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CHAPTER 1

MEETING OF NOVEMBER 12, 2008

During our few meetings, we will explore some basic differential geom-
etry, some calculus of variations and some hyperbolic geometry. There
were 5 meetings in the fall semester of 2008.

Figure: Geodesics and wave fronts in the plane.
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1.1. The exponential map

1.1 The exponential map

For any Riemannian metric g on the plane R?, a point p € R? and a di-
rection v, there is a geodesic 7y (t) = exp,(v), which starts at p = exp,(v)
and for which v/(t) = v. By the existence theorem of differential equa-
tions, geodesics exist for a short time and by the Hopf-Rinow theorem,
the curve exists for all times t but it does not mean that exp, stays in-
vertible. The set of all geodesics through p defines a vector field near
the point and so a flow. Every point x near p gets transported along the
geodesic flow.

Points in the plane, where the inverse of the exponential map is no more
defined form a set called the caustic of the evolution problem. We have
to pay attention to these caustics because it is there, where wave fronts
and conchoids will change shape.

Assume a metric g = go + eh on M is a perturbation of the flat metric g
such that the support K of /1 is compact. If e is small enough, some wave
front W of p is a simple closed curve outside of K. The geodesics through
W outside of C are straight lines perpendicular to C. For small enough
¢, the curve W is a polar curve r(t)(cos(t),sin(t)) and the exponential
map is given in an explicit form:

exp,(t,s) = (r(t) + st'(t)){cos(t),sin(t)) + sr(t)(—sin(t),cos(t)) .

Figure: A Metric which is nonflat on a compact set K. It allows to
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study rays perpendicular to the wave front and to give rather concrete
formulas for the exponential map outside K.

1.2 Conchoids

Conchoid curves can be defined in any Riemannian setups, where it is
the evolution of a curve under the exponential map. It can be defined in
more general metric spaces where geodesics exist.

If a wave front is given as expp(t, s(t)), then
s — expp(t,s(t) +c¢)

is called a conchoid of C with respect to the point p.
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Figure: the figure shows the conchoid of Nicomachus. We look at gen-
eralizations of this geometric construction.

For the flat metric and if C is a line, the conchoid curve is called a
Conchoids of Nicomachus. They are famous because with the help of
such a curve, one can trisect angles.



1.2. Conchoids

Figure: A conchoid in hyperbolic space is defined by a curve C given
in hyperbolic polar coordinates as r(t). The conchoid is in hyperbolic
polar coordinates given by R(t) = r(t) +c.



CHAPTER 2

MEETING OF NOVEMBER 19, 2008

If we replace the metric on the plane with a more general metric like the
[P metric what is the analogue of the conchoids? Do they become more
interesting? How does one define geodesics in a general metric space?
What happens in the perticular case of the [’ metric, which is no more
Riemannian but an example of a Finsler metric?

2.1 Metric and geodesic Distance

Let (M,d) be a metric space. The distance d(x,y) between two points
x and y is often given by explicit formulas like d(x,y) = ||x —y||, =

(X 1% — il P)YP.

Given a metric space (X,d), we can ask for geodesics between two
points A, B, ”"paths” between A and B for which arc length is mini-
mal. Independent of the fact that such minimal “curves” exist or not,
one can define a new distance.

Define d¢(A, B) as the infimum of all possible sums Y} | d(P;, P;11),
where P; are points in M satisfying Py = A, P, = B and d(P;, P;11) < e.
Define

dgeo(A, B) = supdc(A,B) .

e>0
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2.2. Calculus of variations

This geodesic distance is by the triangle inequality always bigger or
equal than the actual distance:

deeo(A,B) > d(A,B) .

For the I* metric in the plane where d(x,y) = ||x — y||4 the Euler equa-
tions in calculus of variations assure that the geodesics are straight
lines. The geodesic distance is longer than the actual distance. This
is an example of a Finsler geometry.

Example: On the sphere with the distance d(A, B) as the Euclidean dis-
tance between the points A, B. The initial distance between the two poles
N and Sis d(S, P) = 2 while the geodesic distance is dgo (A, B) = 7 > 2.
Example: Let M consist of the 4 vertices of the unit square where the
distance is the distance of the underlying plane. The geodesic distance

between two diagonally opposed points is 2, its actual distance is v/2.

