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ABSTRACT. We show that the mod p points on a Shimura variety of abelian type
with hyperspecial level, have the form predicted by the conjectures of Kottwitz and
Langlands-Rapoport. Along the way we show that the isogeny class of a mod p point

contains the reduction of a special point.
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2 MARK KISIN

INTRODUCTION

In his paper [La 1], which describes some of the ideas flowing from Kronecker’s
Jugendtraum, Langlands made a conjecture about the structure of the mod p points
on a Shimura variety. This conjecture, which followed work of Thara [Ih 1], [Ih 2]
in the case of inner forms of GLj/q, is an essential part of Langlands’ program [La
2], [La 3], [La 4] to express the zeta function of a Shimura variety as a product of
automorphic L-functions.

The conjecture was made more precise by Kottwitz [Ko 3] and further refined
by Langlands-Rapoport [LR]. To explain the statement, suppose that (G, X) is
a Shimura datum, p a prime, and KP C G(A?) and K, C G(Qp) compact open
subgroups. We will be concerned with the case when K, is hyperspecial® , which
means that G extends to a reductive group Gz, over Z,, and K, = Gz, (Z,). In
this case the Shimura variety Shy, (G, X) = limg»Shy k» (G, X) is conjectured to
have a canonical, smooth integral model .7, (G, X) over any prime A[p of its reflex
field. Fix such a prime A, and an algebraic closure ]Fp of its residue field k(\). The
conjecture asserts? there is a bijection

(0.1) 7%, (G, X)(F,) =[] S(¢)
@
where
(0:2) $(6) = limicr I (@)\ X, (6) x X()/K".

This requires some explanation. Each of the sets S(¢) is intended to correspond
to the points in a fixed isogeny class in the left side of (0.1), with X?(¢) and X, (¢)
corresponding to the isogenies of prime to p-order, and p-power order respectively.
The set XP(¢) is a G(A}) torsor, while X,(¢) can be identified with a subset
of G(Qp")/Gz,(Z;") which has an explicit group theoretic description (see §3.3
below). The term Iy is a certain algebraic group over Q. When ¢ (G, X) is a
moduli space for abelian varieties, I, corresponds to the automorphism group (in
the isogeny category) of an abelian variety in the isogeny class corresponding to the
parameter ¢. Each of the sets S(¢) is naturally equipped with an action of G(A’;)
and an action of the Frobenius in Gal(F,/r())), and (0.1) is required to respect
these actions.

In Kottwitz’s formulation® the terms in the indexing set are (equivalence classes
of) triples (yo0, (V1)izp, ) Where 7o € G(Q), v € G(Q;) for [ # p, and § € G(Q}7).
These triples are required to satisfy certain compatibilities, and each triple appears
with a certain finite multiplicity in the indexing set. When .#x (G, X) is a moduli
space for abelian varieties the elements ; and § corresponds to the relative and
absolute Frobenius acting on the [-adic and crystalline cohomology of an abelian
variety.

The formulation of Langlands-Rapoport is more abstract, and inspired by the
formalism of motives. The indexing set consists of morphisms ¢ : Q — G, satisfying

1Langlands-Rapoport formulate their conjecture under more general conditions on Kp.

2Both Kottwitz and Langlands-Rapoport formulate the conjecture assuming that G4¢T is sim-
ply connected. However, it turns out that it is not difficult to remove this condition - see the
discussion at the end of this introduction and §3.3 below.

3Kottwitz’s formulation assumes that the maximal R-split torus of Z¢ is Q-split.
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certain conditions, where £ is an explicitly constructed groupoid* which, morally,
ought to be the fundamental groupoid of the category of motives over F,. When
Kottwitz’s condition on Z¢ is satisfied, it was shown by Langlands-Rapoport [LR,
Satz 5.25] that one can pass between the two points of view. The two formulations of
the conjecture are then almost equivalent, the only difference being that Langlands-
Rapoport give a precise description of the action of I, (Q) on X, (¢)x XP(¢), whereas
Kottwitz’s formulation allows one to describe this action only up to conjugation by
an element of I ;d(Af). Fortunately, this ambiguity should be inessential for the
application to the zeta function.

Following advances by a number of authors [Mo], [De 3], [Mi 1], [Zi 2], [ReZ],
Kottwitz proved the conjecture (in his formulation) for PEL Shimura varieties of
types A and C [Ko 4]. The main aim of this paper is to prove the conjecture for
Shimura varieties of abelian type. We use the formulation of Langlands-Rapoport,
but we prove a statement only up to conjugation by an element of I gd(Af) as in
Kottwitz’s formulation. More precisely we show (see (4.6.7) below)

Theorem (0.3). Suppose that p > 2 and that (G, X) is of abelian type. Then
there is a bijection

S, (G, X)(Fp) = [ limio Lo (Q\Xp () x XP(6)/KP
o

respecting the action of Frobenius and G(A’;)7 where the action of I4(Q) on X,(¢) x

XP(¢) is obtained from the natural action by conjugating by an element t(¢) €
I34(Ay).
) f

Recall that the class of Shimura varieties of abelian type are exactly those con-
sidered by Deligne in [De 2], and include almost all Shimura varieties where G is a
classical group.

We now give some details about the techniques and organization of the paper.
The theorem is proved by first studying the case where (G, X) is of Hodge type,
so that Shi, (G, X) is a moduli space for abelian varieties equipped with certain
Hodge cycles. Showing that an isogeny class on .k, (G, X) has the form predicted
by (0.2), involves solving several problems which do not arise for PEL Shimura
varieties.

To explain the first of these, recall [Ki 2] that the integral model .7, (G, X) is
obtained by taking an embedding Sh, (G, X) < Shk, (GSp, S¥+) into a Siegel mod-
ular variety, and taking the normalization of the closure of Shy, (G, X) in a suitable
model “x, (GSp, S*) of ShK%(GSp,Si). Given a point z € Zx, (G, X)(F,) one
obtains a set X, (), as in (0.2). If A, denotes the polarized abelian variety corre-
sponding to x, then by considering suitable p-power isogenies of A,, one obtains a
map i, : Xp(z) — YK;(GSp, S*). However since these p-power isogenies do not,
in general, lift to characteristic 0, it is not clear that this map factors through
7k, (G, X); unlike the PEL case one has no explicit moduli theoretic description
of Sk, (G, X).

We solve this problem in §1. It turns out that X,(x) has a kind of geomet-
ric structure. Using a deformation theoretic argument we show that if ¢, factors

4More precisely, Langlands-Rapoport use the language of Galois gerbs which will also be
convenient for us below.
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through .’ (G, X) at some point y, then it factors through .#x, (G, X) in a formal
neighborhood of y, and hence on the “connected component” of X,(z) containing
y. We then show that one can move between connected components of X, (x) using
isogenies which lift to characteristic 0. This uses in a crucial way the main result
of [CKV] which gives an explicit description of these connected components.

Attached to the abelian variety A, are conjugacy classes v; € G(Q)), I # p,
and a Frobenius conjugacy class § € G(Q,"), corresponding to the action of the p’-
Frobenius and absolute Frobenius on /-adic and crystalline cohomology respectively.
Here 7 is an integer such that x is defined over F,-. The conjecture implies that
there ought to exist an element vy € G(Q) such that 7 is conjugate to ; in G(Q;)
and to v, := 60(d)...0""1(6) in G(Qp). Here o denotes the Frobenius on Qp'. In
the PEL cases considered by Kottwitz this turns out to be a consequence of the
fact that the characteristic polynomials of 7; and +, lie in Z[X] and are equal, but
this does not suffice in general.

We also have the group I of automorphisms of A, in the isogeny category,
preserving the specializations of the Hodge cycles used to define Shy, (G, X). This
is an algebraic group over Q, and the existence of an isomorphism as in (0.1)
implies that I should be an inner twisting of the centralizer of v9 € G(Q). When
these Hodge cycles are endomorphisms and polarizations, one can deduce this from
Tate’s theorem [Ta 2] on endomorphisms of abelian varieties over finite fields, but
this does not seem to be possible with arbitrary Hodge cycles.

In §2 we give a different proof of Tate’s theorem which works for automorphisms
preserving a collection of Hodge cycles. This allows us to show, in particular, that
I has the same rank as G. Using this we deduce the following result of independent
interest.

Theorem (0.4). If (G, X) is of Hodge type, and x € S, (G, X)(Fy) then the
isogeny class of x contains a point which lifts to a special point on Shy, (G, X).

Finally, it follows from the above theorem and the reciprocity law, that the
element vy € G(Q) above exists, and is stably conjugate to «; and 7,. We remark
that for PEL Shimura varieties a weaker version of (0.4), where the isogeny is not
required to respect polarisations, was proven by Zink [Zi 2]. The same weaker result
is implicitly recovered in [Ko 4]. Thus, (0.4) is new even for Shimura varieties of
PEL type.®

At this point it remains to match the isogeny classes on the left side of (0.1) with
the indexing set on the right side, and to deduce the case of abelian type Shimura
data from the case of Hodge type. These two steps are in fact carried out together.
To explain this, recall that (G, X) is of abelian type if there is a Shimura datum
of Hodge type (G’, X') equipped with a morphism G’ — G4 which induces
an isomorphism (G4, X'ad) = (G*d, X?4). The integral model .k (G, X) is
constructed in [Ki 2] from the integral model %k, (G', X') (for a suitable choice of
hyperspecial K},), following Deligne’s formalism of connected Shimura varieties [De
2]. This uses, in particular, the action of G"*4(Z,))" = G"*(Z)) N G'(R)* on
Sk, (G, XT).

In §3 we show that the right side of (0.1) satisfies an analogous formalism: it
admits an action G'*4(Z,))", and there is a subset (114 S(¢))*, corresponding to
the connected Shimura variety, which can be used to reconstruct [, S(¢). We use

5See §2.1 for further historical remarks.
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this in §4 to show that for Shimura data (G’, X’) of Hodge type, there is a refined
form of the bijection (0.1), which apart from respecting the action of G’ (A?), and
Frobenius, also respects the action of G’ (Z(p))"’7 and is compatible with the passage
to connected components on both sides. The main theorem follows.

The idea of emulating Deligne’s formalism for [[, S(¢) was introduced by Pfau
[Pf], who carried out the above constructions subject to a certain cohomological
condition on Zg . This was used by Milne [Mi 2, 4.19] to reduce the Langlands-
Rapoport conjecture to the case of simply connected derived group. Unfortunately,
although Pfau’s condition greatly simplifies the cohomological calculations, it is
almost never satisfied for Shimura varieties of Hodge type; in particular the Shimura
varieties with simply connected G4 to which Milne reduces the conjecture are
almost never of Hodge type. Thus we cannot use the results of Milne and Pfau
directly.

As noted above, Kottwitz and Langlands-Rapoport formulate their conjectures
when G4 is simply connected. It turns out that this condition is easy to remove:
one of the conditions imposed in [LR] on the morphism ¢ : Q — G, is that the
induced morphism ¢ : Q — G?" is equal to a fixed morphism determined by
the conjugacy class of cocharacters puj attached to (G, X). We replace this with a
condition on the induced morphism ¢ : Q — G/GY to the stack G/é, where G is
the simply connected cover of G4°*. This is very natural since the conjugacy class
of [un,] determines not just an element of X, (G®P), but an element of 7, (G), which
can be identified with X, (G/G).

In [Mi 2, 4.4] Milne formulated an extension of the conjecture to non-simply
connected derived groups, which requires that the morphism ¢ is special. This
means that ¢ factors through a suitable torus in G, and is the analogue of the
statement that every isogeny class contains a point with a special lifting. Our
results show a posteriori that our formulation is equivalent to that of Milne, at least
when (G, X) is of Hodge type. However, Milne’s condition seems too inexplicit for
applications to computing the zeta function of the Shimura variety.

Our main results are in terms of the formulation of the conjecture by Langlands-
Rapoport, however we also use the point of view of Kottwitz and its relation to
that of [LR], in an essential way. To construct an analogue of Deligne’s formalism
for [, S(¢) it seems essential to use the point of view of [LR] - this has been
emphasized by Milne [Mi 2]. However, to relate these structures to . (G, X)(F),)
we need to make use of the more concrete formulation of Kottwitz.

Acknowledgments: It is a pleasure to thank A. Beilinson, M. Chen, B. Gross,
J. Lurie, K. Madapusi, G. Pappas, G. Prasad, M. Rapoport, A. Shankar, R. Taylor
and E. Viehmann, Y. Zhu and R. Zhou for useful discussions involving the material
of this paper. Above all, we want to thank R. Kottwitz for his generous advice and
encouragement during the earlier stages of this project.

§1 ISOGENIES AND SHIMURA VARIETIES MOD p.

(1.1) Classification of p-divisible groups In this section we assume that
p > 2.5 The aim of this subsection is to recall various results about p-divisible
groups over perfect fields, and their deformations, especially when the Dieudonné

SThanks to recent improvements to some of the arguments in [Ki 2], by G. Pappas and W. Kim,
this is likely to soon be unnecessary.
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modules of these p-divisible groups are equipped with a collection of @-invariant
tensors.

(1.1.1) Let k be a perfect field of characteristic p, W = W (k) its ring of Witt
vectors and Ko = W (k)[1/p]. Let K be a finite totally ramified extension of Ky, and
Og its ring of integers. Fix an algebraic closure K of K, and set G = Gal(K/K).

We denote by Repgij the category of crystalline G g-representations, and by
Repgi}fo the category of G g-stable Z,-lattices spanning a representation in RepCGri;.
For V a crystalline representation, recall Fontaine’s functors

Deyis(V') = (Bais ®qg, V)% and Dar(V) = (Bar ®g, V).

Fix a uniformiser 7 € K, and let E(u) € W(k)[u] be the Eisenstein polynomial
for m. We set & = W{u] equipped with a Frobenius ¢ which acts as the usual
Frobenius ¢ on W and sends u to uP.

Let Modf6 denote the category of finite free G-modules 9 equipped with a
Frobenius semi-linear isomorphism

1® ¢ : e (M)[1/E(u)] — M[1/E(u)].

We denote by BTf6 the full sub-category of Mod76 consisting of those modules

such that 1 ® ¢ maps ¢* (M) into M, and the image of this map contains E(u)MN.
For ¢ € Z we set

Fil'p" () = (1® )~ (B(u)' M) N " ().

Let Og¢ denote the p-adic completion of &), and denote by Modfog the category

of finite free Og-modules M equipped with an isomorphism ¢*(M) — M. We have
a functor

Mods/(’G — M0d7(953 M — O Rc M.
By [Ki 2, 1.2.1], we have the following

Theorem (1.1.2). There exists a fully faithful tensor functor
M(-) : Repg>® — Mod7,

which is compatible with formation of symmetric and exterior powers. If L is in
Repgﬁo, V =L®z, Qp, and M =IM(L), then

(1) There are canonical isomorphisms
Deis(V) — M/udM[1/p] and Dar(V) — ¢*(M) s K,

where the map & — K is given by u — m. The first isomorphism is compat-
ible with Frobenius and the second maps Fil'p* (9M) @w Ko onto Fil' Dggr (V)
forieZ.

(2) There is a canonical isomorphism

Ogﬁ ®Zp L ;) Ogﬁ ®6 ma

where Oz is a certain faithfully flat, and formally étale Og-algebra.
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(1.1.3) For aring R and a finite free R-module M, we denote by M® the direct
sum of the R-modules obtained from M by taking duals, tensor products, symmetric
and exterior powers.” The stabilizer of a collection of tensors (s,) C M® is then a
closed subgroup scheme of GL(M).

Suppose L is in Rep&™® and (sq) C L® is a collection of Gg-invariant tensors
defining a subgroup Gz, C GL(L). We may view the s, as morphisms 1 — L% and
apply the functor of (1.1.2) to obtain tensors 3, € 9M(L)®. By functoriality of the
isomorphisms in (1.1.2)(1),

50,0 1= Baluzo € (M/uIM)® C Devis(L @2, Qp)®

is the image of s, under the p-adic comparison isomorphism.
We have [Ki 2, 1.3.4, 1.3.6]

Theorem (1.1.4). Suppose that Gz, is reductive, then

(1) The tensors (34) define a reductive subgroup in GL(9).
(2) If k is separably closed or G is connected and k is finite, then there exists
an isomorphism

L®z, & EA)) 1
taking sq to Sq.

(1.1.5) For any p-divisible group ¢ over a scheme T on which p is locally nilpo-
tent, we denote by D(¥) the corresponding (contravariant) F-crystal, and write ¢
for the action of Frobenius on D(¥). We denote by ¢* the Cartier dual of ¢4, and
by T,% the Tate module of ¢.

Let S be the p-adic completion of the divided power envelope of W (k)[u] with
respect to the kernel of W (k)[u] “=2 Ok. We equip S with a Frobenius given by
the usual Frobenius on W (k) and sending u to uP. We view S as a G-algebra by
sending u to u, and we view W as an S-algebra by sending u to 0.

If 9 is in BT7G then we set M(9M) = S ®g ¢*(M), and equip M (M) with the
induced Frobenius ¢, and with an S-submodule

Fill M) = {z € S®,6 M: 1@ p(z) € Fil'S@s M C S @ M}.
One checks easily that
Fil'! M(OM) = S - Fil' (¢*(9IM)) + Fil' S - M.

We denote by (p-div/Of) the category of p-divisible groups over Ok . Then by
[Ki 2, 1.4.2] we have the following®

“When R is a mixed characteristic discrete valuation ring, and G C GL(M) is a closed, R-flat
subgroup with reductive generic fibre, it is shown in [Ki 2, 1.3.2] that G is the pointwise stabilizer
of a collection of elements of M®. The proof in loc. cit uses symmetric and exterior powers, so we
include them in the definition here, however Deligne has explained to us an argument using only
duals and tensor products

81n fact Tp%* should be replaced by Tp9*(—1), the linear dual of T,%¥, in (1.4.2), (1.4.3) and
(1.5.11) of loc. cit. We have made this correction here.
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Theorem (1.1.6). The functor M(-) of (1.1.2) induces an exact equivalence
M() : (p-div/Ok) — BT)s; & — M) == MT,9" (1))
If 9 is a p-divisible group over O then there is a canonical isomorphism
D(Z)(S) — M(M(¥)).

compatible with ¢ and filtrations. In particular, there is a canonical p-compatible
isomorphism
D(@) (W) — " (M(Z)/uI(F)).

Corollary (1.1.7). Let 4 be a p-divisible group over Ok, and (so) C T,9% a
collection of G -invariant tensors defining a reductive subgroup G C GL(T,¥).
Suppose that either k is separably closed or that Gz, is connected and k is finite.
Let 54,0 € D(9)(W)?® @w Ko denote the image of so under the p-adic comparison
isomorphism. Then

(1) (s0,0) CD(F)(W)®
(2) There is an isomorphism Ty4*(—1) @z, W — D(¥) taking sq to sa.o-
(3) The filtration on D(¥4)(k) is induced by a Gw -valued cocharacter.

Proof. This is [Ki 2, 1.4.3], the first two parts following from (1.1.4) and (1.1.6) O

(1.1.8) Suppose ¥ is a p-divisible group over k, equipped with a collection of
p-invariant tensors (sq,0) C D(¥)(W)® which defines a reductive subgroup Gy =
G(8a,0) C GL(D(¥)). We also assume that the filtration on D(¥)(k) is induced by
a Gy-valued cocharacter. We denote by g the inverse of this cocharacter.

Let ¢ be a deformation of ¢ to Okx. We say that 9 is Gy -adapted if there

exist p-invariant tensors 5, € D(¥)(S)® lifting sq 0, such that (S,) defines a re-

ductive subgroup Gg C CGL(D(4)(S)) and the image of 3, in D(¥4)(Ok)® is in

Fil'(D(4) (O )°).
We remark that there is a unique g-invariant isomorphism [Ki 1, 1.2.6]

D(&)(W) @w S[1/p] — D(F)(S) ®s S[1/p]

lifting the identity on D(¥¢)(W) ®w Ko and this isomorphism must send s, 0 t0 4.
In particular, the subgroup of GL(ID(¥)(S) ®s S[1/p]) defined by the 3, may be
identified with Gy @w S[1/p].

Lemm~a (1.1.9). Let 4 be a Gw-adapted deformation of 4. Then the filtration

on D(¥)(Ok) ®o, K is induced by a Gw @w K-valued cocharacter, and any such
cocharacter is conjugate to ,uo_l.

Proof. Note that we are identifying the subgroup of GL(D(¥)(Ok) ®0, K) defined
by the images of 5, with Gy ®w K.

