X'* and
X* both have norm not larger than (1 — A)~? it follows easily that

2D
- 1)1 <« 22
-1 ==,

which is the desired z-independent estimate.

The proof of the lemma in the general case goes by constructing an approximation
Ty to T to which the above argument can be applied and then using operator-theoretic
perturbation theory to estimate (I' — 1)~! in terms of (I'y —1)~!. Everything needs to
be done in a very systematic way in order to ensure that the estimates obtained are
uniform in the pseudo-orbit. The first step in constructing I'y is

LEMMA 3.4. The projection-valued function P°(z) can be extended to a continuous
projection-valued function defined on a neighborhood of A

The proof of this lemma will be given later. We choose one such extension, which we
will continue to denote by P*(z), and we define an extended P*(z) by 1 — P*(z). Given
z and z' near enough to A, we write

I's, for P*(z')Df(z)P°(z) + P*(z')Df(z)P*(2).
Given a pseudo-orbit z, we are going to define I'y by

(I‘of)n = P::—lfn—l-

Note that on the one hand, by its very construction, I'Z, maps the range of P*(z) to the
range of P°(z') and the range of P*(z) to P*(z'), but that, on the other hand, if z € A
and 2z’ = f(z), then by the covariance of £°(z) and £*(z), I', is equal to Df(z). Hence,
by uniform continuity, we can make I', as close as we like to D f(z) by making the
distances from z to A and from 2' to f(z) small. Expressed in terms of pseudo-orbits,
this says that, by making p small enough, we can guarantee that ||I' — I'y|| is as small
as we like for all p pseudo-orbits z staying within distance p of A.

Furthermore, since the norm of Df(z) on the range of P*(z) is majorized by A for
z € A, we can guarantee that the norm of I';, on the range of P?(z) is not much bigger
than A by requiring that the distances from z to A and from f(z) to 2’ be small enough.
A similar statement holds for P*.
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We can now begin to collect a set of conditions on p which, taken together, will
make the lemma hold. We start by choosing p small enough so that P*(z) is defined,
uniformly continuous, and bounded on the set of all z within distance p of A, and let D
denote a bound on || P*(z)|| and ||P*(z)|| on this set. Next, we pick A\; with A < \; < 1;
then make p still smaller so that the norms of I'Z; on the range of P*(z) and (I'?,)~? on
the range of P*(z') are both majorized by A\; whenever the distance from z to A and
from z' to f(z) are both not greater than p.

With the conditions imposed so far, if z is a p pseudo-orbit staying within distance
p of A and if X° and X* denote, as earlier, the subspaces of sequences with ¢, in the
range of P*(z,) and P*(z,) respectively for all n, then the norm of Ty restricted to X’
is majorized by A; as is the norm of the inverse of Ty restricted to X*. The argument
given above in the case where z is an orbit in A can be applied to show that

2D
1-X

I(To —1)7HI <

It remains to control the effects of the difference between I’y and I'. We use the fact,
easily checked using the Neumann series, that if A, B are operators with A invertible
and ||B||||A7?|| < 1/2, then A+ B isinvertible and ||(4+B)™!|| < 2||l47?||. In addition
to the conditions imposed on p above, we also require that it be small enough so that,
if the distances from z to A and from z' to f(z) are both not larger than p, then

2 1-X
IDf(z) =TZ| < D

Then whenever z is a p pseudo-orbit staying within distance p of A we have

1-)
- <
and hence 4D
-1 <
I -1 < 725

Except for the proof of Lemma 3.4, this completes the proof of Lemma 3.2 and hence
of the Shadowing Theorem.

PROOF OF LEMMA 3.4: . We first apply the Tietze Extension Theorem the individual
matrix elements of P*(z) to extend P*(z) to a continuous matrix-valued function defined
on all of M. We will call the extended matrix-valued function P(z). For z in A,
P(z) = P*(z) is a projection, so the spectrum of P(z) is simply {0,1}. By the continuity
of the spectrum as a function of the operator, there is a neighborhood of A on which
the spectrum of P(z) is contained in the union of two small disks, one centered at 0
and the other at 1. We can take for the extension of P*(z) to this neighborhood the
spectral projection corresponding to the part of the spectrum in the small disk around
1.
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§4. Structural stability of hyperbolic sets. There is still more to be extracted
from the methods developed in the preceding section. One major extension starts from
the observation that these methods imply the existence of shadowing orbits not just for
f itself, but for any f near enough to f.

THEOREM 4.1. Let A be a hyperbolic set for f, and let ¢ > 0. Then there is a neigh-
borhood V of f in the space of C! diffeomorphisms of M and a § > 0 such that, if z is

a § pseudo-orbit for f staying within distance § of A, and if f € V, then there is a Yo
such that

| /(%) — zall < € foralln € Z.
If € is small enough, yy is uniquely determined.

It might seem more natural to formulate the theorem as asserting that every § pseudo-
orbit for f (rather than for f) is shadowed by an exact orbit of f. In fact, the above
formulation is the one that we will find most directly useful. In any event, the alternative
formulation follows easily from tke one given (with a different relation between ¢ and

5.)

PROOF: Very little in the proof of the Shadowing Theorem has to be changed. For each
pseudo-orbit z and each diffeomorphism f we construct an operator A on X by

A(x)p = f(zn-1)-

Again, we apply the abstract fixed point theorem with I' the linear operator
(I‘g)n = Df(zn—l)gn—l-

(Note that it is Df which appears here, not D f) Lemma 3.1 again applies; we let p,
B denote what they mean in that lemma. To apply the fixed point theorem as we did
to prove the Shadowing Theorem, we need to guarantee that, for any sufficiently small
€, there is a § such that

(1) IDA(x) - T|| < _lB. for all x in the ball of radius ¢ about z.

(2) lA(z) —=ll < 4B
whenever f € V and z is a § pseudo-orbit. These conditions are what the corresponding
conditions of the fixed point theorem become when we take into account the results of
Lemma 3.1. To start with, we will always take e < p.
For (1), we first note that
IDA(x) - T|| < sup || Df(zn) — Df(zn)|l + sup [ Df(zn) — Df(zn)]-

By making e small, we can insure that

ID5(=) - D) < 75
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whenever the distances from z to A and to z are both not greater than e. Then by
making V small we can ensure that

R 1
IDf(z) - DF@) < 55

whenever f € V and the distance from z to A is not greater than 2¢. Thus, with the
restrictions so far, (1) holds.

We are now finished imposing conditions on ¢; for the rest of the argument, € is fixed.
For (2), we note that

1 A(z) — 2| < sup 17(2a) = f(za)ll + sup [1/(zn) = 2zntall,

and the second supremum is majorized by §. Hence, if we take § = -f-—, and take V

8D
small enough so that ||f(z) — f(2)|| < 'SLD whenever the distance from z to A is not

greater than ¢, then (2) will hold. This completes the proof of the theorem.

We get a striking result if we apply Theorem 4.1 to ezact f-orbits on A. Take a small
¢, and let V correspond to € as in the theorem. Then, for any f in V and any zg in A,
there is a unique yo such that

17"(30) — f™(=o)l| for all mn € Z.
We write )
Yo = h(zo);
h is a mapping of A into M such that ||(z) — z|| < € for all z € A. For each z, f(k(z))
has the defining property of h(f(z)), so
foh=hof.

We will argue shortly that A is continuous and injective, and hence maps A homeomor-
phically onto a near-by compact set A. The relation f o h = h o f implies that A is
invariant for f and that f on A is topologically conjugate to f on A. Thus

THEOREM 4.2 (STRUCTURAL STABILITY OF HYPERBOLIC SETS). Let A be a hyperbolic
set for the C* diffeomorphism f. For any f sufficiently near to f in the C! topology,
there is a homeomorphism h of A onto a set A invariant for f such that

f=hofoh™ onA.

Moreover, h can be made as close as desired to the identity by making f close to f.

PROOF: It remains only to show that A, as constructed above, is injective and contin-
uous. Injectivity follows easily from the expansivity of f on A. Take € small enough
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so that two distinct f-orbits on A are somewhere separated by a distance of more than

2¢, and let f belong to the corresponding V. Suppose that zo and zj, are two distinct
points of A. Then

I (=0) = f™(zp)|| > 2¢ for some n.

But since
1f™(z0) = F*((zo))| <€ and |If™(z5) — FA(B(=0))]| < e,
it follows that f™(h(z0)) # f™(h(z})), and hence that h(zo) # h(z}), as desired.

Continuity is proved from the uniqueness of the shadowing orbit and compactness
in much the same way as it was proved above for the embedding of a two-shift near
a transverse homoclinic point. That is: We start by observing that, by compactness,
it suffices to prove that, if z, is a sequence in A converging to a limit Z, and if h(zn)
converges to 7, then § = h(&). For each j,n € Z,

1F(h(za)) — f(za)l < e.
Letting n go to infinity with j fixed gives

I7(@) - FEl<e

This is true for all 7, so the f orbit of § e-shadows the f orbit of Z, so by the uniqueness
of the shadowing orbit § = h(Z), as desired.

The above theorem says that, for any f near f, there is a set A near A, invariant for
f, such that the dynamics of f on A is topologically the same as the dynamcs of f on A.
We will see in the next chapter that A isin fact a hyperbohc set for f. It is worth noting
that we cannot expect h to be smooth, even if f and f are. For example, if A contains a
periodic point zy with period p, then h carries zo to a periodic point £, for f. If k were
differentiable at z¢ (i.e., were the restriction to A of a differentiable mappmg defined on
a neighborhood of A) wﬁ.h invertible derivative, then the spectrum of D f?(%,) would
have to be the same as the spectrum of D f?(z¢). Generically, however, perturbations
of f change this spectrum, so, generically, k cannot be differentiable at periodic points.
Since periodic points are dense in many hyperbolic sets, this at least suggests that we
should not expect A to be differentiable anywhere.

We have called the above theorem the structural stability theorem for hyperbolic sets.
Strictly speaking, this is not quite in accord with the normal use of the term “structural
stability”. A diffeomorphism f is said to be structurally stable (with respect to some
topology on the space of all diffeomorphisms) if, for every f near enough to f in that
topology, there is a homeomorphism h of the whole space to itself such that

f=hofoh 1.

That is, structural stability is a global stability property, and not, as in the case at
hand, a relative stability property of an invariant set. If the hyperbolic set in question
is the whole space, however, then structural stability in the strict sense does hold:
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COROLLARY 4.3 (STRUCTURAL STABILITY OF ANOSOV DIFFEOMORPHISMS). Let f
be a C! Anosov diffeomorphism. Then for any f close enough to f in the C! topology,
there is a homeomorphism h of M onto itself such that

f=i),0fl;._1

PROOF: The preceding theorem asserts the existence of a homeomorphic mapping k of
M into itself conjugating f on its image to f on M. We have to show that the image
of h is all of M. This follows immediately from general—if high-powered—topological
considerations, but can also easily be proved using shadowing. What we need is to show
is that, for every yg, there is an z4 such that

IF™(z0) — F™(wo)|| < € for all n.

By making f close to f (approximation in the C° topology will suffice), we can make
f"(yo) be a § pseudo-orbit for f with as small a § as desired, uniformly in yo; then the
existence of zo follows from the Shadowing Theorem.

The ideas developed here can also be used to prove the following result, mentioned
without proof in Chapter V:

THEOREM 4.4 (HARTMAN-GROBMAN LINEARIZATION THEOREM). Let zo be a hyper-
bolic fixed point for the C* diffeomorphism f defined on a neighborhood of zq in the
finite-dimensional vector space £. Then f admits a topological linearization at zy, l.e.,
there is a homeomorphism & from a neighborhood of 0 onto a neighborhood of zo, with
®(0) = zo, such that

f=®0Df(zo)o® ! near z,.

SKETCH OF PROOF: We can assume that zo = 0. By multiplying the nonlinear part of
f at 0 by a smooth cutoff function which is one on a small neighborhood of 0, we can
reduce to the case where f is defined on all of £ and Df(z) is uniformly as near as we
like to Df(0). If we can show that the linear mapping D f(0) is structurally stable on
all of £, the desired result will follows. The idea is now that, intuitively, the whole of
€ is like a hyperbolic set for D f(0), i.e., Df(0) is like an Anosov diffeomorphism on €.
Technically it is not quite true that £ is a hyperbolic set for Df(0) because hyperbolic
sets are required to be compact. Nevertheless, the proof of the structural stability
of Anosov diffeomorphisms can be repeated in this simpler situation, with minor and
straightforward modifications, to prove the structural stability of D f(0) and hence to
prove the theorem.
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CHAPTER X. STABILITY OF HYPERBOLICITY

Our objective in this chapter is to prove that the property of hyperbolicity is stable
under small perturbations. The main tool for doing this is a theorem which characterizes
hyperbolic sets in terms of associated operators on Banach spaces to which operator-
theoretic perturbation methods can be applied.

§1. A Banach-space characterization of hyperbolicity. Let A denote a compact
invariant set for the C! diffeomorphism f. We let X (A) denote the space of continuous
mappings { from A to £. (In the context of general manifolds, we take for X (A) the
space of continuous sections of the tangent bundle to M.) We will refer to elements of
X(A) as (continuous) vector fields on A. Equipped with the supremum norm, &' (A) is
a Banach space. We define an operator f.(A) on X(A) by

(£e(A)E)(z) = DF(f 7 (2))E(f (=)
It will usually be clear what set A we have in mind, in which case we will simply write
X and f, for X(A) and f.(A) respectively.
With this notation, we have the following characterization of hyperbolic sets:

THEOREM 1.1. A is a hyperbolic set for f if and only if f«(A) is a hyperbolic linear
operator on X(A).

REMARK: The result remains true if we replace the X by the space of all bounded but
not necessarily continuous vector fields, and the proof is essentially the same.

PROOF: For the proof of this theorem we need to work withmméordjnate—
independent condition for hyperbolicity

IDF™(=)Ell < eA™[ig]] for & € £°(=),

(and correspondingly for £*) rather than the condition with ¢ = 1.
It is almost immediate that f, is hyperbolic ¢f A is a hyperbolic set. Assume that A
is a hyperbolic set, and write
X ={{ € X :{(z) € & (z)for all },
X ={{ € X:{(z) € &%(a)for all z}.

(1.1)

Then X* and A'* are invariant subspaces for f, by the covariance of the splitting £ =
£ (z)®E(z), and X = X* @A™ by the corresponding pointwise equality. By the chain
rule,

(1.2) (£6)(f"(2)) = Df™(z)é(=)

(where n may be negative as well as positive.) Hence, for ¢ € X°,
I£5€l = sup [ £2¢(s™ (=) = sup [ Df"(z)¢ (=)
< eA%sup [|£(=)]] = eA™[|¢]]-
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Thus, the norm of the restriction of f* to X'* is bounded by cA™, and so the spectrum
of the restriction of f, to X'* is contained in the closed disk of radius )\ centered at
zero. Similarly, the spectrum of the restriction of f, to X' is outside the open disk with
radius A~! centered at zero, so f, is a hyperbolic linear operator.

Going in the other direction, we assume that f, is a hyperbolic linear operator. Then
by general spectral theory there is a splitting

X=X X"

into f,-invariant subspaces, and constants ¢, A, with 0 < A < 1, such that the restrictions
of fi* and f[™ to X'* and A respectively have norms bounded by ¢A™ for all n > 0.
What we need to show, in essence, is that this splitting has the “pointwise form” (1.1).
To prove this, we need to exploit the “pointwise form” of f,. Specifically, we will exploit
systematically the following observation:

| CramM. If 4 is a continuous real-valued function on A, then pointwise multiplication
by ¢ maps X* (X*) into itself.

To see this, first note that, by spectral theory, elements ¢ of X'* are characterized by
the property that ||f['£|| goes to zero as n goes to +co. On the other hand, from the
formula (1.2) it follows that

F@E)(=) = $(F7(=))(£€)(=);

| hence that || fre]| — 0 if || fre]| — o.
Now, for each z € A, let

Fo(z) ={{(=) : £ e X}

Fiz) ={{(z): £ € X%}

Since A" and X'* span X, F* and F* span £. For ¢ € F*(z), we choose any ¢ € X*
with {(z) = ¢; then since ||f£]|| goes to zero exponentially, |Df™(z)¢]|| also goes to
zero exponentially, so { € £°(z). Furthermore, by multiplying ¢ by an appropriate
continuous real-valued function, we can arrange that

1€(=)Il = ll¢]

and we then get that
IDf™ (=)l < eA™[I€]l,

l.e., that elements in 7*(z) decay under the action of Df"(z) at the uniform rate cA™.
Similarly, elements of 7*(z) decay under the action of Df~™(z) also at the uniform
rate cA™.
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Finally, from the invariance of the splitting X = X* @ X* with respect to Su, it
follows that D f(z) maps F°(z) to F°(f(z)) and similarly for F*. From this covariance
property and the decay established above it follows that

IDf*(@)El 2 e AT ig|l  for ¢ € F(=);

the proof is exactly like that used in ?? to establish corresponding growth rates for
unstable vectors at points of hyperbolic sets. From this estimate it follows that F* (z)n
F*(z) = {0}, and hence that £ = F*(z) @ F*(z), and also that F*(z) = & (=).
(We already know that F°(z) O £°(z). But any vector not in F°(z) has a non-zero
component in F*(z); this component grows exponentially under the action of D (=z),
so the original vector cannot be in £°(z).) Similarly, we prove that F¥(z) = £%(z). We
have thus established everything necessary to show that A is a hyperbolic set.

§2. Stability of hyperbolicity. In Theorem IX.4.2 we saw that,if A is a hyperbolic
set for f, and if f is close enough to f in the C? topology, then there is a set A near A,
compact and invariant for f, on which the action of fis topologically conjugate to the
action of f on A. We will show here, using the characterization of hyperbolic set given
in the preceding section, that A is a hyperbolic set for f. In fact, we prove something
more comprehensive: If f is close enough to f in the C! topology, then any compact
set, invariant for f and near enough to A, is a hyperbolic set for f. There is no need for
the structure of A to be at all like the structure of A. This result implies, for example,
that the embedded two-shifts which we saw in Proposition IX.2.2 could be found near
any transverse homoclinic point are hyperbolic sets.

THEOREM 2.1. Let A be a hyperbolic set for f. Then there exist a C' neighborhood V
of f and a neigbefhood U of A in M such that, if f €V and if E is a compact subset
of U invariant for f, then E is a hyperbolic set for f.

PROOF: The proof uses many of the ideas which were used to prove the Shadowing
Theorem. We want to use the characterization of hyperbolic sets proved in the preceding
section. The idea will be to develop a systematic procedure for constructing, for any
set Z which is near A and invariant for an f near f, an operator I'y on X (2) which can
be shown to be hyperbolic by explicitly exhibiting invariant contracting and expanding
subspaces and which is near enough to f,..(E) so that operator perturbation theory can
be used to deduce the hyperbolicity of f,.(E).

As in §IX.3, we start by finding a continuous projection-valued extension of P? (z) to
a compact neighborhood* U; of A, and we let P*(z) denote 1 — P*(z). We construct a
continuous matrix-valued function of two variables

2, = P°(z')Df(z)P*(z) + P*(z')D f(z) P*(z).

*We use the convention that a neighborhood of a set X is not necessarily open,; it is a set containing
an open set containing X.
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By its construction, I'Z, maps the range of P*(z) to the range of P*(z') and similarly
for P*. Furthermore, I';, reduces to Df(z) when z € A and z' = f(z). Let A < 1 be
such that

[Df(=)¢ll < Aliéll - for = € A and € € £°(=),

IDf~(2)éll < Méll for = € A and £ € £%(2),

and let A < A; < 1. Since I'Z, reduces to Df(z) for z € A and z’' = f(z), by uniform
continuity there exists a subneighborhood U, of ¢/; and a §; > 0 such that

IT2&ll < Mlléll - for = €U P*(2)€ = €, and |2’ — f(2)]| < &5

ITZE0 2 AT Il for = € Us, P¥(2)€ = £, and ||z’ - f(3)]| < &1

Now define D by
D= sup max{||P*(z)|, | P*(z)l|},
zCU?

2D

and let B denote T

CLAIM. For any f such that

sup [| /(=) — f(=)]| < 6,
z€EU;Z

and any compact set £ C U, invariant for f, the operator I'y defined on X () by
(Pof)(f(z)) = r;(z)f(z)

is hyperbolic and .
I(To — ®1)7!| < B forall 6 R.

PROOF: Let X* (X*) denote the subspace of X' consisting of vector fields such that
€(z) is in the range of P°(z) (P*(z)) for all ¢ € Z. Then X = X* @ X*; this splitting is
invariant under I'o; the norms of the restrictions of I'g to X'* and of I'y ! o X* are both
bounded by A;. As we saw in section ??, this implies that I'g —1 is invertible on both X’*
and X* and that its norm on each of these subspaces is bounded by (1 — A;)~!. Again

as in section ??, it follows that the norm on (g — 1)~! on X is bounded by T =
- A1

B. Once all the vector spaces in question have been appropriately complexified, the
argument works with 'y replaced by e~*T'y for any real 8, and this proves the claim.
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§1. Generalities on recurrence. In analyzing dynamical systems, it is useful
to distinguish between orbits which are transient, i.e., which return to the vicinity of
their initial points at most a finite number of times and those which are in some sense
recurrent. Unfortunately, there are a number of ways of making this distinction precise,
each with its advantanges and disadvantages. These alternative formulations turn out
to agree in nice cases, but not in general. We will discuss three useful notions of
recurrence here. For the purposes of this section, we have no need to restrict ourselves
to differentiable and invertibility mappings; we consider instead arbitrary continuous
mappings of metrizable spaces to themselves.* One reason for working with this extra
generality is that we want to be able to speak of recurrent and transient points of the
restriction of a diffeomorphism to a hyperbolic set which is not necessarily smooth.
Let f be a continuous mapping of a metrizable space X to itself. As in Section
??, we define the w-limit set w(z, f) of a point = under the action of f to be the set
of accumulation points of the forward orbit O4(z,f) = {f*z : n = 0,1,.. .} of z.
Although we can make the definition with no further restrictions, and although w(z, f)
is closed under these general hypotheses, it need not be true that w(z, f ) is non-empty.
This will be true, however, if the forward orbit is precompact (i.e., has compact closure),
which will usually be the case for the situations we consider. We define the Lmit set

L(f) by
L(f):= U w(z, f).

z€X

One useful notion of recurrence is that a point is recurrent if it belongs to the closure
L(f) of L(f ). (Intuitively, it might seem more natural to say that a point is recurrent if
it belongs to its own w-limit set, i.e., if it is an accumulation point of its forward orbit.
This property is, however, badly behaved and does not seem to be very useful.)