The geodesic distance of a geodesic distance is the geodesic distance
itself, but only if the points are close enough. We can say in a general
metric space that three points are on a line if the geodesic distance
satisfies

dgeo(A, B) +dgeo(B,C) = dgeo(A,C) .

2.2 Calculus of variations

Some distances are given by local rules. Assume we have a function
F(x,y) so that d(A,B) = inf, [ F(x(t),x'(t)) dt, where the infimum is
taken over all smooth paths <y connecting A with B.

In order to compute the geodesic distance in a Riemannian plane, we
have to find the shortest path. This is a classical topic and called calcu-
lus of variations. To derive the equation defining the shortest path, only
multivariable calculus is needed:

Let F(x,y) be a smooth function of 2 vector variables x = (x1,x2),y =
(y1,v2). Given two points A, B in the plane, we look at the problem to
find the curve parametrized by the interval [0, 1] and connecting A with
B for which the integral
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is minimal. From calculus we know that at a minimum, all directional
derivatives must be zero. Because we do not have introduced a deriva-
tive in the infinite dimensional case yet, we find the curve r for which
Dyl = d/del(r 4+ eh) = 0 for all curves h for which h(0) = h(1) = 0.
Since

I(r+¢€h) = /01 F(r(t) +eh(t),r (t) + el (t)) dt,

we get by the chain rule
d 1
I(r +ch) :/ Fy(r+¢h, v’ + eh' )i+ Fy(r + eh, v + b/ )’ dt .
0
At e = 0, the right hand side is
1
/ Fe(r,r")h + F,(r, 7" )1 dt .
0
Integration by parts the second integral using u = F,(r),dv = h'dt gives

1 d
/0 Fe(r, 7" )h — EFy(r, " hdt .

Since this is true for all 1, we must have

Eu(r, 7)) = %Fy(r, ')

These equations are called the Euler equations of the variational prob-
lem.

As in multi variable calculus, having a critical point does not necessarily
mean that it is a minimum. But in many situations, which are physically
relevant, this is the case.

Example: An important example from physics is the case F(x,y) =
V(x) + |y|?/2. Here Fx = V'(x) and F, = y. The Euler equations are
d/dty = V'(x). If x is position and y is momentum, then these Euler
equations are just the Newton equations in physics.



CHAPTER 3

MEETING OF DECEMBER 2, 2008

The question of the nature of conchoids becomes interesting already for
surfaces with a general metric. If the exponential map is invertible, one
has a good polar coordinate system and conchoids formally still look
the same. Evenso we look especially at the case, when the surface is
the graph of a function f(x,y), we derive the equations for the geodesic
flow for general parametrized surfaces.

3.1 The connection

For a parametrized surface ?(u, v) in space, the tangent vectors are 7y, To.
Write dx = 7,du, dy = 7,dv. The distance elementds = \/dx - dx + dy - dy
satisfies

ds® = (rydu+ rvdv)2 =1y -rydudu—+ry, - rodudo+ry - rydodu+ry, - rydodo .

Ty Yy Ty Ty

With ¢ = , this becomes ds? = (du, dv) - ¢(du,dv). We
oty To-Ty

measure arc length of a curve (u(t),v(t)) surface with

b b
/ ds = / V/ QU1 Tuliry 1l 4 §rotylite® + g7 0ryll + ooty 00 dt .
a a

9
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In the special case of a graph 7(u,v) = (u, v, f(u,v)), the metric is

o< |7 mon] 108 ah
YTy Ty-Ty fufv 1+fz;

Define the Christoffel symbols

1. 0 d d
Lijk = E[ﬁgjk(x) + ﬁgik(x) - wgij(x)] .
This is
i =71 1w, T =1y - 1o o1 = 1oy -1y, I'o1o = 1oy - 10
21 = 1yo 1y, T = 1up - 19 o1 = 1o0 -1y, oo =140 - 10

3.2 The geodesic flow

The equations for the geodesic flow are
# 4+ T

These differential equations can be derived in calculus of variations by
finding the curves minimizing arc length.

In the graph case, these differential equations simplify to

o — _fx(fxxxl2 + foyx/y/ +fyyy/2) "o _fx(fxxxl2 + foyx/y/ +fyyy/2) .