By [Ki 2, 1.4.5] the filtration of the lemma is defined by a Gw ®w K-valued
cocharacter, whose inverse we denote by u. If 4’ is another such cocharacter, then
u~' and p/~! define the same parabolic P in Gy ®w K, and induce the same
P/U valued cocharacter, where U denotes the unipotent radical of P (see [Ki 2,
1.1.5] and its proof). Let L and L’ respectively denote the centralizers of p and '
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in Gy ®w K. Then L, L’ are Levi subgroups of P, and hence are conjugate by an
element of U [DG, XXVI 1.8]. Hence 1 is conjugate to a cocharacter u” : G,, — L,
which induces the same P/U-valued cocharacter as u. As L — P/U, i/ = p.
This shows that all u as above are conjugate. By [Ki 2, 1.1.4] we may choose
p to be a Gw ®@w Ok-valued cocharacter such that 11 defines the filtration on
D(¢)(Ok). Since the filtration on D(¥)(Ok) reduces to that on D(¥)(k), the same
argument as above shows that p and g induce conjugate Gy ®w k valued cochar-

acters. It follows from [DG, IX 3.3] that u and pg are conjugate. [

Proposition (1.1.10). Let Spf R be the versal deformation space of 4. Then there
is a quotient Rg of R, which is formally smooth over W, and such that for any K,
as above, a map of W-algebras w : R — O factors through Rg if and only if the
p-divisible group 9 induced by w is Gy -adapted.

Proof. This is [Ki 2, Prop. 1.5.8]. O

(1.1.11) Now suppose that ¢ and (s4,0) C D(¥4)(W)® is as above, but drop the
assumption that the filtration on D(¥)(k) is given by a Gy -valued cocharacter.

Suppose that we are given a finite free Z,-module U, together with an isomor-
phism U ®z, W — D(¢)(W) such that under this isomorphism s, o € U®. These
tensors then define a reductive Z,-subgroup G = Gz, C GL(U) which is equipped
with an isomorphism Gz, ®z, W = Gy

If R — R’ is a map of commutative rings and X is an R-module, or a scheme over
R we shall write Xz = X ®g R’. In particular, for R a Z,-algebra Gr = G ®z, R.

Since sq,0 € U® are p-invariant, ¢ on D(4)(W) @w W[1/p| has the form bo for
some b € G(W[1/p]). If p is a cocharacter we will sometimes write p* for u(p).

Lemma (1.1.12). The filtration on D(Z)(k) is given by a Gy -valued cocharacter
oty and b € Gy (W)po Gy (W) where vg = o (g *).

Proof. By the Cartan decomposition there is a Gy -valued cocharacter v, and
hi,hy € Gy (W) such that b = hlp“6h2 = hlhgphglvéhz. Hence the filtration on
D(9) (k) is given by o~ (vp), where vy = hy 'vjhg. O

Proposition (1.1.13). With the above assumptions, a deformation G of 4 to Ok
is Gy -adapted if and only if, via the p-adic comparison isomorphism

D(Z)(W) @w Bexis — Tp9*(—1) @z, Bexis,

the sq,0 correspond to tensors s, € Tpfé® which defined a reductive subgroup of
GL(T,¥). If this condition holds, then there exists a W -linear isomorphism

(1.1.14) D(@)(W) = T,9*(—1) @z, W

taking sq,0 t0 5q.

Proof. If s, € Tpfé‘@, and these tensors define a reductive subgroup, then 4 is G-
adapted by [Ki 2, Prop. 1.5.11]. Moreover, in this case, there is an isomorphism as
in (1.1.14) by [Ki 2, 1.4.3(3)]. Thus it remains to show the converse.

First note that if ¢ is a Gyw-adapted deformation of ¢, then the s, give rise to
-invariant tensors which lie in Fil’D(¥)(Ok)®. Hence, they correspond to G k-

invariant tensors s, € Tpié ®z, Qp. Let ¥g, denote the universal p-divisible group
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on Spec Rg. By (1.1.17) below, the p-adic étale local system Tpggc ®z, Qp is
equipped with tensors s, g, which specialize to s, for every Gy -adapted lifting
4. Thus, it suffices to show that s, g, € Tpggc, and that these tensors define a
reductive subgroup of GL(T,%r,, ). Since T,%g,. is a local system (and Spec Rg([1/p]
is connected) this holds if and only if s, € T,%® and these tensors define a reductive
subgroup for some Gy -adapted lifting ¢.

We now construct the required Gy -adapted lifting. Let 9 = o~ 1*(D(Z)(W)),
so that ¢*(IM) — D(¥4)(W) @w &. Since the s, are in U®, we may think of
these tensors as in M® and ¢*(9IM)®. Now lift the cocharacter g to a cocharacter
u, valued in Gg C GL(p*(9M)), and consider the map

(w))

~

et
ot L ot o,
where ¢ = 071(b)uo(E(0)) and the final map is induced by the identity on U C
©*(9M). By what we saw in (1.1.12),

a(e) = buo(E(0)) ™" = (bvo(p) ™) (vo(p/E(0))) € GL(D(F)(W)).

Hence ¢ € GL(D(¥)(W)) and the map above gives 2 the structure of an object
of BT76, which corresponds to a deformation ¢4 of ¢, by (1.1.6). The filtration on
M(IM) = S ®g ©* (M) is induced by the cocharacter p~!. Hence thinking of the

Sa0 in M(DM) = D(Z)(S), shows that ¢ is a Gyy-adapted lifting. Since sq0 € M2,
we have s, € T,9® by the full faithfulness in (1.1.2), and the s, define a reductive

subgroup by (1.1.2)(2). O

(1.1.15) Before proving the next lemma we recall some of the constructions of
[Fa 2, §2]. Let R be a Noetherian, normal, integral, p-adically complete, p-torsion
free W-algebra. Fix an algebraic closure & of Fr R, and let R be the union of the
finite, normal, R-subalgebras R’ C k such that R'[1/p] is finite étale over R. We

write R for the p-adic completion of R. Let R(R) = limR/p where the transition
maps are given by Frobenius. Then there is a canonical surjection W(R(R)) — R
and we denote by Agis(R) the p-adic completion of the divided power envelope of
W(R(R)) with respect to the kernel of this map.

If ¢ is a p-divisible group over R, then an element of T},(¢) := Homz(Q,/Z,,¥)
gives rise to a map

D(g)(AcriS(R)) - D(@p/zp)(Acris(R)) = AcriS(R)-
Hence we get a map
(1.1.16) Tp(g) Oz, Acris(R) — HomAcris(R) (D(4)(Acris(R)), Acris(R)).

By considering the analogous map for the Cartier dual ¢* one can show that this
map becomes an isomorphism after inverting the element ¢ € Agis = Aeis(W) [Fa
2, p114].

Lemma (1.1.17). The local system Tpffgg ®@z, Qp is equipped with sections 8 rg
which specialize to §,.
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Proof. Let Mg, :=D(%r.)(R¢). By construction [Fa, p136], [Ki 2, 1.5.4], FilOMgc
is equipped with parallel, ¢-invariant tensors s, g, such that for any K as above,
and @ : Rg — Ok, each @w(sq,r,) is equal to the image of 5, in D(¥%,)(Ok)®.

Now fix a lifting of Rg — Rg to a map Rg — Awis(Rg). Since the s, are
parallel, they induce ¢-invariant sections of

}D)({gRG)(14‘31fiS(RG))(8 - Mgc ®RG Acris(RG)

(see e.g. [Ki 2, 1.5.4]).
Hence, using the isomorphism (1.1.16), we obtain sections

Sa,Rg € Tp(g)(g ®Zp FﬂOAcris(RG)[l/ﬂ(p:1 = Tp(g)(g ®Zp Qpa

where the final equality is proved in [Fa 2, p119]. Since these tensors are necessarily
Gal(Rg/R¢g)-invariant, the lemma follows. O

(1.1.18) For any Z-linear category C we denote by C ®7 Q the category obtained
from C by tensoring the Hom-groups by ®7Q and we call this the isogeny category
of C. An isomorphism in this category is called a quasi-isogeny. We will apply this,
in particular to the category of category of p-divisible groups (over some base), and
to Dieudonné modules of p-divisible groups.

In order to simplify notation we will write D(¥¢) for D(¥4)(W) below.

Proposition (1.1.19). Let p : G,,, — G be a cocharacter, defined over K, and
conjugate to po. Suppose that = induces an admissible filtration on D(9)x =
D) (W) oy K.

Then there exists a finite extension K'/K with residue field k', a p-divisible group
4" over Ok, and a quasi-isogeny 0 : 4 — 4" where ¢' =4’ ®o,., k', such that

(1) 0 identifies the filtration on D(4')k corresponding to 4' and the filtration

on D(9)k induced by p=t.
(2) 0 identifies D(9Y') with g -D(¥) for some g € G(L) with

g 'ba(g) € G(OL)p™G(OL).

(3) Viewing sa0 € D(¥')® via 0, the deformation 9’ of 9" is gGw g '-
adapted, where gGW(kr)g_l denotes the stabilizer of so0 € D(4')%.

Proof. By [Ki 1, 2.2.6] (cf. [Br, Thm. 1.4]) there exists a p-divisible group 4" over
Ok and an isomorphism of weakly admissible modules D(4’) g, — D(¥)k,, where
the filtration on the left (®K) corresponds to ¢, and the filtration on the right
is induced by p~!. This isomorphism induces a quasi-isogeny 6 : ¢ — ¢', which
satisfies (1) by construction.

Let ¢ be a Gw-adapted lifting of ¢4 over Og. and let s, € Tpg@’ and s/, €
(Tpg' ®z, Q,)® the tensors corresponding to s, via the p-adic comparison iso-
morphism. The scheme of isomorphisms Tpgﬁ ®z, Qp = Tpgf ®z, Qp taking s,
to s, is a Gig,-torsor. By (1.1.9), the filtrations on D(%)k corresponding to 4 and
&' are given by conjugate G-valued cocharacters, so this torsor is trivial by [Wi,
Cor. 4.5.3] (and the theorem of Colmez-Fontaine that weakly admissible implies
admissible), and there exists a Qp-linear isomorphism

(1.1.20) 1,9 ®z, Qp — 1,9 @z, Qp
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taking s/, to s4.

After replacing K be a finite extension, we may assume that the image of Tpfé
under (1.1.20) is stable by G . Then replacing ¢’ by an isogenous p-divisible group,
we may assume that (1.1.20) induces an isomorphism 7, pfé = Tpfé’ . In particular
s, € T,%'® and these tensors define a connected reductive subgroup in GL(T,%4").
Hence by (1.1.7), there exist W-linear isomorphisms

(1121) D) > T,9°(~1) @z, W A 1,9 (1) ®z, W —> D(¥')

with the composite taking s, to 0(sq,0). We use (1.1.21) to identify D(¥¢) and
D(¢’). Then D(0) fixes sq,0, and hence is induced by an element g € G(Kjp). In
particular,

D) = g-D(¥) C D¥) @z, Qp.

Write GY, = gGwg~!. By (1.1.13), 9" is a GYy-adapted deformation of ¢’. Let
b be a GY,-valued cocharacter such that (! induces the filtration on D(¥")(k).
By (1.1.9), uf is conjugate to u in G¥%,(K), and hence to guog™'. Since p, and
guog~ ' are GY-valued cocharacters, they are conjugate by an element of G, (W).

Now applying (1.1.12) to ¢’ and the isomorphism

UeW —D¥) — DY),
9

we find
9700 (g) € Gw (W)p”9 ™ 19 Gy (W) = Gy (W)p” Gy (W).

O

(1.2) Affine Deligne-Lusztig varieties:

(1.2.1) Now fix an algebraic closure F,, of F,,. Let k C F,, be a finite field, and set
L = W(F,)[1/p] and Oy, = W(F,). Denote by o € I' := Gal(F,/F,) the absolute
Frobenius.

Let G be a connected reductive group over Z,. Then G is quasi-split. We denote
by Gg, the generic fibre of G. Let T' C G be the centralizer of a maximal split
torus, B D T a Borel subgroup of G, and Q2 = Qg the Weyl group of T in G. The
Cartan decomposition gives an isomorphism

(1.2.2) X(T)/Q — G(OL\G(L)/G(OL) i+ plp)

and each element of X, (T)/Q has a unique dominant representative. For b € G(L)
denote by pugp € X«(T) (or simply pp if the group G is clear,) the dominant
cocharacter which maps to the image of b under (1.2.2).

Let w,p' € X.(T) and [, i’ € X.(T) the dominant cocharacters in the Q-orbit
of p and p' respectively. We will write ¢/ < p if ft — i’ is a nonnegative integral
linear combination of positive coroots.

Let 71 (G) denote the quotient of X, (T") by the space of coroots. The composite

b—pa b

ke :G(L) =7 X.(T)/— m(G)

is a homomorphism. We denote by kg the composite of ig and the projection

m(G) — m (G)r.
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Lemma (1.2.3). LetT C Gy, be the centralizer of a mazximal split torus. Then the
map X.(T)'' — m (G is surjective. In particular the map kg : G(Qp) — m (G)F
is surjective.

Proof. The first claim is contained in [CKV, Cor. 2.5.12]. Since T(Q,,) surjects onto
X.(T)'' (1 +— p* is a section) the second claim follows. [J

Lemma (1.2.4). If ¢* € G*(Q,) and Fgaa(g®?) lifts to an element of 1 (G)F,
then ¢g®4 is in the image of

G(Qp)/G(Zp) — G*N(Q,)/G(Zy).

Proof. By (1.2.3) there is a ¢’ € G(Q,) which maps to &gaa(g??). Let ¢’ be
the image of ¢’ in G*4(Q,). We may replace g by ¢*d¢g’2d~1 and assume that
Fgaa(g?d) = 0.

By the Cartan decomposition, g*¢ = p*h with ¢ € X, (T') for some maximal torus
T of G*, and h € G*4(Z,) (cf. the proof of (1.1.12) above). If T is as in (1.2.3),
then & € X, (T) as fgaa(g°d) = 0, so p° may be regarded as an element of G which
maps to ¢* in G*4(Q,)/G*4(Z,). O

(1.2.5) Let R be a Fj-algebra. A frame for R is a p-torsion free, p-adically
complete and separated O -algebra % equipped with an isomorphism Z/p%Z —— R,
and a lift (again denoted o) of the Frobenius o to Z.2 If  : R — R’ is a map of
[F,-algebras, then a frame for 6 is a morphism of Op-algebras 0:% — # from a
frame of R to a frame of R’, which lifts 6, and is compatible with o.

Note that there is a unique o-equivariant map #Z — W (R) to the ring of Witt
vectors of R. Hence, for any morphism of k-algebras, s : R — R’ we obtain a map
% — W(R'), which we will often again denote by s.

We write Z;, = #Z ®o, L. Fix a frame % for R, and let ¢ € G(Z#y). For a
dominant p € X, (T) let

Su(9) = {s € Spec R : s(g) € G(W (k(s)))p"G(W(K(s)))}
where E(s) denotes an algebraic closure of k(s). Set
S<u(9) = UpzuSu(9),

where p’ runs over dominant characters < u. As above, if s € S),(¢g) with x4 dominant
we write jig(g) = p. We have the following [CKV, Lem. 2.1.6]

Lemma (1.2.6). Let R be a Noetherian, formally smooth Fy-algebra, Z a frame
for R, and g € G(#L). Then

(1) The set S<,(g) C S = Spec R is Zariski closed.

(2) The set S, (g) is locally closed and is closed if (v is minuscule.

(3) The function

Spec R—m (G)a s [/ij,s(g)]
1s locally constant.

(1.2.7) By an étale covering, we mean a faithfully flat, étale morphism R — R'.
Let Z be a frame for R. Then any étale morphism R — R’ admits a canonical
frame # — %' [CKV, Lem. 2.1.4]. We have [CKV, Prop. 2.1.14]

9This is a special case of Zink’s definition [Zi 1, Defn. 1].
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Lemma (1.2.8). Let R be a Noetherian, formally smooth F,-algebra, Z a frame
for R, and g € G(ZL). Suppose that ju is minuscule and that S, (g) contains the
generic points of Spec R. Then there exists an étale covering R — R’ with canonical
frame # — Z' such that g € G(Z"p"G(%Z').

(1.2.9) Let b € G(L). If R is a Fp-algebra, S = Spec R and Z a frame for R.
Then we set

X<u(b)(#) = {g € G(%L)/G(R) : Su(g~ "bo(g)) = S},

and we defined X,,(b)(Z) in an analogous way, replacing S, by S,,. We will some-
times write simply X<, (b) for X<, (b)(W(F,)). When we want to make the group
G explicit we will write XSG, (b) for X, (b). Note that the sets X,,(b) depend only
on the o-conjugacy class of b.

Let go, g1 € X<, (b)(W(F,)), and R a smooth Fj-algebra with connected spec-
trum, and equipped with a frame %Z. We say that gg is connected to g; via R, if
there exists a g € X<,(b)(Z) and sg,s1 € (Spec R)(F,) such that so(g) = go and
51(g9) = g1. We denote by ~ the smallest equivalence relation on X<, (W (F,)) such
that go ~ g1 if go is connected to g1, via some R as above, and we write mo(X <, (b))
for the set of equivalence classes under ~ . We call the elements of mo(Xx, (b)) the
connected components of X<, (b).

(1.2.10) Let D denote the pro-torus with character group Q. Recall the Newton
map

v :D— G

defined by Kottwitz Ko 2, 4.2]. If G = GL(V) for a Q,-vector space V, then v, is
the cocharacter which induces the slope decomposition of bo acting on V ®q, L. In
general v, is determined by requiring that it be functorial in the group G.

Let E C L be a finite Galois extension of Q, such that p is defined over E, and

set
A=E:Q Y 7w

r€Gal(E/Q,)

We denote by uf = u#% the image of p in 71 (G)r.

Let o, € X, (T') be the dominant cocharacter conjugate to vp. If 11,15 € X, (T)
we write 11 < vy if 15 —v4 is a non-negative Q-linear combination of positive coroots.
We denote by B(G, 11) the set of b € G(L) such that

(1211) Hg(b) = ,uh € 7'1'1((}')1’*7 and 7, < [

By aresult of Wintenberger [Wi 2], X, (b) is non-empty if and only if b € B(G, ).
~ (1.2.12) Let b € G(L), and let M, C G denote the centralizer of v;,. For any
b € G*(L), we define a Q,-group J; by setting

Jy(A) = JE(A) = {g € G(A ®q, L) 1 o(g) =b""gb}.

for A a QQp-algebra. There is an inclusion J; C G, defined over L, which is given on
A-points (A an L-algebra) by the natural map G(A®q, L) — G(A). If b € G(L) we
write J, = J; where b denotes the image of b in G*d(L). Then the inclusion J, — G
identifies J, with M, over L, and J, is an inner form of M; [Ko 5, 3.3], [RZ, 1.12].
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(1.2.13) By [CKV, Lem. 2.5.2] there exists a b’ in the o conjugacy class of b
such that vy € X, (T) ®z Q, vy is dominant and (hence) o-invariant and ' € M.

If the set X,,(b) is non-empty then b € B(G, u1), and in particular, kg (b) = puf. A
standard Levi subgroup M C G is one defined by a dominant cocharacter in X, (7).
By [CKV, Prop. 2.5.4] if M D My is a standard Levi subgroup and s (b') = p&M
then the natural map X}/ (') — Xf(b') = X, (b) is a bijection, inducing a bijection
on connected components. The pair (u,b) is called HN-indecomposable if kpr(b') #
ptM for any standard Levi M D M. We have the following [CKV, Thm. 1.1]

Theorem (1.2.14). Suppose that p is minuscule, and that G is (adjoint and) Q-
simple. Let b € B(G, p) with (1, b) HN-indecomposable, and let ¢y, € m1(G) satisfy
o(cou) — o = (1] — R (b). Then either k¢ induces a bijection

o(X<u(0)) = ev,umi(G)"
or w is trivial, b is o-conjugate to the identity, and

Xpu(b) = X<u(b) = 0 (X, (b)) — G(Qp)/G(Zyp).

(1.2.15) Now let ¢ be a p-divisible group over F,, and write D(¥) for D(¥)(Op,).
Let (Sa,0) C D(9)® be a collection of p-invariant tensors, which define a reductive
subgroup Gp, C D(¥)®.

Suppose there exists a finite free Z,-module U, equipped with an isomorphism
U &z, Or — D(¥) and such that s, € U®. Then the s, define a reductive
subgroup G = Gz, C GL(U). If U’ is another such Z,-module, the scheme of
isomorphisms U — U’ respecting the s, is a Ggz,-torsor, which is necessarily
trivial.

The action of ¢ on ID(¥) is given by bo and the discussion above shows that
b € G(L) is independent of the choice of U up to o-conjugation by an element
of Go,(OL). By (1.1.12) the filtration on D(¥)(k) is induced by a Go,-valued
cocharacter pig' and b € G(Op)p*°G(Or) where vy = o(uy'). Note that with
these conventions we have 1 € X, (b), so ¢, = 1.

(1.2.16) Let K/L be a finite extension and fix a Galois closure K of K, with
residue field F,. Let < be a G, -adapted lifting of ¢ to a p-divisible group over
Ok. By (1.1.13), we may take U to be Tpg*(—l) equipped with the tensors s, in
the construction and we fix an isomorphism

(1.2.17) T,9*(—1) ®z, O — D(¥)

Now let g € G(Q,). There is a finite extension K’/K in K such that g~!-T,%
is Gg-stable, and hence corresponds to a p-divisible group ¢’ over K'. Let &' =
4" ® F,. The quasi-isogeny 0 : 4 — %' identifies D(¥’) with go - D(¥) for some
g0 € GL(D(¥Y) ®z, Qp).