PROPOSITION 1.1. The set L(f) is mapped into itself by f and contains all periodic
points of f. If all forward orbits of f are precompact, then f maps L(f) onto itself. If =

is any point of X whose forward orbit is precompact, and ifU be an open neighborhood
of L(f), then f™(z) € U for all sufficiently large n.

PROOF: It is nearly immediate that L( f) contains all periodic points and is mapped into
itself by f. To prove that it is mapped onto itself if all forward orbits are precompact, let
z € L(f) be an accumulation point of the forward orbit of z. Then there exist nj — oo
such that f"/(z) — z. By precompactness, the sequence ™ ~1(z) has accumulation
points; any accumulation point is in L(f) (by definition) and is mapped to z by f.

*In fact, much of what we have to say extends to spaces more general than metrizable ones, but we do
not want to obscure the discussion by worrying about giving the most general hypothesis for each result.
On the other hand, when we come to the notion of chain recurrence, we will need to consider spaces
which are not merely metrizable but actually equipped with a metric (or at least with a metrizable
uniform structure.) In any event, the applications we have in mind are all to compact metric spaces.
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To prove the last assertion, assume the contrary. Then there exists n; — oo such
that ™ (z) ¢ U. By precompactness, this subsequence has an accumulation point, and
this accumulation point is not in U since the complement of I is closed. But on the
other hand the accumulation point is in w(z, f); hence, in L(f), and this contradicts
the assumption that & contains L(f).

If all forward orbits are precompact—e.g., if X is compact—then all forward orbits
converge to L(f). WARNING: This does not mean that L(f) is an attracting set. As
an example of why it is not, suppose that f is differentiable and has a hyperbolic
fixed point zy of saddle type (i.e., with nontrivial stable and unstable manifoldsy), and
that the unstable manifold of z, is contained in the stable manifold of an attracting
hyperbolic fixed point z;. It is then easy to see that z, is an isolated point of L( f)—the
idea is that any orbit passing near enough to z; but not actually on the stable manifold
of zo must leave the vicinity of =, near the unstable manifold of z¢ and is therefore
attracted to z; and never returns near zo. Now take an open neighborhood U of L(f)
such that any orbit passing near zo but ultimately asymptotic to z; must pass outside
U between z¢ and z;. If L(f) were an attracting set, there would have to be an open
set V containing at least ; and a positive integer no such that f*(z) € U for all z € V
and n > ng. Such a V and ngy cannot exist: If there did, we could choose z very near
to zo—hence, in V—so that its orbit remains in the part of 2/ around zo up to time nq.
But if, in addition, we choose z not to lie on the stable manifold of Zo, its orbit will
eventually be attracted to £; and hence will get out of U at some time later than n,.

A second candidate for a precise definition of recurrence is the notion of non-wandering
point. A point z is said to be wandering if there exists a neighborhood U of z and a
Jo > 0 such that

FuU=0 forall j > jo,

i.e., if every orbit starting near z eventually gets and stays away for z. If there exists
such a pair U, jo, then any small enough subneighborhood V of &/ will have

FY(1v=0 forallj>o.

A point z is said to be non-wandering if it is not wandering. The set of wandering

points is manifestly open; its complement—called the non-wandering set and denoted
by Q(f)—is therefore closed.

PROPOSITION 1.2. fQ(f) C Q(f) and L(f) C Qf). If f is a homeomorphism,
Qf) = (f)

PROOF: To prove that f maps Q(f) into itself, it suffices to prove that, if f(z) is
wandering, so is . But if ¢ is an open set containing f(z) such that fiU NYU = 0 for
j >0, then V = f~1U is an open set containing z such that VNV =0foral j>1.
If z € L(f) then there exist y such that, for any neighborhood & of z there are
infinitely many n’s such that f*(y) € U; hence, z cannot be non-wandering.
If f is a homeomorphism and =z is wandering for f, then there is an open U containing
z such that f"U NU is empty for all n > O. Applying f~™ shows that 4 N f~"U is
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empty for n > 0, which means that z is wandering for f~!. Thus, the non-wandering
set of f~1 is contained in the non-wandering set of f. Interchanging the roles of f and
f~1! shows that Q(f~!) = Q(f), as desired.

The difference between L(f) and €(f) lies in the fact that, for z is in L(f) and &
is any neighborhood of z, then there is a single orbit which returns infinitely often to
U whereas, for = in Q(f) and U is a neighborhood of z, there are points in & which
return to I at arbitrarily large time (but any given orbit may return only finitely many
times.) This is a genuine distinction; there do exist mappings for which L(f) # Q(f).
One can make an example roughly as follows: Take a mapping defined in particular on
a neighborhood of the unit circle in the plane. The unit circle is to be invariant; there is
a single fixed point z, on the circle; and all orbits f™(z) on the circle converge to z, as
n goes to too. Orbits near but not on the circle spiral slowly away from the circle and
never come back. Then every point of the circle is non-wandering, but the only point
of L(f) on or near the circle is zq.

A third possible definition of recurrence—and the one we will find most useful—is the
notion of chain recurrence. To formulate the definition we need to choose a metric d(.,.)
on X. We then say that a point z is chain-recurrent if for each § > 0 there is a finite
é-pseudo orbit starting and ending at z, i.e., a sequence zy = z,2;,...,2, = z such
that d(z;41, f(2:)) < 6 for i = 0,...,n — 1. If we have a finite § pseudo-orbit starting
and ending at z, we can repeat it to get a periodic § pseudo-orbit passing through z,
i.e., the definition of chain recurrence can be reformulated as saying that z lies on a
periodic § pseudo-orbit for arbitrarily small é. Intuitively, saying that z is not chain
recurrent means that z is transient in the strong sense that the orbits of points near z
go away from z and never return, not only for the motion induced by f itself but for
arbitrary small (possibly non-deterministic) perturbations of f.

PROPOSITION 1.3. R(f) is closed and contains Uf); if f is uniformly continuous, f
maps R(f) into itself.

PROOF: To prove that R(f) is closed, we show that its complement is open. Suppose
z ¢ R(f). Then there exists § > 0 such that there is no § pseudo-orbit starting and
ending at z. Find §; < §/2 such that d(z,y) < 6, implies d(f(z), f(y)) < §/2. We
claim that, if d(z,y) < 6, there is no §, pseudo-orbit starting and ending at y. To
see this, suppose there is such a pseudo-orbit, say y = yo,¥1,...,¥n = y. We want to
argue that z,y1,...,yn_1,2is2 § pseudo-orbit; then, since we have assumed that there
is no § pseudo-orbit starting and ending at z, we have arrived at a contradiction. Since
61 < §, there is no problem with any step except possibly the first and the last. For the
first step, we estimate

d(f(z),y1) < d(£(2), f(¥)) + d(f(¥),31) < 6/2 + &; < 6.

For the last step, we estimate

J(f(yn—l)’z) < d(f(yn—l): y) + d(ys z) <h+6&< 5;
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and this completes the proof that the complement of R(f) is open.

Now let =z € Q(f) and let § > 0. We want to show that there is a § pseudo-orbit from
z to itself. To do this, choose §; < § so that d(z,y) < §; implies d( f(z), f(y)) < §. From
the definition of (f), there exist y and n > 0 such that d(z,y) < §; and d(z, f*(y)) <
6. We claim that =z, f(y), f2(y),-.. f*"(y),z is a § pseudo-orbit. All steps but the
first and last are made by exact application of f, so all that needs to be checked is that
d(f(z), f(y)) < & (which is guaranteed by d(z,y) < 6;) and that d(f*(y),z) < & (which
is how we chose y, n.) Thus, we have proved Q(f) C R(f).

Finally, assume that f is uniformly continuous and that z € R(f); we want to prove
that f(z) € R(f). Thus, choose § > 0; then choose §; such that d(y;,y2) < §; implies
d(f(z),f(y)) < 6. Now let ¢ = yo,¥1,...,Yn-1,Yn = = be a 6; pseudo-orbit; we
claim that f(yo),...,f(yn) is a § pseudo-orbit. This follows immediately from the
construction; for each i = 0,...,n — 1, d(zi41, f(=:)) < 61, s0 d(f(zi+1), F(f(=:))) < &;
this proves the claim and hence proves that f(z) € R(f).

The theory of chain recurrence is not quite as trivial as the above straightforward
argument might suggest. Notably we have

PROPOSITION 1.4. If X is compact, if ¢ € R(f), and if § > 0, then there is a §
pseudo-orbit in R(f) starting and ending at z.

What is new in the assertion is that the pseudo-orbit can be taken to lie in R(f), not
just in the ambient space X. In other words,

R(flR(f)) = R(f).

The corresponding identity does not hold for the non-wandering set. This can be seen
in the above example of a mapping for which Q(f) # L(f). In this example, all points
of the circle are in 2(f) and no points near but off the circle are. Thus, points in the

circle other than zy are not in the non-wandering set of the restriction of f to Q(f).

PROOF OF PROPOSITION 1.4: We need some notation. For § > 0 and z € X, we write
Rs(z; f) for the set of points y € X such that there exist § pseudo-orbits from z to
y and from y to z. (When we speak of pseudo-orbits here, we always mean sequences
with at least two terms; z does not count as a pseudo-orbit from z to itself.) It is
immediate from the definition that z € Rs(z; f) if Rs(z; f) is non-empty; also, since
the definition of § pseudo-orbit is that d(y;+1, f(y;)) is strictly smaller than 8, Rs(z; f)
is open. We will further write R(z; f) for the intersection over § > 0 of Rs(z). A point
z is then chain recurrent if and only if R(z; f) is not empty, and all points of R(z) are
chain recurrent. Also, an argument very similar to the one used to show that R(f) is
closed shows that R(z; f) is closed. This argument in fact shows more; it shows that,
if y ¢ Rs(z; f), then there is a neighborhood V of y and a 6; > 0 such that V is in the
complement of Rg,(z; f). Hence: R(z; f) is also the intersection of the closures of the
Rs(z; f)-

The idea is now the following: We pick a small open set & containing R(z;f). By
compactness, since the closures of the Rs(z; f) decrease to R(z; f), we have Rs, (z; f) C
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U for sufficiently small §;. Any §; pseudo-orbit from z to z has to be in Rg,(z; f) (by
the definition of this latter set), so there is a §; pseudo-orbit from z to z in &/. But now,
if §; and U are small enough, we can perturb such a pseudo-orbit slightly by pushing
each of its points into R(z; f) to get a § pseudo-orbit in R(z; f) C R(f).

The details are as follows: Choose §; < §/3 so that

d(z1,22) < 8, implies d(f(z1), f(22)) < é/3.

Then choose §; < &, so that Rs (z; f) is contained in the §;-neighborhood of R(z; f)
(i.e., the set of points within distance 6; of R(z;f).) Let 20 = z,21,...,2n =z be a §
pseudo-orbit from z to z. Fori = 1,...,n~1, choose y; € R(z; f) with d(y;, 2;) < §;. We
now claim that yo = ,¥1,...,Yn = = is a § pseudo-orbit. Consider first d(f(y:), vi+1)
fori=1,...,n —2. Then

d(f(¥:)s ¥i+1) < d(f(9:), £(2:)) + d(£(2:), ziw1) + d(zi41, Yit1)
< §/3+6; 46, <5/3+6/3+6/3,

as desired.
The following version of the Poincaré Recurrence Theorem says that finite invariant
measures are, in a natural sense, concentrated on the non-wandering set:

PROPOSITION 1.5. Let f be continuous mapping of the topological space X to itself;
p a finite measure on the o-algebra generated by the open sets of X which is invariant
under f (i.e., which satisfies u(f~1B) = u(B) for all measurable sets B.) If X contains
a denumerable dense set, then the complement of the non-wandering set has p-measure
zero.

PROOF: Let z be a wandering point for f; U an open set containing = such that f"UnNY
is empty for all n > 0. The sets f~"U, n = 0,1,... all have the same p-measure, and
are also mutually disjoint, since if y € f~"U N f~™U with, say, m > n, then f™(y)isin
both & and f™~"U, and this is impossible by assumption. Since p is a finite measure,
this implies that u(2{) = 0. Thus, we have shown that any point of the complement
of (f) has an open neighborhood of u-measure zero, and this argument only uses the
continuity of f and the fact that open sets are measurable. We want to conclude that
the complement of ( f) has measure zero. This requires some further assumption; the
existence of a denumerable dense set in X suffices since it implies that the complement
of Q(f) can be written as a countable union of these open sets of measure zero. Many

other conditions—e.g., that X is locally compact and p inner regular—would also have
worked.

COROLLARY 1.6. If X is a compact manifold, and if there is a finite f-invariant measure
equivalent to Lebesgue measure*, then (f) = X.

*Strictly speaking, it does not make sense to speak of Lebesgue measure on a general manifold. A
manifold does have, however, a natural Lebesgue measure class: The null sets of this measure class are
those sets whose intersections with all coordinate patchs are images of Lebesgue null sets under the
corresponding coordinate mappings. When we speak of a measure equivalent to Lebesgue measure, we
mean a measure having exactly these sets as sets of measure gero.
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PROOF: The complement of Q(f) is a Lebesgue null set; hence §(f) is dense. Since
2(f) is also closed, it is all of X. Note that this argument does not require ergodicity
of the measure.

§2. The Anosov closing lemma. If f is any mapping, we write Per(f) for the set
of all periodic points of f.

PROPOSITION 2.1. Let A be a hyperbolic set for the C!-diffeomorphism f; assume that
A has local product structure. Then the chain recurrent set of the restriction of f to A
is the closure of the set of periodic points in A

Proor: Clearly, any periodic point in chain-recurrent. Hence, since the chain-recurrent
set is closed, it contains the closure of the set of periodic points. What we need to show,
therefore, is that any chain-recurrent point can be approximated arbitrarily closely by
periodic points. This, however, is a simple consequence of shadowing: Let z be a chain-
recurrent point. Then there exist periodic pseudo-orbits with arbitrarily small § passing
through z. If § is small enough, such a pseudo-orbit is closely shadowed by a unique
exact orbit (by the Shadowing Theorem.) This exact orbit is periodic (by uniqueness)
and lies in A (by local maximality, which follows from local product structure.) Hence,
as desired, there are periodic orbits in A passing arbitrarily near to z.

COROLLARY 2.2 (ANOsOV CLOSING LEMMA). If f is an Anosov diffeomorphism, pe-
riodic points are dense in R(f).

ProoF: The only thing which needs to be noted is that local product structure is
immediate if the hyperbolic set in question is the whole space.

_One of the most important open questions in this general area.is. whether there exist
Anosov diffeomorphisms for which R(f) is not the whole space. Note that, by Corollary
1.6, volume-preserving Anosov diffeomorphisms—i.e., ones which leave invariant some
finite measure equivalent to Lebesgue—necessarily have R(f) the whole space and thus

have a dense set of periodic points.

§3. Topological transitivity and mixing. A continuous mapping f ofa topological
space X to itself is said to be topologically transitive if, for any two non-empty open sets
U and V, there exists n such that f™ NV is non-empty, and to be topologically mizing
if, for any two non-empty open sets A and V, f™ NV is non-empty for all sufficiently
small n. It is immediate from the definition that a topologically mixing mapping is
topologically transitive. An illuminating example of a topologically transitive mapping
which is not topologically transitive is a cyclic permutation on a finite set with the
discrete topology.

PROPOSITION 3.1. Let f be a continuous mapping from a complete separable metric
space X to itself. Then f is topologically transitive if and only if it has a dense orbit.

PROOF: It is easy to see that a mapping with a dense orbit is topologically transitive
(without any supplementary topological assumptions.) Thus, suppose that f is topolog-
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ically transitive. Let Vi, Vs, ... be a base for the topology of X. It is easy to construct
recursively a sequence of non-empty open sets W; and indices 1, 2, ..., such that
(1) Wj+1 C WJ'.
) 1
(2) dlam(WJ) S =
) 7
(3) f5W; V.

Then the W; decrease to a single point z, and, for each j, fii(z) € V;, which implies
that the orbit of z is dense.

§4. The Smale spectral decomposition. A hyperbolic set for a diffeomorphism
f can fail in a trivial way to be topologically transitive; it can consist of two or more
“independent” pieces, i.e., separately invariant sets at non-zero distances from each
other. Furthermore, if the set is topologically transitive, it can fail in a trivial way to be
topologically mixing; it can consist of a finite number of pieces permuted cyclically by
f. We will see in this section that, provided that the set in question has local product
structure and that the action of f on it is recurrent, this is the only ways in which
topological mixing can fail. Once we assume that the set has local product structure,
all reasonable notions of recurrence coincide, and we can therefore assume the form
which is formally strongest, the density of periodic points.

THEOREM 4.1 (ANOSOV’S GENERALIZATION OF SMALE’S SPECTRAL DECOMPOSITION
THEOREM). Let A be a hyperbolic set for the C' diffeomorphism f; assume that A
has local product structure and that periodic points are dense in A. Then A can be
decomposed as

A=\ UAu)
=1 \ =1

where

(1) The A;; are closed and mutually disjoint (and hence, by compactness, at non-
zero distance from each other.)
(2) f maps A;j; to Aq sqa for1 <3< mn;—1and Ajn; to A;j;.
(3) f™, which by (2) maps A; ; to itself, is topologically mixing on A; ;.
This decomposition is unique up to labelling. If = is any point of A; ;, then A;; is the
closure of the W*(z) N A and also of W*(z) N A.

Note that this theorem gives a two-stage decomposition of f. Each

AD = 0 Kis

j=1

is closed and invariant; it is easy to see, since f™ is topologically mixing on each A; ;,
that f is topologically transitive on A(). Thus, the decomposition

m
Koes U AG)
i=0

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed May 6, 1988



§4 The Smale spectral decomposition 157

splits A into invariant toplogically transitive pieces. The further splitting A() into the
A; ; is a non-invariant decomposition into pieces which are cyclically permuted by f.
Heuristically, this decomposition extracts a cyclic component of the action of f on A(Y)
so that what is left—the action of f™ on any one of the A; j—is topologically mixing.

COROLLARY 4.2. Let f be an Anosov diffeomorphism of a connected compact manifold;

assume that periodic points for f are dense. Then f is topologically mixing, and each
W*(z) and W*(z) is dense.

PROOF: Since the whole space is hyperbolic for an Anosov diffeomorphism, local prod-
uct structure holds trivially. Thus, the theorem applies. But since the space is assumed
connected, the decomposition has to be trivial, i.e., f must already be topologically
mixing.

ProoF OF THEOREM 4.1: The proof is a little intricate, and we will break it up into
a sequence of lemmas. The first important idea is that the topological mixing property
is equivalent to the density of all unstable manifolds:

LEMMA 4.3. Let A, f be as in the statement of the theorem. Then f is topologically
mixing on A if and only if W*(z) N A is dense in A for all periodic points  in A.

PrOOF (BEGINNING): We prove the “if” part, which is the more important for our
purposes. Thus, we assume the density of the unstable manifolds of all periodic points,
and we let U, V be non-empty open subsets of A. We want to show that f"U intersects
V for all sufficiently large n. By assumption, U contains a periodic point z. We consider
first the case where z is a fixed point for f, and we take n > 0 small enough so that
W2(z) is contained in Y. Since f"W;'(z) is an increasing sequence of sets whose union
is dense, f*W(z) intersects V for all sufficiently large n, and this implies f" intersects
V for all sufficiently large n.

The case where z is periodic with period p > 1 is complicated slightly by the fact that
W*(z) is no longer an invariant set. Write z; for f*(z); each z; is a fixed point for f7.
Again choose 7 > 0 so that W*(z) is contained in U, and note that fiW¥(z) contains
Wy () for each i =0,1,...,p—1. By the argument in the preceding paragraph applied
to each of the fixed points z; of f?, we see that there is an no such that f"?Wpr(z;)
intersects V when n > ng. Then fPPHW¥(z) O f"PW'(z;) intersects V whenever
n > no, ie., fPWr(z) D f™U intersects V when m = nop.

We will return later to prove the “only if” part of the lemma. We first need to develop
a second important idea in the proof of the theorem. The preceding lemma suggests
trying to construct the A; ; as closures of unstable manifolds of periodic points of A.
On the other hand, the A; ; are both closed and open in A, so, to make this idea work,
it is necessary to show that closures of unstable manifolds are automatically open as
well as closed. This is the content of the following lemma:

LEMMA 4.4. Let A, f be as in the statement of the theorem, and let z be a periodic
point for f in A. Then W*(z) N A is relatively open in A.

PROOF: Intuitively, the idea is the following: What we have to show is that, whenever
W*(z) passes reasonably near a point y of A, it comes arbitrarily near to it. But
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whenever W*(z) passes reasonably near a periodic point y, it must intersect the stable
manifold of y (simply because unstable and stable manifolds are transverse to each
other) and is then “pulled into” y along the stable manifold.
~ The details go as follows: Take § > 0 small enough so that [y, z] is defined and in A
whenever y, z are points of A whose separation is less than §. To prove the assertion, it
will suffice to show that for any z € W*(z)N A, the open ball in A of radius § and center
z is contained in W*(z) N A. If this is not true, then the complement of W*(z) N A in
this ball is a non-empty relatively open subset of A and hence contains a periodic point
y. Let z; = [y, z]; this is defined and in A by our choice of §. Furthermore, z, is in a
local unstable manifold of z, which in turn is in W¥(z), so 2; is in W*(z). Let p be the
least common multiple of the periods of z and y. Because p is a multiple of the period
of z, ™ maps W*(z) N A to itself for all n. Also, because p is a multiple of the period
of y, and z; is in W*(y), f™(z,) converges to y as n — oo, and this contradicts the
assumption that y ¢ W*(z) N A.

We can now complete the proof of Lemma 4.3. Suppose that z is a periodic point of
A but that W*(z) N A is not dense in A. By Lemma 4.4, both W*(z) N A (which we
will denote by &) and V = A \ U are relatively open subsets of A. If p is the period of
z, then fPU = U, so f"PU is disjoint from V for all n, and thus f is not topologically
mixing on A.

The next major step in the proof is the following:

LEMMA 4.5. Let A, f be as in the statement of the theorem, and let z, y be periodic
points for f in A. If y is in W¥(z) N A then

W= ()N A = W*(z) N A.