T+ 2+ f2) S L+ 2+ f2)

For a conformal metric ¢ = ¢fgp, the equations for the geodesic flow
are

X = (XY fy+ (P =y /2) Y = = (Y e+ (V= XP) £y /2)

Locally in a small neighborhood of a point (1, vg), we can find geodesic
coordinates, where ds* = du® + G(u,v)dv?. In other words, locally, any
metric is a conformal metric.

To get a Geodesic coordinate system, we draw a geodesic curve through
r(up,vp) in the direction (1,0). Then draw on each point on that curve



3.2. The geodesic flow

an other geodesic curve perpendicular to the curve (where perpendic-
ularity is with respect to the dot product at the point). Now draw
curves parallel to the first geodesic and perpendicular to the perpen-
dicular geodesic field.

Example. Consider the sphere and a point P on the equator. The equator
itself is a geodesic. The meridians (lines of longitudes) are geodesics too
which hit the equator perpendicularly. The circles of latitude are also
called loxodromes. The geodesic coordinate system works except at the
north and south pole.
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CHAPTER 4

MEETING OF DECEMBER 9, 2008

Today, we look at the geodesic evolution in the hyperbolic plane. Our
goal is to understand conchoids in hyperbolic space.

4.1 The hyperbolic plane

Arc length in the Poincaré plane {(x,y) | y > 0 } is defined as

To find the distance between two points A, B in this hyperbolic space,
we need to know about geodesics in this space, curves which minimize
arc-length.

12



4.2. Geodesics

Figure: geodesics perpendicular to a given curve in the hyperbolic plane.

4.2  Geodesics

A geodesic connection between two points A = (ay,4;), B = (b1, by) is
a circular half circle through A, B with center (M,0) = (a? + a3 — b? —
b2,0)/(2a; — 2by) and radius r = |MA|.

In the special case when a; = bj, the geodesic connection is the line
segement connecting the two points.

One can reduce the special case to the general case using Mobius trans-
formations:

Let z = x + iy denote a point on the upper half plane. In complex coordi-
nates, the metric is ds? = dzdz /y?. Transformations z — az + b/ (cz + d)
with real a, b, ¢, d satistying ad — bc = 1 form the subgroup of all Mobius
transformations. Every Mbius transformations leave the upper half
plane invariant.

Real Mobius transformations T are isometries of the
hyperbolic metric. If A,B are two points, then
d(A,B) =d(T(A), T(B)).

Proof: Let z/ = x’ + iy’ the image point of z under the Mdobius trans-
formation T. A direct computation shows that ' = y/|cz + d|> and

13
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dz' = dz/(cz + d)?. The second identity gives

d2dz B dzdz
yIZ T ]CZ—{—d|4y’2

Multiply the right hand side 1 = %ﬂ to get

dZdz B dzdz
72 v

If A, B are two points have the same real value, then the geodesic is the
straight line connecting them. In general, we can find an explicit Mobius
transformation T such that T(A) = i, T(B) = hi for some h. This shows
that d(A, B) = log(h) and that the geodesic line is the image of the pos-
itive imaginary axes under T. Mbius transformations map half circles
perpendicular to the real axes into half circles perpendicular to the real
axes.

Remark: The shape of geodesics can also be derived from calculus of
variations. The Euler equations for the functional F(xq,x2,y1,Y2) =

/1,2 2
7@;]/2 are
d d
EF% =0, EFyz =k, .
This gives

d_n g 4 » — /it
7 2 .
U oo\ Jv2 + 12 W[+ 3 *2

The first equation defines a direction field for which the solution curves
are half circles.

4.3  Geodesic Polar coordinates

Geodesic polar coordinates in the hyperbolic plane are defined as in
the Euclidean plane. Choose a center O and look at all half circles with
center on the x which pass through O. A point has the coordinates (r, 9),



4.3. Geodesic Polar coordinates

where 1 is the distance to O and 6 is the limiting angle of the half circle
hitting O.