Lemma (1.2.18). The association g — go induces a well defined map
G(Qp)/G(Zp) — G(L)/G(OL).

For two choices of (1.2.17) the corresponding maps g — go differ by an automor-
phism of G(L)/G(Op) given by left multiplication by an element of G(Op).
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Moreover, for any g we have go € X, (b) and kc(go) = ka(g) € T (G).

Proof. Since g € G(Qp) we have sq ¢; € Tpg@, and the Z,-linear bijection Tpg —
Tpg' induced by g~! respects the s,. Hence (s,) defines a reductive subgroup of
GL(T,¥') and, as in the proof of (1.1.19), there is an isomorphism D(¥) — D(¥")
taking sq,0 to 0(sq,0). If we use this isomorphism to identify D(¥¢’) and D(¥) then
D(0) fixes the s4,0 and is induced by go € G(Op).

The construction depends only on g as an element of G(Q,)/G(Z,), and go is
well defined as an element of G(L)/G(OL). The claim regarding the dependence of
the map on the choice in (1.2.17) is easily checked. The proof that go € X, () is
the same as the argument given at the end of (1.1.19).

To prove that &g (go) = ka(g), we use (1.1.4) and the bijection T,9 - T,%’
to obtain a &-linear bijection M(Y) - M(¥') which takes 5, € M(T,%*(—1))
to 6(34). We use this isomorphism to identify Mt(%4') and 9M(¥). Fix an isomor-
phism M(4) = T,9*(~1) @w &, which takes 3, to 34, so that the subgroup of
GL(M(Z)) defined by (54) is identified with Gs. Then M(Z’) = - IM(Y) for some
g€ G(6).

By (1.1.2)(2) § = g in G(E™)/G(Ogx). Since §lu—o = 0~ (g0) by (1.1.6), we see
that g and 0~!(go) have the same image in 71(G) by (1.2.6)(3). Since the image of
g is I'-invariant, this coincides with the image of go. O

Lemma (1.2.19). Let f: Gz, — Hz, be a surjection of reductive groups over Z,,
and suppose that the map Gk — Hy, (Z,) obtained by composing the action of Gk
on Tpg with f factors through Zg(Qp).

Then (1.2.17) can be chosen so that f(g) = f(g0) € H(L)/H(OL).

Proof. Let G' C Gz, denote connected component of the identity of f~1(Zy). After
increasing K, we may assume that Gx — Gz, (Z,) factors through G'(Z,). Extend
(sa) to a collection of tensors (tg) C (T,%)® whose stabilizer is G. Then, as above,
tg corresponds to a p-invariant g € D(¥)%®, and we may choose (1.2.17) so that
tg maps to tgo.

Now let T' C Gz, be the centralizer of a maximal split torus. By the Cartan
decomposition we may write g = hip°hy = phlshl_lhlhg with e € X, (T) a cochar-
acter defined over Qp, and hy,hy € Gz,(Zy). Hence we may assume g € 7"(Q,)
with T = thhf1 C Gz, a maximal torus.

Let G” be the connected component of the identity in f=1f(7”), so that g €
G"(Q,). Note that if (t,) C (T,4)® is a collection of tensors whose stabilizer is G”,
then the stabilizer of (tg,t, )5~ is G’, so (1.2.17) takes t., to t, o € D(4)®, because
the scheme of isomorphisms having this property is again a G’-torsor. Thus we
may apply (1.2.18) to G”, and we find g = go in 71(G"”) and hence that

fg) = flg0) € m(f(T")) = fF(T')(L)/f(T")(Or) C H(L)/H(OL).
O

(1.2.20) Let p € X, (T) be the dominant cocharacter conjugate to fig, and set
v =0o(pu~!). Then v and vy are conjugate over G(Op), and X, (b) = X,,(b). Note
that we also have a natural bijection

Xy (b) = X,-1(b); g—o ' (b7 'g).
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We will denote by a superscript “ad” the image of an element (resp. a cocharac-
ter) of G in G4 (resp. the set of cocharacters of G®1). We remind the reader that
with our present conventions ¢, = 1.

Proposition (1.2.21). Suppose that the pair (v,b) is HN-indecomposable. Then
the map

G(Qy)/G(Zy) = Xou(b) = mo(Xu(D)); g g0
s surjective.

Proof. Let M DT be a standard Levi subgroup. Consider the maps

c—o(¢)—
r e—o(f)

(M) Z6)" — 7 (G*) “ker (X.(Za)r — m(G)r),

where in the second map ¢ € m1(G) is an element lifting c¢. The first map is a surjec-
tion by (1.2.3), and the second map is a surjection by the snake lemma. The kernel
of m(M)r — m(G)r @ m1(M/Zg)r is contained in the image of ker (X.(Z¢g)r —
71(G)r), and hence in the image of 71 (M/Zg)Y, which is trivial. Hence (v2¢,524)
is HN-indecomposable.

Write G2 = G x Gg, where v®¢ induces the trivial cocharacter of G4 and
induces a non-trivial cocharacter in every Q,-simple factor of G4%. Since v induces
the trivial cocharacter in Gy, the representation Gx — G1(Q,) is unramified, and
hence trivial as K has algebraically closed residue field. We choose the isomorphism
(1.2.17) so that the conclusion of (1.2.19) holds with f the projection G — Gy; of
course the truth of the statement of the lemma does not depend on this choice.

Let h € X, (b). By (1.2.14) we have

(1.2.22) 70(X s (6*4)) > G1(Q,)/C1(Z) x 71 (C)"

and by (1.2.3) there exists g*! € G*4(Q,)/G?(Z,) which maps to the image of h*d
in right hand side of (1.2.22). Since &g (h) € m (G)V lifts Rgaa(g2d), ¢g2¢ lifts to
g € G(Q,)/G(Z,) by (1.2.4). Tt follows by (1.2.18) and (1.2.19) that gy and h?¢
have the same image in 7o (X (b2%)).

The non-empty fibres of the map mo(X, (b)) — mo(Xyaa(b24)) are X.(Zg)'-
torsors [CKV, Cor. 2.4.3]. Hence, h = goz for some z € Zz(Q,). Using (1.2.18) and
the functoriality of the construction in (1.2.16), we find h = goz = gozo = (92)o. O

Proposition (1.2.23). There exists a Go, -adapted lifting & of 4 such that the
map

G(Qy)/G(Zy) — mo(Xo(D))
arising from G is surjective.

Proof. Let V' be as in (1.2.13), and M D My a standard Levi subgroup such
that k(') = v in m (M), and (v,d") is HN-indecomposable in M. Since the map
XM@Y — X&(b) is a bijection, there exists h € G(Op) such that h=tbo(h) €
M(Op)p*M(Or). We may replace b by its o conjugate by h, and assume that
be M(OL)puM(OL)

Now extend (sq0) to a collection of tensors (t,0) € U® which define the sub-
group M C GL(U). Then the tgo € D(4)® are Frobenius invariant. By (1.1.12),
the filtration on D(¥)(k) is given by an Myy-valued cocharacter, so by (1.1.10), ¢
admits a Mo, -adapted lifting &. Note that any such lifting is G, -adapted.
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By (1.1.13), the 5 correspond to tg € Tpgﬂg’, and we may choose (1.2.17) to
take tz to tg0. By (1.2.21), composite map

M(Qp) /M (Zy) — X3 (b) — mo (X (b))

arising from ¢ is surjective. Since XM (b) — X&(b) is a bijection, the proposition
follows. O

(1.3) Shimura varieties: The aim of this subsection is to recall the construc-
tion of integral models of Shimura varieties of Hodge type, and to give a deformation
theoretic description of a formal neighborhood of a point on such a model.

For the rest of the paper it will be convenient to fix an algebraic closure Q of Q,
an algebraic closure Q, of Q, for each place v of Q, and embeddings Q — Q,. As
usual, we write Qoo = C. For L C Q a Galois extension of Q, and every place v, we
let L, denote the closure of L in Q,.

We denote by F, the residue field of Q,. As in §1.2, we write L = Fr W(F,),
and Oy for the ring of integers of L. Let Q," C L be the subfield of elements which
are algebraic over Q,. We fix an algebraic closure L of L, and an embedding of
Q)'-algebras @p — L.

(1.3.1) Let G be a connected reductive group over Q and X a conjugacy class
of maps of algebraic groups over R

h:S = Resc/rGy — Gr,

such that (G, X) is a Shimura datum [De 2, §2.1].
For any C-algebra R, we have R ®g C = R X ¢*(R) where ¢ denotes complex
conjugation, and we denote by pu; the cocharacter given on R-points by

R* — (Rx c*(R))* = (R®p C)* =S(R) % Ge(R).

We set wy, = pp, 't

Let Ay denote the finite adeles over Q, and AI; C Ay the subgroup of adeles with
trivial component at a prime p. Let K = K,KP C G(A) where K, C G(Q,), and
KP C G(AI}) are compact open subgroups.

A theorem of Baily-Borel asserts that if KP is sufficiently small then

Shy (G, X)e = GQ\X x G(A7)/K

has a natural structure of an algebraic variety over C. We will always assume in the
following that KP? is sufficiently small. Results of Shimura, Deligne, Milne and others
imply that Shx (G, X )¢ has a model Shix (G, X) over a number field £ = E(G, X)
[Mi 3, IT §4,5], which is the minimal field of definition of the conjugacy class of uy,.
We view E as a subfield of Q, via the chosen embedding Q — C.

We will sometimes consider the pro-variety

Shy, (G, X) = limShx (G, X),

where K runs through compact open subgroups as above with a fixed factor K, at
D.
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(1.3.2) Fix a Q-vector space V with a perfect alternating pairing . For any
Q-algebra R, we write Vg = V ®q R. Let GSp = GSp(V, %) the corresponding
group of symplectic similitudes, and let ST be the Siegel double space, defined as
the set of maps h : S — GSpg such that

(1) The C* action on Vg gives rise to a Hodge structure of type (—1,0), (0, —1) :
V(C ;) V—l,O oy VO’_l.

(2) (x,y) — ¥(z, h(i)y) is (positive or negative) definite on Vi.

For the rest of this section we will assume that there is an embedding of Shimura
data ¢ : (G, X) — (GSp, S*).

(1.3.3) We assume from now on that K, is hyperspecial, so that K, = Gz, (Z,)
for some reductive group Gz, over Z,, with generic fibre G. Then ¢ is induced
by an embedding Gz, — GL(Vz,,) for some Z,)-lattice V7, C V [Ki 2, 2.3.1,
2.3.2).

By Zarhin’s trick, after replacing Vz , by Homgz, (Vz,, V2, )4, we may assume
that ¢ induces a perfect pairing on V7, , which will again be denote by 1. For R
a Z(p)—algebra, we write Vg = VZ(M Rz, 1.

We write K, = GSp(Vz,,,)(Z,) C GSp(Q,). By [Ki 2, 2.1.2], for each KP, as
above, there exists K7 C GSp(A’}) compact open containing K? and such that ¢
induces an embedding

Shy (G, X) < Shg:(GSp, SF)

of E-schemes, where K’ = K/ K'P.

(1.3.4) For a Z;,)-scheme T and an abelian scheme B over T' we set
V?(B) = limyy, B[]

viewed as an étale local system on T. Write VP(B)Q =VP(B) @z Q.

Now consider the category obtained from the category of abelian schemes over
T, by tensoring the Hom groups by ®Z,). An object in this category will be called
an abelian scheme up to prime to p isogeny. An isomorphism in this category will
be called a p/-quasi-isogeny. Note that V? (B)g is functorial for p’-quasi-isogenies.

Let A be an abelian scheme up to prime to p-isogeny, and write A* for the dual
abelian scheme. By a weak polarization we mean an equivalence class of p’-quasi-
isogenies A : A — A* such that some multiple of A is a polarization, and where
two such \’s are equivalent if they differ by an element of Z(Xp).

For such a pair (A, A), denote by ISOIH(VA?,‘/}Z)(A)Q) the étale sheaf on T con-
sisting of isomorphisms VA§ A 740 (A)g which are compatible with the pairings
induced by ¥ and A up to a A’;X—scalar.

A K'P-level structure on (A, ) is a section

ek, € T(T, Isom(Vyz, VP(Ar)g) /K™).

For K'? sufficiently small the functor which assigns to T' the set of isomorphism
classes of triples (A, \,e%,), as above is representable by a smooth Z(p)-scheme,
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'« (GSp, ST), whose fibre over Q is naturally identified with Shy,(GSp, ST) (cf.
[Ko 4, §5]). As before, we will always assume that K7 is sufficiently small in what
follows.

Let O be the ring of integers of E, O, the localisation of O at the prime
corresponding to the embeddings Q — Q,, and E, the completion of E at that
prime. We denote by .7 (G, X)~ the closure of Shy (G, X) in .« (GSp, S*) Rz
O(p)- We write .7k (G, X) for the normalization of 7« (G, X)~.

Then we have [Ki 2, 2.3.5, 2.3.8]

Theorem (1.3.5). Let v € L« (G,X)™ be a closed point of characteristic p, and
U, the formal completion of S« (G,X)™ at x. Then

(1) The irreducible components of ﬁw are formally smooth.
(2) Zx(G,X) is a smooth O,y-scheme, and the G(A’})—action on Shy (G, X)
extends to
S, (G, X) = limkr S krx, (G, X).

(1.8.6) The subgroup Gz, — GL(Vz,,) is the scheme theoretic stabilizer of a
collection of tensors (sq) C VZ@(;) [Ki 2, 1.3.2].

Let h: A — «(G, X) denote the pullback of the universal polarized abelian
scheme. Let Vg = R! hi"Z ) where hi™ denotes the map of complex analytic spaces
associated to h. Since the tensors s, are G-invariant, they correspond to sections
Sa,B € Vg .

Write V = R'h,.Q° for the first relative de Rham cohomology. Using the de Rham
isomorphism, we may view the s, as parallel sections of the complex analytic vector
bundle associated to V¥, which lie in the Fil® part of the Hodge filtration. The
sections in fact arise from sections so,qr € V® defined over O, [Ki 2, Prop. 2.2.2,
2.3.9].

Similarly, for a finite prime [, let V; = R'h¢Qy, if [ # p, and V, = thnét*Zp,
where h,, denotes the generic fibre of h. Then s, may be viewed as a section s, €
Vl® , a priori defined over C, but which descends to F by [Ki 2, Lem. 2.2.1], and to
O(p) if { 7é p.

If T is an Oy scheme (resp. an E-scheme, resp. a C-scheme), z € (G, X)(T),
and * = [ or dR (resp. * = p, resp. * = B), we denote by sq ., and the pullback
of 54« to T. Similarly, we denote by A, the pullback of A to .

Asin [Ki 2, 3.4.2], if x € S« (G, X)(T), corresponds to a triple (A, A, ek, ), then
el may be promoted to a section

ek € (T, Isom(Ve, VP (Ay)o) /KP).

Moreover e takes sq t0 (Sq,1)isp-

Now let k C F, be a subfield containing the residue field kg of E,. Set W =
W(k), and let K C L be a finite, totally ramified extension of W([l/p]. Let = €
S« (G, X)(k) and & € Shx (G, X)(K) a point specializing to z.

Let K be the algebraic closure of K in L. and denote by Az (resp. A; ) the fibre
(resp. geometric fibre) over Z. The tensors sq.pz € He, (Az i, Zp)® are Gal(K /K)-
invariant.

Let ¢, denote the p-divisible group attached to A,. The following result shows
that ¢, satisfies the conditions imposed in (1.1.8) and (1.2.15), so that we may
apply the results of §1.1, 1.2 to this p-divisible group.
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Proposition (1.3.7).

(1) Under the p-adic comparison isomorphism
Hc'lt (Ai,f{v Zp) ®ZP Bcris = H(}HS(AQ/W) Rw Bcris

the Sa.pz map to p—invariant tensors sq.,0,z € Fil°(HL (A /W)®).
(2) There is a W-linear isomorphism

He'}t(A{i,f(a ZP) ®Zp w L) H(}rls(AI/W)

taking Sapz 10 a0z In particular, the sz define a reductive group
scheme Gyw C GL(H (A /W) which is isomorphic to Gz, @z, W.

(3) The filtration on HY, (A,/W) @w k is given by ug* where po is a G-
valued cocharacter conjugate to pyp for h € X.

Proof. Apart from the statement that pg is conjugate to py, the proposition follows
from (1.1.7). To see this last statement, let ¥; be the p-divisible group over O
attached to Z. Then ¥; is a Gy-adapted deformation of ¢, by (1.1.13). By (1.1.9)
the filtration on

D(%:)(Ox) ®o, K - Hgr(Az)

is given by a G-valued cocharacter, which is conjugate to p, 1 By definition of the
Hodge filtration on H}y (Asz) this cocharacter is conjugate to ,u,:l forhe X. O

(1.3.8) Fix a uniformizer 7 € K. We denote by E(u) € W]u] the Eisenstein
polynomial of 7 and by S the ring introduced in (1.1.5), equipped with its Frobenius
©.

Consider the p-divisible group ¥, equipped with the tensors (sqs,0,5). Recall that
by (1.1.10), there is a subspace Spf R of the versal deformation space Spf R of ¥,
corresponding to Gy -adapted deformations of ¥,.

Proposition (1.3.9). Suppose that the image of x has residue field k. Then, using
the notation of (1.3.5) we have

(1) ﬁz may be identified with a closed subspace of Spf R containing Spf R¢.

(2) Let ¥’ € Sk (G, X)(K) be a point whose specialization ' € L« (G,X)(k)
maps to the image of x in S« (G, X))~ (k). Then (the images of) T, lie on
the same irreducible component of ﬁx if and only if the tensors 54,0z, 50,03
constructed above are equal.

(3) A deformation 4 of 4, to Ok corresponds to a point of UI on the same
irreducible component as Z, if and only if 4 is Gw -adapted.

Proof. The first two parts follow from [Ki 2, Prop. 2.3.5] and its proof and the third
part from [Ki 2, Prop. 1.5.8]. Since we will make essential use of this proposition,
we sketch the argument.

Let z € S« (G, X)(K) be a point specializing to x. The p-divisible group over U,
attached to the universal abelian variety is induced by a map ﬁm — Spf R. Suppose
that $4.,0,2 = Sa.0,z in (2). Then (1.1.13) implies that #’ factors through Spf R¢,
and hence %, the p-divisible group over Ok corresponding to I, is Gy-adapted.

A result of Blasius and Wintenberger [Bl] asserts that the p-adic comparison
isomorphism takes s, p z t0 54,dR,z. Hence under the isomorphism
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Sa,dR,z is taken to s4,0,5-
Now let Z C U, be the irreducible component containing the image of Z, and let
#' € Z(K). The sections s4 qr are parallel, and the isomorphism

Hir(Az) = Hho (Ao /W) @w K — Hig(Asz)

is given by parallel transport. As the generic fibre of Z is connected, we see that
Sa,0,# = Sa,0,3' -

This shows one implication in (2), and that &’ € Spf Rg by what we saw above.
Since this holds for any finite extension K/E, in Q,, we see that Z C Spf Rg and
this must be an isomorphism as both spaces have the same dimension. Hence (3)
follows, as does the other implication in (2). O

(1.3.10) The above proposition shows that s, 0z depends only on z, and not
on Z. Hence, we will denote this tensor by s4,0,, below. From (1.3.9)(2) we then
get

Corollary (1.3.11). Letz,z’ € (G, X)(k) be two points having the same image
in Sx(G,X)" (k). Then x =2’ if and only if Su.,0.2 = S0,0.2'-

(1.4) Points in a mod p isogeny class: The aim of this section is to show
that an isogeny class in a mod p Shimura variety of Hodge type admits maps from
sets of the form X, (b) where v depends on the Shimura datum and b depends on
the isogeny class.

(1.4.1) We continue to use the notation of the previous section. Write r = rg =
[kE : ]Fp].

Let x € Yk (G, X)(k). As above, we write A, for the fibre of A at x, and ¥, for
the p-divisible group of A,. We will write simply D(¥,,) for D(¥4,)(OL).

Let # € /x(G, X)(W) be a lifting of x. Then there is an isomorphism 7,%; —
Vz,, which takes sq p 7 to sq. Choosing such an isomorphism, allows us to identify
Gz, = Gz, @z, Z, with the subgroup of GL(T,%;) defined by (Sa,p,z). This
identification is canonical up to inner conjugation. We often write G for Gz, when
this is unlikely to cause confusion.