Before proving this lemma, we note two immediate consequences: First, if f* maps
Wt(z) N A to itself—which will certainly be true for n the period of z, and perhaps
true for some proper divisor of the period—then W*(z)N A is a hyperbolic set for
f" in which the unstable manifolds of all periodic points are dense, and hence f™ is
topologically mixing on W*(z) N A by Lemma 4.3. Second: If z and y are periodic
points in A, and if W*(z) N A and W*(y) N A intersect, then there is a periodic point

z in their intersection; then applying Lemma 4.5 to the pairs z, 2z and y, z we conclude
that

Wr(z)NA=Wr(z)NA=Wr(y)NA;
closures of unstable manifolds are either disjoint or equal.
PROOF OF LEMMA 4.5: We first show that

Wh(y)nA Cc W¥(z)NA.
Since W*(z) N A is open and contains y, there exists 7 > 0 such that
Wi(y)NnA Cc Wr(z)nA.
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If p is the least common multiple of the periods of z and y then f? maps W*(z)NA

onto itself and
W*(y) N A = UL, fPW (y);

hence
Wr(y)NA C We(z)NA,

as desired. Since the set on the right-hand side is closed, the inclusion remains true if
we replace the set on the left by its closure.

To complete the proof, we need only prove that z is in W*(y) N A; we can then
interchange the roles of z and y in the above argument to prove equality. Since on the
one hand y is in the closure of W*(z) N A and on the other hand W*(y) N A is an open
neighborhood of y, there must exist z in W*(z) N W*(y) N A. Again letting p denote
the least common multiple of the periods of =z and y, we have

f~"P(z) = = since z € W¥(z),

and
f"(z) e W*(y)NA since fP maps W*(y) N A onto itself.

Since W*(y) N A is closed, this implies that z is in W*(y) N A.

All of the major steps in the proof of the theorem are now in place. We know that
the collection of all closures of unstable manifolds of periodic points is a partition of
A into sets which are simultaneously open and closed. Since A is compact, there are
only finitely many of these sets. Moreover, f permutes the elements of this partition.
Grouping them into orbits of the action of f, and labelling them accordingly, gives a
partition of the desired form. Furthermore, as we noted in the paragraph following the
statement of Lemma 4.5, since f™ maps A; ; to itself, then f™ is topologically mixing
on A,"j.

We next show that the decomposition is essentially unique. Suppose we have another
decomposition, and let M be one of the components. Then M is an open and closed
subset of A, invariant for some f™ and on which f™ is topologically mixing. It then
follows from Lemma 4.3 that M must be the closure of the unstable manifold of any
one of its periodic points, i.e., M must be one of the A; ; already constructed.

We next note that, if A, f satisfy the hypotheses of the theorem, so do A, f~1. By
uniqueness, the decomposition for f~! must be the same as the decomposition for f
(up to labelling). But the elements of the decomposition for f=! are the closures of the
stable manifolds of their periodic points. Hence, for any periodic z € A; ; W*(z) N A is
dense in A; ;.

Finally, we want to show that the stable and unstable manifolds of a general—not
necessarily periodic—point z of A;; are dense in A; ;. As in the preceding paragraph,
it will suffice to consider the unstable manifold. Since periodic points are dense, it will
suffice to show that any periodic point y of A; ; is in the closure of W*(z)NA. Replacing
f by an appropriate power of itself, we can even assume that y is a fixed point of f.
The idea will be to take a large enough n and find a z in the intersection of the stable
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manifold of y with the unstable manifold of f~"(z); then f™(z) will be in W*(z) (by the
covariance of unstable manifolds) and near y (because z was on the stable manifold of
y and n was large.) To make this work, it is necessary to control how far away z is from
y along the stable manifold. What we do is to choose a small positive n; then a § > 0
so that, when 2, and z, are two points of A with ||z; — 2| < 8, W3(21) and W*p(z,)
have exactly one point [z;, 22} in common, and [z, z,] isin A. Since the fr(Wa(y)NA)
increase to W?(y) N A, which is dense in A;; by the preceding paragraph, it follows
from a simple compactness argument that, if n is large enough, f"W;(y) intersects any
ball of radius 6. Take such an n; then choose z; € f~™(W3(y) N A) at a distance less
than § from f~™(z); and let z be [z;, f~™(z)], the point of intersection of W, (z1) with
W3 (f~"z). Then f™(z1) is in W;(y), and f*(z) is in W(z;); hence, the distance from
y to f*(z) is not greater than 27. Since z € W"’(f‘”(z)) NA, f*(z)isin W*(z) N A,
and since 77 was any sufficiently small positive number, it follows that y € W"(z) NA,
as desired. It is also necessary to show that W“(z) N A is contained in A;;. This

follows from the corresponding fact for periodic z’s by a straightforward apprommatlon
argument.
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CHAPTER XIII. GLOBAL HYPERBOLICITY AND STABILITY

Up until now, we have been studying hyperbolic sets from a somewhat local point of
view, i.e., we have been studying the action of a diffeomorphism on a small neighborhood
of some hyperbolic set without concerning ourselves with how it acts elsewhere. We now
want to change our point of view; the idea here is to assume that the set of all recurrent
points—i.e., either L(f) or Q(f) or R(f)—is hyperbolic, and to see what conclusions
can be drawn about the global action of f. The general hypothesis for this chapter is
that f is a diffeomorphism, of class at least C?, of a compact manifold M.

§1. Periodic points. The first step is to show that hyperbolicity of the set of

recurrent points implies density of periodic points in that set. This works for L(f) and
R(f), but not for Q(f).

PROPOSITION 1.1. Let f be a C! diffeomorphism of a compact manifold M. If L(f) is
a hyperbolic set, then periodic points are dense in L(f).

PrOOF: We use shadowing. Take ¢ > 0 and then a corresponding § < € so that every
4 pseudo-orbit in the § neighborhood of m is e-shadowed by a true f orbit. Assume,
furthermore, that € is small enough so that the shadowing orbit is unique. We will show
that, for any point = in L(f), there is a periodic point y within distance 2¢ of z. Since
z € L(f), there is a z € M such that z € w(z; f). Furthermore, the forward orbit of
z is precompact (since we are working in a compact space) and therefore converges to
L(f). Thus, replacing z if necessary by a point on its forward orbit, we can assume that
the forward orbit of z is contained in the & neighborhood of L(f), and that the distance
from z to z is less than §/2. If n > 0 is such that the distance from f*(z) to z is again
less than §/2, then

e 2, f(2), F2(2)y oo FP(2), 25 .

is a periodic § pseudo-orbit in the §-neighborhood of L(f). Thus, there is a true periodic
orbit f™(y) which stays for all time within distance ¢ of the pseudo-orbit, and

ly =zl <lly =zl + 1z -zl < e+,

as desired. Furthermore, y € L(f) because, by its very definition, L(f) contains all
periodic points.*
There is an entirely analogous result for the chain recurrent set:

PROPOSITION 1.2. Let f be a C! diffeomorphism of a compact manifold. If R(f)is a
hyperbolic set, then periodic points are dense in R(f).

PROOF: By Proposition ??, there is for any z € R(f) and any § > 0 a periodic §
pseudo-orbit in R(f) passing through z. If § is small enough, this pseudo-orbit is

*Note that we do not yet know that L(f) has local product siructure and hence cannot argue that all
shadowing orbits are necessarily in L(f)
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closely shadowed by a true periodic orbit, i.e., z can be approached as closely as desired
by periodic points. These periodic points, as before, are automatically in R(f).

The corresponding assertion for the non-wandering set is false; there exists a diffeo-
morphism f of a compact manifold for which Q(f) is hyperbolic but for which periodic
points are not dense in Q(f). The existence of such a mapping was an open question
for many years; a (complicated) example was finally given in A. Danker (“On Smale’s
Axiom A dynamical systems,” Ann. of Math. 107 (1978) 517-553.) In his ground-
breaking work, out of which the general theory of hyperbolic sets grew, Smale proposed
to consider diffeomorphisms for which Q( f) is hyperbolic, and for which periodic points
are dense in (f). He was thus led to formulate his Aziom A: A diffeomorphism of a
compact manifold is said to satisfy Axiom A if its non-wandering set is hyperbolic and
if periodic points are dense in its non-wandering set.

§2. Local product structure. It is not at all evident that any one of the three
global hyperbolicity hypotheses formulated in the preceding section—hyperbolicity of
L(f), Axiom A, and hyperbolicity of R(f)—implies that the hyperbolic set in question
has local product structure. All three of them do in fact imply local product structure;
the tool for showing this is the following theorem, due to Smale:

THEOREM 2.1. Let f be a C! diffeomorphism of a compact manifold, and assume that
the closure of the set of periodic points of f is a hyperbolic set. Then this hyperbolic
set has local product structure.

PROOF: By the continuity of the mapping (z,y) + [z,y], it is enough to prove that
[z,y] is a limit of periodic points when z and y are periodic points and ||z — || is small.
We will prove this by a simple variant on the argument showing that a transverse
homoclinic point is a limit of periodic points.

We can first of all, by replacing f by f™ for an appropriate choice of n, assume that
z and y are fixed points of f. Recall that [z,y] is the (unique) point of intersection of a
reasonable-size local stable manifold of z with a local unstable manifold of y. Thus the
forward orbit of [z,y] converges to z, and the backward orbit to y. Furthermore, if the
distance from z to y is small enough, [y, z] is also defined; its forward orbit converges
to y and its backward orbit to z. We now claim that the set consisting of z, y, the full
orbit of [z,y], and the full orbit of [y, z] is a hyperbolic set. We will not give the proof;
it is essentially the same as the proof the the set consisting of a transverse homoclinic
orbit together with the hyperbolic fixed point to which it converges is hyperbolic. This
set certainly does not have local product structure. It is however easy to make periodic
pseudo-orbits in, this set with arbitrarily small §: One starts, say, at [z,y] and follows
the exact orbit until very close to z; then makes a small jump to a point near z on the
backward orbit of [y, z]; then follows the exact orbit through [y, z] until very close to Y3
then again makes a small jump to a point on the backward orbit of [z,y], and follows
the true orbit back to [z,y]. This sequence is then repeated periodically If the jumps
around z and y are made small enough, this periodic pseudo-orbit will be uniquely
shadowed by a true orbit, which will have to be periodic by uniqueness, and to pass as
near as desired to [z,y] because the pseudo-orbit actually passes through [z,y].
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COROLLARY 2.2. Let f be a C! diffeomorphism of M

1. If Tfj is a hyperbolic set, then ﬂT) has local product structure.

2. If f satisfies Axiom A (i.e., if Q(f) is a hyperbolic set in which periodic points are
dense) then Q(f) has local product structure.

3. If R(f) is a hyperbolic set, then R(f) has local product structure.

Note one consequence of this corollary: The set L(f) or Q(f) or R(f) satisfies the
hypotheses of Theorem ?? and hence can be split into a finite union of invariant mutually
disjoint topologically transitive pieces.

§3. R-stability. We will need to introduce some general terminology to describe
various global stability properties of diffeomorphisms. As already noted in §I1X 4, a
diffeomorphism f of a compact manifold M is said to be C” structurally stable if, for
each g in some C” neighborhood of f, there is a homeomorphism hg of M to itself such
that

g:thth;l,

and if hy; can be taken to be as close as desired to the identity mapping in the C°
topology if g is sufficiently close to f in the C™ topology.* Thus, a diffeomorphism is
structurally stable if every nearby mapping differs from it only by a continuous change
of coordinates, which can furthermore be taken to be near to the identity.

Structural stability is a very natural and powerful property, and we have seen that
it holds for Anosov diffeomorphisms (Corollary IX.4.3) was once thought that it might
hold for “almost all” diffeomorphisms, but this turned out to be false, and one was
therefore led to investigate weaker notions of global stability. One such notion is the
following: We say that a C™ diffeomorphism f is C" R-stable if, for each g in some C”
neighborhood of f, there is a homeomorphism k, from R(f) onto R(g) such that

g=hgo‘foh;1 on R(f),

and if kg can be taken to be as close as desired to the identity (as a mapping from R(f)
into M) in the C° topology if g is sufficiently close to f in the C™ topology. The idea is
thus that f is R-stable if the recurrent part of the action of any g near f—understood as
meaning the action on its chain-recurrent set—is topologically the same as the recurrent
part of the action of f, but that the transient part is allowed to vary topologically as
g changes. In the same way, one defines the notion of {)-stability and L stability by
replacing in the above definition the chain recurrent set R(f) by the non-wandering set
Q(f) and the limit set L(f) respectively.

One of the high points of the global theory of dynamical systems is the following
theorem, which is closely related to the §2-stability Theorem of Palis and Smale:

*Intuitively, this last condition means that the mapping g = hg is continuous from the C" topology to
the C° topology. We cannot formulate it in this way, however, since we do not want to put into the
definition the requirement that k; be unique.
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THEOREM 3.1. If f is a C* diffeomorphism such that R(f) is hyperbolic, then f is C*
R-stable.

PROOF: The main idea in the proof is already contained in Theorem I1X.4.2, which
we described as asserting the “structural stability of hyperbolic sets.” In the present
context, this theorem tells us that, if R(f) is hyperbolic, then any g near enough to f
in the C! topology admits an invariant set A4 near to R(f) on which the action of g is
topologically the same as the action of f on R(f). We also know, by Theorem X.2.1,
that A, is hyperbolic for g. To prove the theorem, we have only to show that Ay is
equal to R(g).

Since periodic points for f are dense in R(f) (Proposition 1.2), periodic points for g
are dense in Ay, and thus Ay is contained in R(g). The problem is to show that R(g) is
not bigger than Ay, i.e., that R(f) does not “explode” when f is perturbed slightly. We
break this problem into two parts—we argue separately that g has no chain-recurrent
points outside Ay

(1) near R(f).
(2) away from R(f).

To deal with points near R(f), we have to rework the proof of the structural stability
theorem for hyperbolic sets to get a sharper version valid when the initial set has local
product structure.

PROPOSITION 3.2. Let A be a hyperbolic set for the C* diffeomorphism f; assume that

A has local product structure. There then exist

(1) An open neighborhood U of A in M.
(2) A C? neighborhood of f in the space of diffeomorphisms of M

such that,ifg €V,
Ag:= nn = —00®g"U

is a closed invariant set for g, and there is a homeomorphism hy from A to A, such that
.¢;=h..;,o.foh_‘;1 on A.
Furthermore, for any € > 0, if V is taken small enough, then h, can be chosen to satisfy

|hg(z) — z|| < € for all z € A.

REMARKS: The main assertion of the proposition—that A, as defined is an invariant
set for g on which the action of g is topologically the same as the action of f on A—is
perhaps best thought of as divided into two assertions:

(1) Any g € V admits a closed invariant set A, , contained in &/ on which the action
of g is topologically the same as the action of f on A.
(2) U is an isolating neighborhood for each such A,.
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We already know the first of these assertions; it is essentially Theorem IX.4.2. We also
know that A, is a hyperbolic set, and that it has local product structure (because local
product structure is a topological property of the restriction of g to Ag, and A has
local product structure for f.) Thus, each A, has an isolating neighborhood. What is
essentially new in this result is thus only a uniformity statement, that we can find a
common isolating neighborhood for all the A,’s.

PRrOOF: The main idea is the same as in the proof of Theorem IX.4.2: We apply
the Generalized Shadowing Theorem IX.4.1 to exact orbits f*(z) for f (with z € A),
regarded as pseudo-orbits for g; h, is then constructed by writing the exact g orbit which
shadows this one is g"(hy(z)). We can summarize the results of the proof of Theorem
IX.4.1 as follows: There exist ¢ > 0, and, for any 0 < € < € a C! neighborhood V,
of f such that, if g € V,, then for any z in A, there is a unique y in M such that
lg™(y) — f*(z)|| < €0 for all n € Z, and the y actually satisfies ||g™(y) — f™(z)|| < e
for all n € Z. If we define hy as the function mapping = to the corresponding y, then
h, is a homeomorphism of A onto a compact subset A, invariant for g. Note that this
construction guarantees that ||hg(z) — z|| < e for all z in A.

Now choose € < €, and take a corresponding é§ > 0 as in the ordinary Shadowing
Theorem, i.e. such that any é pseudo-orbit for f in the § neighborhood of A is e-
shadowed by a unique f-orbit. Since A has local product structure, we can arrange by
taking ¢ and § small enough, that this orbit is always in A. We then fix §, and and
find a C! neighborhood V C V, of f small enough so that, for any g € V, A, is in the
§-neighborhood of A and any exact g orbit is a § pseudo-orbit for f. We then take the
§-neighborhood of A for U, and want to show that the assertions of the theorem now
hold.

What has to be shown is that, if g € V and if g™(z) € U for all n € Z, then z € A,.
By the choice of V, g™(z) is then a § pseudo-orbit for f, and by the choice of §, there is
an z in A such that the f-orbit of z e-shadows g™(z). But, by the construction of A,
this implies that z = hy(z) and thus z € A, as desired.

The above proposition tells us, loosely, that if g is near enough to f, then any g
orbit not in hy(R(f)) eventually gets well away from R(f), i.e., outside some fixed
neighborhood. We next have to show that points which are not too close to R(f)
cannot be chain recurrent for any g near f; the following proposition provides the tools
to do this:

PROPOSITION 3.3. Let f be a continuous mapping of the metric space (X, d) to itself;
z an element of X which is not chain-recurrent for f. Then there exists § > 0 such that,
if g is a mapping of X to itself with d(f(z),9(z)) < é for all z € X, and if d(z,y) < §,
then y is not chain-recurrent for g.

PROOF: Since z is by assumption not chain recurrent, there is a §; > 0 such that thereis
no §; pseudo-orbit starting and ending at z. Choose § < §;/3 so the d( f(z), f(y)) < é:/3
when d(z,y) < §. We claim that this § has the property asserted in the proposition.
To see this, suppose that there are g and y as in the proposition such that there is a §
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pseudo-orbit for g from y to itself; let

YsY1ye ey Yn—-1,9Y

be such a pseudo-orbit. We claim that

TyY1y Y250 ¢3Yn—-1,%

is then a §; pseudo-orbit for f, and this will contradict the assumption that there is no
é; pseudo-orbit for f from z to itself. We check first that

d(f(2),y1) < d(f(), f(¥)) + A f(¥),31) < 6:/3+ 6 < b1.

Then, for: =1,...,n— 2,

d(f(y:), yiv1) < d(f(9:), 9(:)) + d(9(¥:), Yiv1) < 26 < 61

Finally,

d(f(Yn-1),2) < d(f(Yn-1),9(¥Un-1)) + d(g(¥yn-1),¥n) + d(yn,z) < 36 < &;.

This completes the verification that the indicated sequence is indeed a §; pseudo-orbit
for f and hence the proof of the proposition.

We now apply Proposition 3.2 to R(f), which we are assuming hyperbolic; we denote
the corresponding &/ and V by Uy and Vg respectively. By Proposition 3.3, there is for
each £ € M \ Ug an open neighborhood W, of z in M and a C° neighborhood V, of f
such that, for g € V., no point of W, is chain recurrent for g. Since M \Ur is compact,
we can cover it by a finite number of W,,. Letting Vo denote the intersection of the
corresponding V,;, we see that no point outside /f can be chain recurrent for any g in
Vo. Now take for V the intersection of Vg with V; as indicated above, we have only to
show that, for ¢ € V, R(g) = hy(R(f)). Furthermore, since periodic points for f are
dense in R(f), periodic points are dense in hy(R(f)) and so hyR(f) C E(g), and all we
have to do is to show that no point not in hyR(f) can be chain recurrent for g. The
construction of Vy shows immediately that no point of M \ Ug can be chain recurrent
for g. Also, by Proposition 3.2, if z is any point of «g which is not in hy(R(f)), there
must be an n such that g™(z) ¢ Ur and hence ¢g*(z) ¢ R(g). Since R(g) is invariant for
9, z ¢ R(g), as desired.

§4. Cycles and Q-stability. Although the R-stability Theorem of the preceding sec-
tion is the main global stability result for hyperbolic sets, it is also useful to understand
that, for example, Axiom A by itself does not suffice to guarantee §2-stability but that
the addition of a further simple and natural condition does guarantee it.

We begin by sketching how one might construct an example which satisfies Axiom
A but is not Q-stable. The example is two-dimensional and is illustrated in Figure
??. To construct it, we start with a pair of hyperbolic fixed points of saddle type,
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which we call 4 and B. The eigenvalues of the linearization of f at A and B are to be
positive so the stable and unstable manifolds of A each consists of two separate curves
(“branches”) joined at A, and similarly for B. The essential element in the example is
that one branch of the unstable manifold of A is also a branch of the stable minifold of
B, and one branch of the unstable manifold of B is also a branch of the stable manifold
at A. In other words, A and B are joined by two heteroclinic connections. Note
that this is a very “non-generic” situation, but it can certainly be arranged. The two
heteroclinic connections, together with the two fixed points, form a simple closed curve
which is invariant for f; the complement of this curve consists of two regions which are
individually invariant for f, and which we will refer to as the bounded and unbounded
regions.

We further arrange that, in the bounded region, there are two hyperbolic fixed points
R and S, the first attracting and the second repelling. The orbit structure in the
bounded region is to be as follows: As shown in the figure, the non-heteroclinic branch
of the stable manifold of B lies in the bounded region; orbits on this curve converge
as n — +oo to B, and they are to converge at n — —oco to A. Similarly, the non-
heteroclinic branch of the unstable manifold of B is in the bounded region; orbits on
this branch converge to B as n — —oo and to R as n — +oo. Every orbit in the
bounded region other than the fixed points and those on these two curves is asymptotic
to R asn — 4oo and to S as n — —oo. Similarly, in the unbounded region, there
is an attracting-repelling pair P and Q); all orbits in the unbounded region except Q
and those on the stable manifold of A converge to P as n — 400; and all orbits in the
unbounded region except P and those on the unstable manifold of A converge to Q as
n — —oo.

We now want to argue that, with this construction, the non-wandering set of f consists
simply of the six fixed points 4, B, P, Q, R, S. If this is true, then f certainly satisfies
Axiom A. It is more or less clear than the only other points which might turn out to be
non-wandering are those on the two heteroclinic connections. We thus want to argue,
for example, that points on the arc from A to B—i.e., on the branch of the unstable
manifold of A which is also a branch of the stable manifold of B—are wandering. In
the first place, the orbit of the point itself certainly goes away and never comes back;
it goes “monotonically” to B. Points slightly above the arc are first attracted toward
B, but, when they get near enough, they are repelled out again along the upper (non-
heteroclinic) branch of the unstable manifold of B and converge to R; they therefore
never return near the arc from A to B, no matter how near to this arc they started out.
Points slightly below the arc are more interesting: They are first attracted toward B, but
again, when they get near enough, they are repelled out along the unstable manifold.
This time, however, they go along the heteroclinic branch of the unstable manifold,
which they follow around toward A. Again, if the initial point was close enough to
the arc from A to B, the orbit will get very near to A, but again it will eventually be
repelled out, this time along the non-heteroclinic branch of the unstable manifold of A,
and will therefore be trapped by the attracting fixed point P and never return. Thus, a
small enough neighborhood of any point on the arc from A to B will consist entirely of
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points whose orbits never return, i.e., each such point is wandering. A similar argument
shows that each point on the homoclinic arc from B to A4 is wandering.