Conchoids in the hyperbolic plane. If O is the center and C is a curve

defined in polar coordinates as r = f(@), then the conchoid C. has the
coordinates r = f(0) +c.
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CHAPTER 5

MEETING OF DECEMBER 16, 2008

5.1  Which curves are wave fronts?

Given a Riemannian metric g on the plane R? and a point p € RZ, we
can look at wave fronts S(r) = {x € R? | d(x,p) = r }. At least
for small 7, they are geodesic circles for the geodesic distance dq(x,y).
They are also level curves of a solution to the eiconal partial differential
equation |V¢f|> = 1, where |Vof|? = g11/2 + 2812 f«fy + gzzfyz. For any
closed curve C diffeomorphic to the circle and containing the point p in
its interior, there is a metric g in the plane so that C is the unit circle
in this Riemannian metric space, There is a conformal diffeomorphism
@ which maps the interior of C into the unit disc. Using ¢ one can
pull back the flat metric to the surface. It follows for any diffeomor-
phism T in the plane with fixed point p, there is a metric g such that
S(r) = {g(T(x,y)) = r }. In other words, given an arbitrary smooth
metric d(x,y) in the plane, there exists a Riemannian metric tensor g
such that the Riemannian distance d, satisfies do(p, x) = d(p, x).

We know therefore that the problem of a wavefront emanating from a
given curve can be considered as a special case of the exponential map.
Also the problem of wave fronts emanating from a time dependent point
can be seen as a restriction in 2 dimensions. Short: all simple curves can
be a wave fronts of some point and some metric.
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5.2. Caustics for compact perturbations of the flat plane

5.2 Caustics for compact perturbations of the flat plane

A metric defines a smooth map T(tv) = exp,(v) from R? to R?, the ex-
ponential map from the origin. Define p(x) = det(DT(x)). The image
C = T(Y) of the zero set Y = {p = 0 } is called the caustic of the point
p with respect to the metric g. What is the nature of this set? For which
metrics ¢ does C have compact support?

Example: Let (M, g) be a compact perturbation of the flat plane. Con-
sider a wave front

Wy = {exp,(y) | [yl =1}

which has K in its interior. Assume W, (1) is a smooth curve, parametrized
by arc length. Denote by «(t) = x'y” — y’x” the signed curvature of the
curve. Let v(t) the unit vector in T, M such that expp(v) = r(t). We have
T(t,s) = exp,(sv(t)) = r(t) +sn(t) = (x(t) —sy'(t),y(t) +sx'(t)). The

caustic is the set

/

C(p) = {r(t) +sn(t) | det(dT(t)) = det( [ ¥ osyt Y ] )=1+xs=0}.

y/ + Sx// X

If the curvature of the curve « is positive everywhere, that is if the curve
C encloses a strictly convex region, then the caustic C(p) is empty. Note
that we consider only the geodesic half ray with s > 0. For s < 0, caus-
tics of course occur and they can leave the interior of the curve as the
ellipse shows.

If x changes sign, then C(p) is nonempty and unbounded. The number
of unbounded pieces is equal to the number of inflection points «(t) = 0
of the wave front.

17
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5.3 Caustics for compact perturbations of the hyper-
bolic plane

What is the topological nature of caustics in the hyperbolic plane? We
expected that under a deformation ¢ = go + th and any point p, the
caustic Cp(t) will remain compact. However this is not the case: here is
the computation:

Figure: For small perturbations of the hyperbolic metric, there are no
caustics according to Hadamard’s theorem.

18



5.3. Caustics for compact perturbations of the hyperbolic plane

Lets compute the caustic from a curve C with parametrization R(t) =
(x(t),1+y(t)) = (x,y). The geodesic is a half circle with center (m,0)
and radius r. Because (x —m,y) - (—y,x') == —xy' + my’ + x' =0, we
get m = x — (x'/y') and r = \/(x —m)2 + y2. The caustic is the set of
(t,s) for which the transformation T(t,s) = (m + rcos(s),rsin(s)) has
the property that the Jacobian is zero:

/ / o
det(dT(t,)) = det | ™ T 7€08(s) —rsin(s)

—7"sin(s) rcos(s)

Since r > 0, this is equivalent to 9;X(t,s) = (mcos(s) +r)" = 0 where
X(t,s) gives the x coordinate of the point of the geodesics through
(x(t),y(t)) with coordinates s.

If the initial curve (x(t),y(t)) is close enough to a circle, then m’ cos(s) +
r’ is never zero. There are no caustics confirming Hadamard’s theorem.
Unlike we thought first that caustics remain compact from some time,
caustics appear to be noncompact always even after small perturbations.
Noncompact caustics always hit the x axes perpendicularly.

=r(m' cos(s)+7') =0.
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