Note that there is a canonical isomorphism H (A./W) — D(%,)(W). By
(1.3.7)(2) and the remarks above, there is an isomorphism

Vz*p ®z, W = D(%,) (W)
taking s, to the g-invariant tensors sq o, which define a subgroup
Gw = GZp Rz, W C GL(D(%I)(W))

Here VZ*,, denotes the dual of Vz,. Fixing such an isomorphism, the action of ¢ has

the form bo where b € Gy (Kp), and o denotes the absolute Frobenius on W (F,).
The element b is independent of choices up to Frobenius conjugation by elements

As in (1.2.1), fix a Borel B C G7,, and a maximal torus 7' C B. We denote by
1 € X.(T) the dominant cocharacter conjugate to the cocharacters py, introduced
in (1.3.1). Since the conjugacy class of yj, is defined over E, and Gz, is quasi-split,
1 is defined over E,. Hence p is fixed by o”.
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Note that, with the notation of (1.3.7), u and po are conjugate, and p is the
dominant representative of the conjugacy class of ug. In particular, since p and
wo are Gy valued they are conjugate by an element of G(W). Hence, if we set
vo = (g '), and v = o(p~"), then using (1.1.12), we find

be GW)pG(W) = G(W)p G(W).
(1.4.2) Since v is minuscule we have
X<o(b) = Xy (b) = {g € G(L)/G(OL) : g 'bo(g) € G(OL)p"G(Or)}
If g € X, (b) define ®(g) = ®,(g) by

D(g) = (bo)"(g) = bo(h) ... (B)o" (g).
Then
D(g) "bo(®(g)) = 0" (97 bo(g)) € G(OL)p"G(OL)

since v if fixed by ¢”, and ® defines a map
P Xy (0) = Xou(b); g ©(g).

Since D(¥,) is a Dieudonné module v acting on D(¥,) has non-negative weights
and induces a minuscule cocharacter of GL(ID(%,)). If g € X, (b), then g - D(¥,) is
stable under Frobenius and satisfies the axioms of a Dieudonné module (cf. (1.1.9)).
Hence g - D(¥,) corresponds to a p-divisible group %, which is naturally equipped
with a quasi-isogeny ¢, — 9., corresponding to the natural isomorphism g -
D(%,) ®z, Qp — D(¥,) ®z, Q. Note that

Sa,0,x = g(sa,O,x) € (gD(gl’))(g = D(ggx)@)

We denote by Ay, the corresponding abelian variety, which is isogenous to A,
and canonically equipped with a K’-level structure, induced by that on A,.

Since G C GSp, the weak polarization on .4, induces a weak polarization Ay, on
Agz. (The induced symplectic forms on ID(¥,) and D(¥,,) differ by a scalar). Thus
we obtain a map

(1.4.3) Xy (b) = S (GSp, SF)(Fp); g = (Agas Aga)-

We again denote by ® = @, the geometric r-Frobenius on .k (GSp, S*)(F,)
and Sk (G, X)(Fp).

Proposition (1.4.4). There is a unique lifting of (1.4.3) to a map
Lo Xyp(b) = Zx(G, X)(F,)

such that
Sa,0, = Sa,O,Lm(g) € D(ggr)(g)

Moreover we have ® o 1, = 1, 0 .

Proof. The uniqueness follows from (1.3.11).
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For g € X, (b) we have

0" (D(Gge)) = (b0)" (9D (%)) = (bo)"(9)0" (D(¥:))
= (b0)"(9)D(#:) = D(Ya(a)),

so (1.4.3) commutes with ®. Hence, if ¢, exists, and we set ¢/, = ® 01, 0 ®~1, then
for g € X, (b) we have

Sa,0,t/ (g) = @T(Sa,&Lm(@—l(g))) = @T(sa,o,z) = Sa,0,z-

Thus ¢/, (g) = tz(g) and ¢, commutes with ®.
It remains to prove the existence, which will occupy us for most of the rest of
this section.

(1.4.5) Let R be a smooth, integral F-algebra and Z a frame for R. As in §1.2,
we will denote by o the absolute Frobenius on R and its lift to Z. For n > 1 we
write %, for the ring # considered as an Z-algebra via ¢" : Z — %. Similarly, we
write R,, for the R-algebra %, /p%.

Lemma (1.4.6). Let g € G(ZL) such that g~'bo(g) € G(Z)p*G(Z). Then there
exists n > 1, a p-divisible group 94, over R,, and a quasi-isogeny Ty : Ygo —
Y, R0, R, over R, such that
(1) 74 identifies D(Gy,)(%n) with g - (D(9,) @0, %n)-
(2) There is a cocharacter i/ of gGg=!, defined over %, and conjugate to u,
such that the filtration on D(9,,)(Ry) is induced by '~ *.

Proof. We remark that in (1) the element g is viewed in G(%,, 1) via the structure
of Zr-algebra on %y, . Thus, if %, is identified with Z it coincides with o™ (g).

Write g~ 1bo(g) = g1v(p)g2 with g1, g2 € G(Z#). Since v is a minuscule cocharac-
ter of GL(ID(%,)) whose weights on ID(¥,,) are non-negative, we have

pgD(¥:) C bo(gD(9:)) = 991p" 92D(9:) C gD (%)

Hence ¢D(%,) (%) C D(¥9,)®0, %1, is stable under the Frobenius and Verschiebung.
Note that action of o on Q}% /0L is trivial mod p, and hence is topologically

nilpotent. In particular, 0™ (g~ 'dg) € Lie G @z, Q}%,/OL for n sufficiently large, so
g~ 'dg € LieG @z, QY 0, C EndD(%,) ®o, 5, /0, -
Consider the connection V =1® d on D(¥,) ®0, %n, - Then
V(g : D(gw)) = dg ’ D(gz) = g(gildg ' D(gz)) cg- D(gz)a
where we have written D(¥,) for D(¥%,) ®o, %». Hence gD(¥,) is stable under V
and gives rise to a Dieudonné crystal on R, [deJ, 2.3.4], which corresponds to a
p-divisible group ¥, since the crystalline Dieudonné functor is an equivalence over

R, [deJ, 4.1.1]. The isogeny gD(¥,) — D(¥,) corresponds to an isogeny ¥,, — ¥,
over R,. This proves (1).
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To show (2) we may assume n > 1, and we set u/ = go~1(g2) 1o =t(g2)g~*

so that p/ is a cocharacter of gGg~—'. Note that this makes sense since g is in the
image of o when considered as an element of %,,. Then

bo (1 (p)gD(#,)) = bo(go " (g2) " u(p)o " (92)D(%s))
= (9910(p)g2) (g5 "v(p™")g2)D(¥,) = 9g192D(%) = gD(¥).

Thus the filtration on D(¥,,)(R,) = gD(%,:) ®o, F, is given by p/~. O

(1.4.7) Now suppose that g € G(Z1) with g~ bo(g9) € G(Z)p"G(Z), and that
gD(9,,) corresponds to a p-divisible group ¥,, equipped with a quasi-isogeny ¥, —
4, R0, #. We also assume there is a cocharacter u’ of gGg~!, defined over Z and
conjugate to y, such that the filtration on D(%,,)(R) is induced by p/~1.

Then we have ¢-invariant tensors

Sa,0,0 = g(sa,o,w) € D(ggﬂf)@('%)

We may think of these as morphisms of crystals 1 — D(¥,,)®, which are also
morphisms of ¢-isocrystals.

As in (1.4.2), 9, corresponds to an abelian scheme A,, over R, equipped with
a weak polarization A,;. Hence we obtain a map

(1.4.8) Spec R — .7k (GSp, SF)

such that ¢, is canonically identified with the p-divisible group of the pullback of
A to Spec R.

Proposition (1.4.9). Suppose that the image of x in Lx(G,X)(F,) lifts to a
point zp € (Spec R)(F,) with 2%(g) = 1. Then there is a unique lifting of (1.4.8)
to a map

tr : Spec R — S« (G, X)

such that
tr(80,0) = Sa0.z € D(ggz)@’.

Proof. As in (1.4.4), the uniqueness is a consequence of (1.3.11).
To show the existence, let

Fil' (D(%.)) C pi' (p)9D(%2) C D(Z2)

denote the filtration induced by p/~!. By Grothendieck-Messing theory, this filtra-
tion corresponds to a p-divisible group ¥, over &%, which lifts ¥,

Since p’ is a G-valued and hence GSp-valued cocharacter, the principle polar-
ization on ¥, lifts to a principle polarization of ¥,,. In particular, ¥, corre-
sponds to an abelian scheme flgw over Z, equipped with a weak polarization, lifting
(Aga, Agz), and (1.4.8) lifts to a map

Ly Spec £ — Sk (GSp, §%).

We claim that ¢, factors through (G, X)~, and that the mod p reduction,
LR, of the unique lift
Lo Spec Z — Sk (G, X)
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of 1, satisfies the conditions of the Proposition. Note that, assuming the existence
of 1, a lift 1y exists, as # is formally smooth, and hence normal.

Let %?x denote the completion of #Z at the image of zg. Since R is integral,
Spec R is geometrically connected, so it suffices to prove the claim with @w in
place of Z.

Now let 7 € .« (G, X)(OL) be a point lifting z. Let K C L be a finite extension
of L with uniformizer m. We use the notation of (1.1.5), and denote by S the
W (F,)-algebra introduced there. Let y : éfw — Ok be an Og-valued point. By
smoothness, y lifts to a map 3 : @z — S. As 54,0, induces a map of p-isocrystals
1 — D(9,.)®, we see that 3, 1= §*(5a,0,c) satisfy the conditions of (1.1.8). Hence
the composite

Spec O % Spec %y 25 S (GSp, 5%)

factors through the component of U, containing # by (1.3.9)(3). Here L denotes
the map induced by ¢_,. Since this holds for any y, it follows that Ly factors through

x

the same component of U,, and hence through .#x (G, X).

This shows the existence of 1, and 1%, and the fact that ¢ satisfies the condition
of the proposition now follows from (1.3.9)(2), and the fact that ¢};(sq,0) and sq,0.¢
are both morphisms of crystals, so they agree on Spec R if they agree at z. O

(1.4.10) End of proof of (1.4.4) As in the proof of the uniqueness, (1.3.11) shows
that there is maximal subset X, (b)° C X, (b) such that (1.4.3) lifts to a map

Lyt Xp(0)° — Sk (G, X)(F,)

with
Sa,0,z2 = Sa,0,14(g) € D(ggaf)@)

for g € X, (b)°.

We first show that X, (b)° is a union of connected components of X, (b). Let
R be a smooth Fj-algebra with connected spectrum and a given frame %, and
g € Xy (b)(#£). We have to show that if X,,(b)° contains the image of some point
of (Spec R)(F,), then it contains the image of every such point. By (1.2.8), after
replacing R be an étale covering, we may assume that ¢g~'bo(g) € G(Z)p*G(Z).
After replacing Z by %,,, we may assume that the conclusion of (1.4.6) holds with
Z in place of Z%,,. The result now follows from (1.4.9).

Let K C L be a finite extension of L, and g; a Gy-adapted lifting of ¥, to
Ok. By (1.3.9), 4, corresponds to a point & € .%x (G, X)(K). Fix an isomorphism
Tp%; = Vz, taking s, pz to so. Since we have already identified D(¥,) with
Vz, ®z, O in (1.4.1), we obtain an isomorphism

Tpg;(fl) ®z, Op — D(¥,)

which takes s4 p 7 t0 Sq,0,-- This allows us to apply the construction of (1.2.16).
Let g € G(Qp)/G(Zy), and gy € X, (b) the element corresponding to g in (1.2.18).
After replacing K by a finite extension, we may assume that g=1-7,%; corresponds
to a p-divisible group G’ over Ok, equipped with a quasi-isogeny ¥; — Z , which
identifies D(S?’ ®T,) with goID(%,). This corresponds to a prime to p-isogeny Az —



MOD p POINTS ON SHIMURA VARIETIES OF ABELIAN TYPE 27

A’ and A’ corresponds to a point g € Sh(G, X)(K). Let ga denote the image of

g% in Sh(G, X)(F,). Setting ¢, (go) = gz shows that go € X,,(b)°.

By (1.2.23) we may choose %, so that G(Q,)/G(Z,) — m(X,(b)) is surjective.
Then X,,(b)° meets every component of X, (b), and hence X, (b)° = X,,(b) by what
we saw above. [J

(1.4.11) Let (h,gp, ") € X x G(Qp) x G(A%) and A the abelian variety up to
prime to p isogeny attached to (h, gp, g?). Then A is equipped with an isomorphism
H, (A(C),Z(p)) — 9p - VZ,(P) C Vo. B B

Fix an embedding of Q-algebras L — C. Let z € #x,(G,X)(F,), and & €
S, (G, X)(Of) a point lifting 2. By [Ki 2, 2.2.6] (cf. also [Sa, Cor. 3.5(b)]) there
is a an element (h, 1, g%) € X x G(Q,) x G(A%) which maps to 7 € Sk, (G, X)(C).
Attached to (h, 1, g%), we have an isomorphism H; (A(C), Z,)) = Vz,,, and hence

an isomorphism Vz, — T,%; which takes s, to sS4 z. Then as in (1.4.10) above,
we can apply the construction of (1.2.16), and obtain a map

G(Qp)/G(Zp) — Xu(b);  gp > gpo-
Corollary (1.4.12). With the above notation we have a commutative, G(A%)-
equivariant diagram

hx G(Qp) x G(A}) —— Fx, (G, X)(O)

lgp'_)gp,ﬂ l

Xo(b) x G(A}) —— 7, (G, X)(F,)

where the map on the left is given by
(h,9p,9") = (gp.0: (95) ")

Proof. By (1.3.5), the map ¢, in (1.4.4), extends to a G(A’;)-equivariant map

e Xy(b) x G(AD) = Fx, (G, X)(F,).
The commutativity of the diagram follows from the definitions and (1.3.11). O
Corollary (1.4.13). The map

Lot Xo(b) x G(AB) — 7%, (G, X)(F,),
is (@) x Zg(Qp) x G(A})-equivariant, where (®) denotes the group generated by ®.

Proof. The (®)-equivariance is part of (1.4.4), and the map is G (A’})—equivariant by
construction. The Zg(Q),)-equivariance follows (for example) from (1.4.12) together
with the observation that if z € Z5(Q,) and g € G(Qp), then (zg)o = zgo (cf. the
proof of (1.2.21)). O

(1.4.14) We call the image of ¢, in (1.4.13), the isogeny class of x.
Recall that attached to x we have a triple (Ay, Az, €}) consisting of a weakly
polarized abelian variety (A, ;) over F,, and an isomorphism

£y ¢ VAv; — ‘71)(“4;8)@

which takes sq to (Sa,i.2)ip-
Here we have passed to the limit over K? in the construction of (1.3.6), and we
are using the fact that [, is separably closed.



28 MARK KISIN

Proposition (1.4.15). Let z,2’ € Yk, (G, X)(F,). Then x,a’ lie in the same
isogeny class if and only if there is a quasi-isogeny A, — Ay respecting weak po-
larizations such that the induced maps D(%,) — D(Zy) and VP(Ay)g — VP(Aw g
take Sa0,z 10 Sa,0,275 ANd (Sa,i,2)izp 0 (Sa,i,z')ip TESPEctively.

Proof. First consider the composite

Vig =5 VP(Ay)g = VP(Ap)g = Vi

()

This fixes s4, and hence corresponds to an element of G(Afp). Hence replacing z’
by another point in its isogeny class, we may assume that A, — A, is compatible
with €2 and £?,.

Next note that, by (1.3.7)(2), there are isomorphisms

D(yr) — Vi @y W — D(%,)

where the first map takes sq,0,2 to s, and the second map takes s, to 54,0,5. As
in the proof of (1.1.19), this implies that D(¥,/) = g - D(¥4,) for some g € X, (b),
where b € G(L) is associated to = as in (1.4.1).

Hence, after replacing = by an element in its isogeny class, we may assume that
A, — Ay is a prime to p-isogeny compatible with 2 and €?,. It follows by (1.3.11),
and the moduli theoretic description of YK;(GSp, S*), that z = 2’. O

§2 CONSTRUCTION OF CM POINTS.

(2.1) Tate’s theorem with Hodge cycles: The aim of this section is to
prove that every isogeny class in .k (G, X)(F,) contains a point which lifts to a
special point on (G, X). For PEL type Shimura varieties a proof this, based
on deformation theory, was sketched in a letter from Langlands to Rapoport. At
the time, it did not seem possible to complete Langlands’ sketch, and later authors
used Honda-Tate theory instead [Mi 1], [Zi 2], [Ko 4]. Here we use an argument
similar to that of Langlands (it is also possible to give an argument using Honda-
Tate theory). This is now possible because of the theorem, which enters via the
proof of (1.1.19), that a crystalline representation with all Hodge-Tate weights 0 or
1 arises from a p-divisible group.

We begin with an analogue of the main theorem of [Ta 2] and show that if
z € Sx(G,X)(k) then A, has sufficiently many automorphisms (in the isogeny
category) which respect the Hodge cycles s,.

We continue to use the notation introduced in §1, so that (G, X) is of Hodge
type, and K, is hyperspecial, but we now assume that k C ]Fp is a finite extension of
kg, and we write r for the degree of k (rather than kg) over F,, so that ¢ = p" = |k|.
As before we set W = W(k), and Ko = W{[1/p].

(2.1.1) Let [ # p be a prime. As in (1.3.6), R h¢.Q; extends to an l-adic local
system on .k (G, X) (for example by (1.3.5)), and the Hodge cycles s, give rise to
sections s, of R'hs.Q; via the isomorphisms ex of (1.3.4).

For any = € %k (G, X)(k), let Z denote the F, point induced by z. The ten-
SOTS Sai. € HZ(Az, Q) are Frobenius invariant, and define a subgroup G; C
GL(H} (Az,Q;)) which may be identified with Gg,. This identification is canonical
up to conjugation by elements in the image of KP — G(Q).
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(2.1.2) Let v; € G(Q;) be the geometric g-Frobenius in Gal(F,/k) acting on
H} (Az,Qp), and let Iy, = I 2/ C Gg, denote the centralizer of ~;. If the inte-
gers are ordered multiplicatively, then the Zariski closures in Gg, of the subgroups
generated by 7" form a decreasing sequence of subgroups, which must stabilize as
G is Noetherian. Hence the centralizers of 7;* C Gg, form an increasing sequence
of subgroups I ,,, which stabilizes. We denote by I; = I; , the subgroup I; ,, for n
sufficiently large.

As in (1.3.6), there exists an isomorphism

which takes 54,0,z to So. We fix such an isomorphism. In particular, we then have
identifications

Gy D2,y Ko = Grey — Gl50,02) € GL(D(%2) ) — GL(Heyio (Ar/W) ko),

where G($4,0.2) C GL(D(¥,)k,) denotes the subgroup defined by the s4,0,5-

Then the Frobenius on D(¥,) has the form Jo with § € G(Kj). The element
0 is independent of the choice made in (1.4.1) up to o-conjugacy by elements of
G(W). We set vy, = d0(8)...0""1(8) € G(Kp). Then the conjugacy class of v, is
independent of choices.

We denote by I,/ = I, /i the algebraic group over @, whose points in a Q,-
algebra R are given by

L(R) ={a e GW ®z, R): do(a) = ad}.

We obviously have I/, C Js where Js is the group defined in (1.2.12), and v, €
I,,/1(Qp). Moreover I, /3, ®q, Ko is canonically isomorphic to the centralizer of v,
in Gk, [Ko 6, Lem. 5.4].

For n a positive integer, let k,, C F » denote the extension of k of degree n. Define
I, in the same way as I,/;, but with W(k,) in place of W. Then the I, ,, form
an increasing sequence of subgroups of Js, with I, , @y (x,) L isomorphic to the
centralizer of v, in Gr. In particular, I, does not depend on n if n is sufficiently
large, and we denote this subgroup of Js by I, = I, ;.

Finally, let Autg(A;) denote the Q-group whose points in a Q-algebra R are
given by

Autg(A,)(R) = (Endg(A,) 9g R)*,

where Endg(A,) denote the endomorphisms of A, viewed as an abelian variety up
to isogeny.

We denote by I, C Autg(A;) the closed subgroup, such that I,,(R) consists
of those points of Autg(A,)(R) which fix the tensors sq,;,, (or equivalently map to
an element of Gy(R)) for all primes I # p, and the tensors 54,0, Let v € I/, be the
g-Frobenius. For each [, we have a natural map I, — Ij/;, over Q; which takes ~y
to ;.

Similarly, we write I C Autg(A, ® F,) for the subgroup whose points consist
of the elements fixing the tensors sq,0,. and sq,1, for all [ # p. For each I, we have
a natural map I — I; over ;. We remark that for [ = p this map sends i € I to
the automorphism D(i~1) of D(%,)k,-
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Proposition (2.1.3). The map v, of (1.4.12)) induces an injective map
(2.1.4) te  IQ\ Xy (8) x G(A}) — Lk, (G, X)(Fp).