Thus, an f constructed in this way satisfies Axiom A. It is easy to see, however, that
such an f can be perturbed arbitrarily little in such a way as to break the homoclinic
connections and replace them by transverse intersections of the unstable manifold of A
with the stable manifold of B and of the unstable manifold of B with the stable manifold
of A. (This can be done, for example, by composing a small “twist” with the action
of the mapping in each of two small disks, one along the arc from A to B, the other
along the arc from B to A, without changing the mapping outside these disks.) Once
f has been perturbed to produce these transverse intersections of stable and unstable
manifolds, the argument used in proving Theorem ?? above shows that the intersection
points are limits of periodic points for the perturbed mapping. The perturbed mapping
thus has infinitely many periodic points and hence a much larger non-wandering set
that f itself. In particular, f is not §2-stable. An occurrence like this is known as an
Q-ezplosion.

There is a simple condition which rules out Q-explosions. Let f be a C! diffeomor-
phism satisfying Axiom A.* We can then apply the Spectral Decomposition Theorem
(Theorem ??) to decompose

Q)= 0N ua®@y...um),

where the Q(%) are mutually disjoint, closed, and invariant, and the restriction of f to
each () is toplogically transitive. We construct a directed graph with vertices 1,...,m
by drawing an edge from % to j if there is an orbit in M \ Q(f) which is asymptotic to
Q% asn — —oco and to ) as n — +oo. Edges from a vertex to itself are allowed (and
can happen). Equivalently, we draw an edge from i to j if there are point z_ € Q(9)
and z,. € 09 such that W*(z_) and W*(z,.) intersect (with the point of intersection
required to be outside Q) if ; = j.) Note that figure ?? is precisely a sketch of the
graph associated with f. We say that f has no cycles if this graph does not have any
cycles (and the example constructed above does have a cycle.) We now have

THEOREM 4.1. If f satisfies Axiom A, then f has no cycles if and only if Q(f) = R(f).
If this condition holds, then f is Q2-stable.

*Another case to which essentially the same analysis applies is that in which the closure of L(f)UL(f~1!)
is hyperbolic.
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CHAPTER XIV. MARKOV PARTITIONS

In this section, we will discuss Markov partitions, which are the sharpest tools avail-
able for analyzing the internal structure of hyperbolic sets. These methods work for
hyperbolic sets which have local product structure; it is not necessary that the action
of f on A be recurrent, i.e., that periodic points be dense in A.

§1. Definitions. Let A be a hyperbolic set for f, and let 7y > 0 be small enough so
that the local stable manifolds W, (z) and local unstable manifolds W (z) are well-
behaved. If ¢ € A, a set of canonical coordinates for A at z means a homeomorphism
from a product space Py X Qo onto a neighborhood &/ of = in A such that “horizontal
lines”, i.e., subsets of Py x Qg of the form P, x {q}, are mapped to local stable manifolds

and sets of the form {p} X Qp to local unstable manifolds.

A little care is needed here, having to do with the distinction between local and global
stable and unstable manifolds. Global stable and unstable manifolds tend to wind
around A in a complicated way; we saw, for example, that if A has local product
structure and f is topologically mixing on A then each stable and unstable manifold
is dense in A. For canonical coordinates, the idea is that the image of each horizontal
line is the full intersection of the image neighborhood U with a well-behaved local
stable manifold of any one of its points. We can make this precise by requiring, in
the definition of canonical coordinates, that the image neighborhood U has diameter
less than 7o, and that, if (p,q) € P X Q maps to z, then the image of P x {g} is the
intersection of & with Wy (z), and the image of {p} x Q is the intersection of & with
wa (z).

The condition that A has local product structure can be reformulated to say that
there exist 8¢ > 0 such that A admits canonical coordinates at each of its points with
image neighborhood containing the ball (in A) of radius §; about the point in question.

If A is a hyperbolic set with local product structure, a rectangle in A will mean a
subset R of A of sufficiently small diameter which is closed under the bracket operation,
i.e., such that z,y € R implies [z,y] € R. This is equivalent to requiring that R has
the form P X @ in canonical coordinates. Note that the image under f of a rectangle
of sufficiently small diameter is again a rectangle, taller but narrower than the original
one. A rectangle is said to be proper if it is the closure of its interior. It will also be
useful to have available the following notation: If R is a rectangle with sufficiently small
diameter, and if ¢ € R, we write

W?z,R):=RNW, (z) and W, (z):=RNW,.

In other words, if R corresponds to P x @ and z to (p, ¢) in some canonical coordinate
system, then W*(z, R) corresponds to P x {q} and W*(z, R) to {p} x Q.

A Markov partition of A is a finite covering {R;,...,Rp} of A by proper rectangles
(of sufficiently small diameter) such that

(1) The interiors of the R; are mutually disjoint.
(2) If z is in the interior of R; and f(z) in the interior of R;j, then

f(W*(z, Ri)) CW*(f(=), R;);  f(W*(=, Ri)) D W*(f(=2), R;)-
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Condition (2) can be reformulated as follows: In canonical coordinates centered at f(z),
write
R;j=PxQ; f(R)=P xQ
then
P cP;, Q@>Q.
Somewhat more loosely, f(R;) and R; can overlap as shown in Figure ??a, but not as
shown in Figure ?7b-d.

We will give one more reformulation of (2) which indicates better than those already
given how globally restrictive it is. Given a rectangle R represented by P x Q in some
canonical coordinate system, we will say that a subrectangle of R is an s-band if it has
the form P x Q' for some Q' C Q, and an u-band if it has the form P' x Q for some

P' C P. Now the interiors of the R; are disjoint open sets whose union is nearly all of
A,i.e., all but a closed nowhere dense subset. Condition (2) says that

(a) Intersecting R; with the interiors of the f(R;) splits it into a union of u-bands,
with a closed nowhere dense subset left over.

(b) Intersecting f(R;) with the interiors of the R; splits it into a union of s-bands,

again with a closed nowhere dense subset left over.

Note that (b) is just (a) with f replaced by f~2.

In view of the strength of this condition, it may be surprising that Markov partitions
exist. We are going to prove that any hyperbolic set with local product structure admits
Markov partitions into rectangles of arbitrarily small diameter. Before doing this, we
will show one use that can be made of them.

§2. Topological Markov shifts and symbolic dynamics. A Markov matriz will
mean a finite square matrix A = (A;;) of 0’s and 1’s such that, for each i, there is at
least one j such that A;; = 1. If A is an £ x £ Markov matrix, we let £(A) denote the
subset of {1,...,£}Z consisting of all sequences (i;) for which A4;;;;,, =1 for all j € Z.
That is: We regard the matrix A as specifying “allowed” and “forbidden” transitions
between elements of {1,...,£}; the transition from ¢ to j is allowed if A;; = 1. Then
I(A) is obtained from the set of all sequences by throwing out all those for which some
transition from jth to j + 1st element is forbidden. It is easy to see that X(A4) is a
closed subset of {1,...,£}% and hence is compact in the product topology. It is also
immediate from the definition that X(A) is invariant for the left shift . The topological
space X(A) equipped with the restriction of the left shift is called the topological Markov
shift with transition matriz A.

The idea that we now want to develop is that the existence of a Markov partition
for a hyperbolic set A almost permits us to identify the restriction of f to A with a
topological Markov shift.

PROPOSITION 2.1. Let A be a hyperbolic set with local product structure which admits
a Markov partition into rectangles of sufficiently small diameter. Then there exist a
Markov matrix A and a continuous mapping = from X(A) onto A such that

for=moo
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which is approximately one-to-one in the sense that the set of z’s in A for which Yz}
contains more than one point is contained in a countable union of closed nowhere dense
sets.

PROOF: Let {Ry,...,R,} be a Markov partition of A. In the course of the proof, we
will need to assume that the diameter of this partition is small, but we will not try to
state here how small it has to be. We define a p X p matrix 4 by putting 4;; equal to
1if the interior of f(R;) intersects the interior of R; and 0 otherwise. Clearly, for each
i, there is a j such that 4;; = 1, so 4 is a Markov matrix.

We are going to construct the desired 7 from T(A) to A; the general idea will be that
7 maps 1 € I(A) to a point z such that fi(z) € R;; for all j. It is convenient, however,
to formulate the construction of  in a slightly more roundabout way. For eachi € X(A)
and each pair 7,3 of non-negative integers, we put

A-m(3) = {zeA:fi(z)eR; for —r<j< s.}

We will prove

LEMMA 2.2. Each A-"°)(i) is non-empty, and, as r,s — oo with i fixed, the diameter
of A="2)(i) — 0.

Before proving this lemma, we show how it implies the proposition. We take n(i) to
be the unique point in
n AG-m9)({),

r,s
It is immediate that

for=moo,

and the continuity of 7 follows at once from the fact that the diameter of A goes to
zero. We let

P o
U:=J R
i=1

since the R; cover A, U is dense in A. We also let

z:= () )

n=-00

Z is a countable intersection of open dense subsets of A and, in particular, is dense in
A. If z € Z, there is a unique i such that fi(z) € R;; for all j, and this certainly implies
that 7(i) = z. Thus, the image of 7 contains a dense set, and this together with the
fact that 7 is continuous and $(A) compact implies that x is surjective. :

We claim, finally, that any z € Z has only one preimage under . To see this, we
note that, independent of whether z € Z, = = (i) implies f/(z) € R, for all . But

each }i is disjoint from the R; for j # i, and hence z € Z—i.e., each fi(z) is in some
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(-]
R;—implies that z has only one preimage under 7. Thus, the proposition will follow
once we have proved the lemma.

PROOF OF LEMMA 2.2: The main thing which has to be proved is that the Al=m9)(})
are non-empty. Consider, first of all, the case » = 0. Then

fj(:c)éR,-,. forj =0,1,...,s

if and only if

meloho and fj(f(:t:))ej.i,-j+1 forj=0,...,8s—1,
ie.,

ACH) = Ry ()57 (8D (i) .

The idea now is going to be to show by induction on s that A(®*)(i) is a non-empty
s-band in R;,. This is evident for s = 0; the induction step follows from the following

lemma (and the fact that A;;, = 1, which means that f(R;,) intersects R; ):
LEMMA 2.3. If f(R;) intersects R;, and if A is a non-empty s-band in R;, then

FHA) () B

is a non-empty s-band in R;.
Assuming for the moment Lemma 2.3, we complete the proof of Lemma 2.2. As we
have seen, Lemma 2.3 implies that each A{®*)(i) is a non-empty s-band in R;,. The
(]

same analysis applied to f~! shows that each A(-"%)(i) is a non-empty u-band in R;,.
In other words, if we write

R, =PxQ

in local coordinates, then
AP =P x Q' and AC™N(i) =P xQ
for non-empty P' C P and Q' C Q. Thus
ACT() = A6 (AC™)(E) = P! x Q' 0.

Once we know that the A(=™?) are non-empty, it follows from the compactness of A

that _
n A( —r,8) (i)
rs
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is non-empty. We want to prove that this intersection actually contains only one point;
it will then follow—again by compactness—that the diameter of A(~"+) goes to zero,
and this will complete the proof of Lemma 2.2. Suppose, therefore, that z,z' are both
in the intersection. Then f7(z) and f7(z') are both in the same R;; for all j. Thus, if we
take the original Markov partition to have a diameter small enough to be an expansiﬁ'.n'-'j
constant for f on A (i.e, small enough so that any two distinct orbits on A get a distance
greater than max;{diam(R;)} apart somewhere,) then z and z' must be equal.

To complete the proof of Proposition 2.1, then, it remains only to prove Lemma 2.3.

PROOF OF LEMMA 2.3: We work systematically in canonical coordinates. In one set
of these coordinates we write R; = P; X Q;; in (possibly) another set of coordinates, we
write R; = P; x R;. Expressed in these coordinates, f takes the form

(p,q) ¥ (fa(p), fulq)),

and A the form P; x @} with @} C Q;. By the definition of Markov partition, fu(Q:) D
Q; and f,(P;) C P;. Since Q; C Q; C fu(Q:), fu—l(Q;-) C Qi, and f;1(P;) D P;; hence,

FAA) R = £71(Q%) x P;

and this displays f~'(A) N R; as a non-empty s-band of R;.
The extent to which the mapping 7 of Proposition 2.1 fails to be one-to-one can be
estimated much more sharply than is indicated in Proposition 2.1

PROPOSITION 2.4. Let A be a hyperbolic set with local product structure. If {R1,..., R}
is a Markov partition of A with sufficiently small maximum diameter, and if © denotes
the mapping from a Markov shift space to A constructed as in Proposition 2.1 from this
partition, then no point of A has more than p* preimages under .

PROOF: We use the notation introduced in the proof of Proposition 2.1. The main step
in the argument is to prove:

LEMMA 2.5. Let i,i' € Z(A) be such that n(i) = =(i'), and assume that i,, = 7',
im = i,,, wheren < m. Then i; = z; form < j<n.

PROOF: Without loss of generality, we can assume n = 0. By Lemma 2.2, there exist
. ° . [
z such that f/(z) € R;; for 0 < j < m and y such that fi(y) € R,-; for 0 < j <m.
(<]
Since 1o = 1y, [2,y] € R;,. Furthermore, since (i) = n(i'), R;; and Ry must intersect

for each j, and thus

I3 (=) - £i(y)l| < 2max{diam(R:)} for 0<j < m.

If max;{diam(R;)} is small enough, this implies that [fi(z), fi(y)] is defined for 0 <
J £ m. Once we know that these [f7(z), f/(y)] are defined, it follows easily from the
definition of the bracket operation that [fi(z), fi(y)] = f/([z,¥]). On the other hand,

from the Markov property and [z,y] € R:o N W,;o(:c) it follows that f7([z,y]) € R;;.
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o
It will suffice to prove that f([z,y]) € R;,; the proof for general j then follows by
induction. The Markov property implies immediately that f([z,v]) € Ri,; what we
have to show is that it is actually in the interior of R;,. This follows from a general
fact about Markov partitions: Let j, k be two indices such that I:’.’,- nf -l(ﬁk) is non-
empty. In appropriate canonical coordinates, write R; = P; X Qj, Ry = P; x Qi and
F:(p,q) = (fs(p), fu(g)). Then f, is a (local) homeomorphism and, by the definition

of Markov partition, maps P; into P,. Hence, it maps the interior of P; into the interior
of Py, i.e.,

f(W*(2, R:)) € W*(f(=), ;).

We now make the same argument with f~! replacing f and working down from the
top. That is, we write

[ (=), ()] = £~ D [f™(2), ™ (¥)),

and and we note that [f™(z), f™(y)] € W*(f™(y), Ry,) since f™(z) and f™(y) are
both in R:... = R:L..' From this we conclude that [fi(z), f/(y)] is in R:-;, . Since we have

o
Just seen that it is also in R;;, and since the interiors of the R are mutually disjoint, it
follows that i; = 4;. Since j is any integer in the range 0 < j < m, the lemma is proved.
We can now easily complete the proof of Proposition 2.4. Suppose z € A has more
than p? preimages. Then, for sufficiently large m, it has more than p® preimages which
differ pairwise on —m < j < m. But there are only p? possible choices for (1—myim), 5O
some pair of these preimages must agree at both —m and m. Lemma 2.5 then implies

that they must agree for all j from —m to m, and this is a contradiction.
§3. Existence of Markov partitions.

THEOREM 3.1 (BOWEN). A hyperbolic set A with local product structure admits
Markov partitions of arbitrarily small diameter.

The proof is fairly long and quite subtle. The construction will involve a number of
smallness conditions which will be imposed as we go along. To start with, we choose
7o small enough so that local stable manifolds W (z) and W, (z) are smooth for all
z € A; so that Wy (z1) and W (z2) never have more than one point in common; and so

that, if z;, z, are distinct points of A then ||f™(z1) — f™(z2)|| > no for some n € Z. We
then choose 6 < 70/2 small enough so that, at each point z of A, there are canonical
coordinates at z whose image contains the ball of radius §, about z. All rectangles
considered will have diameter much smaller than &y, and in particular smaller than
60/Lip(f) so that the image under f of any rectangle we consider can be represented in
canonical coordinates.

The first step is to use essentially the reverse of the proof of Proposition 2.1, plus
shadowing, to construct a covering of A by closed rectangles which fit together almost
as nicely as do the elements of a Markov partition, but which need not be proper and
whose interiors need not be disjoint. The idea is to cover A with a finite number of very

small balls with centers at y;,...,y,; then to define a p x p Markov matrix 4 by putting
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A;; = 1if the distance from f(y;) to y;41 is small enough; then to map i € I(A) to
the exact orbit which shadows the pseudo-orbit yi; - If things are set up correctly, this
mapping is continuous and surjective (but it is usually very far from being injective.)
The elements of the desired “Markov-partition like” covering are just the images of the
sets {i: 79 = k} under this mapping.

The details go as follows: We start by choosing ¢ > 0 smaller than §, and also smaller
than half the maximum diameter desired for rectangles making up the Markov partition
to be constructed; then choose § < ¢ small enough so that every § pseudo-orbit in A is
e-shadowed by a unique exact orbit in A. Then take v < §/2 so that

21 — z2|| < implies |f(z1) - f(=2)l| < &/2-
Choose a finite set {y1,%2,...,Ym} of pointsin A such that the balls of radius v about

the y; cover A. Put
4 {1 if ly; — f(w)ll < 6
ij = .
0 otherwise.
If i € Z(A), (v;;) is a & pseudo-orbit in A and so is e-shadowed by a unique true orbit.
We write (i) for the time-zero position of the shadowing orbit, so # maps £(A) into A.
LEMMA 3.2.

(1) fob =600
(2) 6 maps X(A) onto all of A
(3) 6 is continuous.

The first assertion is immediate from the construction and the uniqueness of shadow-
ing. To prove (2), we pick z € A and show how to find i € £(A4) which is mapped by ¢
to z. For each j, choose i; so that

I (=) —y;, || <7

We will show that i is in X(A), then (i) is certainly equal to z since the sequence Yi;
is constructed to e-shadow the orbit of z. In view of the definition of A, what we have
to do is to show that

”yij+1 - f(yij)” <é
for all 5. But

195542 = £l < Noijua = FH2 @)+ NFH (=) — F(w,)l
<y +IF(F (=) — fly)ll < v+ 6/2< 6,

as desired.
The proof of (3) uses a device which we have seen several times before: Uniqueness of
the shadowing orbit together with compactness implies continuity. We first note that,
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by compactness, it suffices to show that, if i{™ — i and if 6(i(™) — z, then = = 0(i).
Next, by the construction of the §(i{™) and passage to limits,

IF7(2) —y;;[| S € for all 5.
On the other hand, again by the construction of 4,

IF7(6(1) - wi;ll < &,

SO

1£7(8()) — fi(z)l| < 2¢ forall j € Z.

Since we took € small enough so that 2¢ is an expansivity constant, it follows that
z = 6(i), as desired.

It should be clear that, although 6 has many of the nice properties of the mapping T
constructed in the proof of Proposition ??.1, it will normally be very far from injective.
Roughly speaking, it becomes less and less injective as v is made smaller and smaller,
and we may be forced to take 4 quite small in order to guarantee surjectivity.

For each j =1,...,m, we put

T, :=60({i € Z(A) : g = k}).

Since {i € T(4) : i = k} is closed and hence compact in the product topology, and
since 6 is continuous, T} is compact and hence closed in A. Since 8 is surjective, the T}
cover A.

The T} are going to turn out to be rectangles. Rather than proving this as directly as
possible, however, it is advantageous to obtain it as a consequence of some machinery
which will be useful for other purposes as well.

LEMMA 3.3. Let z = 0(i); =' = 6(1'). If

1) i =1 for j > 0, then =' € W2 (z
J J Mo
(2) 3j =1} for j <0, then 2’ € Wk ().

PROOF: Consider (1). By the construction of 6,
IF(z)~wll <& NF@")—yall<e
for all j. If i; = 4} for j > 0, we get
if7(2) = f(2")l < 2¢ forj 20,

and, since 2¢ < 79, this implies z' € W, (), as desired. The proof of (2) is completely
analogous.
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LEMMA 3.4. Let i, i’ be in £(A) and satisfy iy = iy. Define a sequence [i,i'] by

— ij forj >0
[1’1 ]J = . .
i; forj <O.

Then
(1) [1,1'] is in 3(A).
(2) 6([i,i']) = [6(i), 6(i")]

This assertion may by expressed by saying that 6 is a “bracket homomorphism.”

PROOF: The first assertion follows immediately from the way $(A) is defined together
with the fact that ¢y = 4; the second from the preceding claim.

It then follows immediately that, if z,y € Tk, then [z,y] € Tk, i.e., T} is a rectangle.

The above argument is an instance of the fact that many ideas about hyperbolic sets
have useful and non-trivial analogues in Markov shift spaces (and sometimes also in more
general sequence spaces.) The analogue in sequence space of a local stable manifold of
a sequence i is the set of all sequences i’ such that i; = 4; for j > 0; similarly, the
analogue of a local unstable manifold is the set of i’ such that i; = 4; for j < 0. To
pursue the analogy, we denote these two sets by W{(i) and W(i) respectively. Note
that

(1) If i' € Wy(i) then the sequences o™(i) and o™(i') approach each other* as n —

+oo; if i’ € W(i), then these sequences approach each other as n — —oo.

(2) oW (i) C Wg(oi); oW (i) D Wg(ai).

There are also natural analogues of the global stable and unstable manifolds. The
global stable manifold of i, for example, is the set of all sequences i’ for which there
exists jo such that i; = i;- for all j > jo; it can also be described alternatively as either

(1) Upo™"Wg(a™i)
(2) The set of all i’ such that o™i and o™i’ approach each other as n — +oo.

We recall that, if R is a sufficiently small rectangle and z € R, we write W*(z, R) for
Wy (z)N R (and similarly for unstable manifolds); in canonical coordinates, if R = Px Q
and z = (p, q), then W*(z,R) = P x {q}.