Proof. Attached to any point 2’ € #x (G, X)(F,) we have the data of an abelian
variety A,/ up to prime to p-isogeny, the tensors (so0./) € D(¥%,)® and the iso-
morphism &?, : VAz; — 171’(./41;/)@. If g? € G(A}), one sees from the definitions,
that el = ef o g is the isomorphism attached to Agr.,

Now let g1 = (g1,0,97) and g2 = (92,0, 95) be in X,,(0) x G(A}), and write z; =
t2(g1), and x5 = 1,(ga). If 1 = x5 then there is a prime to p-isogeny 0 : A,, —— A,
compatible'® with €2 and €, and taking (sa,0,0,) t0 (Sa,0,2,). Conversely if a

xr9)
prime to p-isogeny with these properties exists, then x; and x5 have the same

image in .”x (G, X)~ by the moduli theoretic description of S, (GSp, §*), and
hence z7 = x5 by (1.3.11).

Such a prime to p-isogeny induces a quasi-isogeny j : A, — A, which identifies
D(9,,) with D(%,,). Since 0 takes (Sq,0,21) t0 (Sa,0,2,), J fixes the (Sq,0,5) so that
J € I,(Qp). Since 6 is compatible with ef and €% , j fixes 54, for | # p and so
j € 1(Q). Hence j € I(Q), and g5 = jgr.

Conversely, if go = jg1, with j € I(Q), then one sees in the same way that the
isogeny j induces a prime to p isogeny A,, — A,, compatible with el and ef,
and taking (sq,0,z,) t0 (Sa,0,2,). Hence z1 = x2. O
Proposition (2.1.5). Let H? =[], Li/x(Q) N KP, and H, = I,/x(Qp) N G(W).
Then the map (2.1.4) induces an injective map

(2.1.6) L@\ ] k(@) /Hy x HY — 7%(G, X) (k)
!

In particular, the left hand side of (2.1.6) is finite.

Proof. Since z € . (G, X)(k) the pair (Agj,s’]’(’z) is invariant under pullback by
o~ " on F,. If follows that (v;);, € H? C KP.
Let g = (90, 97) € Lp/k(Qp) X [[;, L1/x(Q1). Then

®,(g9) = (®+(g0),9") = ((00)"(90), ")) = (Vp90, ")

= (g0, (7 izp9”)) = (90 9" (V7 Dizp) € Li(Q) - (g0, 9" ) H.

Hence @,.(,(g)) = t2(g), and (2.1.4) induces a well defined map as in (2.1.6).

To see that this map is injective, suppose that ¢' = (gp,9"”) in I,/,(Qp) X
12 Li/x(Qu) has the same image as g in Sk (G, X)(k). By (2.1.6) we have g’ =
iogh? with h? € K?P and i¢ € 1(Q). Conjugating this equality by 7, we obtain

iggh?? = ¢’ = iggh”.
Hence we have
[ig'7] = gP[AP, 719"t € gPKPgP L.
Similarly, we have [ig',~] € gG(W)g~!. This implies that [i;*,~] is an automor-
phism of the pair (Ag,, ek gz), and hence trivial, by our assumptions on KP (see

(1.3.4)). Hence iy € I;,(Q) and therefore h? € HP. This shows that (2.1.6) is
injective. [

10More precisely, for each KP there is a fxp» which is compatible with sgl and 552 mod KP.
For KP sufficiently small Ox» is unique, and hence independent of KP.
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Corollary (2.1.7). For some prime | # p, Ig, = I ®q Q; contains the connected
component of the identity in I;. In particular, the ranks of I and G are equal.

Proof. Let | # p be a prime such that G is split at [, and such that +; acting on
H} (Az,Q;) has all its eigenvalues in Q. Then the connected component of the
Zariski closure of (v;) is a split torus in Gg,, with centralizer I;. In particular, the
Levi subgroup I; C Gg, is a connected, split group.

Now by (2.1.5), applied to an suitable extension of k, the quotient I(Q;)\I;(Q;)
is compact. Hence by [BT, Prop. 9.3], Iy, = I ®g Q; contains a Borel subgroup of
I;. Tt follows that I;/Ig, is proper over Q.

Now I contains the subgroup of scalars G,, C Autg(A;) and (I/G,,)(R) is
compact by the positivity of the Rosati involution. Hence I is reductive, which
implies that I;/Iq, is affine. Since I, is geometrically connected, it follows that
I;/1g, = Spec Qy, and Ig, = I;. In particular,

rkI =rklg, =1kl =1kG.
O

(2.2) Lifting to CM points: We continue to use the notation of the previous
subsection.

(2.2.1) If € : G,, — G is a cocharacter defined over some finite extension of
Q,, which commutes with all its Galois conjugates, then we denote by € = € the
fractional G-valued cocharacter (see [De 2, 1.3.4]) which is the average of the Galois
conjugates of e. If € factors through a torus 7' C G defined over Q,,, then € may be
viewed as a cocharacter €/ € X,.(T)g = X.(T) ®z Q.

Recall that we have the cocharacter vs5 : G,, — G which is central in Js and
hence in I, C J;.

Lemma (2.2.2). Let T C I, be a mazimal torus (defined over Qp). Then there
exists a cocharacter ur € X,.(T) defined over Q, such that

(1) As a Gg,-valued cocharacter, ur is conjugate to p.
(2) At =vs"

Proof. This is proved in [LR, Lem. 5.11]. We recall the argument for the conve-
nience of the reader.

First consider any cocharacter € € X, (T') defined over Q,. Then € may be re-
garded as a cocharacter of G such that o(¢) = §1ed. Choose g € G(Kjp) such that
¢ = geg~! is dominant for some Borel subgroup of G defined over Q,. Since the
conjugacy class of € is o-stable, € is defined over Q, by [Ko 1, 1.1.3(a)]. That
is, o(gYeo(g) = a(g~te'g) = 5 1g~ 1€ g6, which implies that gdo(g—1) commutes
with €. Modifying, the isomorphism D(¥%,) ®@w Ko — Vi, by g, we may assume
that § commutes with e.

Now let T C T be the maximal Q,-split sub-torus, and choose € so that the
centralizer of €, Mg, C Gg, is equal to that of 7. Applying the argument above
for this e shows that we may assume that 7" commutes with 6 € Mg, (Kp). The
condition do(a) = ad for o € T’ implies o(a) = . Hence 7" may also be viewed
as a subgroup of Gq,, and Mk, arises from the centralizer M C Ggq, of T".

Now let T3 D T" be a maximal split torus in Gg,, and T C G, its centralizer.
Then T, C M. Let P C G be a parabolic subgroup with unipotent radical N, and
such that P = MN. Let B C Ggq,, be a Borel subgroup contained in P.
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Let g € X, (0). By the Iwasawa decomposition, we may assume that g = nm
with n € N(L) and m € M(L). Then g~1d0(g9) = m™1do(m)n’ with n’ € N(L).
Let vg € X, (T3) with

m~ 160 (m) € (M(L) N G(OL))p"(M(L) N G(OL)).

It follows by [RR, Thm. 4.2(ii)], that vs and ¥37 have the same image in m (M)g =
1 (M) ®z Q.

We claim that vs is conjugate to v in G. This is proved in [LR] using the Satake
transform [Ko 1, 2.3.7]. One can also argue as follows: Let x € X.(Zs) be a cochar-
acter such that y(«) > 0 for every root o € Lie N. Then n/(s) := x(s)n'x(s)"! €
N(L(s,s™1)) is contained in N(L(s)), and n’(0) = 1. Here L{s) denotes the Tate
algebra. For so € F) let [so] € L be the Teichmiiller representative. Then

m~ 8 (m)n’([so]) = x([so])m ™" do-(m)n'x([s0]) ™" € G(OL)p"G(OL)

so that m™16o(m) = m~t5a(m)n’(0) € G(O)p?G(OL) by (1.2.6), which proves
the claim.

Now let ur € X4 (T) be a cocharacter which is conjugate to U‘l(vgl) in M. By
what we just saw, ur is conjugate to o ~*(v™!) = p in G. Moreover, the image of
vyt in 7 (M)g is equal to that of v, '™, and hence to that of ).

Note that jit. is computed with respect to the Qp-structure on T, and i}! with
respect to that on M. The action of Gal(K(/Q,) on the source and target of T, —
M, differs by conjugation by . Since conjugate cocharacters have the same image
in 71 (M), one sees that jit. and 2! have the same image in 1 (M)g.

Finally, v; ' and fil. have the same image in 71 (M)g. Note that it € X, (7") as
T’ C T is the maximal Q,-split torus, so v; ' and il lie in X,(7")q. Since T" C M
is central, we have v; ' = L in X.(T")q. O

Theorem (2.2.3). The isogeny class (X,
the reduction of a special point on Shx (G, X

() x G(A%)) contains a point which is
)

Proof. Let K C @p be the field of definition of the cocharacter pup constructed in
(2.2.2), thought of as G'f,-valued cocharacter. By [RZ, Prop. 1.21] puy" induces

an admissible filtration on D(¥,) k. We apply (1.1.19) to ur. We may replace x by
tz(g), for g € X, (0) the element constructed in (1.1.19), and assume that ¢, has a

Gy -admissible deformation ¢, such that the filtration on (%, )k is given by up'.
By (1.3.9)(3), we have ¢, = %; for some # € Shx (G, X)(K) lifting .

Above T C I, was any maximal torus defined over Q,. Since I and I, have the
same rank by (2.1.7), we may assume that 7" is induced by a maximal torus in the
Q-group I, which we again denote by 7. Now we have T' — [ — Autg.A,, and the
induced action of T on ID(¥; )k respects filtrations. Hence the action of T on A,
(in the isogeny category) lifts to Ajz.

Since T fixes the tensors s, it fixes so 5z and hence s g z. Thus T is natu-
rally a subgroup of GG, and hence a maximal torus in G. The Mumford-Tate group
of Az, is a subgroup of G which commutes with T', and hence a subgroup of T.
Hence Z € Shg (G, X) is a special point. O

(2.2.4) In fact we have proved the following more precise statement
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Corollary (2.2.5). For any mazimal torus T C I, and any pr € X.(T) which is
conjugate to p in G, and satisfies iy = V(;l, there exists a point ¥’ € 1,(X,(5) X
G(A})) and a lifting of 2’ to a special point 7' € Sk (G, X)(K'), with K’ C Q,
a finite extension of Ko, such that the filtration on D(9y ) — D(Y,) i, corre-
sponding to ', is given by pr.

In particular, the inclusion T — AutgA, lifts to T — AutgAz, and the
Mumford-Tate group of Az is contained in T.

(2.3) Frobenii and centralizers: We will use (2.2.3) to deduce some conse-
quence about the conjugacy class of Frobenius and its centralizer in G. We continue
to use the notation introduced above.

Corollary (2.3.1). There exists an element vy € G(Q) such that
(1) Forl# p, v is conjugate to v, € G(Qy).

(2) 7o is stably conjugate to 7, in G(Qp).
(3) The image of vy in G(R) is elliptic.

Proof. Let 2’ € 1,(X,(0) x G(A%})) and &’ be as in (2.2.5). Let &' O k and K' > K
be fields of definition for z’ and Z’ respectively. Let A; — A, be the canonical
quasi-isogeny, defined over k. We may regard the g-Frobenius

v eT(Q) C I(Q) C AutgA,

as an element of AutgA, .

By (2.2.5) ~ lifts to an element of 4 € Autg.Az . Fix an embedding K’ < C. The
action of 4 on the Betti cohomology H} (Az (C), Q) produces an element 7o € G(Q),
which is conjugate to ; by the isomorphism between Betti and l-adic cohomology.
Similarly, vy and 7, are conjugate in G(C), by the isomorphisms between crystalline,
de Rham and Betti cohomology. Hence vy and vy, are conjugate over K.

Finally, as in the proof of (2.1.7), T(R)/wp,(R*) is compact, so vo € T(Q) is
elliptic. O

Corollary (2.3.2). For every finite prime (including | = p) the natural maps

(2.3.3) Ik, = Ik @0 Qi — I,
and
(2.3.4) Io, =1®qQ — I

are isomorphisms.

Proof. We prove the second claim first. For [ # p, I; is a Levi subgroup of G, and
hence connected. Similarly I, ®q, Ko is connected, and hence so is I,,. By (2.3.1),
the subgroups I; C Gg, and I, all have dimension equal to that of the centralizer
of v € G(Q) for n sufficiently large. By (2.1.7), this dimension must be equal to
that of 1.

Now (2.3.3) follows by taking the centralizer of v; on both sides of (2.3.4). This is
clear for [ # p, and for [ = p, it follows from the remark in (2.1.2) that I,/ ®q, Ko
is the centralizer of v, in Gk, and hence in I}, ®q, Ko. U
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Corollary (2.3.5). Let vy € G(Q) be as in (2.3.1), and let Iy C G be the central-
izer of vo. Then there exists an isomorphism Iy ®q Q=1 ®q Q which makes I
an inner form of Iy, and such that for any prime | the diagram

Ip @ Q ——I; ®g, Q

Iy ®0 Q ——I®qQ

commutes up to inner automorphisms.

Proof. Choose T and 2z’ as in (2.3.1). It suffices to prove the Corollary for v¢ €
T(Q) the ¢-Frobenius in AutA,.. More precisely, we may assume that #’ is the
image of a point (hy,1) € X x G(Ay), where hp : S — T. This gives rise to an
identification of Hq(Az (C), Q) with Vg and of Var with ‘71’(.,45/)@, so that T" acting
on Hi(Az,Q) is naturally a subgroup of Iy C G. We also choose an isomorphism
D(%,) @, QaF — Viur which takes 54,0, t0 54, and is compatible with the action
of T. This is possible, for example by Steinberg’s theorem.

For each [ (including ! = p), the composite isomorphism

(2.3.6) Io®g Q — I ®g, @ — I ®g Qi

maps T to T via the identity. Here the first isomorphism is induced by the identifica-
tion Vyr with VP (Az)q for I # p and by our chosen isomorphism (%, ) ® &, Qp" —
Viur for I = p.

Now for two finite primes [,1’ choose an isomorphism Q; — Q. Composing
(2.3.6) for [ with its inverse for I’ gives an automorphism of Iy ®g Q; which fixes 7.
Such an automorphism fixes the roots of 1" acting on Lie Iy. Hence it acts trivially
on the Dynkin diagram of Iy, and is inner. This shows that the isomorphisms
(2.3.6) for different [ are in the same inner class.

We choose an isomorphism Iy ®q Q = I ®q Q in this inner class. The
argument above shows that this isomorphism may be chosen so that it is the
identity on 7. Then the Galois action on Iy(Q) and I(Q) differs by a cocycle
(co) € ZH(Q, Aut(I)(Q)), with ¢, acting trivially on T. As above, this implies

that ¢, is inner, given by conjugation by an element of T(Q). O

83 THE LANGLANDS-RAPOPORT CONJECTURE

(3.1) The quasi-motivic Galois gerb: Our aim in this subsection is to recall
the definition and properties of the quasi-motivic Galois gerb introduced!! in [Re,
App. B] (following partly [Mi 2], cf. also [Ra, §8]) generalizing Langlands-Rapoport
[LR].

(3.1.1) Let k be a field of characteristic 0, k an algebraic closure, and k C k' C k
a Galois extension of k. A k'/k-Galois gerb is the data of a linear algebraic group
G over k', together with an extension of topological groups

1—GK) — &L Gal(k' /k) — 1

H1n fact Reimann and some other authors prefer to work with the more geometric notion of
a groupoid. This is partly a matter of taste. We prefer the original formulation of Langlands-
Rapoport in terms of Galois gerbs, since it is more transparently related to the calculations in
Galois cohomology which lie at the heart of the subject.
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where G(k') has the discrete topology, such that
(1) For any 7 € Gal(k'/k) and g, € & a lift of 7, conjugation by g, is induced
by an algebraic, 7-linear automorphism g% of G. (That is an isomorphism
7*G — G over k'.)
(2) There is a finite extension K/k in k', and a continuous group theoretic
section

Gal(k//K) -6, T g,

such that conjugation by g% induces a K-structure on G, and the map
¢ (Gal(k'/K)) — G(K') x Gal(k'/K); g~ (99, 4(9))

is a topological isomorphism.

If we pull back the product of the Zariski and profinite topologies on G(k') x
Gal(k’/K) via the map in (2), we get a topology on the finite index subgroup
¢ 1(Gal(k'/K)) C &, and hence a topology on &. This topology does not depend
on the choice of section g,. We refer to it as the Zariski topology on &.

We call G the kernel of & and write G = &2. A morphism of &’ /k-Galois gerbs
is a continuous morphism f : & — &’ inducing the identity on Gal(k’/k), together
with a map of algebraic groups f8 : G — G’ such that f and f'# define the same
map G(k') — G' (k).

We say that two morphisms fi, fo : & — &' are conjugate'? if they differ by
conjugation by an element of G'(k’). The set of such elements is naturally the k-
points of a k-scheme Isom(fi, f2). If R is a k-algebra, and & denotes the pushout
of & by G(k') — G(kK' ®; R), then we may regard fi, fo as maps &z — &, and

Isom(f1, fo)(R) = {g € &"*(K @k R); Int(g) o f1 = fo},

In particular, if fo = fi, this scheme is a k-group which we denote Iy, = Aut(f1).

We will often work with projective limits of k’/k-Galois gerbs. Two morphisms
f1, fo between such projective limits are said to be conjugate if they are the pro-
jective limits of sequences of morphisms {f1;}i>1,{f2:}i>1 with fi1,; conjugate to
Fo.

We call a k/k-Galois gerb, simply a Galois gerb over k. In this case we sometimes
abuse notation and write &% for G(k). A k’/k-Galois gerb gives rise to a Galois
gerb by pulling back by Gal(k/k) — Gal(k’/k), and pushing out by G(k') — G(k).
Conversely, any Galois gerb arises from a k’/k-Galois gerb for some finite Galois
extension k'/k contained in k.

If G is a linear algebraic group defined over k, then the semi-direct product
&c = G(k') x Gal(k'/k) is called the neutral k' /k-gerb attached to G..

Lemma (3.1.2). Let G be a linear algebraic group over k and f : &' — &g a map
of k' /k-Galois gerbs. Then

(1) Iy may be naturally identified with the centralizer of f*&(®'*) in Gy. For
a k'-algebra R, the identification on R-points is given by

Itw (R) = G(K ® R) — G(R),

12This is what is usually called equivalent in the literature. We avoid this terminology since
we will have occasion to consider morphisms which are conjugate without identifying them.
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the final map being the natural one.

(2) The set of maps f': &' — G with f'8 = f318 is in bijection with the set of
continuous cocycles Z*(Gal(k'/k),I;(k')). Such a map f is conjugate to f
if and only if the class of the corresponding cocycle in H*(Gal(k'/k), I¢(k'))
15 trivial.

Proof. This is standard (for example cf. [Mi 2, A.18], but we give the construction
as we will make repeated use of it later.

Write G’ = &2, Let Iy C G} denote the centralized of f8(G’), and fix a
continuous section 7 — g, of & — Gal(k’/k). For R a k-algebra, and i € G(k'® R)
we have i € I;(R) if and only if i € Io(k' ®x R) and f(o.)if(or)"! =i for 7 €
Gal(k'/E).

Now if i € In(k' ® R) and ¢’ € G'(k' ®; R) we have

F(g)f(er)ifler) " fg") ™
= f(Q'r)f(Q;IQ/QT)Z’f(Q;lg/QT)ilf(QT)il = f(Q'r)if(Q'r)71~

Hence conjugation by f(o,) induces an algebraic 7-semilinear (by (3.1.1)(1)) auto-
morphism of Iy. For 0,7 € Gal(k'/k), we have go-0;'0;" =: g, , € G'(k'). Since
f(g5.,) commutes with Iy, conjugation by f(o-) defines a k-structure on Iy, and
one sees from the definition that Iy is the resulting k-group.

If we now identify Iy with Iy C Gy, then the map in (1) is the composite

I4(R) — I;(K' ® R) — I;(R),

which is obviously the identity.

To show (2), suppose that f/28 = fale and write f'(o;) = g-f(or) for 7 €
Gal(k'/k) and g, € G(K'). We claim that g, € Io(k’). To check this we may replace
®’ and & by the corresponding k/k-gerbs, and assume that k' = k. Since f/218 =
& for ¢’ € G'(k), we have

florg'o7") = f'(org'07") = gr f0rg 07 ) g7

so that g, € Iy(k).
Now if hy, h, € G'(K’) then

gaf(gaha)grf(g'rh'r) = [gaf(gaha)g‘rf(ga'hn)_l}f(QUhJQThT)~

As any element of &’ can be uniquely written as o, h, with h, € G'(k’), and some
7, the map & — B¢ given by ok, — g, f(0-hr), is a homomorphism if and only
if g, is a Iy(k')-valued cocycle.

If £’ is conjugate to f, then since f/18 = f2lg it must be conjugate by an element
1 € Ip(k") such that

fer) =if(or)i™ " =[if(or)i™ " flor) 1S (0r)-

Hence g, is a coboundary corresponding to i~!. Conversely, if the cohomology
class of g, is trivial, then writing it as a coboundary one sees that f and f’ are
conjugate. [
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(38.1.3) Recall that we have fixed embeddings Q — @, in (1.3), and that for
L C Q a finite extension of Q, we denote by L, the closure of L in Q,. We set
L(v) =LNQ,.

For k'/k as above, and G a linear algebraic group over ', we will write Ry /1, G
for the restriction of scalars Resy /G-

For L C Q a finite Galois extension of Q set

Q" = (Ri00)/0Gm X Rr)/qGm)/Cm

where the quotient is by the diagonal embedding of G,,. Let
Pl — Ry /oG

be the map'® induced by the natural inclusion Ry () /0Gm — Rr/gGm and the
inverse of the natural inclusion Ry, (s0)/0Gm — Rr/0Gm-

For v = p, 0o we denote by v(v)* the cocharacter of Q, defined over Q,, obtained
by composing the cocharacter of Rp,(,)/qG, corresponding to the inclusion L(v) —
Qu, and the natural map Rp(,)/0Gm — Qr.

We have [Re, B2.2]

Lemma (3.1.4). The triple (QX, v(c0)®,v(p)¥) is an initial object in the category
of triples (T, Voo, Vp) consisting of a Q-torus T which splits over L, and cocharacters
Voo, Vp defined over R and Q, respectively, and satisfying

Z [LU : Qv]_ltrL/Q(Vv) = 0

ve{oo,p}
(3.1.5) If L’ /Q is a Galois extension containing L, there is a map w’L,/L QY —
Q" induced by the maps

[Li:L,]
Niptoy/nw) * Br@)/oGm = Brw)/qGm.

for v = p, 0o [Re, p117]. We denote by @ the pro-torus lim; Q% where L runs over
Galois extensions L/Q contained in Q, and the transition maps are given by w;, /L
The maps 1’ induce a map of pro-tori

Y*:Q — Ry oGm = limL R oG,

where the transition maps in the inverse limit on the right are given by the norm.
We have for v = 0o, p

(wrryp)(v()F) = (L}, : Lyv(v)" € X.(QY).

Hence we have a cocharacter v(o0) : G r — Qr, induced by the cocharacters
v(o0)¥ with Lo, = C.

I3This agrees with Reimann’s convention, and is the inverse of the one in [LR].
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Let D be the pro-torus over Q, with cocharacter group Q. So D = limD,, where
D,, = Gy, g, the inverse limit runs over non-negative integers ordered multiplica-
tively, and the transition maps are given by x — z"/™ for njn/. If n = [L, : Q]
then the maps v(p)* : D,, — Q¥ induce a map of pro-tori v(p) : D — Qq,-

(3.1.6) We now define a Galois gerb &, over Q, for each place v of Q. For
v # p, 00, we set &, equal to the trivial Galois gerb Gal(Q,/Q,). We set &, equal
to the extension

1—-C* - &, — Gal(C/R) — 1

corresponding to the fundamental class in H?(Gal(C/R),C*).
Finally, for v = p, we have for each Galois extension L,/Q, in Q, the L,/Q,-
Galois gerb
1— Ly — &l — Gal(L,/Q,) — 1

corresponding to the fundamental class in H?(Gal(L,/Qp), L)). Let @55” denote

the Galois gerb over Q, induced by @5 ?. The properties of the fundamental class
imply that that for Lj, C Q, a Galois extension over Q, containing L,, there is a

map of Galois gerbs Q~5£” — @5 ? with the induced map

L/,A L..A
G = ;7" BLet = G,,

equal to [Lj, : Ly].

Passing to the limit over L,, we obtain a pro-Galois gerb &, over QQ, with
&, =D.

Let Q) C @p denote the maximal unramified extension of Q,. We could have

also made the above construction using only unramified extensions L,/Q,. We

denote by D, the Q,"/Q, Galois gerb induced by 6?7’". Passing to the limit, as
before, this yields a Q" /Q, pro-Galois gerb ©, with ©4 = D, whose induced Galois
gerb over Q,, is canonically isomorphic to &,,.

(3.1.7) For a Galois gerb & over Q, and v a place of Q we denote by &(v) the
induced Galois gerb over Q,, obtained by pullback by Gal(Q,/Q,) — Gal(Q/Q)
and pushout by & (Q) — &*(Q,). We use analogous notation for maps of Galois
gerbs.

We have the following definition [Re, B2.2]: A quasi-motivic Galois gerb is the
data of a pro-Galois gerb 9 over Q together with morphisms ¢, : &, — Q(v) for
every place v of Q such that

(1) (9%,¢5%:¢) = (Q,v(00),v(p)), the identification Q% = Q(Q) being com-
patible!? with the action of Gal(Q/Q).

(2) For every Galois extension L/Q in Q, let QF be the Galois gerb obtained
from £ via pushout by Q — Q. For some positive integer n, the torus
Q" arises from a torus over Og[1/n] which we denote by the same symbol.
After replacing n by a larger integer, we may assume that the continuous

14 This compatibility seems to have been omitted in [Re] and elsewhere in the literature. It is,
however clearly satisfied by Reimann’s construction, and it is used in the proof of uniqueness (see
(3.1.9) below), which uses the fact that the a quasi-motivic Galois gerb corresponds to an element

of H?(Gal(Q/Q), Q).
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2-cocycle of Gal(Q/Q) with values in Q%(Q) which defines QF takes values
in Og[1/n], and hence defines an extension

1— QL(O@[l/n]) — QL(O@[I/TL]) — Gal(@/@) — 1.
Hence for any prime [t n we obtain an extension
(3.1.8) 1— Q"(0g,) = Q%(0g,) — Gal(Q;/Q;) — 1.

which induces Q7 (1) by pushout. We require that for almost all I ¢; induces
a section of (3.1.8).

We have the following [Re, B 2.8]
Theorem (3.1.9). A quasi-motivic Galois gerb (Q,¢,) exists. If (Q,¢,) is another

quasi-motivic Galois gerb then there is an isomorphism o : Q — £ such that (, is
conjugate to o (, for all v. Such an isomorphism « is unique up to conjugacy.

Moreover, there is a morphism i : Q — ®R@/QGm whose kernel is the map ¢¥®
defined in (3.1.5), and which is unique up to conjugacy.

(3.1.10) From now on we fix a choice of quasi-motivic Galois gerb Q.

Consider a torus T over Q equipped with a cocharacter p defined over some
Galois extension L/Q contained in Q. The characters of R;, /@Gy, may be identified
with functions Gal(L/Q) — Z, and X, (R, /gGy,) with the group ring Z[Gal(L/Q)].
We have a map Ry /qG,, — T corresponding to the map on cocharacters given by

Xi(Rp)9Grm) — Xu(T); Z arT — ZaTT(u).

This gives rise to a map of Galois gerbs
. ¥
Yu: Q= Gry 6, = ORy 06, — O

Write v(p), (resp. v(p)E) for v(p) (resp. v(p)Y) viewed as a cocharacter with
source D,, = G,,. If n = [L,, : Q,], then we have

Wovpln= S 1)

T€Gal(L,/Qp)

Hence if we think of v(p) as a fractional cocharacter with source Dy = G,,,, then

(3.1.11) hovlp)=[Ly: Q™" > T(w).

T€Gal(Ly/Qp)

Similarly, if L., = C,

(3.1.12) sov(e)=— Y 7(w).

T€Gal(L /R)

(3.2) Strictly monoidal categories: We recall some constructions involv-
ing strictly monoidal categories which will be necessary in the formulation of the
Langlands-Rapoport conjecture and the proof of results about it.
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(3.2.1) Recall that a crossed module [Mi 2, App. B], is a homomorphism of
groups H — H together with an action of H on H which lifts the action of H
on itself by conjugation, and such that the induced action of H on itself is by
conjugation. Given this, we can form a category H/H whose objects are the same
as those of H, and for which the morphisms Hom(hy, hy) = {h € H : hy = hhy}

The category H /I:I is strictly monoidal: The composition

H/H x H/H — H/H

is given by composition in H on objects. If h : hy — hy and A’ : b}, — h, are
morphisms then the composition sends (h, #') to hh'/™. If h € H, then conjugation
by h induces an auto-equivalence of H/H. If h is the image of an element of H,
then this auto-equivalence is isomorphic to the identity.

If H is a group we may think of H = H/{1} as a strictly monoidal category with
the only morphisms being the identities.

By a morphism of strictly monoidal categories we mean a functor which strictly
respects the monoidal structures. We say two such functors ¢1, ¢ : C7 — C5 are
isomorphic, if there is an isomorphism of functors ¢; — ¢ respecting monoidal
structures. If ¢1,¢o : C — H/ﬁ] are two such morphisms we say that ¢1, ¢ are
conjugate if ¢ is obtained from ¢, by composing with the auto-equivalence of H/ H
obtained by conjugation by some h € H. We say ¢, ¢2 are conjugate-isomorphic if
¢1 is conjugate to a functor which is isomorphic to ¢s.

(3.2.2) Let k be a field of characteristic 0 with algebraic closure k, and G a
connected, reductive algebraic group over k. Let G denote the simply connected
cover of G9°*. Then the commutator map G x G — G factors via G2 x G*4 — G.
Applying this with G, one obtains [De 2, 2.0.2] a map G x G — G. In particular,
the action of G on itself by conjugation extends to an action of G. Hence we may
apply the discussion above and consider the strictly monoidal categories G (k)/G (k)
and G¢/G(k). We will write G/G(k) for the former category, and & ¢ for the
latter one.

Let X.(G/G) denote the set of isomorphism class of morphisms G,, (k) —
G/G(k), which are induced by an algebraic morphism G,, — G over k. The cate-
gory G/G(k) may also be thought of as the k-points of the Picard stack G/G. In
Lemma (3.2.4), we show that X,(G/Q), as defined above is in bijection with the
set of morphisms of Picard stacks G,,, — G/ G. Although we make no further use
of this point of view it may be helpful in motivating some of the arguments.

Lemma (3.2.3). Let ¢1,¢2: C — G/CNY'(I;:) be morphisms from a strictly monoidal
category C. Then ¢1, ¢p2 are conjugate-isomorphic if and only if they are isomorphic

Proof. This may be seen either by using the fact that the commutator map factors
through G, as in (3.2.2), or by writing an element g € G(k) as a product z - g with
z€ Zg(k)and g€ G(k). O

Lemma (3.2.4). The map which assigns to a G-valued cocharacter its class in
m1(G) induces an isomorphism

X (G/G) 5 m(G).

Moreover X,.(G/G) is in bijection with the set of (equivalence classes of ) morphisms
of Picard stacks G,, — G/G over k.
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Proof. The map is clearly surjective. We have to show that two cocharacter 1, o :
G, — G have the same image in m(G) if and only if they induce isomorphic
functors G,, (k) — G/G(Ek).

Let T C G be a maximal torus. By (3.2.3), we may replace p1, us by conjugate
cocharacters and assume that py, us € X.(T). Let T be the preimage of T in G.
Then p; and po are isomorphic if and only if fu; 45 leXx, (T), which is equivalent
to asking that the image of pypuy b in 71 (G) is trivial.

To see the final claim, we have to show that any morphism ¢ : G,, — G/ G lifts
to G. Pulling back G — G/é’ by ¢ gives rise to a group scheme G’ C G over k,
which is an extension of G,,, by G.In particular, G’ is a connected, reductive group
over k. Now for any maximal torus T C G’, the map T — G’ — G,, admits a
splitting. In particular ¢ lifts to G. 0O

(3.2.5) We recall the construction of the fibre product for categories.

If C4, Cs, C are categories equipped with functors Fy : C; — C and Fy : Cy — C,|
then the 2-fibre product C; x ¢ Cy is the category whose objects are triples (¢1, co, @)
where ¢; and cy are objects of C; and Cs respectively, and « is an isomorphism
a: Fi(c1) — Fy(cz). A morphism (cy,c2,a) — (¢}, ch, ') consists of morphisms
di 1 ¢; — ¢} for i = 1,2 such that o/ o F1(61) = Fa(d2) o a.

One checks immediately, that for any category D to give a functor G : D —
C1 x¢ (4 is equivalent to giving functors G; : D — C; for ¢ = 1,2 and an isomor-
phism F} 0o Gi == F5 0 Gs.

If C1,C5,C and D are strictly monoidal, and Fj, F5 are morphisms of strictly
monoidal categories then G is strictly monoidal if and only if G, G2 are strictly
monoidal, and F; o G; —= F5 o G5 is an isomorphism of monoidal functors.

Lemma (3.2.6). The morphisms

G(Q) — G*(Q) X gaaj5(g) G/GQ).

and
@G — ®Gad X@Gad/é 6G/C:’

are equivalences of strictly monoidal categories.
Proof. This follows easily from the definitions. O

(3.2.7) We end this subsection by recalling some facts about Galois cohomology
of crossed modules [Bo, §3].

Let H — H be a crossed module, and A a profinite group. An action of A on
H — H is the data of a compatible, continuous (for the discrete topology) action
of A on H, H such that for h € H, h € H and 7 € A, we have 7(h") = 7(h)™"),

For i = —1,0,1 there exist pointed sets Hi(A,ﬂ' — H) having the following
properties:

(1) Fori=0,1, H(A,1 — H) = H'(A, H), the usual A-cohomology of H.

(2) If (H — H) — (H' — H') is a morphism of crossed modules which is a
quasi-isomorphism (i.e it induces isomorphisms on kernels and cokernels),
then there is an induced isomorphism

HY(AH — H) = H'(AH — H')
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(3) There is a long exact sequence of pointed sets

1— H YAH— H)— H°(A,H) — H°(A,H)
— H(AVH — H) —» HY(A,H) - HY(A,H) — H'(A,H — H).

(4) If the cokernel of H — H is abelian, then H*(A, H — H) has a canonical
structure of abelian group.

It follows from (1) and (2) that if H ¢ H then H*(A,H — H) = H'(A,H/H)
for ¢ =0,1.

Suppose k/k is as above, and H — M is a crossed module in algebraic groups over
k. That is, a morphism of algebraic groups over k, together with an action of H on
H which lifts the action of H on itself by conjugation, and such that the induced
action of H on itself is by conjugation. For i = 0,1, we will write'®> H'(k, H — H)
for Hi(Gal(k/k), H(k) — H(k)). When H = 1, we use the analogous notation
Hi(k,H) (resp. Z'(k,H)) to denote the cohomology of (resp. cocycles valued in)
H(k).

(3.3) The Langlands-Rapoport Conjecture: In this subsection we formu-
late the Langlands-Rapoport conjecture, including its extension to the case of non-
simply-connected derived group.

(3.3.1) Let G be a reductive group over Q, and p a cocharacter of G. The
construction of (3.1.10) produces a morphism 1,,, : Q — Sgar. When G4 is not
simply connected, we will need a refinement of this, which we now explain.

The composite

e Gm(Q) = G(Q) — G/G(Q).

is a morphism of strictly monoidal categories. The remark regarding commutators

in (3.2.2) shows that conjugate cocharacters p give rise to isomorphic morphisms.
We can now apply the construction of (3.1.10), to obtain a morphism

(3.3.2)

Ri/qGm(Q) = X (R1/qCm) ®2 Gm(Q) = G/G(Q); Y ar7 @z =Y arpZ ().

Finally, taking the semi-direct product with Gal(Q/Q) on both sides of (3.3.2), we

obtain a morphism
(3.3.2)

Yus 19 4 SRy oG — Bg

(3.3.3) Let (G, ) be as above, and suppose that Gg, has a reductive model
Gz, over Z,. We also suppose that y is defined over a number field £ in which p
is unramified, and induces a cocharacter of GZ,,- We now define the set responsible
for p-power isogenies in the Langlands-Rapoport conjecture.

Let Q,» C Q, be the unramified extension of Q,, of degree n. If o € Gal(Q},"/Qy)
denotes the Frobenius, then there is an element d, € © with image o and such that
for every n > 1, the image of d” in &2*" is p~! € Gar"*.

Consider a morphism ¢ : &, — &g (p), and let 8 (p) denote the neutral Q" /Q,-
Galois gerb attached to G. Denote by X,(6) the set of g € G(Q,)/Gyz, (Zy") such

15Note that HO(k, H — H) is denoted H'(k,H — H) in [De 1, 2.4.3]. This pointed set is
isomorphic to the set of isomorphism classes of H-torsors equipped with a trivialization of the
induced H-torsor.
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that 6, = Int(g~") 0 6 is induced by a morphism of Q" /Q,-gerbs 63" : D — & (p)
with 03%(d,) = by x 0 and b, € G(Z,")p™"G(Z,"). Here Z;" denotes the ring of
integers of Q). Since &, is induced by the Gal(Q,"/Q,)-gerb D, we may regard
Gal(Q,/Qpr) as a subgroup of &,. The condition that Int(g~') o 6, is induced
by a morphism of Qp*/Q,-gerbs, is equivalent to Int(g~') 0 (1) = 1 x 7 for 7 €
Gal(Q,/Qpr). To see this note that the latter condition implies that Int(g~"') o
o(&2(QY)) C G(Qw).

If B, = Qpr, we equip X,,(0) with a p"-Frobenius ® = ®, defined by the formula

u ) = Int(1 % o") o0 B2,

Then bg(g) = 0" (by) € G(Zy )p "G (Z}"), and ®(g) = gbgo(by) ... " (by).

It will be useful to compare X,(#) to a somewhat more explicit set used to
parametrize p-power isogenies in [LR] and [Re]. By [LR, §5, p56], there exists go €
G(Q,) such that Int(g; )08 is induced by a map of Q}"/Qp-gerbs 0 : D — & (p).
Let 6" (d,) = by, % 0.

Lemma (3.3.4). The map g — gog induces a bijection
X_yu(bgy) — Xp(0)

which is compatible with the action of ®.

Proof. Let g € G(Q,). If g € X_,i(bg,) then gog € X,,(6). Conversely, suppose that
gog € Xp(0). Then for 7 € Gal(Q,/Q,") we have

1x7=1Int((gog) ") 08(r) =Int(¢" (A x7) =g '7(g) x 7.

Hence g € G(Q)"). As bg,g = g7 'bg,0(g), we see that g € X_ (b, ).
Finally computing the action of ® on X, (0) we have

®(gog) = gogbgoga(bgog) e UT'_I(bgog) = gobgya(bg,) - - - UT'_I(bgo)UT(Q)-
The final claim in the lemma follows. O

(3.3.5) Suppose that (G, X) is a Shimura datum and h € X. Choose w € G
whose image is complex conjugation ¢ € Gal(C/R) and such that w? = —1 €
&5 (C) = C*. Then there is a map € : B — Bg(00) given by wy on &5 and
€oo(w) = pn(—1) xc. (cf. [Re, §B3]). We remark that since conjugation by up(—1)
is a Cartan involution of G, and wy, is central, Ir = G§, the (inner) form of Gr
with compact adjoint group.

For v # oo, p we write &, : &, — & (v) for the morphisms 7 +— 1 x 7.

(3.3.6) We now assume that (G, X) is a Shimura datum, with reflex field £ C
Q c C and that Gg, has a reductive model Gz, over Z,. By [Ki 2, 2.3.2] Gz, arises
from a reductive model G, of G over Z,). The existence of Gz, implies that p is
unramified in E. In particular, E, is an unramified extension Qp- of Q,. Then py
is conjugate to a cocharacter p which is defined over E,, and induces a cocharacter
of GZ,, .

For any morphism ¢ of Galois gerbs with target &g, we denote by ¢, ¢ap
and ¢ the composite of ¢ with the projections g — Q5G/(~;, Bg — Ggar and
Bg — G aa respectively.
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A morphism ¢ : Q — B¢ is called admissible if
(1) The composite
¢§B:QgﬁGH6G/G

is conjugate-isomorphic to z/thb .
(2) For v # p, the composite ¢(v) o ¢, : &, — G (v) is conjugate to &,. We set

XP(9) = {(90)1200p € G(AD) : Tnt(g1) 0 & = B(1) 0 G}

where A’} denotes the restricted product H;ﬁp Q. The condition (3.1.7)(2)
implies that X”(¢) is non-empty [Re, B3.6], and hence a G((A%)-torsor.

(3) We require that X,(¢) := X,(¢(p) o ,) is non-empty. Let 6" : © —
B (p) be a morphism such that the induced map of Q,/Q,-Galois gerbs is
conjugate to ¢(p) o (p, and set " (d,) = b x 0. By (3.3.4), and the result
of Wintenberger [Wi 2] mentioned in (1.2.10), X,(¢) is non-empty'® if and
only if b € B(G, —p).

Finally note that Iy = Aut(¢), acts on X (¢) := X,(¢) x XP(¢) by left multipli-

cation, and write

S(¢) = limgr Is(Q)\Xp(¢) x XP(4)/KP

where K? runs over compact open subgroups of G (A’;). Then S(¢) is equipped with
an action of Zg(Q,) x G(A%), and a commuting action of the Frobenius ®.

We have the following conjecture, which is a slight extension of the Langlands-
Rapoport conjecture for hyperspecial level.