LEMMA 3.5. Let i€ Z(A), z = 0(i), 50 = k, (so = € Tx.) Then
W*(z,Tk) = 6(Wg(i))

and

W*(z,Te) = 6(Wa(3)).

PRrROOF: Consider the statement about stable manifolds. It follows at once from Lemma
3.3 that (W (i)) C W*(z, Ti). To get the opposite inclusion, let ' € W*(z, T:). Then,

*in the product topology, or, more precisely, in the unique uniform structure compatible with the
product topology.
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just because 2’ € T}, there is an i' with ig = k which is mapped by 6 to z'. Let i" = [i,1'].
By the definition of the bracket operation on £(4), i" € W{(i). On the other hand,
6(i") = [z,2'], and [z,2'] = 2’ since 2’ € W (z) by assumption; thus, z' = 6(i") is
the desired representation of z'. The proof of the assertion for unstable manifolds is
completely analogous.

We are next going to argue that the T have a formal property very close to the main
formal property of a Markov partition. Let k, £ be any pair of indices such that A, = 1.
Then T N f~1T), is non-empty since it contains any point of the form w(i) with 29 = k
and i; = £. Furthermore, the T; can be made to have small diameter, so we can find
a canonical coordinate system whose image in A contains both f (T%) and Ty; in such a
coordinate system, we write Ty = P, X Q; and f(T:) = P} x Q!.

LEMMA 3.6 (SEMI-MARKOV PROPERTY). If Ay, = 1 then, with the above notation
(3.1) P,CP; Q;DQe.

If z is any point of T}, such that f(z) € T}, then

(32)  f(W(z,Te)) CW*(f(=),T.) and f(W*(z,T})) D> W*(f(z), To)-

Note that the conclusion of this lemma is not a property of the T}’s alone; it also
depends on the matrix A;x. We do not assert that the conclusions hold whenever f(T%)
intersects Ty.

PRrOOF: The first task is to work out the relation between (3.1) and (3.2). For any
z € Tp N f~1T,, we have (expressed in the same canonical coordinates as above, and

writing f(z) = (p, q))

f(W*(z,Tk)) = P x {g}; f(W"(z,T%)) = {p} x Q%
and

W (f(2),Te) = Pe x {¢}; W*(f(z),Te) = {p} % Q..

Thus, (3.1) follows if we prove (3.2) for one = € Ti N f~1(T), and implies (3.2) for all

such z. As noted above, there exists i € ¥(A) with ¢y = k and i; = £; we choose one

such i and write z for 6(i). It is immediate from the definitions that =z € T} N f~(T}).
The first assertion of (3.2) for this z is now more or less immediate:

f(W*(z,T%)) = fOWS(i) by Lemma ??
=0oWy (i) = o{i' : i; = i;,5 > 0}
= 0{i" : ¢j = (i);,5 2 —1}
C 6{i" : 3§ = (0i);,j > 0} = W (ai)
= W*(f(z),T;) again by Lemma ?7.

The proof of the second assertion is completely analogous.
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In spite of the fact, implied by the preceding lemma, that the T} intersect their images
under f in almost as well-organized a way as do the elements of a Markov partition,
they may fail to constitute a Markov partition in a number of ways:

(1) The T; need not be proper rectangles, i.e., need not be the closure of their
respective interiors.
(2) The interiors of the T} need not be disjoint.
(3) It can happen that the interior of f(7;) intersects the interior of #{T:¥ even if
Ajr=0.
We will remedy these defects by cutting up the T} in a systematic way. This part of
the construction is an exercise in the geometry of rectangles; it does not involve f.
Let j, k be a pair of indices such that T; N T} # 0. (We need to include here j = k,
although the construction we are going to give is trivial in this case.) In canonical
coordinates, we can write

Tj:PjXQj; T = P X Qk,

and define:
T = (P3N Py) x (Q; x Qu)(=Tj N Ta);

T3 = (P \ Pu) x (Qj X Q)
T = (PN Pe) x (Q;\ Q)
“’ = (P \ Pe) x (@ \ Qu)-
Each of these sets is a rectangle; the T},?) with fixed j, k are mutually, disjoint; and
! (n)
n=1

There are alternative characterizations of the TJ(,': ) which are better adapted to doing
some kinds of computations, e.g.,

_.,(:) = {:c €Tj: W,;o(a:)ﬂT,c = 0; w () N Ty # @}

The idea is now going to be that the closures of the minimal non-empty intersections
of interiors of sets TJ(,’: ) form a Markov partition. At some places in the construction, it
is necessary to avoid boundary points, and so we define

We need to know that Z is, in an appropriate sense, “large”.
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LEMMA 3.7. Z is an open dense subset of A. If R is any rectangle, then R\ Z can be
covered by a finite union of closed rectangles P, x Qi where, for each k, at least one of
Pk or Qk is nowhere dense.

PrOOF: We need to use the following elementary topological facts:

1. For any rectangle P x Q,

8(P x Q)= (8P x Q)| J(P x 8Q)
2. For any two subsets X, Y of a topological space

(XNnY)cdxuay
(X \Y)caoxuvuay.

3. If X is a closed subset of a topological space, then 8X is nowhere dense.

For any pair j, k of indices such that T; N T} # 0, we represent as above T; = P; x Q;
and Ty = P X Q. Then, from 1. and 2. above,

U o752 c ((8P; U 8P:) x ;)| (P; x (8Q; U 8Qw)) .

n=1

Since P;, Py, Q;, and Q; are closed, their boundaries are nowhere dense, and from this
all the assertions follow.

Each z € A isin some T; and hence in some T( n) (As noted above, we allow j = k, in
which case T( ) = = Tj.) Anz € Z is in the interior of any T ) which contains it; for such

z, we define R(:c) to be the intersection of the interiors of a]l the T( ™) which contain z.

Since R(z) is a finite intersection of open rectangles, it is itself an open rectangle, and
there are only finitely many different R(z). As already indicated, are going to argue
that the closures of the set of all the distinct R(z)’s, z € Z, form a Markov partition of
A.

The above description of R(z) can be rephrased as follows: For each j such that T;
contains z, and each k such that T; N T} # 0, there is exactly one n = n(j, k, z) such

that z is in T( ") Hence,

(3.3) R(z) = n ﬂ ing;:(j,k,z)).

J:2€T; b:TiNT;#0
The first thing which needs to be proved is:
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LEMMA 3.8. If z, y are in Z, and if R(z) intersects R(y), then R(z) = R(y).

ProOOF: We first argue that it will suffice to consider the special case where y € R(z).
To reduce the general case to this one, we note that, if R(z) and R(y) intersect, their
intersection is an open set and hence contains a z € Z. Applying the result for the
special case twice, we show that R(z) = R(z) and that R(y) = R(z) and hence that
R(z) = R(y).

Thus, suppose y € R(z). From the definition of the R(z), y belongs to all the T(n)

which contain z; what we have to show is that it is not contained in any other T}k).
The first step will be to show that the j’s such that z € T; are the same as those such
that y € T;. In one direction, this is easy; y is in R(z), which is contained in the
intersection of all the T;’s which contain z, so any T; which contains ¢ also contains
y. Conversely, we assume that T} contains y and want to show that z € Tk. Since
y € R(z), Ti must intersect each T; which contains z; we choose one such j. The four
sets T(k), n = 1,2,3,4, are mutually disjoint subsets of T}, and z and y have to be in
the same one of them since both z and y are in T; and y is in R(z). But we know that
ye;NTy; =’_l'§,:), so n must equal 1, so z eT},? =T; N Ty, s0 z € T}.

The proof of the proposition now follows almost immediately from the the formula
(3.3) for R(z). The j’s—and hence also the k’s—appearing in the formulas for R(z) and
R(y) are the same, by what we have just shown. But for any such pair j,k,y € T(n(z" )
(because y € R(z)), and this implies n(y, j, k) = n(z,j, k), which, when remserted into
(3.3) with y replacing z, gives R(y) = R(z), as desired.

Let {R(z1),...,R(x,)} be an enumeration of the distinct R(z)’s for z € Z, and write
R; for the closure of R(z;), 1 < i < p. The union of the R; is closed and contains the
dense open set Z; hence, is all of A. By the preceding lemma, the R(z;) are mutually
disjoint, and this implies that the interiors of the R; are mutually disjoint.

This is a general fact from point set topology: If U and V are disjoint open sets in

some topological space, then the interiors of the closures of U and V, although they
may be bigger than U and V, are still disjoint. To see this, we argue that

o
Unv=0 = TnVv=0 =>0TNV=9
L2 - 2 o
= UNV=0 = UnV=9
Thus: {R;,...R,} is a finite cover of A by proper rectangles with mutually disjoint
interiors. To prove that it is a Markov partition, we have to prove that, if R; intersects

f“]oz,-, and if ¢ € R;, then

(Ms) F(W*(z,R:)) C W*(f(=), R;),
and
(Mu) | F(W*(z, R:)) D W*(f(2), R;)-
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These two statements require separate proofs, but the proof of (Mu) is essentially the

proof of (Ms) with f~! in place of f. We will give the argument only for (Ms).
Because the sets involved are all rectangles, to prove (Ms) it will suffice to prove the

apparently weaker statement that, for one z in R;, f(W*(z, R;)) is contained in R;. We

] (]
will choose the = we work on, first of all, to lie in R; N f~!(R;). Since Z is dense, we can
also require it to be in ZN f~1(Z), in which case we have R; = R(z) and R; = R(f(z)).
We claim, in fact, the = can also be chosen so that

(3.4) W(z,R:)NZN f~Y(Z) is dense in W*(z, R;).

To see this, we write R; in canonical coordinates as P; x Q;. It follows from Lemma
3.77 that R; \ (Z N f~1(Z)) is contained in a set of the form P' x Q; U P; x Q', where
P' and Q' are closed and nowhere dense; then any = ¢ P; x Q' satisfies (3.4) since

W(z,Z2:)NZNf(2) > (P:\ P') x {q} forz=(p,q) with g ¢ Q".

Thus, we choose z in
(R R)nzn () \(Bix @)

' (-] (=]
and this is possible since this latter set is dense in R; N f~!(R;). It then suffices to
prove for such an z that

f(W‘(z,R,-) NnzZn f_l(Z)) C R;,
i.e., to prove

LEMMA 3.9. Ifz,y arein ZNf~Y(Z), if R(y) = R(z) (which is equivalent toy € R(z)),
and if y € W (2), then f(y) € R(f(=)) (which implies R(f(z)) = B(f(3))).

PRrOOF: The first step is to show that f(z) belongs to the same T;’s as does f(y).
Because of the symmetry of the hypotheses in z and y, if will suffice to show that

f(z) € T; implies f(y) € Ty.
Choose 1 such that

Denote 29 by k; then z € T} and so, since R(y) = R(z), y € T also. But y is also in

W, (z),i.e., y € W*(z, R;). By Lemma 3.7, there is an i’ € W{(i) such that y = 6(i').

But from the definition of Wy it follows that i} =4; = j and hence that f(y) € R;.
Now fix j such that T; contains f(z) (and hence also f(y)), and choose k so that

T; N Tk # 0. We want to show that f(z) and f(y) both belong to the same T}:). To do
this, it suffices to show that

Wo (f(z))NTe #0 ifand onlyif W, (f(y))NTk#0
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and

Wo (f(z))NTe #0 ifand onlyif Wy (f(y))N Tk # 0.
The first of these is immediate: Since y € W (z), f(y) € W, (f(z)), so W, (f(z)) and

0
W (f(y)) agree on a neighborhood of f(z) which we can take to be large enough to
contain T; and T} (by taking the diameters of the T; to be sufficiently small compared
to 7.)
To prove the second, it will suffice, again by the symmetry of the hypotheses in z and

y, to show that
Wo (f(z))NT, #0 implies Wy (f(y))NTi # 0.
Assume, therefore, that Wy (f(z)) intersects T:. Writing T; and T} in canonical

coordinates and using f(z) € T;, it is then easy to see that Wy (f(z)) intersects T; N T}.
Take a z such that f(z) € W2 (f(z)) N T; N Ti. We are going to show that [f(z), f(y)]
is again in T}; since it is also in W (f(y)) (by the definition of the bracket operation),

(]

this will show that W (f(y)) intersects T}, as desired.

[}

Choose i, i’ so that
z = 0(i) and i; = j, and write r for %o;
z=0(i') and i} =k, and write s for 4j.

Such representations are possible since, e.g., f(z) € Tj. Since f(z) € W*(f(z),T}),
the semi-Markov property (Lemma 3.6) implies that z € W*(z,T},). But, on the other
hand, z € T,, and hence
W¥(z,T,)NT, #0.

Now we use the hypothesis that R(z) = R(y); this implies that =z and y are in the same
T ), and hence, since W*(z,T;) N T, is non-empty, so is W*(y,T,) N T,. Pick any
2" € W*(y,T;) N T, and put z' = [z,2"]. Since both z and 2" are in the rectangle T,,
2! € T,. Furthermore, since z" € Wy (y), 2' = [z,y] by the definition of the bracket
operation. Now we use the semi-Markov property a second time: z' € W*(z,T,), and
Ask = 1,50 f(2') € W*(f(2),Ts). Since [f(z), f(¥)] = f([z,9]) = f(2'), this shows that
[f(2), f(v)] € W*(f(2),T:), as asserted.

§4. Zeta functions. One of the main applications of Markov partitions is to prove a
striking “arithmetic” result on the number of periodic points in a hyperbolic set which
is usually formulated in terms of the zeta function of the hyperbolic set. We can make
the definition in general: Let X be a set, f a mapping of X to itself, and write Np(f)
for the number of fixed points of fP.

The Np are related in a simple way to the number of periodic orbits of f: Let Py denote

the number of periodic orbits of f with period exactly g, i.e., the number of periodic

points of period ¢ is ¢Py. Since every fixed point for fP is a periodic point with some

period ¢ which divides p, we have

Np = Z qP,.

glp
If all the Np are known, this sum rule can be solved to find successively Py, P, ... .
In fact, it can also be solved explicitly using the MJbius transform.
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If all the N,(f) are finite, we define the zeta function of f to be the formal power

C(F)(z) = exp (Z sz) ,

p=1 P

(The reason for calling this object a zeta function is that it lies at the end of a chain of
analogies, starting from the Riemann zeta function and passing through the Weil’s zeta
functions for varieties over finite fields.)

The case where the power series defining the zeta function has a non-zero radius of
convergence, and where the analytic function it defines is actually rational, corresponds
to a nice behavior of the sequence N,(f). We can see this as follows: If the zeta function
is rational, then since {(0) = 1, it can be written in the form

H::l(]' - A,‘Z)
H;:l(l - ﬂjZ),

where we can assume that \; # pu; for all ¢, j. Thus, for small z, we can take logarithms
to get

(=) =

[~ ] r 8
Z &z’ = Zlog(l - Xiz) — Zlog(l — pjz).
=1 p =1 i=1

Differentiating both sides and reorganizing in a straightforward way gives

@sz’-l = i z’:p,? - i:z\f 2P,

p=l p=1 | j=1 t=1
and hence
] r
(4.1) NP:Z”?_Z)‘g forp=1,2,....
j=1 i=1

Conversely, if N, admits a representation of this form—i.e., as a difference of two sums
of exponentials—we can reverse the above computation to show that {(z) is rational.
Hence: Asserting that the zeta function of f is rational is equivalent to asserting the
existence of a formula of the form (4.1) valid for all the N,.

We now have

THEOREM 4.1 (GUCKENHEIMER AND MANNING). If A is a hyperbolic set for f with
local product structure, then the zeta function for f restricted to A is rational.

We will not give a ﬂOOf ‘f this theorem; it can be found in Cuhapl\ti%zgroi‘ %1‘13}3’5
book. It was proved stsly by Guckenheimer and Manning/ anning’s proof
used symbolic dynamics built using Markov partitions. The proof would have been easy
if the projection 7w could have been made to be one-to-one above the periodic points for
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f: It is not difficult to see that, if o denotes the left shift on Z(A4), then Ny(o), the
number of periodic sequences in £(A4) with period dividing p, is simply tr(AP?). Thus,
we get the representation

Ny(o) =) ul,
=0

where p1;,..., 1, are the eigenvalues gnd generalized eigenwvalues of 4, listed with multi-
plicity, and. this does indeed have the form (4.1). To get the result for f on A, Manning
analyzed very precisely the extent to which = fails to be one-to-one above periodic
points.
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CHAPTER XV. HYPERBOLIC ATTRACTORS

§1. Preliminaries. Let f be a continuous mapping of a topological space X into
itself. Recall that we defined an atiracting set for f to be a subset A of X which is
strictly invariant for f (i.e., fA = A) and which admits a neighborhood U/ such that
f™U shrinks down to X in the sense that, for any neighborhood V of A, f*U C V for all
sufficiently large n. We also saw that, if such a U exists, there also exists one such that
fU C U. Although we did not formally assume X to be closed, this is automatic under
very mild assumptions on the topology of X. Also, if A has a compact neighborhood—
in particular, if X is compact—then A is attracting if and only if there is a compact
neighborhood U of A such that

fucu and A= () frU

n—0o0

If A is an attracting set, the basin of atiraction B(A) of A means the set of all z such
that f*(z) — A as n — oco. If U is an open neighborhood of A whose forward images
shrink down to A, then z € B(A) if and only if f*(z) € U for some n > 0, so

B(A)= | fu,

n=0

and this shows that B(A) is open. :
If f is a C'-diffeomorphism for M, a hyperbolic atiractor for f means a set A which
is both hyperbolic and attracting.

PROPOSITION 1.1. Let A be a hyperbolic set for the C* diffeomorphism f. The following
are equivalent:

(1) A is a hyperbolic attractor.

(2) Every neighborhood V of A contains a neighborhood U such that fU C U.

(3) For all smalln >0, |J_cp Wy () is a neighborhood of A.
If one—and hence all—of these conditions hold, then

(4) For eachz € A, W*(z) C A.
(5) A has local product structure.

PROOF: It is clear that (1) = (2), and that (4) = (5). To prove the proposition, we
will show that
i. (2) = (4),
ii. (2) together with (5) = (3),
ii. (3) = (1).
i. (2) = (4). Let z € A, y € W¥(z), and let U be a neighborhood of A such that

fU C U. Since ||f~™(y) — f~™(z)|| = 0, F~™(y) € U for large enough n. Pick one such
n; then y = f*(f~"(y)) € U. This is true for all invariant neighborhoods U, and (2)
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asserts that A is the intersection of its invariant neighborhoods; hence, y € A. Since y
was any point of (J_ ¢, W*(z), the assertion follows.

ii. (2) together with (5) implies (3). From Proposition ??, it follows from the local
product structure of A that any orbit f™(y) which stays near A for all positive n is
actually in W?*(z) for some z € A. Examination of the proof of this proposition shows
that, for any € > 0, there exists § > 0 such that, if the distance from f™(y) to A is less
than § for all n > 0, then y € W/(z) for some z in A. By (2), there is a neighborhood
U of A contained in the § neighborhood of A and such that fif C U. For any y € U, the
forward orbit f™(y) stays in U; hence, in the § neighborhood of A; hence, y € W/(z)
for some = € A. Thus,

U we(=)

z€EA

contains the § neighborhood of A, and hence (3) holds.
iii. For sufficiently small ¢ > 0, and any = € A,

an:(m) - Wi"e(fn(z)%

where 0 < A < 1. Thus

b (U W:(z))
z€EA

is contained in the A™e neighborhood of A and hence, for any neighborhood V of A, is
contained in V for sufficiently large n. Thus, if

U we=)

z€EA

is a neighborhood of A, A is an attracting set.

REMARK: It is not difficult to see (4) of Proposition 1.1 is actually equivalent to (1)-
(3), i.e., is another characterization of hyperbolic attractors among hyperbolic sets. To
prove this seems to require another set of estimates like those used in establishing the
existence and properties of local stable and unstable manifolds for hyperbolic sets, so
we will not give the argument here.

§2. Examples. Perhaps the simplest non-trivial example of a hyperbolic attrac-
tor is the attractor called the solenoid. The ambient space for this example in three
dimensional—it is easy to make analogous examples in higher dimensions, but there do
not seem to be analogues in two dimensions. As we will see later in this section, there
do exist hyperbolic attractors in two dimensional spaces, but the examples known seem
more complicated and less transparent than the solenoid example.

Intuitively, the solenoid example is constructed as follows: Take a solid torus T'. First
squeeze it transversally and stretch it longitudinally to roughly twice its original length.
Take the resulting long thin solid torus, give one end a half-turn, and then fold it over
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once, and put it back inside the original torus so that its image wraps twice around the
hole. See fig. ?? Let f denote the mapping which does this.

Thus, f maps T into itself; fT is a thin solid torus inside T' wrapping around twice.
Since fT C T, the f*T are decreasing; they are successively thinner tori wrapping 2"
times around. The attractor itself, which we will denote by A, is the intersection of these
sets over n; it is thus made up of lines of zero thickness (“wires”) wrapping infinitely
often around inside T in a manner reminiscent of the windings on a toroidal electro-
magnet; hence the name solenoid. (Contrary to intuition, and unlike an electromagnet,
A is not made up of a single line but of uncountably many of them, as we shall shortly
see.)

Of course, in order to make this construction yield a hyperbolic attractor, it is nec-
essary to be more specific about the details than we have been. We will deal with this
by writing an explicit formula for a mapping f which has the indicated intuitive form
and which does produce a hyperbolic attractor. One of the nice features of the solenoid
example is that it can be realized by a mapping with an extremely simple formula. We
can write the solid torus as the product of a circle with a disk. We identify the circle
with the set of complex numbers of modulus one and the disk with the set of complex
numbers of modulus not greater than one.
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§1. Introduction. A vigorous mathematical development has grown out of com-
puter experiments on the iteration of simple one-dimensional mappings. We begin by
describing some of the phenomena observed in the most extensively studied family of
examples, the quadratic family. There are several essentially equivalent ways of writing
this family; we will, for the moment, write it in the form

fr(z) = 4rz(1 — 2).