Conjecture (3.3.7). Let (G,X) be a Shimura datum, and K, C G(Q,) a hyper-
special subgroup. Then the Shimura variety Shy, (G, X) admits a smooth canonical
model'” Sk, (G, X) over Oy. If F, denotes the residue field of Q,, then there is

a bijection

(3.3.8) Ik, (G, X)(F,) == [[5(9)
[¢]

compatible with the action of Zg(Qp) X G(AI}), and the operator ®, which acts on
Sk, (G, X) as the geometric r-Frobenius. Here ¢ runs over representatives for the
distinct conjugacy classes of admissible morphisms Q — G¢.

(3.3.9) Although, we have limited ourselves to the case of hyperspecial level
structure, this is not essential. One can for example extend the case of the conjec-
ture formulated in [Ra, §9] to the case of non-simply connected derived group by
imposing (3.3.6)(1) in place of the condition a) in Def. 9.1 of loc. cit. (The latter
is the analogue of (3.3.6)(1) but with &gas in place of &4 a.)

(3.4) Lifting admissible morphisms: In this subsection we give an alternate
expression for the part of the right hand side of (3.3.8) which corresponds to admis-
sible ¢ which induce a fixed admissible morphism £ — & gaa. This will eventually

16 As mentioned above, this definition of X,(¢) differs slightly from those given in [LR] and
[Re], which define this set as X _,(b). More precisely, [LR] defines it as X, (6"") due to the change
in the normalization of the map v mentioned above.

17That is a smooth G(A?)—equivariant extension of Shy, (G, X) which satisfies Milne’s exten-
sion property [Mi 2, §2]
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allow us to show in (3.8.12) below that the truth of (3.3.7) depends only on the
adjoint Shimura datum (G*¢, X24) and Gd°*,

The following lemma shows that the condition (2) in (3.3.6) is consistent with
the condition (1).

Lemma (3.4.1). Let ¢ : Q — &g be a morphism satisfying (3.3.6)(1). Then for
v # p, the morphism (¢(v) o ()5, = ¢ (v) 0 (y is conjugate-isomorphic to § .

Proof. Let L/Q be a finite Galois extension in @, such that z/}l“b factors through
®RL/@Gm7 and Loo = C. Let

o € Z[Cal(L/Q)] = X.(Ry/Grm)

be the cocharacter corresponding to the identity, and wg = ZTEG&I(LOO/R) (o) L.
Let €000 : Boo — GR, 4G, e the morphism given by §§o’0 = wp and &eo0(w) =
po(—1) % c. For v # p, 00 we write &, for the morphism 7 +— 1 x 7.

We claim that for v # p the morphisms 1(v) o, is conjugate to &, o. To see this,
note first that the two morphisms have the equal kernels. This is trivial for v # co
and it follows from (3.1.12) for v = oco.

We now apply (3.1.2) with f = &, 9. The action of 7 € Gal(k’/k) on the points of
the group Iy of (3.1.2) is given by conjugation by f(o-). Since Ry, /oG, is commu-
tative, this implies we have Iy = Iy = Ry /gGyy,. Since an induced torus has trivial
cohomology, (3.1.2) implies that 1(v) o (, is conjugate to &, o.

Pushing these two morphisms forward by the map &g, ¢, — @G/é of (3.3.2),
we find that wﬂﬁ) (v) o ¢, is conjugate to fv’;g, and the lemma follows since z/J#aNb is

m

conjugate-isomorphic to ¢~ by (3.3.6)(1). O

Lemma (3.4.2). Let ¢ : Q — &g be a morphism of Galois gerbs. If ¢ satisfies
(3.5.6)(1) and X, (¢*?) is non-empty, then X,(¢) is non-empty.

Proof. As in (3.3.3), let 0" : © — B¢ (p) be a morphism of Q,"/Q,-Galois gerbs
such that the induced morphism of Qp /Q,-Galois gerbs 6 is conjugate to ¢(p) o (.
Let 0" (d,) =bx 0.

Fix a Borel B C G, and a maximal torus 7' C B. Let pu* € X, (T') be conjugate
to p, with —p* dominant. As remarked in (1.2.10), X,(¢) = X_,(b) is non-empty
if and only if

(3.4.3) ka(b) = —pf e m1(G)r, and 7, < —i%,

where I" = Gal(Q;r/Qp).

Since X, (¢*?) is non-empty, we must have 7, + o < —ji* for some a € X.(Zg)qg-
The definition of the element d, € ® implies that %% = —u. Since "2 is
conjugate to ¢(p)* ov(p) and ¢a, is conjugate to the map induced by 1, it follows
from (3.1.11) that 1, and —ji* have the same image in X, (G?P). This implies that
a = 0, and establishes the second condition in (3.4.3).

For the first condition let L/Q be a finite Galois extension such that i, factors
through &g, ,.G,,. Since G is unramified, 41 is defined over an unramified extension

of Q,, and we may assume that L is unramified. Let d, € &, be a lift of d,, and



46 MARK KISIN

write the image of ¥(p) o (,(dy) in BR, oG, (P) as b x 0. Using [RR, 4.2(ii)] and
(3.1.11) we have

(3.4.4) KRy gGn (V) = =05 (0) ov(p) = =[Ly: Q)" Y 7o)
reCal(L,/Qp)
as elements of X.(Ry/qGm)r (with the same notation as in (3.4.1)).
If T'C G is a torus through which p factors, then we have the composite

Xe(Rr/oGm) (3110) X(T) — X.(G/G) 7;) m(G).

Applying this map to (3.4.4) shows that kg (b) = —p® in m (G)p. O

(3.4.5) For a connected reductive group H, we denote by H the simply connected
cover of H4°r. We will need the following result of Borovoi [Bo, Thm. 5.12].

Theorem (3.4.6). Let H be a connected reductive group over Q. The diagram
HY(Q,H) — H*(Q,H — H)

| |

HYR,H) — HY(R,H — H)
is cartesian and all the maps are surjective.

(8.4.7) For any linear algebraic group H over Q we denote by H(R)' the con-
nected component of the identity of H(R). For any subfield R C R, we write
H(R)* = H(R) N H(R)™.

Write G(Q)? (resp. G(@) ) for the preimage in G(Q) of G*4(Q) (resp. G2(Q)™).
As in (3.2.2), the commutator map on G*(Q) x G#(Q) factors through G*4(Q) x
G*(Q) and takes values in G(Q). Hence G*(Q)/G(Q) is an abelian group. Similarly
G(@)i/G(Qp is an abelian group.

Lemma (3.4.8). The map
(3.4.9) GQ) — Z2(Q. Zg); g+ (T g '7(9))
identifies G(Q )+/G( )+ with the set of cocycles in Z*(Q, Zg) such that

(3.4.10)  [2] € ker (H'(Q, Zg) — H'(R, Zg)) NIm (H'(Q, Zg) — H'(Q, Zq))

Proof. Let z be a cocycle in the image of G((Q})+ under (3.4.9). Since the image of
G(R) — G*(R) contains G*4(R)™, 2 has trivial image in H'(R, Zg). As the map
G(Q) — G*(Q) is surjective, [2] is in the image of H'(Q, Zg). Hence [2] satisfies
(3.4.10).

Conversely, the expression in (3.4.10) is equal to

ker (H'(Q, Zg) — H'(R, Zg) ® H'(Q,G — G))
by (3.2.7)(2) and (3). In particular, if [2] satisfies (3.4.10), then its image in
HY(Q, Q) is trivial, by (3.4.6), and there exists g € G(Q) such that z, = g~ 17(g).
Since the image of [2] in HY(R, Zg) is trivial, the image of g in G*4(Q) lifts to
an element of G(R). By the real approximation theory, we may modify g by an

element of G(Q), so the image of g in G*4(Q) lies in G*4(Q)*. Then g € G(@)i,
which proves the lemma. [
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Proposition (3.4.11). Let ¢g : Q — Bgaa be an admissible morphism (for the
Shimura datum (G*3, X?d)). The set of admissible morphisms ¢ : Q — &¢ lifting
¢o 1s naturally a G(Q)i/G(Q)JF—torsor, and hence non-empty.

If 15,(Q)% denotes the preimage of 14,(Q) C G*(Q) in G(Q), and ¢ is an
admissible lifting of ¢g, then the set of admissible liftings of ¢g conjugate to ¢ is a
I4,(Q)%/15(Q)-torsor.

Proof. As ¢¢ satisfies (3.3.6)(1) the monoidal functors

ad . %o ~
0,;1\6 : Q e ®Gad — ®Gad/G

and
ad w“;b
Vi~ 2 — 64,6 = Gqaa i

ab
are conjugate-isomorphic. Let z/J:LNb be a conjugate of QZ)MNb such that y;ﬁ@b is iso-
morphic to gi)gd;ﬁ. Each such isomorphism corresponds to a monoidal functor
(b (0 — ®Gad X®gad/(; @G/é

which specializes to ¢g and ¢//1;b’ and hence, via (3.2.6), to a ¢ : Q — B¢ lifting ¢g
and satisfying (3.3.6)(1). Note that, by (3.4.2), any such ¢ also satisfies (3.3.6)(3).

Now fix such a lifting ¢, and a continuous section g, : Gal(Q/Q) — Q. Note
that ¢ : Q — G is determined by its composite with the isogeny G — G4 x G2b,
and hence is independent of the choice of ¢ satisfying (3.3.6)(1). Hence, as in the
proof of (3.1.2), any other such lift ¢ has the form ¢’ = z - ¢ where z € Z1(Q, Zg),

and z - ¢ is given by (z - ¢)(0-h) = z-¢(0-h) for 7 € Gal(Q/Q) and h € Q(Q).
Since ¢’ satisfies (3.3.6)(1), the composite

¢i;5:Q£>Q5g—>®G/é

is isomorphic to the conjugate of ¢~ by some g € G(Q). Writing g = 2’ - § with
z' € Z5(Q) and g € G(Q), one sees that (bi;g is isomorphic to the conjugate of ¢~
by z'. Using the description of the monoidal structure on QjGad/é given in (3.2.1),
this means that there is a cocycle Z € Z1(Q, Z5(Q)) such that

2r =2 - (Z7(2)7Y)

for 7 € Q. Here Q acts on Zg and Zg via Gal(Q/Q), and we think of z €
Z'(Q, Z(Q)). The restriction of Z to the torus Q* = Q(Q) is a homomorphism

Q(Q) — Z4(Q), and hence trivial, so that zZ € Z'(Q, Zg). It follows that ¢’ = z- ¢
with

(3.4.12) [2] € Im (H'(Q, Zg) — H*(Q, Zg)).
Conversely, for any z such that (3.4.12) holds, z - ¢ satisfies (3.3.6)(1). One checks

easily that this bijection makes the set of such liftings a torsor under the group of
cocycles satisfying (3.4.12).1%

180ne can also obtain this description directly from (3.4.4) by showing the set of liftings is in
bijection with Aut(d)ua~b Gad/@)/AUt(d’ua'b) and identifying each of these automorphism groups

with a space of cocycles.
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For v # p, the same argument as above, shows that ¢(v) o ¢, differs from &,
by an element of Z'(Q,, Zg) whose class in H*(Q,, Z¢) is in Im (H*(Q,, Zg) —
H'Y(Q., Zg)). These two morphisms are conjugate if and only if the image of this
cocycle is trivial in H*(Q,,G) if v # oo and in H'(R, G}), where G} denotes the
inner form of Gg with compact adjoint group, as in (3.3.5). Since H'(Q,,G) = 0
for v a finite prime, this condition is automatic if v # oco. Now the natural map
HY(Q,Zs) — HY(R, Zg) is surjective. To see this embed Zg in an induced torus
T, and apply the real approximation theorem to T'/Zs. Hence, after replacing ¢
by z - ¢ for a suitable z in the image of Z1(Q, Zs), we may assume that ¢ satisfies

(3.3.6)(2).
The set of lifts satisfying (1)-(3) in (3.3.6) is thus a torsor under the group of
z € Z1(Q, Zg) such that

(3.4.13)  [2] € ker (HY(Q, Zg) — H'(R,GR)) NIm (HY(Q, Zg) — HY(Q, Z¢))

Since G**4(R) is connected, the map H'(R,Zg) — H'(R,Gp) is injective and
(3.4.13) is equivalent to

(3.4.14) [z] € ker (H'(Q,Zg) — H' (R, Zg)) NIm (HY(Q, Z5) — HY(Q, Zg)).

By (3.4.8) the map
GQL - 2'(Q,Ze); g~ (1 g '7(9)

identifies G(Q)i/G(QM with the subgroup of cocycles in Z'(Q, Zg) satisfying
(3.4.14).
Finally, if ¢ and z - ¢ are two admissible liftings of ¢y, which are conjugate by

some g € G(Q), then gp(o.h)g~" = 2.¢(0-h) for 7 € Gal(Q/Q) and h € Q(Q).
This implies g € I,,(Q)f. O

(3.4.15) Fix ¢ as in (3.4.11). Then I,,(Q)f acts by left multiplication on the
disjoint union []ua_, X (¢), where ¢ : Q — S runs over admissible morphisms

lifting ¢o. If i € I,,(Q)% then left multiplication by i maps X (¢) bijectively onto
X (Int(3) o ¢). We set

S(G, ¢o) = limks Iy, (QF\ [ X(0)/K?

¢rd=¢o

where K? runs over compact open subgroups of G (AI}).
We will need a variant of the above definitions. Let T € I;d (Ay) = Igg(Af). Set

Se(¢) = limysr I, (Q\X (0)/KP

and
Se(G, bo) = limkr Iy, (@) [ X(0)/K
pad=go

where the quotient is taken with respect to the action of I4(Q) (resp. I, (Q)%) on
X(¢) (resp. [[4aa—g, X(¢)) obtained by conjugating the natural action by T.
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Corollary (3.4.16). The natural map

[T S:(é) — 5<(G. o)
[¢],p2d=d0

is a bijection, where on the left hand side, [¢] runs over a set of representatives for
the distinct conjugacy classes of admissible morphisms ¢ : Q — & lifting ¢q.

Proof. Using (3.4.11) one finds that

Se(Gyd0) = Lo (@ [ Se(0)= [ S<(¢)

pad=g¢o [¢],¢2d=d0

O

(3.5) Special morphisms: In this subsection we show that every admissible
morphism is conjugate to a special morphism. We do this by reducing to the case
of simply connected derived group proved by Langlands-Rapoport [LR, Satz 5.3].

(3.5.1) We begin by recalling the construction of the Weil torus [LR, 3.1], and its
characterization as a quotient of the torus @ constructed in (3.1.3) [Re, Lem. B.2.3].

Let L ¢ Q be a CM-field, and Ly C L its maximal totally real subfield. Let
m > 1, and ¢ = p™. By a ¢-Weil number in L we mean an element = € L such that,
for some ¢ € Z, we have ||, = ¢*/? for every place v|oo of L, 7 is a unit outside p,
and logg | [, cqai(z, /@,) T(7)|o € Z. We denote by PL(m) the torus whose character
group consists of g-Weil numbers modulo the subgroup of roots of unity in L. For
m € L a ¢-Weil number, and m|m’, ™ /m s a qm//m—Weil number. This induces
a map PX(m’) — P¥(m). We set P = limP¥(m) where the limit is over positive
integers ordered by divisibility.

Let x, € X*(PL) denote the character corresponding to a g-Weil number 7.
Note that P¥ is equipped with cocharacters v(oo)” and v(p)” characterized by

(3.5.2) (), xx) = log, | H 7(7) o

T€Gal(L,/Q,)

for v = 0o, p. The map
X*(PL) = 29O s {7 (v(p)"), X0 3+
is injective. In particular X*(PL) is finitely generated, and P’ is a torus.

We have the following [Re, B.2.3].

Lemma (3.5.3). Let L be a CM field, and Loy C L its mazimal totally real
subfield. The triple (P*,v(c0)¥,v(p)F) is the initial object in the category of
triples (T, Voo, vp) consisting of a torus T which splits over L, and cocharacters
Voo, Vp € X (T), defined over Q and L(p) respectively, such that

[Lp N Qp]fltrL/Loup + Voo = O

In particular, there is a surjection Q¥ — P taking the cocharacters v(oo)t, v(p)t
of QL to the corresponding cocharacters of PL.
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Corollary (3.5.4). For n € Nt sufficiently large (ordered by divisibility) there
exist elements &, € P*(Q), which are unique modulo P*(Q)iors, such that
(1) If 7 € L is a ¢ = p™-Weil number with m|n then x(6,) = 7/™
(2) Forn|n' §, = 57/™ modulo PL(Q)tors-
(3) If L C L' C Q are CM fields, then the natural map PL" — PL preserves the
elements 0,,.

Proof. This is proved in [LR, p 31]. O

(3.5.5) We set P = lim; P%, with the transition maps induced by sending a g-
Weil number 7 to itself. Asin (3.1.5), if L C L’ is an inclusion of CM-fields, then for
v = o00,p, v(v)" pushes forward to [L/, : L,]v(v)*. Hence we obtain a cocharacter
v(00) : Gy, — P induced by v with L # Lo, and v(p) : D — P induced by v(p)~.
These coincide with the cocharacters induced by the cocharacter v(co),v(p) of Q.
We denote by B the Galois gerb obtained from 9 by pushing out by Q — P.

(3.5.6) Let T be a torus over Q, and 5 € X, (T). Recall that 7 is said to satisfy
the Serre condition if

(T=D+Dm) =+ =1 =0,

for + € Gal(C/R) the complex conjugation and all 7 € Gal(Q/Q). We say T sat-
isfies the Serre condition if every n € X, (T) satisfies the Serre condition. This
is equivalent to requiring that T is isogenous to a Q-torus 7; which has the form
Ty x Ty, where T;' is split over Q, and T} (R) is compact. Any such torus splits
over a CM-field.

Lemma (3.5.7). Suppose the connected component of the identity Z2 C Zg splits
over a CM field, and wy, is rational. Then every admissible morphism ¢ : Q — &g
factors through B.

In particular, this holds if Z2 satisfies the Serre condition.

Proof. The first statement follows from [Re, B.3.9]. If Z satisfies the Serre condi-
tion, then it splits over a CM field, and wy, = (1 + 1), ' € X.(Zg) is defined over
Q. 0O

Lemma (3.5.8). Let T be a Q-torus, hy : S — T and i : T — G a map of
Q-groups such that io hy € X. Then

Vi,

ioty, Q — &r— &g

is an admissible morphism.

Proof. This is proved in [LR, Lem. 5.2]. Since our setting is more general than that
of loc. cit we recall the argument.

Clearly io,, = satisfies (3.3.6)(1). Now let L/Q be a Galois extension such that
T splits over L, and L., = C. Then Yp,,,. 1s the composite

2% &g, 46, — Or.

constructed in (3.1.10). For any Galois gerb &, the conjugacy classes of maps f :
® — &R, G, With f* equal to some fixed map, are classified by H'(Q, Ry oGm) =

m
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0 by (3.1.2)(2). Hence any two such maps are conjugate. The same remark applies
to 8r,, 4G, (v) for any v.

Suppose that v # p is a finite prime. Then the above remark shows that 1 (v)o(,
is conjugate to 7 — 1 x 7. Hence i 01y, (v) o, is conjugate to &,.

Now let po € X, (Rr/9Gm) = Z[Gal(L/Q)] correspond to the identity. If w €
G is as in (3.3.5), then (3.1.12) (applied with T' = Ry gG,,) shows that there
is a well defined map & : 8., — &g, ¢, () given by ¥* o v(co) on B4 and
sending w to po(—1) x ¢. This map is conjugate to ¥(00) o (. It follows that &
is conjugate to i 01y, (00) 0 (s. Thus io1py, —satisfies (3.3.6)(2).

To check (3.3.6)(3), note that the map 1(p)o(p : &, — Sgy .G, (p) is conjugate
to a map of Q/Q,-gerbs ® — 6‘1‘{@@@7“. Then vy, (p) o ¢p is conjugate to a
morphism induced by a map of Q)" /Q,-gerbs, 6" : D — & (p). As in (3.3.6), we
write 0 (dy) = b x o, with b € T(Q}").

We have v, = —0"" o v(p) as in the proof of (3.4.2). Let T C Gg, be the
centralizer of a maximal split torus containing the image of i ov,. After conjugating
i, we may assume that 7" arises from a torus in Gz,. Fix a Borel B D T" of Gz, and
let p* € X.(T") be conjugate to u, with —p* dominant. Let M be the centralizer
of i o vp. It suffices to show that X %(z(b)) is non-empty. To do this we check the
two conditions in (3.4.3) (applied to M). The condition v, < —f* holds as —i* is
dominant, and v, is central in M. An argument, as in the proof of (3.4.2) shows
that kp(2(0)) = [t 0 —pny] = [—p] € m(M)p. O

(3.5.9) Let ¢ : Q — & be an admissible morphism. We say that ¢ is special if
there exists a Q-torus T, an At : S — T, and an inclusion i : T — G over Q such
that ¢ o hp € X, and ¢ is conjugate to i o9y, .