Here, r is a parameter with 0 < r < 1; for these 7’s, f, maps the unit interval [0,1] into
itself. For 7 up to 3/4, it is not hard to determine theoretically the dynamics generated
by fr. To begin with, for 0 <r < 1/4, f.(z) < z for z € (0,1] and hence f*(z) — 0 for
all z € [0,1]. For 7 > 1/4, f, has a fixed point 2, in (0,1]. This fixed point is easy to
compute; it satisfies 47(1 — z9) = 1, so

1
Tog =29 = 1- Z;.
The derivative of f. at z¢ is easily computed to be 2 — 47, so zg is an attracting fixed
point for 1/4 < 7 < 3/4, and a repelling one for » > 3/4. It can in fact be shown
that, for 1/4 < r < 3/4, f*(z) converges to z for every z € (0,1]. Thus, for r up to
3/4, the experiment consisting of picking an z at random in [0,1] and applying f, to
it repeatedly gives an uninteresting result—the computed orbit always converges to a
fixed point, 0 for 0 < 7 < 1/4 and z, for 1/4 < r < 3/4.

As r passes through 3/4, the derivative of f, at z, passes through —1, and it can
be verified by a simple calculation that the condition for a normal period doubling
bifurcation is fulfilled; hence, for r slightly larger than 3/4, f, has an attracting cycle of
period 2. This is about the limit of what can be done by simple explicit computation,
but it is easy to explore on the computer what happens as r is increased further. What
happens next is that the attracting cycle of period 2 itself undergoes a period doubling
bifurcation, becoming repelling but producing at the same time an attracting cycle of
period 4. This cycle in turn bifurcates to produce a cycle of period 8, which bifurcates
to produce a cycle of period 16, and so on through all the powers of 2. This infinite
sequence of bifurcations accumulates at » = r,, = .892486....

For most r’s between ro, and 1, typical orbits seem to be “chaotic” rather than
asymptotically periodic. However, there are exceptions: There is a parameter interval
where there is an attracting cycle of period 3; another where there is an attracting cycle
of period 4; three more where there is an attracting cycle of period 5, etc. We will
refer to these parameter intervals where the mapping has an attracting periodic cycle as
periodic windows. The order on the parameter axis of the periodic windows above 7,
with periods up to 6 is shown in Fig. 1. The number of periodic windows with period
p grows rapidly with p; in fact, a theoretical analysis to be given later shows that the
number is asymptotically 27~ /p plus a much smaller correction. It appears from this
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sort of numerical experiments that periodic windows are dense in [ro,1], but this is
one aspect of the situation which it has not yet been possible to prove. It is known, on
the other hand, that the periodic windows do not “fill up” [re.,1]; the complement of
the union of all the periodic windows has be shown to have strictly positive Lebesgue
measure (Jakobson, Benedicks and Carlesson). Although the situation, as we have
described it, is complicated, there is one respect in which it is simpler than might have
been expected: If a given f, admits an attracting periodic cycle, it appears that almost
all orbits converge to that cycle, and in particular that no f. seems to have more than
one attracting cycle. This observation can be justified theoretically, as we shall see.

It was certainly surprising to the pioneers of this subject that such a simple family of
examples could behave in such a complicated way. What was even more surprising was
the discovery, made by Metropolis, Stein, and Stein, that many other examples have,
qualitatively, exactly the same complicated behavior. Thus, for example, the family of
mappings z — 7 sin(rz), again on the unit interval and again for » running from 0 to 1,
has the same number of periodic windows for each period as the quadratic family, and
these windows occur in the same order.

In this and the following chapter, we will develop some simple analytical tools to
account for this observed “universality” of the sequence of periodic windows. We have
organized these tools into two main groups: In this chapter, we see what can be shown
assuming only that we are dealing with mappings with a single turning point (which
are sometime further assumed to be differentiable.) In the next chapter, we introduce
a very useful restriction on the class of mappings we consider—the negativity of the
Schwarzian derivative—which permits us to sharpen up the results considerably or, at
least, to arrive at simpler and more natural statements. For example, the analysis
accounting for the universality of the sequence of periodic windows is carried out in the
general context of differentiable mappings with a single turning point. Such mappings
can have more than one attracting cycle, and, as a result, the mathematical formulation
of the universality result has to be rather round-about. Negativity of the Schwarzian
derivative implies that there is no more than one attracting cycle and thus permits a
more comprehensible formulation.

Before starting on this analysis, let us first prove a very simple result showing that
monotone mappings do not produce interesting dynamics:

PROPOSITION 1.1. (1) Let f be a continuous non-decreasing mapping of a compact
interval I to itself. Then the orbit of every = € I is asymptotic to a fixed pont.

(2) Let the hypotheses be as in (1), except that f is assumed to be non-increasing.
Then the orbit of every z € I is asymptotic to either a fixed point or a cycle of period
two.

PROOF: The second statement follows from the first applied to f2. To prove the first,
let z € I. We consider separately the cases f(z) > z and f(z) < z. If f(z) > z, then,
since f is non-decreasing, f(f(z)) > f(z) and so, by induction, the sequence f"(z) is
non-decreasing. Since this sequence stays in the compact interval I, it must converge,
and, by the continuity of f, its limit must be a fixed point of f. Similarly, if f(z) < z,
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the sequence f™(z) is non-increasing; hence, converges, and its limit is again a fixed
point.

§2. Notation and normalizations. A continuous function f defined on an interval
[a,d] is said to be piecewise monotone if there is a finite set of points

a=20 <23 <Ty++-<2Ty=0>b

such that f is strictly monotone* on each [z;_;,z;]. A turning point for a piecewise
monotone f means a point Z € (a,b) such that f is not monotone on any interval
containing Z in its interior. We can evidently assume that each of the points z;, ...,
z¢-3 is a turning point (any one which isn’t can be omitted); if we make this assumption
then each of the maximal monotone pieces of the graph of f obtained by restricting to
[zi, Zi+1] is called a lap of f, and £ is the number of laps. We are going to concentrate
on piecewise monotone mappings with exactly two laps, i.e., only one turning point.
Reorienting, if necessary, the interval on which such a mapping acts, we can assume
without loss of generality that the turning point is a mazimum. In this case, we will
also speak of a unimodal map.

Thus, let f be a continuous unimodal mapping of the compact interval [a, b] into itself;
let z. denote its turning point. It will often be convenient to leave out some inessential
parts of the interval on which f acts. The subinterval [a, f(z.)] contains the image of
f, so every orbit gets and stays in this subinterval after just one iteration. Thus, from
the point of view of dynamics, we may as well restrict f to this interval. If f(ze) < =z,
the restriction of f to this interval is non-decreasing, so every orbit converges to a
fixed point. This is the situation, for example, for the quadratic family 4rz(1 — z) for
0 < r < 1/2. Since this situation is not very interesting, we may as well assume that
f(zc) > z. and then also replace the upper bound of the interval by f (), i.e., assume
b= f(z.).

There is a possible complication at the left-hand end of the interval [a,b]. A nice
situation, which happens reasonably often, is that

(2.1) f(z) >z forall z € (a,z).

(We have omitted the left end-point since it is often convenient, as in the quadratic
family, to organize things so that a is a fixed point.) If this is the case, then the image
[£(),] of [zc,b] under f is mapped into itself by f, and any orbit starting in (a, f(5))
gets into this interval eventually and then stays there forever. Hence, in this case, we
may as well restrict f to [f(b),b]. In particular, if f(b) > =, the restriction of f to
[f(b),] is decreasing, and hence every orbit starting in (a,b] is asymptotic either to a
fixed point or to a cycle of period 2. (This last observation applies, for example, for
the quadratic family 4rz(1 — z) for r in the range 1/2 < r < (1 4 v/5)/4.) If (2.1) does

*Many of the considerations of this chapter extend easily to situations in which monotonicity is not
required to be strict. We make the assumption of strict monotonicity mostly just to simplify the
notation.
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not hold, then—since we are assuming f(z.) > z.—f has at least one fixed point in
[a,z.), and there is a neighborhood of z. which contains no fixed point. Let = denote
the largest fixed points in [a, z]. The interval [a,z.] is then mapped onto itself, and f
is increasing on this interval, so this interval provides a trivial part of the action of f.
If f(b) > =, then the analysis given earlier in this paragraph applies to the restriction
of f to [z4,b], and the action of f can be split into two essentially independent parts,
one—trivial—on [a,z+], and the other on [f(}),b]. The case where f(b) < = is more
complicated and a little pathological: At least some orbits starting between z. and b
eventually get mapped into [a,z.] and then stay there forever. We will usually want to
rule out this case. We mention at this point that, if f has negative Schwarzian and if
either f(a) > a or if a is a repelling fixed point for f then f cannot have a fixed point
in [a, z.).

To sum up: We can, by eliminating trivial cases, assume that f(z.) > z. and that
b= f(z.). From now on, unimodal mappings will be assumed to satisfy these conditions
unless we explicitly say otherwise. We will often want to assume also that f has no
fixed point in (@, z.), and, in this case, we can assume b = f(a) (but we will not always
choose to do this.) '

By making a linear change of variables, we can put z. at 0 and b at 1. This change
of variables brings the quadratic mapping 4rz(1 — z) (for 1/2 < r < 1) into the form

z+— 1— pz® where u = 4r(r — 1/2).

As 7 runs from 1/2 to 1, p runs from 0 to 2. We will from now on usually write the
quadratic mapping in this form, and restrict it to the interval [-1,1].

A certain number of considerations are also simplified if we can arrange that f is even
as well as putting z. at 0 and f(z.) at 1. This turned out to happen automatically in
the above quadratic example. It is possible to make a topological change of coordinates
converting f on [a,}] to an even mapping on [—1,1] if and only if f(a) = f(3). If f(a) <
f(b), we can restrict f to [a',b], where a' € [a,z.) is determined by f(a') = f(b), to get
a mapping satisfying these conditions, and if f(a) > f(b), we can make a topological
change of coordinates to put z. at 0, b at 1, and a somewhere in (-1,0), and which
converts f to a function which is even to the extent that this makes sense. Furthermore,
if f is smooth and satisfies some non-degeneracy condition—e.g., f is C2, f"(z.) < 0,
and f'(z) # 0 for ¢ # z.—then these changes of coordinates can also be taken to be
smooth (but perhaps not quite as smooth as the original f.) We will therefore, wherever
convenient, assume that f is even.

Notwithstanding the remarks of the preceding few paragraphs, it is often clearer
to call the working interval [a,b] and the turning point z., rather than [-1,1] and
0 respectively. We will choose whichever representation seems better adapted to the
topic being discussed. For the remainder of this chapter, we use the more general [a, b]
notation.

§3. Superstable cycles. In general terms, our strategy for explaining the “universal
structure” of periodic windows in one-parameter families of unimodal mappings is as
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follows: In the first place, it needs to be emphasized that what has to explained is not
simply the occurrence of periodic cycles but of attracting periodic cycles. Existence of
periodic cycles without regard to attractivity can be proved under much more general
circumstances than those we are considering. Second: If z, is a periodic point for
a differentiable mapping f, of period p, then the corresponding cycle is attracting if
| (#7)' (zo)| is strictly smaller than one and not if this quantity is strictly larger than
one; if it is exactly equal to one, the cycle may or may not be attracting. Third: If we
write z; for f*(zo), then the chain rule gives

p-1

(f7) (z0) = [] f'(=:).

i=0

If, in particular, f'(z¢) = 0, then the cycle is necessarily attracting whatever the values
of the derivatives at the other points may be (provided only that these derivatives
do exist.) Since, under these circumstances, (f?)'(z;) = 0, the cycle is very strongly
attracting, and we therefore call a cycle passing through a critical point of f a superstable
cycle. :
Intuitively, mappings which have superstable cycles should be exceptional, but the
arguments about persistence of attracting periodic points given at the beginning of the
chapter on bifurcation theory show that, if a mapping admitting a superstable cycle is
perturbed a little in the C' topology, the perturbed mapping admits a nearby cycle,
of the same period, which is attracting (but not necessarily superstable.) If f, is a
C!-continuous one-parameter family of mappings, and if f,, admits a superstable cycle,
then there is an interval around g in the parameter space where fu admits an attracting
cycle of the same period.

These consideration apply to mappings f more general than unimodal, but they
do require differentiability. We put them together with an argument which is purely
topological but requires unimodality, and which we can illustrate in the quadratic family
written in the form

fu(z)=1—pz?* on[-1,1],for0< p<2.

For 4 < 1, the image of f, is contained in (0,1], so f2(0) > 0 for all p. On the other
hand, for p = 2, we have f,(0) =1, f.(1) = —1, and f,(—1) = —1. Hence,

fi(0)=—-1 forp=2andp=2,3,....

As p increases from 1~ to 2, each of the continuous functions fE(0) goes from a strictly
positive value to —1 and must therefore pass through 0. But if J2(0) = 0, the critical
point 0 is periodic (with period dividing p), so this argument shows that the family fu
necessarily has many periodic windows. We can in fact easily improve on it to show
that there must be at least one periodic window with each period p > 2 as follows: Let
Hp be the largest value of y for which f2(0) = 0. Then

oo 1(0) = £,,(0) = 1;
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this implies p,41 > pp; and this (for all p) implies that the period of 0 under fu, cannot
be smaller than p. Evidently, this argument uses only simple qualitative features of the
family f,, not the exact functional form. In fact, it applies exactly as it stands to the
piecewise linear family ¢ — 1 — p|z| to prove the existence of parameter values where 0
is periodic, but that this does not imply the existence of periodic windows because the
mappings are not differentiable (and, in fact, these mappings with x > 1 cannot have
attracting periodic orbits.)

The next step is to show that there must be several u’s for which 0 is periodic with
period p for f,. This is done by showing that there are several possibilities for the
ordering (in the interval [—1,1]) of the points on the orbit of 0, when 0 is periodic,
and that all the possible orderings do in fact occur. The machinery for doing this is
developed in subsequent sections of this chapter.

§4. Itineraries. We now introduce a version of symbolic dynamics into the investiga-
tion of unimodal mappings. Let f be a unimodal mapping of [a, ] to itself with turning
point at z. and with f(z.) = b, and let z € [a,}]. For each n > 0, put I,(z, f) equal to
L, C, or R according as f*(z) < z, = z., or > z.. Note that, if I, (z, f) = C for some
ng, then I,,(z, f) is determined for all n > ny; it is equal to I,,_, (2., f). This fact com-
plicates the formulation of a number of results; to minimize the resulting inconvenience,
it seems to be a good idea to truncate the sequence I,(z, f) after the first C, if there is
one. Thus, we will refer to the sequence I,,(z, f), truncated after the first C if there is
one, as the itinerary of z under f, and denote it by I(z, f). Thus, an itinerary is either
an infinite sequence of L’s and R’s, or a finite sequence of L’s and R’s followed by C.
The itinerary of z. is a particularly degenerate case; it is simply the sequence C. We
will use the term abstract itinerary to mean either an infinite sequence of L’s and R’s or
a finite (possibly empty) sequences of L’s and R’s followed by a C, and denote the set
of all abstract itineraries by .A. It is a slightly pedantic but useful observation that the
definition of A does not logically need to refer to unimodal mappings and itineraries.
It is immediate from the definition that

I(f(=), f) = oX(z, f)

where o, as usual, denotes the left shift (but allowed to act on finite as well as infinite
sequences.) We encounter here an annoying consequence of our convention about trun-
cating itineraries after the first C; this identity holds only for = # z., as the right-hand
side does not really make sense for z = z..

Perhaps the most important observation about the notion of itinerary is that, if
I(z1,f) # I=z2,f), we can determine whether z; < z, or not directly from the two
itineraries, in @ way whick is independent of f. We can see this as follows: First of all,
if Io(21, f) # Io(z2, f), then z; < @ if and only if Iy(z1, f) < Io(z2, f) with respect to
the ordering L < C < R. If Io(z1, f) = Io(z2, f), then (since I(z;, f) # I(z2, f)), it is
not possible that this common value is C. We consider separately the two remaining
possibilities. If Io(z1, f) = Io(22,f) = L, then z; < =z, if and only if f(z;) < f(z2),
since f is strictly increasing on [a,z.). Similarly, if Io(z1,f) = Is(z2,f) = R, then
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z; < z if and only if f(z;) > f(z2) (note that the sense of the inequality is reversed)
because f is strictly decreasing on (., d]. In either case, we have reduced the problem of
determining whether z; < z; to determining whether f(z;) < f(z2), and the itineraries
of the f(z;) are obtained from the itineraries of the z; simply by deleting the first term.
After repeating this reduction at most a finite number of times, we reduce to the case
where the two itineraries differ in their first terms.

We can organize the results of this argument by introducing an order of the space
of abstract itineraries as follows: Given two distinct sequences I(!) and I(?), we let nq
denote the smallest integer such that IS o I{?. We then write I®) < I(? provided
that either

(1) the number of R’s in the common initial segment (If,i),. ey
I < 1), |
(2) the number of R’s in this common initial segment is odd and I,(&,) >

10

no_l) is even and

I(z)

no 9

where the order on individual symbols is, as above,
R<C<L.

It is clear that this prescription defines a linear ordering on .4; we will refer to this
ordering as the twisted lezicographic order. The following proposition now follows easily
from the argument already given:

PROPOSITION 4.1. Let f be a unimodal mapping on [a,b], and let z,, =, be points of
[a,b] such that I(z,, f) # X(z2, f). Then

z; <z Iifandonlyif I(zi,f) < I(z2,f).

Evidently, the utility of this proposition depends on the extent—as yet unclear—to
which points are distinguished by their itineraries. As a preliminary remark on this
question, note that if f admits an attracting cycle which does not pass through z., then
all points in a small neighborhood of any point on this cycle have the same itinerary. It
may also be worth remarking that this proposition remains true if the assumption that
f is strictly monotone on [a, z.] and [z, ] is weakened to simple monotonicity, but that,
if f has an interval of constancy, all points in that interval have the same itinerary.

The “twist” in the above ordering is sometimes inconvenient to deal with, and it is worth
noting that it can easily be eliminated (but at the expense of introducing some other
inconveniences ... ) Given an itinerary I, we construct a sequence of ¢ of +1’s (perhaps
terminated by a 0) by putting €0 = €(Ip) and en = en_16(In), where ¢(R) = -1,
¢(L) = +1, and ¢(C) = 0. It is very easy to see that the mapping I — ¢ is bijective
(from the set of all abstract itineraries to an evident analogous space of possible ¢’s) and
that it converts the twisted lexicographic order on I's into the reverse of the ordinary
lexicographic order on ¢’s. Furthermore, the sequence ¢ corresponding to I(z, f) has a
natural interpretation; €y, is +1 or —1 according as f™ is increasing or decreasing at z;
it is zero if and only f"(z) = z. and n is the first integer for which this happens.

One disadvantage of replacing I by ¢ is that, although this correspondence carries
periodic sequences to periodic sequences, it need not preserve periods—if there are an
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odd number of R’s in a period, the period of ¢ will be twice the period of I. This is,
however, the only way in which the period can change. Furthermore, this is not as bad
as it might seem, since the correspondence between the period of a cycle and that of its
itinerary have a similar defect: To take a concrete example, for u slightly smaller than
1, the quadratic mapping 1— pz? has a periodic orbit of period 2 contained in (0, 1], and
the itinerary of this orbit is RRR..., which is periodic with period 1. This is in fact
essentially all that can happen for a general unimodal mapping: If z is periodic with
period p, (and if its cycle doesn’t pass through z.) then the itinerary of = has either
period p or period p/2, and, in the latter case, there must be an odd number of R’s per
period in the itinerary. (Exercise) Thus, the period of the e-sequence corresponding
to a periodic orbit is either the same as the period of the orbit or twice as large; the
period of the itinerary of a periodic orbit is either the period or half as large.

§5. Kneading sequences. We will call the itinerary of b = f(z.) the kneading
sequence® of f and denote it by K(f). It is nearly evident that it is a topological
invariant of f, i.e., that if f is a unimodal mapping on [a, b}, if & is a continuous strictly
increasing mapping from [a, b] to some (other) interval [g, 3], and if f is given by hfh~1
on [a,b], then the kneading sequence of f is the same as that of f. As we will see
after quite a non-trivial analysis, the kneading sequence is, under reasonably general
circumstances, a complete topological invariant. Note that the kneading sequence is
finite if and only if z. is a periodic point for f; in this case, we will say that f is
superstable (whether or not f is differentiable, although the terminology is really only
justified in the differentiable case.)

It is natural to ask what sequences can occur as kneading sequences for unimodal
mappings. One obvious necessary condition is that the sequence begin with R, because
of our standing hypothesis that b = f(z.) > z.. There is a second, less-trivial necessary
condition: For any n, f*(b) < b, so by Proposition 2.7,

I(f*(b), f) < (b, £),

with respect to the twisted lexicographic order, and hence

o"K(f) =I(f™(b), f) S K(f) = X(b, f).

(If K(f) is finite, this condition only holds for n less than or equal to the length of
K(f), i.e., less than the period of z..) Accordingly, we say that a sequence K is shift
mazimal if

c"K <K for all n less than the length of K.

We are going to see that the condition of shift maximality is not only necessary but
also sufficient for K to occur as the kneading sequence of a unimodal f. It turns out
in fact that any shift-maximal K occurs in any “reasonable” one-parameter family of
differentiable unimodal mappings. Before we formulate this statement precisely, we
make a few elementary remarks about shift-maximal sequences.

*It would be better justified historically to use the term “kneading sequence” for the e-sequence of b
rather than for its itinerary.
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The condition of shift-maximality is not quite so innocent as it looks; it can sometimes
be surprisingly restrictive. For example: The only shift-maximal sequence of the form
RR... is R*®. To see this, consider any sequence of the form I = R*L.... n > 2. Then
o™ I = RL..., which is larger than anything of the form R2... and thus in particular
than I, so I cannot be shift maximal. An exactly analogous argument shows that R*C
.cannot be shift maximal for n > 2.

Shift maximal sequences can be compared in the twisted lexicographic order. The
smallest shift-maximal sequence (beginning with R) is R* (since on the one hand R* is
the only shift maximal sequence of the form RR... and on the other hand any sequence
of the form RR... is earlier in the twisted lexicographic ordering than any one of the
form RL... and than RC.) Furthermore R is the kneading sequence of any unimodal
f such that f(z.) > z, e.g., the mapping 1 — pz? for 0 < u < 1. At the other extreme,
the largest sequence beginning with R is RL*™ (since the smallest sequence if L*°, and
prepending an R reverses the ordering), and it is trivial to verify that RL* is shift
maximal; hence RL® is the largest shift-maximal sequence. It is the kneading sequence
of any unimodal f with f(b) = a and f(a) = a, e.g., for 1 — pz? for u = 2.

We can now formulate

THEOREM 5.1 (INTERMEDIATE VALUE THEOREM). Let J be a shift maximal sequence
beginning with R, and let pp — f, be a continuous mapping from the parameter interval
[0, 141) to the space of continuously differentiable unimodal mappings on [a, b] which is
continuous in the C' topology. Assume that J lies between K(f,,) and K(f,,) in the
twisted lexicographic order. Then there exists ji € [po, 1] such that K(f3) =J.

COROLLARY 5.2. Let u — f, be a C-continuous one-parameter family of differentiable
unimodal mappings defined on [uo, p1], such that K(f,,) = R™ and K(f,,) = RL*.
Then every shift-maximal sequence beginning with R occurs as the kneading sequence
of some member of this family.

We would like to say furthermore that the order in which the shift-maximal sequences
occur in families satisfying the hypotheses of Corollary 5.2 is the twisted lexicographic
order. This need not be true, however, since it is certainly possible for a family to
transverse the possible kneading sequences in a non-monotone way. The above inter-
mediate value theorem does, however, impose strong constraints on the order in which
the sequences occur, analogous to the constraints imposed by the ordinary Intermediate
Value Theorem on the order in which a continuous function on the line takes on the
values between 0 and 1 in the process of running from 0 to 1. If we restrict ourselves
to finite shift-maximal sequences J, it makes sense to speak of the largest (or smallest)
value of p for which K(f,) = J. If we call this largest value x(J), then the mapping
J — p() is order preserving.

Combining the above remarks with the argument giving above to show that a pa-
rameter value which makes z. periodic with period p is in the interior of a parameter
interval where f, has an attracting periodic cycle of period p, and doing just a little
more easy technical work, we prove
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COROLLARY 5.3. Let f, be as in Corollary 5.2. It is possible to choose, for each finite
shift-maximal J, an open subinterval interval M3 of the parameter interval such that

(1) I IN < I, then every point of Myq) lies to the left of every point of My,
(so the intervals are disjoint and occur in the same order as the J’s.)

(2) For p € Mjy, f, has an attracting cycle, with period the length of J, which
attracts the orbit of z..

Two remarks: First, as we will see in the next chapter, unimodal mappings with
negative Schwarzian derivative cannot have more than one attracting cycle, and, if
there is an attracting cycle, it must attract the orbit of z.. The preceding Corollary can
therefore be reformulated in a somewhat more natural way for mappings with negative
Schwarzian derivative. Second, to get a really natural formulation, it is tempting to
assume that the family in question is monotone with respect to the twisted lexicographic
order on the kneading sequence. Checking this for a concretely given family seems,
however, to be extremely difficult. The only result I know in this direction is a proof,
by Milnor, Thurston, Sullivan, and Douady, that the quadratic family is monotone in
this sense. This proof uses very powerful methods and rests on the global behavior of
quadratic mappings in the complex plane.

§6. Proof of the Intermediate Value Theorem. There is a natural way to try to
prove Theorem 5.1, imitating the proof of the ordinary Intermediate Value Theorem.
This turns out to work only partially, but it can be patched in the places where it
doesn’t work directly. The idea is to try to show that, for J a shift-maximal sequence,
{f : K(f) < J} and {f : K(f) > J} are both open in the C! topology. If we could show
this, it would imply that {K(f,) < J} and {f : K(f,) > J} are disjoint relatively open
subsets of [pg, 1] which are both non-empty since one contains o and the other .
(We evidently need only consider the case where J # K(f,,) and J # K(f,,).) By the
connectedness of |19, p11], their union cannot fill up this interval, so the only possibility
would be that there is at least one j such that K(fz) = K. When we try to carry out
this program, we find that the sets {f : K(f) < J} and {f : K(f) > J} are not open for
all shift-maximal J’s, but they do turn out to be open for those J’s which are not of the
form (AR)*> or (AL)™, where A is a finite sequence of L’s and R’s such that AC is
shift maximal. We then need to make a special argument to deal with these exceptional
J’s.

Note that the J’s which require special treatment are all periodic. In fact, as we shall see
in the next section, they are exactly the periodic shift-maximal sequences (beginning
with R), but we do not need this fact in carrying out the proof.

The first step, then, is to prove:

LEMMA 6.1. Let J be any shift-maximal sequence beginning with R which is not of
the form (AR)™ or (AL)> with AC shift-maximal. Then {f : K(f) < J} and {f :
K(f) > J} are both open subsets of the space of continuously differentiable unimodal
mappings on [a,b] equipped with the C! topology.
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PROOF: We will give the argument for {f : K(f) < J}, pointing out the changes
necessary to deal with {f : K(f) > J} only when they are not evident. Let f be such
that K(f) < J, and write J for K(f). We want to find a C! neighborhood of f on which
K(f) < J. Let n be the smallest index such that J, # J,. If J, # C, (i.e., it it is
equal to either R or L) then there is a C® neighborhood of f on which K;(f) = K;(f)
for : = 0,1,...,n, and evidently K(f) < J everywhere on this neighborhood. Notice,
incidentally, that this argument (a) works in the C° rather than C' topology, and (b)
never uses the hypothesis that J is shift-maximal. This strongly suggests that the real
difficulty in the argument must be hidden in the case where J, = C. The analysis for
this case has two elements, the first analytic and the second combinatorial, which we
organize into two lemmas:

LEMMA 6.2. Let f be a continuously differentiable superstable unimodal mapping;
write its kneading sequence as AC, where A is a finite (possibly empty) sequence of
R’s and L’s. There is a C* neighborhood U of f such, for all f € U, K(f) is one of the
three sequences AC, (AR)>®, (AL)*™.

LEMMA 6.3. Let AC be a finite shift-maximal sequence, J some other shift-maximal
sequence (which may be either finite or infinite.)

(1) If3 > AC, then I > (AR)™ and J > (AL)*.
(2) If 3 < AC, then J < (AR)™ and J < (AL)™.

Given these two lemmas, it is easy to finish the proof of Lemma 6.1. Returning to
the notation used above, the case remaining to deal with is that where K(f) is a finite
sequence; hence, of the form AC. If U is the C! neighborhood of f given by Lemma
6.2, then (1) of Lemma 6.3 implies that K(f) < J for all f € . But also K(f) cannot
equal J for any f € U; on the one hand, by assumption, AC < J, and on the other
hand (A R)* and (AL)*™ cannot equal J because the latter is assumed not to have this
form. Thus K(f) < J for all f € U, as desired. The proof that {f : K(f) > J} is open
goes in just the same way, except that (2) of Lemma 6.3 takes the place of (1).

PROOF OF LEMMA 6.2: Let p denote the length of AC, so fP(z.) = Z. but f*(z.) # Z.
for n < p. (Here, %, denotes the turning point of f.) The idea is going to be the
following: Take f very near to f. Then, simply by C° approximation, we can guarantee
that fi(z.) — z. has the same sign as fi(z.) — Z for ¢ from 1 to p — 1, i.e., that
K(f) = A.... If fP(z.) = z. there is nothing to prove, so we assume that this
equality does not hold and, for definiteness, that f?(z.) = z. + § with § > 0, i.e., that
K,_1(f) = R. By making f near f we can make § as small as we like. Let V; denote
the interval [z.,z. + 26]. Since the derivative of f? vanishes at z., fP will be strongly
contractive on V; provided § is small; it is at this point that we need C! approximation.
If the contractivity constant is strictly less than one-half, it follows from the fact that
f? maps the endpoint z. of V; to the midpoint of V; that it maps V; into its own
interior. This implies that f"?(z.) € V;, i.e., that K,,,_1(f) = R, for n = 2,3,..., We
can furthermore arrange, again by making f close to f in the C° topology, that for all
z € V; (and not just for z = z.,) fi(z) — z. has the same sign as f*(z.) — z. for i
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from 1 to p — 1, and from this it follows easily by induction that K(f) = (AR)*. The
case where K,_;(f) = L is treated in exactly the same way, except that we take V;
to denote [z. + 28,z.], where § again denotes fP(z.) — z., but is negative rather than
positive.

Formally, we proceed as follows: Take € > 0 such that

(1) |[(f7)'(z)] < 1/4 for all z with |z — Z.| < e.

(2) |fi(z) — Z| > efor |r —F| < eandi=1,2,...,p—1.
Then there exists a C* neighborhood of f such that, for f € U,

(3) loc — 2| < 5.
(4) If*(=e) ==zl < 5
(5) If'(z) _fi(z)l < § for lz - icl Seandi= 1,2,...p.

(6) 1(7)(=) < 5 for o — 2| < e

We are going to show that this &/ works.

Now let é denote fP(z.)—z.. As already noted, there is nothing to be proved if § = 0,
so we assume & # 0. We let Vy denote [z.,z. +26) if § > 0 and [z, + 26,z if § < 0. By
(3) and (4), Vy is contained in {z : |z — Z.| < €}, and hence, by (6) |(f?)'(z)| < % on Vj.
Since f? maps an endpoint of V; to the midpoint, it maps V; into its interior, and, as
noted, this implies that Knp_1(f) = Kp—1(f) for n = 2,3,.... Finally, it follows from
(2) and (5) that the sign of fi(z) — z. is the same as the sign of f¥(z.) — &, for z € Vi
and¢=1,...,p—1, and this implies that K(f) = (AR)*® if § > 0 and K(f) = (AL)*®
if§ <o0.

PrOOF OF LEMMA 6.3: The proofs of parts (1) and (2) are surprisingly different. We
begin with (1), i.e., we assume AC < J. If A contains an odd number of R’s, then
(AR)*® < AC < J, so certainly (AR)® < J. On the other hand, if A contains an
even number of R’s, then (AL)>® < AC < J. Thus, in either case, one of (AL)® or
(A R)™ is trivial. Considering the two cases, we see that what remains to be done is to
show that (AX)* < J, where X is either R or L, chosen so that AX contains an odd
number of R’s.

We prove this by assuming the contrary, i.e., that J < (AX)®. Then

AC <JI<(AX)=,

which implies that J has A as an initial segment. Furthermore, the following element
of J must equal X; otherwise it would not be true that AC < J. We can therefore
assume that J has the form AXJ. Since AX contains an odd number of R’s,

J=AXJ <(AX)® =AX(AX)™ implies J > (AX)™,
by “canceling” the initial AX. On the other hand, by the shift-maximality of AXJ,
J<1J.
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Putting these inequalities together gives
(AX)® <JI <T < (AX)™,

which is contradictory because some of the intermediate inequalities are strict.

For (2), we have only to show that J < B®™, where B = AX, with X chosen this
time so that the number of R’s in B is even. Again the result is immediate unless B
is an initial segment of J, so we can assume that J has the form BJ. Furthermore, if
J < B*, then—since B contains an even number of R’s—J = BJ < BB® = B® as
desired. We have thus only to show that J > B is impossible. This latter inequality
and shift-maximality of BJ imply

B> < J <BJ.

This chain of inequalities implies that B is an initial segment of J; if we reinsert this fact
into the chain of inequalities we see that (B)? is an initial segment of J; and continuing
in this way we see that J = (B). But this contradicts the assumption that J > B,
so this latter assumption is shown to be impossible, as desired.

It is now not difficult to complete the proof of the Intermediate Value Theorem. The
argument so far has proved the theorem for all shift-maximal J ezcept those of the
form (AL)>™ and (AR)™, where A is such that AC is also shift-maximal. We thus
choose such an A, and for definiteness we consider the proof that there is a 2 such that
K(fz) = (AR)*. We also assume, again for definiteness, that AC < (AR)* < K(f,,).
By the part of the theorem we have already proved, there are parameter values where
K(f.) = AC, and by continuity there is a largest such parameter value, say fi. Then,
again by the part of the theorem already proved, K(f,) > AC for all 1 € (@,m].
(If this were not true, then there would have to be values of x in this interval where
K(f,) = AC, and we have assumed that f is the largest value for which this happens.)
But by Lemma 6.2, the only values of K(f,) possible for y near to i are AC, (AL)>,
and (AR)*. For u to the right of i, the first two are ruled out because K(f,) > AC,
so any £ sufficiently near to, but larger than, zi must have K(f5.) = (A R)*, as desired.

§7. Finite and periodic kneading sequences. As we have seen, each finite
shift-maximal sequences gives rise to a periodic window in one-parameter families of
differentiable unimodal mappings. In this section, we study these scquences from a
combinatorial point of view.

PROPOSITION 7.1. Let AC be a finite shift-maximal sequence. Then (AL)*® and
(AR)™ are shift maximal.

PROOF: A quick way to prove this proposition is to note that it follows from Lemma 6.2
and the existence of a family—e.g., 1 — uz2—in which the kneading sequence runs from
R* to RL*. The statement is a combinatorial one, however, so it seems inappropriate
to make a detour through unimodal mappings to prove it. We will therefore give a direct
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§7 Finite and periodic kneading sequences 203

combinatorial proof. For definiteness, we consider (A R)*; the case with L instead of R
is exactly analogous. We let p denote the length of AC; what we need to show is that

(7.1) c"(AR)*® < (AR)® forn=1,...,p—1.

The major steps in the argument are as follows:

(1) We show that (7.1) holds unless the two sequences o™ (AR)*™ and (AR)*™ have
a common initial segment of length p — n; furthermore, if they do have such a
common initial segment, it must contain an odd number of R’s.

(2) In the case not settled by (1), the desired inequality (7.1) is equivalent to the
inequality obtained by dropping the first p — n terms on both sides and reversing
the sense of the inequality, i.e., to

oP~"(AR)® < (AR)™.

(3) By (1) (with p—n in place of n), this latter inequality holds unless the two sides
have a common initial segment of length n. If this latter condition holds, then
the two original sequences o™(A R)™ and (A)*™ have a common initial segment
of length p and so must be equal (since both a periodic with period p.)

Steps (2) and (3) are immediate. To prove (1), we write out the two sequences in
question as
(AR)® =Ag-+ Apn_2Ap_n_1Ap_n- -
c"(AR)®*=A,---Ap—2 R Ay .-

We will want to look also at

AC =A0 ce Ap-'n.—zAp—n—l
o"AC=An Ay, C

The case where A; # A,4; for some i = 0,...,p — n — 2 is easy to dispose of; the
order relation between (AR)* and oc™(AR)* is then the same as that between AC
and o™ AC, so the shift-maximality of AC implies 6™*(A R)® < (AR)® as desired. We
can thus assume A; = Apq; fori =0,...,p —n — 2. In this case, the shift-maximality
of AC implies that A,_,,_; must be such as to make

A+ ApnzAp p 1> Ay Ap_n_sC.

Considering separately the situations where the number of R’s in Ag---Ap_p— is
odd and even, we see that A,_,_; must be such as to make the number of R’s in
Ap---Ap_n_1 odd.

We now distinguish two cases: If A,_n_; = L, then, since the replacing 4,_,_; in
Ag -+ Ap_n_1 by C gives a smaller sequence, replacing it by R must give a still smaller
one (because L < C < R),i.e.,

Ao+ App2Ap n1-->Ag---Ap_pn_sR---,

~ O.E. Lanford: Dynamical Systems (Preliminary Version) Printed July 18, 1988



204 Topological Theory of Unimodal Mappings XVI

so the desired inequality holds. If, on the other hand, A,_,—; = R, then the two
sequences c"(AR)* and (AR)*™ which we want to compare have Ag---Ap_p_1 asa
common initial segment, and this segment contains an odd number of R’s. Thus, the
proof of (1), and hence of the proposition, is complete.

We now take up the converse question: Does, e.g., shift-maximality of (A R)* imply
shift-maximality of AC? There is a complication here arising from the fact that the
period of (AR)* need not be the length p of AR, but may be a non-trivial divisor of
p. The situation is as follows:

PROPOSITION 7.2. Suppose (AX)® is shift maximal, where X is either L or R. Let p
denote the length of AX. Then AC is shift-maximal if and only if one of the following
condition holds:

(1) The period of (AX)® is p.

(2) The period of (AX)® is p/2, and the number of R’s per period is odd.

PROOF: As in the proof of the preceding proposition, we need to determine the order
of AC relative to 0" AC for 1 < n < p— 1. Also as in the proof of that proposition,
if the two sequences differ before the p — nth position, the ordering is the same as
that of (A X)* relative to 0™(A X)%, and this is the correct order for shift-maximality.
Thus, we have only to consider the situation where AC and ¢™AC have a common
initial segment of length at least p — n — 1. If, furthermore, the sequence A4, - - - Ap_n_y
contains an even number of R’s, then AC is definitely not shift-maximal, since

Ag - Appo1+- < Ag-+-Ap_n_»C = o™AC.

This proves the necessity of the conditions of the proposition: If the period of (A X)>
is g, we can get a contradiction to shift maximality by taking p — n = 2¢ (if ¢ < p/2) or
= ¢ (if ¢ = p/2 and the number of R’s per period is even.)

To prove sufficiency of the conditions of the proposition, we continue along the same
lines. We have to consider separately the cases where the number of R’sin Ag - - - Ap_n_y
is odd and where it is even. The odd case is easy; it implies

AC=Ag-+AppApny--C> Ay Ap_n1C = o™AC,

as desired.

All that remains, then, is to show that the even case cannot happen. To see this, we
first note that, in the even case, the ordering of ¢™(AX)® relative to (AX)™ is the
same as that of the sequences obtained by deleting the first n — p terms from each of
the two sequences, i.e., the same as the order of (AX)™ relative to o?~"(AX)>. (NB:
Note the reversal of shifted and unshifted terms.) Thus, under our present hypotheses,

o"(AX)™® < (AX)™ ifandonlyif (AX)® < oP "(AX)™.
Our hypotheses are therefore compatible with the shift-maximality of (AX ) only if
oP M(AX)® = (AX)®,
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i.e., only if (AX)* is periodic with period p — n. The only possibility allowed by the
conditions of the proposition is then that p —n is p/2. But we are considering the case
where the initial segment of A of length p — n = p/2 contains an even number of R’s
and the conditions of the theorem exclude the case where the period if p/2 and there
are an even number of R’s per period.

PROPOSITION 7.3. Let AC be a finite shift-maximal sequence. Let X be L or R
according as the number of R’s in A is odd or even (i.e., X is chosen in such a way as
to make the number of R’s in AX odd); and let X be Rif X = L,Lif X =R. Then
each of the following sequences

(AX)® < AC < (AX)® = (AXAX)™ <
<AXAC<(AXAX)® <AXAXAXACc<...

is shift-maximal, and this infinite sequence of shift-maximal sequences is contiguous,
i.e., no other shift-maximal sequence lies between any two successive terms.

Note that, if p denotes the length of AC, i.e., the period of the corresponding periodic
window, then the lengths of the successive finite sequences are p,2p,2%p,...,2%p,....
Thus, immediately following a periodic window of period p, there must occur windows of
period 2p, 4p, ... . Normally, we would expect these to be produced by successive period-
doubling bifurcations, and this can be proved to be the case in families of differentiable
unimodal mappings with negative Schwarzian derivative.

PROOF OF PROPOSITION 7.3: From Proposition 7.1 and the assumed shift-maximality
of AC, it follows that (AX)* and (AX)™ are shift-maximal; from Proposition 7.2,
it follows that the period of (AX)® must be p; the possibility that the period is p/2
is ruled out by the fact that the number of R’s in AX is odd. Hence, the sequence
(AXAX)> satisfies the conditions of Proposition 7.2, so the finite sequence AXAC is
shift-maximal. The argument can now be repeated with AX A in place of A, etc. That
the sequence built in this way is contiguous follows from Lemma 6.3.

The preceding results can be used to derive a simple recursive procedure for de-
termining the number of finite shift-maximal sequences of length p. For each finite
shift-maximal sequence AC, take X as in the preceding proposition so that the number
of R’s in AX is even; then (AX)% is shift-maximal by Proposition 7.1 and has period
equal to the length of AC by Proposition 7.2. Conversely, if (AX)* is a shift-maximal
sequence whose period is the length of AX and which contains an odd number of R’s
per period, then AC is shift-maximal. Hence, the number of shift-maximal sequences
of length p is equal to the number of shift-maximal sequences of period p with an odd
number of R’s per period. Next we observe that, if J is a sequence of L’s and R’s
with period p, one of the p distinct translates of J is largest, i.e., exactly one point on
each periodic cycle is shift-maximal. Hence, if np denotes the number of shift-maximal
sequences of period p, the number of periodic sequences of period p with an odd number
of R’s per period must be pn,,.

On the other hand, the number of sequences J of L’s and R’s with ¢?J = J and
with an odd number of R’s in a segment of length p is 2P~1: The first p — 1 terms can
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be chosen arbitrarily from {L, R}; the pth is then determined by the parity condition;
and all the remainder by periodicity. Each such sequence must have period dividing p,
and the parity condition implies both that the quotient of p by the period cannot be
even and that the number of R’s per period is odd. Conversely, any sequence which is
periodic with period g, where g is the quotient of p by an odd integer, and which has
an odd number of R’s per period, is in this set. Hence we have

PROPOSITION 7.4.

2r-1 = Z qng = pny + Z qng.

¢:p/q an odd integer g<p:p/q an odd integer

From this it is easy to calculate the first few n,’s, starting from n; = 1:

22_1 =2= 21’1.2; Ny =
23-1 = 4 = 3ng + ny; ng =1
241 = 8 = 4ng; ng =2
25-1 =16 = 3ns + n; Ny =

26-1 =32 = 6ng + 2ny; 7ne =
27-1 =64 = Tn, + 3, ng =
28-1 = 128 = 8ng; ng = 16

and so on.

If p is a prime other than 2, the sum formula gives pn, = 2?~! —1, and if p is a power
of 2 it gives pn, = 2P~1. We can derive a simple asymptotic formula valid in other cases
as follows: We start from the observation that the above proposition trivially implies
pnpy < 2P~1, If we let r denote the smallest odd divisor of p then

p/r
Y msSoerro
g<p:p/q an odd integer Jj=1

and hence
2P-1 > pnp > 27-1 _9?/T L 1 with r the smallest odd divisor of P.

Note that the correction term 2P/™ — 1 is at most O(2?/3) while the main term is 2P~!
and hence is much larger for large p. In particular, 2°~!/p is an excellent approximation
to n, for large p.
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CHAPTER XVII. NEGATIVE SCHWARZIAN DERIVATIVE

§1. Definition and fundamental properties. Let f be a differentiable function of
a (real or complex) variable, defined and three times differentiable on a neighborhood
of zo, and with f'(z¢) # 0. The Schwarzian derivative Sf(zq) of f at z is then defined

by :
Sf(zo) = (%::))) _g (%3) '

This particular combination of derivatives was introduced by H. A. Schwarz into the
theory of conformal mappings, and it was discovered by D. Singer to be very useful in
the theory of piecewise monotone interval mappings also. It seems to me not easy to
see conceptually why this expression is a useful one to introduce; for this it is necessary
to do a little computation. The following two facts about the Schwarzian derivative
are proved by straightforward—and not very illuminating—computation, but are of
fundamental importance:

LEMMA 1.1.

(1) S(f o g)(=) = $f(9(2)) [¢'(z)]* + Sg(=).
()M 1/2

Q LI L) s10)

We omit the proof; as noted, it is a completely straightforward computation. We
have also left out of the statement any assertions about domains; the obvious conditions
should be imposed. We are always assuming here that f has at least three derivatives
near z and that f'(z) # 0. The first identity of Lemma 1.1 is valid as formulated
both for real derivatives and complex derivatives. In the second, we have written a
version valid for real derivatives of real-valued functions; it becomes valid for complex
derivatives of complex-valued functions if the absolute value signs are suppressed.

COROLLARY 1.2. If Sf(z) < 0 and Sg < 0 at all relevant points, then S(f 0g) < 0. In
particular, if f is a mapping of class C* of some interval into itself, and if Sf(z) < 0
wherever f'(z) # 0, then Sf™(z) < 0 wherever (f*)'(z) # 0, for all positive integers n.
The same assertions hold with < replaced by <.

PRroOF: This is immediate by (1) of Lemma 1.1

COROLLARY 1.3. Let f be a real-valued function, defined and of class C3 on some open
interval (a,b). Assume that the derivative of f does not vanish anywhere in (a,b) and
that Sf < 0 on (a,b). Then |f'(z)|~*/? is convex on (a,b), and, unless f'(z) is constant
on (a,b), |f'(z)| has no local minimum in (a,b)

PROOF: Convexity follows at once from (2) of Lemma 1.1 and negativity of the Schwarz-
ian derivative. A local minimum for |f'(z)| is a local maximum for |f'(z)|~1/2, and
non-constant convex functions cannot have local maxima.

O.E. Lanford: Dynamical Systems (Preliminary Version) Printed July 18, 1988



208 Negative Schwarzian Derivative XVII

REMARK: The preceding two corollaries, taken together, give some feeling for why neg-
ativity of the Schwarzian derivative is a useful condition: It is preserved by composition
and implies a non-trivial fact, viz. that |f'(z)| has no no-zero local minima.

COROLLARY 1.4. Assume f is C® on (a,b), and that f'(z) does not vanish anywhere in
this interval. Then Sf(z) =0 on (a,b) if and only if f is equal on (a,b) to a fractional
az +

linear mapping, i.e., one of the form L
PRrOOF: This result is classical, and is part of the reason for the usefulness of the
Schwarzian derivative in the theory of conformal mappings: Fractional linear transfor-
mations are exactly the solutions of the differential equation S f(z) = 0. It follows easily
from (2) of Lemma 1.1: Sf(z) = 0if and only if |f'(z)|~2/? is constant or linear, i.e., if
and only if f'(z) is either constant or the reciprocal of the square of a linear function,
and this latter condition is easily seen to be equivalent to f’s being fractional linear.

§2. Weakening the differentiability condition. One mildly unsatisfactory feature
of the condition of negative Schwarzian derivative is that it requires the existence of three
derivatives. We will see that, for most purposes, it can be replaced by the condition
of convexity of |f'(z)|~*/2, which is equivalent for C* functions but whose formulation
requires only the existence of one derivative. For this purpose, it is useful to know that
the C! condition is closed under composition:

PROPOSITION 2.1. Let f; and f, be continuously differentiable mappings defined on
intervals (a;,b,) and (a2, b2) respectively with f; mapping (a1,b1) into (a2, b2). Assume
that, on these intervals, the f!(z) vanish nowhere and that the |f!(z)|~!/? are convex.
Then |(f2 o f1)"(z)|~*/? is convex on (a;,b).

PROOF: This is of course immediate from earlier results if the f; are of class C3: in this
case, concavity of |f!|~*/2 implies negativity of Schwarzian derivative of f;; negativity
of the Schwarzian derivatives of both f; and f, implies negativity of the Schwarzian
derivative of f, o fi; and negativity of the Schwarzian derivative of f, o f; implies
convexity of |(fz o f1)'|~2/2. We prove the result in the general case by approximating
by smooth functions. For simplicity, we assume that the f; are increasing; extension to
the general case is just a matter of inserting appropriate signs.

Let p(z) be a positive C* function on R, vanishing outside (—1,1), with [ pdz =1,
and write p(z) for e~1p(e~1z). Let u;(z) denote (fi(z))~/2, and write uge) for pe * u;.
Then uge) is defined, C, strictly positive, and convex on (a; + €,b; — €), and converges
uniformly to u; on any compact subinterval of (a;, b;) as € goes to 0. Let fi(e) be defined
on (a;+¢€, b; — €) by requiring that its derivative is equal to (u(9))~2 and its value at, say,
(a; + b;)/2 is equal to the value of f; there. Then the f'-(e) ’s have negative Schwarzian
derivatives, and [(f$ o £{9)')=1/2 is convex and converges pointwise on (a1,b1) as €
goes to zero to [(f2 o f1)']"*/2. Since a pointwise limit of convex functions is convex,
the result follows.
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§2 Weakening the differentiability condition 209

Guckenheimer has observed that negativity of the Schwarzian derivative can in fact
be replaced by a condition which requires no derivatives at all. To explain this condi-
tion, we recall the notion of the cross-ratio from complex function theory: Given three
distinct points z;, 5, =3 in the Riemann sphere, there is a unique fractional linear
transformation g carrying z; to 0, z; to 1, and z3 to infinity—for finite z;, z,, and z3,

o —T32Z2—Tq

9(z) = Ty — 42— T3

The image under g of a fourth point z4 is called the cross-ratio of the four (distinct)
points z;, 2, &3, T4; again assuming finiteness, it is given by

T2 —T3 T4 — )

Ty —T1 T4 — T3

It is immediate from the definition that two quadruples z;, z2, zs, z4 and 2}, z5, =},
z, have the same cross ratio if and only if there is a fractional linear transformation g
such that g(z;) = z; for ¢ = 1,2, 3,4. For our purposes, it will be convenient to change
the sign of the cross-ratio, i.e., to define

(x4 — 21)(zs — x2)
(z2 — 21)(zs — z3)

R(z1,%2,23,24) =

Now let f be a real-valued function which is defined, continuous, and monotone on
some open interval (a,b). We say that f satisfies condition R on (a,bd) if

R(f(z1), f(z2), f(z3), f(z4)) 2 R(z1,%2,235,24) foralla<z; <23 <23 <zy<b.

It is immediate from the definition that, if f satisfies condition R on (a,b) and maps
(a,b) to (c,d), and if g satisfies condition R on (c,d), then g o f satisfies condition R
on (a,b). From the invariance of the cross-ratio under fractional linear transformations,

ar +b
+d

satisfies condition R on

if follows that a fractional linear transformation g(z) =

any interval which does not contain —d/c.

PROPOSITION 2.2. Let f be defined and continuously differentiable on an open interval
(a,b), and suppose that f'(z) # 0 everywhere on (a,b). Then |f'(z)|~*/? is convex on
(a,b) if and only f satisfies condition R on (a,b)

PROOF: We show first that convexity of |f'(z)|~1/? implies condition R, and we do this
by assuming the contrary, i.e., that there is a quadruple of points z; < 2 < 3 < z4

with
R(f(z1), f(22), f(zs), f(z4)) < R(21,%2,23,%4).

It is easy to see that there is a fractional linear transformation g such that g(f(z;)) =z,
9(f(=2)) = z2, 9(f(z4)) = z4, and that the pole of g does not lie between f(z;) and
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f(z4). Replacing f by go f and (a,b) by an interval a little larger than (z;,z4), we can
assume that f(z;) = z; for : = 1,2,4. It is easy to see that, for fixed z;, =2, and z4,

Ty — 2 T3 — T2 T4y — 2T T4 — T2
R(z1,22,23,24) = = -1
Ty — T3 T4 — T3 T2 — Ty — T3

is an increasing function of z3 for 3 < z4. Hence, from

R(:t;[,zz, f(m3)7z4) < R(zl,zh T3, 34),

it follows that f(z3) < z3. We now use the Mean Value Theorem: Since f(z;) = =,
f(z2) = z2, f(z3) < z3, and f(z4) = z4, there must exist

(1) & € (=1,22) with f'(&1) =1,

(2) &2 € (z2,2s) with f'(€2) <1,

(3) fs € (223, 34) with f'(fs) > 1.
These conditions imply that |f(z)| has a local minimum in (z;,2z4), and is not constant
in this interval; this contradicts the assumed convexity of |f'(z)|~1/2.

To prove that condition R implies the convexity of | f'(z)|~2/2, it will suffice to consider
the case of increasing f, since both conditions are satisfied by — f if they are satisfied
by f. We rewrite condition R as

(f(z4)—f(31)) (f(-"=3) —f(xz)) > (f(fcz)—f(fcl)) (f(m)—f(ws)) ,

T4 — 1 I3y — T2 T2 — T T4 — T3

and we let z, approach ¢, and z4 approach z3, holding z; and z3 fixed; then write =,

for x3. The result is: \
(f(zz) - f(zl)) 2 f'(xz)f'(%)-

T2 — 2

Writing u for (f'(z))~/2, and taking square roots, we can rewrite this last inequality

as

1 %2 de 1

/ — > —————  whenever z; < z2.
T3 —T2 Jo, u u(zg)u(z2)

The proof of the proposition is thus reduced to the following lemma:

LEMMA 2.3. Let u be a strictly positive continuous function defined on the interval
(a,b). Then u is convex on (a,bd) if and only if

1 %2 da 1 )
(2.1) — > ——u(z;) for all x4, z, witha < z; < z2 <b.
T2 — 22 J,, u? T u(z1)

PROOF: It is easy to verify that (2.1) holds with equality replacing the inequality if u
is a linear function on (a,b). Hence, (2.1) holds if u is convex.
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Conversely, suppose u is not convex on (a,b). Then there exist y;, ¥, and y3, with
a <y <y2 <ys <b,such that u(ys) > g(ys), where g denotes the linear function
equal to u at y; and ys3. Let z; denote the largest z < y, such that u(z) > g(z), and
let z, denote the smallest such 2 > y,. Then, on the one hand, u(z;) = g(z,) and

u(zz) = g(z2), so

1 _ 1 _ 1 /” d_:c
‘"'(31)“(22) B 9(31)9(22) T mp— zy g° ’

since (2.1) becomes an identity for linear functions. On the other hand, u(z) > g(z)
on (z;,z32), and this, together with the preceding identity, violates (2.1). Hence, non-
convexity of u implies that (2.1) does not hold, so the proof of the lemma is complete.

Warning: One might be tempted to try to replace the condition: “f is continuously
differentiable and |f'(z)|~1/2 is convex on every interval not containing any critical
point of f” with the condition “f is continuous and piecewise monotone, and satisfies
the cross-ratio condition on any interval not containing a turning point”. Indeed, many
results which hold for mappings satisfying the first condition have variants which hold
under the second condition—typically with “turning point” replacing “critical point”
in their formulations. However, the second condition ts not weaker than the first, i.e.,
it does not reduce to the first for continuously differentiable mappings. It fails for
mappings satisfying the first condition which have critical points which are not turning
points, e.g., 2° on an interval containing 0. The C! condition seems to be the more
useful one.

§3. D. Singer’s Theorem. As a first substantial application of the notion of negative
Schwarzian derivative we have:

THEOREM 3.1 (D. SINGER). Let f be a continuously differentiable mapping of the
interval [a,b] to itself; assume that |f'(z)|~!/? is convex on every subinterval of [a, b]
not containing any critical point of f. Then any attracting cycle for f must have either
a critical point or one of the end-points a, b in its basin of attraction.

This theorem does not require that f be unimodal. If we add (a slightly strengthened
version of) the hypothesis of unimodality, it gives more concrete information. We say
that a unimodal mapping f is C'-unimodal if it is continuously differentiable and has
no critical points other than its turning point; note that the requirement that there are
no extra critical points is stronger than the requirement that f is strictly monotone on
(a,z.) and on (z.,b). We will further say that a C! unimodal mapping is S-unimodalif
|#'(z)|~*/? is convex on (a,z.} and on (z.,b).

COROLLARY 3.2. Let f be a S-unimodal mapping of [a,b] into itself. Assume also that

f(z.) = b and that either a = f(b) or that f(a) = f(b). Then f cannot have more than
one attracting cycle.

PRrOOF: By Theorem 3.1, any attracting cycle must attract either the turning point
z. or one of the endpoints. Under our assumptions, however, the orbits of the end-
points and the turning point are essentially the same; if one of them converges to some
attracting cycle, the other two also converge to that cycle. Thus, there cannot be more
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than one attracting cycle. Note that the last condition, concerning the orbit of a, can
be replaced by various other conditions, but cannot be eliminated altogether.

PROOF OF THEOREM 3.1: Let x4 belong to an attracting cycle for f; denote the period
of the cycle by p. We want to argue that we can replace f by f?, thus reducing to the
case of an attracting fized point. To justify this replacement, in addition to observing
that, by Proposition 2.7, |(fP)|~1/2 is convex on each interval where (fP)' does not
vanish, we need to note that the critical points of f? are exactly the points y such that
fi(y) is a critical point for f for some i = 0,1,...,p — 1, and hence that, if we show
that z attracts, under the action of f?, the orbit of a critical point of f?, it will follow
that the cycle of zo attracts, under the action of f, the orbit of a critical point of f.

Thus, we can assume that zg is a fixed point for f. If f'(z¢) = 0, we are done, so we
assume that this is not the case; then f is monotone on some neighborhood of z¢. If f is
monotone decreasing near zg, we can replace it by f2 and thus reduce to the case where
f is monotone increasing near zo. Now let J denote the connected component of zg in
the basin of attraction of zo under the action of f. Since z¢ is attracting, this basin of
attraction is relatively open in [a,b]; hence, the connected component J is a relatively
open subinterval of [a,b]. If J contains either a or b, we are done, so we assume that
this is not the case; then J must be an ordinary open subinterval of (a,b), i.e., must
have the form (a, ). Note that @ and B cannot be in the basin of attraction of z,.

Now fJ is an interval, contained in the basin of attraction of zo and containing z,
so fJ C J. By continuity, fJ C J. But f cannot map « into J; otherwise, f(a) and
hence a itself would be in the domain of attraction of zo. Thus, f(a) can only equal a
or B, and similarly for f(3).

We now assume that («, ) contains no critical point of f and derive a contradiction.
First of all, under this assumption, f must be increasing on («,8) and so, by the
preceding paragraph, we must have f(a) = a and f(8) = B. Furthermore, f'(a) > 1
since otherwise @ would be an attracting fixed point for f and orbits starting slightly to
the right of a—and hence in J—would converge to a, whereas we know that all orbits
starting in J converge to zo. Similarly, f'(8) > 1. On the other hand, f'(zo) < 1;
otherwise, 2o could not be an attracting fixed point. But the three inequalities /() > 1,
f'(z0) <1, f'(B) 2 1 are only compatible with the fact that (f'(z))~1/2 is concave on
(e,8) if f'(z) =1 on (,B), and this is inconsistent with z¢’s being an attracting fixed
point. This is the desired contradiction and shows that (a,3) must contain a critical
point.

More can be extracted from the proof of the above theorem. Let f be a continuous
mapping defined on an interval [a,b], and let 2o € (a,b] be a fixed point for f. We say
that z¢ is attracting from the left if there exists € > 0 such that, for all z € (zo — €, 20),
f™(z) converges to zg as n — oo (or equivalently such that f(z) > z on (zo — ¢,0).)
Similarly, we say that a fixed point in [a,b) is atiracting from the right if there exists
€ > 0 such that f(z) < z on (zo,%0 + €), and we say that a fixed point is semi-
atiracling if it is either attracting from the left or attracting from the right. We say
that a periodic cycle for f (of period p) is semi-attracting if each—or equivalently just
one—point on the cycle is semi-attracting for f?. Note that, although the occurrence
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of a cycle which is semi-attracting but not attracting is an exceptional occurrence, it
is not very ezceptional—such cycles can be expected to occur in “unexceptional” one-
parameter families of mappings at special parameter values. For example, the quadratic
family, at the minimum parameter value for which it admits a cycle of period three, has
in fact a semi-attracting cycle of period three. More generally, a fixed or periodic point
depending on a parameter and going through a non-degenerate saddle-node bifurcation
is semi-attracting but not attracting at the critical parameter value where the bifurcation
occurs.

The notion of basin of attraction can be extended to semi-attracting fixed points and
cycles. It is desirable to make the definition so that the domain of attraction is open,
and this requires a little care. For example, if 2y is a fixed point which is attracting
from the left (but not attracting), we define the basin of attraction of zy to be the set
of z such that f*(z) — zo end such thet f*(z) < z¢ for all sufficiently large n. Similar
definitions can be made for fixed points attracting from the right and for semi-attracting
cycles. With these definitions, we have

THEOREM 3.3. Theorem 3.1 and Corollary 3.2 remain true with “attracting” replaced
by “semi-attracting”.

The proof is a straightforward modification of the above arguments.

It follows from Theorems 3.1 and 3.3 that, if f satisfies the hypotheses of Corollary
3.2 (i.e., f is S-unimodal, b = f(z.), and f(a) is on the forward orbit of f(b)) and if it
has an attracting or semi-attracting cycle, then b is in the basin of attraction of that
cycle. Excluding the superstable case, this implies that the kneading sequence of f,
i.e., the itinerary of b, is eventually periodic. We next want to argue that, with one
more hypothesis, the kneading sequence is actually periodic and not just eventually
periodic. This will follow, essentially, from the fact that there is a critical point or end
point in the connected component of zo in the basin of attraction. As we shall see in
the subsequent proposition, the converse is also true (even without the assumption of
negative Schwarzian derivative.)

PROPOSITION 3.4. Let f be a S-unimodal mapping of [a,b] to itself; assume that
f(zc) = b; that either a = f(b) or f(a) = f(b); that f(z) > = on (a,z.); and that
[ has an attracting or semi-attracting cycle. Then either f is superstable or the knead-
ing sequence of f is periodic.

They hypothesis that f(z) > z on (a,z.) is necessary; otherwise, it is possible for f
to have an attracting fixed point in [a,z.) which attracts the orbit of b; then K(f) is
eventually equal to L™ but is not periodic because its first term is R.

PRrROOF: We will give the proof under the assumption that there is an attracting cycle;
the modifications needed to deal with the semi-attracting case are straightforward. We
can assume that z. is not periodic; otherwise, there is nothing to prove. Let zq be a
point on the attracting cycle; let p denote the period of the cycle; and, for ¢ = 0,1,...,
let z; denote f(zg) and J; the connected component of z; in the basin of attraction of
z; for fP. Note that the z;’s and J;’s are periodic in ¢ with period p; it is also easy to
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see that f maps J; into J;4; and that the J; fori =0,1,...,p — 1 are mutually disjoint
relatively open subintervals of [a,b].

We want to deal first with the possibility that z, does not belong to any J;, so assume
that this is the case. It then follows that f? has no critical point in any J;. Furthermore,
because of the assumption that f(z) > z on (a,z.], some z; must lie to the right of z.,
so, by relabeling the z; if necessary, we can assume z¢ > z.. Since we are assuming the
z. is not in any J;, Jo must be contained in (z.,]. But the proof of Theorem 3.1 shows
that J; must contain a, or b, or a critical point of f?, and the first and third of these
possibilities are ruled out. Hence b € Jy. But since z. is not in any J;, all points in
Jo have the same itinerary, so the itinerary of b is the same as that of zo and is hence
periodic.

It remains to consider the case where z. is in some J; and, again by relabelling, we
can assume that z. € Jo. We are going to argue that the itinerary of b = f(z.) is
the same as that of 2; = f(zo). A moment’s reflection shows that this is the same
as showing that there is no ¢ > 1 such that z. lies between z; and fi(:z:c). Since z;
and fi(z.) are in J;, and since J; N Jp is empty unless i is a multiple of p, we need
only consider the case where ¢ is a multiple of p. We will assume for definiteness that
z. < xo; it will be easy to see how to modify the argument to treat the opposite case.
What we have to argue, then, is that the assumption that f*?(z.) < z. for somen > 1
leads to a contradiction. To see this, we first note that for any z near to but slightly
smaller than zo, f*?(z) > z: If f™? is decreasing near =z, this is true because f"?(z)
is on the opposite side of z¢ from z; it f™? is increasing near =, it is a consequence of
the attractivity of z9. In view of this observation, the assumption that f"?(z.) < =z
implies that f"? has a fixed point in (z., (), and this contradicts the fact that every
point of this interval is attracted to z, under the action of f?.

Finally, as already indicated, we prove a converse (under weaker assumptions):

PROPOSITION 3.5. Let f be a continuous unimodal mapping on [a,b] such that K(f)
is periodic. Then f has an attracting or semi-attracting cycle.

PROOF: Let J denote the set of = € [a,}] such that I(z, f) = I(b, f) = K(f). Evidently
b € J. Because of the relation between the twisted lexicographic ordering on sequences
and the usual ordering on [a, ], J is an interval (or possibly a single point.) Let p denote
the period of K(f). Since I(f?(z), f) = o”I(z, f), f? maps J into itself. Furthermore,
b cannot be a periodic point for f since the only preimage of b is z., so periodicity
of b would imply periodicity of z. which would imply that K(f) is finite rather than
periodic. Thus, f?(b) # b, and since fP(b) € J, this implies that J is a non-trivial
interval. Also, f? has no turning point in J, i.e., is monotone on J, since a turning
point for fP must have forward orbit which hits z. (in fewer than p steps) and hence
has a finite itinerary. Thus, f2? is an increasing mapping of J to itself, which cannot
be the identity since b is not periodic. The following very simple lemma then implies
that f has an attracting or semi-attracting periodic point in J:

LEMMA 3.6. Let f be a continuous increasing mapping of the closed interval [a,b] to
itself. Then either f is the identity on [a,b] or f has an atiracting or semi-attracting
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fixed point in J.

ProOOF: If f(z) > z for some z € [a,b], then, since f(b) < b, f has at least one fixed
point in (z,b]. Let z~ denote the smallest fixed point in (z,b]. Then f(y) > y on
(z,z7), i.e., ™ is attracting from the left. Similarly, if f(z) < « for some z € [a,}], f
has a fixed point which is attracting from the right. If neither f(z) > z nor f(z) < =z
for any z € [a,b] then f must be the identity on [a, b].
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