Lemma (3.5.10). Let ¢ : Q — &g be an admissible morphism, and ¢g : Q —
Bgaa the morphism induced by ¢. Then ¢ is special if and only if ¢g is special.

Proof. If ¢ special, then clearly ¢q is special.

Now suppose that ¢ is special. After conjugating ¢y by an element of G*(Q)
we may assume that ¢g = io,, ~for some torus ¢ : T" — G and hy : S — T,
with i o hp € X4, By the real approximation theorem, we may conjugate i and ¢
by an element of G*!(Q) and assume that h7 lifts to an element h € X.

Let T be the preimage of T in G, so that h : S — T lifts hy. Let i : T — G denote
the inclusion. By (3.5.8) i 01/, is an admissible morphism. Now let g € G(Q)i,
and set z, = g~ !7(g) for 7 € Gal(Q/Q). Then for t € T(Q) and 7 € Gal(Q/Q), we
have

9(zi(t),7)g " = (gi(t)g ", 7) = (9ig™ " (t),7)
in ¢. Thus z - (i 0 ¥y, ) is conjugate to the morphism (gig=") o ¥y, , and hence is
special. It follows from (3.4.11) that every admissible lifting ¢ : Q — &g of ¢g is
special. [

Theorem (3.5.11). FEvery admissible morphism ¢ : Q — G¢ is special.

Proof. Consider a Shimura datum (H,Y") with H an adjoint group. We first show
that there is a Shimura datum (G, X) with (H,Y) = (G2, X3d), G9er simply
connected, and such that Zg r is a compact torus, so in particular Zg satisfies the
Serre condition.
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By [De 2, 2.3.4(b)] the action of Gal(Q/Q) on the Dynkin diagram of H factors
through Gal(L/Q) with L a CM-field. In particular, Z; can be embedded in a sum
of copies of R /Gy, and hence in a sum of copies of

Np/r,
Sr =ker (RpjoGm 2 Ry /oGm)

where Ly denotes the totally real subfield of L. Fix such an embedding Z5 — S7,
and let G = (H x S})/Zg. Then Zgp = S} is compact.

Now any h € Y factors as h : S/Sy — H = G?4. Since Zg is a compact torus, h
lifts to a map h : S/So — G, and we may take X to be the G(R)-conjugacy class of
h.

The theorem for (G,X) follows from [LR, Satz 5.3], and (3.5.7). Hence the
lemma holds for any Shimura datum (H,Y) with H adjoint (3.4.11). Finally, the
theorem holds in general by (3.5.10). O

(3.6) Connected components: In this subsection, we develop a theory of
connected components for the sets St(G, ¢g). We will use special morphisms to
show that the set parameterizing these components is in canonical bijection with
the set of (geometric) connected components of Shy (G, X).

(3.6.1) Let ¢ : Q — &5 be a morphism. We define sets X,(¢) and X?(¢)

analogously to (3.3.6). First let XP(¢) denote the set of pairs (gi,€;)i00,p Where
(91)1£00,p € G(A’;) and ¢ is an isomorphism Int(g;) 0 & —— ¢(1) o (;. Here we again

denote by & the morphism &; & Ga(l) — QﬁG/é(l). More explicitly, ¢; is given by
a cocycle ¢ € Z1(Qy, G(Q,)), such that

a(r)nt(gr) o &1(7) = 6(1) 0 G (7)
in G(Q;). Here, we think of Gal(Q;/Q;) as acting on G(Q;) via Int(g;) o & and
conjugation. Explcitly, this action is given by 7(h) = g7(g;) " 7(h)7(g:)g; * for
)

7 € Gal(Q;/Q;) and h € é(@l) We require that (€(7))izp,00 € G(A’;) for any

(T)1p € [1Gal(Qi/Qu). i
The group G(A%) acts on XP(¢) by

h (g1 €)izzoop = (hg, T €= T(h) A ) izoo s
where 7(h;) refers to the twisted Galois action just mentioned. We set
XP(¢) = GAD\X"(¢).

We define X,(¢) as the set of g € G(Q,)/(G(QY) - Gz, (Z%)) such that 0, =
Int(g71) o ¢(p) o ¢p is induced by a morphism®®

0D — 6 (p) = B /G(QY)

9Note that this condition on a morphism &, — Qﬁc/é is not stable under isomorphism of
monoidal functors.
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with 0, (dy) = by x 0 and Rg(by) = [—p] € m1(G). As above, we set X(¢) =

Xp(d) x XP(¢).
We remark that X?(¢) and X,(¢) depend on ¢ and not just on its isomorphism

class. More precisely, if ¢,¢’ : Q — & are isomorphic, then X (¢) and X (¢’)

can be identified, if one chooses an isomorphism of functors ¢ — ¢'. This choice
is canonical up to the group Aut(¢), which in general acts non-trivially on X (¢).
We will apply this definition when ¢ is induced by a morphism £ — B¢, in which
case X (¢) should be viewed as depending on the latter morphism (cf. also (3.6.5)
below).

When G9°* = G, the set X?(¢) has a simpler description: Let X?'(¢) denote the
set of g € Gab(Ap) such that Int(g;) 0§ = ¢(1) o ¢; for all I. Then one checks easily
that the map Xp(gb) — XP'(¢) which sends (gi, €)i100,p to the image of (¢1)i00.p
is a bijection.

Fix an admissible ¢g : Q — & gaa as before and let

#(Ge0) = J] X(
p2d=po

where the disjoint union runs over admissible morphisms ¢ : Q — G lifting ¢g.
If H C G(Ay) is a subgroup, we denote by H~ its closure in G(Ay).
Lemma (3.6.2).

(1) Right multiplication induces a well defined action of G(Q)+ on 7(G, ¢o).
(2) For any admissible ¢ : Q — G lifting ¢o, right multiplication induces an
action of G(As)/G(Af) on X(¢z)- If go € X(¢;) then the natural map

G(As)/G(Af)Gr, (Zp) "= X (¢5)

18 a bijection.
(3) If go € 7(G, ¢y), then the natural map

m(G) == G(Q)T\G(Ay)/Gz, (Zp) 72 limr 7 (G, ¢0)/G(Q)% - KP =: (G, ¢o)

s a bijection. Here KP runs over compact open subgroups of G(A’;). Thus

(G, ¢o) is a w(G)-torsor.

Proof. Let g € G(@)i_, ¢ : Q — B¢ an admissible morphism lifting ¢g, and write

zr = g '7(g) for T € Gal(Q/Q), so that (z,), € Z'(Q, Zg).
Let (g1, €1)12p € XP(¢;). By right multiplication in (1) we mean the map induced

by right multiplication on elements of X,(¢) and sending (g;, €;)1p in X'p(qﬁ;b) to
(919, €1)i£p- For 7 € Gal(Q;/Q;) we have

Int(gig) 0 &(7) = Int(gr) (2" - &(7)) = 27 Int(gr) 0 &(7) €_~l> (z71 - o)1) 0 (7).

So (919, €1)12p € XP(271 -¢). Thus g maps XP(¢p ¢ bijectively onto XP(z1 b,
and this bijection commutes with the action of G’(A ), inducing a bijection of

XP(QS;B) onto XP(z~ ab)
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Now let go € X,(¢;)- The image of C;’(Q;;’) -Gy, (Z2%) in G(Qp) is stable under
conjugation by g. Hence if h € G(Q;}r) -Gz, (Zy"), then gohg = 909(971hg), so gog
is a well defined element of G(@p)/é((@;r) -Gz, (Zy,"). We have

Og0g = Int(gilgo_l)(zil @) (p)oCp = 2t (Int(gil) 0fg,).

As in (3.3.3), to show that 6, is induced by an unramified morphism 6’ : D —
& Gur s (p), we have to check that f4,4(1 % 7) =1 x 7 for 7 € Gal(Q,/Qy"). To see
this, note that

Int(g ) ol (1x7)=g ' AxT)g=g '7(g) xT=12,-1xT.

Since kg (9™ 'bg9) = Ralbg,) = [—pl, it follows that gog € X,(27' - ¢5). This
shows that right multiplication by G(Q)i gives a well defined action on 7(G, ¢g),
and proves (1).

To see (2), note that if go € X,(¢), and g € G(Qy), then Int(g~") 0 60 (dy) =
g tbg,g % 0, 80 gog € Xp(¢x). Since G(A?)/G(A?) clearly acts on XP(¢), one
sees that right multiplication induces an action of G(Af)/G(Af) on X(¢z;) We
have to show this action is simple and transitive.

Let go = (9o, €)iztp € XP(4). Since the class of ¢ € H'(Q;,G) is trivial, we
have ¢, = hy7(h;)~! for some h; € é(@l), again using the twisted Galois action
on G, for which ¢ is a cocycle. For some integer N, G admits a reductive model
Gz /n) over Z[1/N]. Then for almost all [, ¢, takes values in Gz,(Z;). In this case
we can take h; € Gz,(Z;).2° Thus h = (h;)1zp € G(A?). As go =h-go € XP(¢), we
may assume that ();, = 1, the trivial cocycle.

The set G(A?)/C;’(A?) clearly acts on the set of such go. Suppose that g =
(g1)izp € G’(A?) with (90,19, 1)i£p € XP(¢). Then Int(go,9;1) 0 & = ¢(1) o §; for each
I, and Int(g;) 0 & = &. For 7 € Gal(Q;/Qy), Int(g;) 0 &(7) = (1)~ x 7, so we
find that g; € G(Qi), and g € G(A%), which shows the action of G(AI;)/C:'(A?) is
transitive.

Suppose that g € G(A%}), with gog = go in XP(¢), so that (go,1) = (90990 ") -
go,1) € X?(¢). Then there exists a h; € G(Q;) such that hyr(h)~! = 1 for 7 €
Gal(Q;/Q;), with the twisted action, and h; = go_rlglgojll in G(Q;). This implies that
g&}hmm e G(Q), is a lift of g;. Thus G(A?)/é(&’;) acts simply.

Next suppose go € X,(¢7;), and g € G(Q,) with gog € X;(¢;). Then a simple
computation shows that g~'7(g) = 1 for all 7 € Gal(Q,/Qy"), so g € G(QY).
Likewise if 7 € Gal(Q,/Q,) is a lift of Frobenius, then the image of g~1by, 7(g) in
m1(G) is equal [—p|, and hence coincides with the image of by,. Hence the image of
g lies in 7 (G)2@"/Q) " and the class of g in G(Qgr)/é(Qgr)GZ]a (Z,") contains
an element in G(Q,) by (1.2.3).

This shows that G(Qp)/é(Qp)~GZp (Zy) acts transitively on X, (¢). The Cartan
decomposition implies that

Im(G(Qyr) — G(QY)) - Gz, (Zy) N G(Qy)
= Im(G(Q,) — G(Qp)) - Gz, (Zp) = ker ficlag, ),

20Indeed, in this case triviality of the class of ¢; is less deep, being a consequence of Lang’s
Lemma.
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which shows that the action is simple. This completes the proof of (2).
Now, using (2) and (3.4.11), one sees that m(G, ¢g) is in bijection with

(3.6.3) limir G(Q)4\G(A7)/G(A)G(Z,)K? > (G, o).

Since G(Q) contains G(Af), by the strong approximation theorem, and the
closure of G(Q)4 in G(Ay)/Gz,(Z,) coincides with the image of G(Q) 7, as Gz, (Zy)
is compact, the left side of (3.6.3) is equal to G(Q)\G(Ay)/Gz,(Z,). O

Corollary (3.6.4). For any admissible morphism ¢ : Q — &g,
(G, ¢) == limX(¢3)/G(Q)4 - K”

is a w(G)-torsor. Here KP runs over compact open subgroups of G(A];).

If ¢, ¢' : Q — & are admissible morphisms such that ¢*¢ and ¢’ are conjugate.
Then the w(G)-torsors ©(G, ¢) and n(G, ¢") are canonically isomorphic.

Proof. The first claim follows from (3.6.2)(2). For the second claim, suppose ¢
and ¢4 are conjugate by an element ¢ € G*4(Q). Lift ¢® to § € G(Q). Left
multiplication by ¢ induces a bijection between X (¢~ ) and X(ggéggg’l), and a
bijection between m(G,¢) and n(G,gepg~") as m(G)-torsors. Here on XP(¢),
left multiplication means the map sending (gi, €)i£p,00 t0 (991, €19 )isp,00- Since
Go*g—1 = ¢"*d we can then identify 7(G,§og~!) and (G, ¢') using (3.6.2)(3).
The second claim now follows once we check that the bijection between 7(G, ¢)
and 7(G, ¢') just constructed does not depend on the choice of g.

To see this, let 1 (Q)% and G’((@)tﬂ|r denote the preimages of I, (Q)? and G(@)i_
in G(Q). Two choices of g differ by an element i € I (Q)". Tt suffices to show
that there exists g € C:'(@)h+ such that ihg™' = h for all h € X(¢). (Here right
multiplication has the same meaning as in (3.6.2)).

Let z; = i~ '7(i). Then the class of z, in H'(R, Zz) is trivial, as (5,/Z)(R)
is compact, and hence connected. In particular, the image of z, in H*(R, é) is
trivial, and hence the image of 2z, in H 1(@,@) is trivial by the Hasse principle.
Hence there exists g € é(@)i such that g7 17(g) = 2.

Right multiplication by g induces a bijection between X (¢;§) and X (z71- (b;vb),
as does left multiplication by i (via the natural action of 5 (Q)9). If h X(oz);
then ihg~! = h[h~lihg~!] € X(¢z). Since h~lihg™! € G(Ay), it follows from
(3.6.2)(2) that ihg™' = hin X(¢). O

(3.6.5) We use (3.6.4) to identify the sets (G, ¢) with ¢*? conjugate to a given
morphism ¢y : Q — Ggaa, and denote the resulting set simply by (G, ¢g), as in
(3.6.2).

The reader should note the following subtlety: Suppose that Gd°r = G, and
#,¢" : Q — &g, are two admissible morphisms with ¢~ = Q%LB' Then, by definition,
the underlying sets of (G, ¢) and (G, ¢') coincide. However, the map identifying
these two sets in (3.6.4) is in general not the identity.

If we no longer assume that G4 = G, and assume that ¢, and ¢;~b are equiv-
alent, there is an analogous canonical, “tautological” identification of 7(G, ¢) and
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7(G, ¢') (corresponding to the identity map when G4 = &), but its definition is
somewhat less obvious, and we will not need it.

(3.6.6) Let T be a Q-torus, and ur € X, (T'). We now make the analogues of the
definitions in (3.6.1) in this setting. Recall that we have the map 1, : Q — &.
We define

XP(Yur) = {(g)i00,p € T(A) : Int(gr) © & = Ppur (1) © G}

To define X, (¢, ), recall that for any connected reductive group H over Q,,
Kottwitz [Ko 5, §7] has defined a surjective map iy : H(Q}") — mi(H)r, general-
izing the map &¢ introduced in (1.2.1) above. Here I C Gal(Q,/Q,) denotes the
inertia subgroup. In particular, we may apply this to the torus T, and obtain a map
Fr : T(QpY) — X.(T);. If 7 denotes the Néron model of T over Z,, and 7° C T
denotes the connected component of the identity, then ker iy = 7°(Z;") [Ra, Rem.
2.2].

We define X, (1,,) as the set of t € T((@p)/TO(Z;r) such that 6, = Int(t~!) o
Yur (p) © ¢p is induced by a morphism

0D — B

with 0} (dy) = by ¥ 0 and (b)) = [—pr] € XW(T)r.
Finally, we set X (¢,,.) = Xp(¥u,) X XP(¢u, ), and

S(,(/}MT) = T(@)_\X(,(/)NT)

It will be convenient to extend these definitions to the case when T is a protorus.
If T' = limT; where each T; is a torus, and pr € X, (T'), we denote by ur, € X,.(T5)
the image of ur, and we define

X(%T) = anX(w“ﬂ )

and similarly for S(,,.).

Proposition (3.6.7). The set X (1,,,.) is a T(As)/T°(Zy)-torsor. Moreover, there
is a canonical isomorphism

S(Wur) — T(Q)\T(Ap)/T°(Zp).

In particular, this isomorphism is functorial in the pair (T, pr).

Proof. We begin by checking that XP(¢,,) is non-empty, and that 1, (p) o {,
is conjugate to a morphism ® — &} . It suffices to do this in the universal
case where (T,ur) = (Rg/qGm, o) where pg € X.(Rg/gGm) corresponds to
1 € Z[Gal(Q/Q)]. Then v, = ©.

Note that, by construction 1* is defined over Q. Since H(Qy, Rg oGm) = {1},
for I # p, (3.1.2)(2) implies that ¢ (1) is conjugate to the morphism of neutral Galois
gerbs Q(I) — (1) given by 12 (1) x 1. This implies XP () is non-empty. Similarly,
since H'(Gal(Q,/Qp"), Rg/qGm) = {1}, we have

H?(Gal(QY/Qy). Rg/oGm) C H*(Gal(@,/Qy), Ry qGim)-
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As the pushout of &, by (¥(p) 0 (,)* is a split extension, this implies the pushout
of © by the Qp'-points of the same map is also split. It follows that (y(p) o (,)* is
induced by a map of Q) /Q,-gerbs ® — &Y. Since, H'(Gal(Q,/Q,), Rg/oGm) =
{1}, the induced map of Galois gerbs must be conjugate to (p) o (.

The argument that X, (¢, ) is non-empty is analogous to (and in fact technically
simpler than ) the proof of (3.4.2). It suffices to consider T" of the form Ry, oGy,
for some Galois extension L/Q. Let 6" : ® — &Y' be a map such that the induced
map of Galois gerbs is conjugate to ¥, (p) o (. Write 8" (dy) = b x 0. Then
vy, = =5 ov(p) = —pr, where iy € X.(T)" ® Q denotes the average of the
Galois orbit of pr. Hence by [RR, Thm. 4.2(ii)], b and —ur have the same image in
X.(T)r®Q and hence in X,(T)r, which is torsion free. In particular, if b’ € T(Q}")
satisfies R (b)) = —ur, then b and b have the same image in X, (T)r, and hence b
is o-conjugate to o', as b and b’ are basic.

This shows that X (¢,,) is non-empty. One checks immediately that X? (¢, )
is a T(A%)-torsor. If t1,t2 € Xp(Ypr), then t = tit,h € T(Qpr), and satisfies
Fr(o(t)t™') = 1, and hence o(t)t™! € T°(Z}"). Hence by Lang’s Lemma, there
exists ¢’ € T°(Zy") with t#'~* € T(Q,). This shows that t1,t2 € T(Qp)/T°(Zy)
differ by an element of T'(Q,). It follows that X (1, ) is a T(Af)/T °(Zy)-torsor,
and hence that S(¢,,.) is a T(Q)~\T'(A¢)/7T°(Zy)-torsor.

To show that S(1,,.) has a canonical trivialization, it suffices to show that S(¢)
consists of a single element. For this consider the maps of inverse limits

limy, (L*)7\(L @ A)*/(L ®g R)*"*
=limy (L) "\(L ®g Ay)* — Um(L*)"\(L ®g Ay)* /(O ®7 Zy)* = C,

where L C Q runs over all finite extension of Q, and as usual, a superscript “+”
means that we take the intersection of the subgroup with the connected component
of the identity in (L ®g R)*, and “—” means that we take the closure of L* or
L% in the indicated topological group. The inverse limit on the left is trivial,
by class field theory. The map of inverse limits is surjective, because L*'T has
finite index in L*, and (Of ®z Z,)* is compact. Hence C' is trivial. Let po €
X+(Rr/9G,,) denote the image of pg. As C is an inverse limit of profinite groups,
S(¥) =limzS (1, ) is a torsor under C, and we have S(¢) = {1}. O

(3.6.8) We now consider the category #5¢, whose objects consist of a reduc-
tive group Gz, over Z,), and a Shimura datum (G, X), where G = Gz, ®z,,, Q.
Morphisms consist of morphisms of reductive groups Gz, — G’Z(p) inducing a mor-
phism of Shimura data. For any (Gz,,,, X) in ), We have the associated adjoint
object (G’%‘(lp),Xad), and we denote by .75, (G*!, X3d) C 7%, the subcategory
consisting of objects whose adjoint object is (G%‘(ip),X ad) We will usually write
(G, X) for an object in .45 ,, so that the reductive group Gz, is understood.

As above, we set K, = Gz,,,(Z,), and we write

(G, X) = m(Sk, (G, X)(C))

for the set of connected components of .x (G, X)(C) so that 7(G, X) is torsor
under 7(G) [De 2, 2.1.3].
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Let T be a torus over Q, equipped with a cocharacter hr : S — Tk, and let
pur = pry € X.(T) be defined as in (1.3.1). Suppose i : T — G is a morphism such
that i o hy € X. We obtain a morphism

t—hXxt

T(Q \T(Ay) — Fx,(G,X)(C) - 7(G, X)
which induces a map
(3.6.9) T(Q)"\T(Ay)/T°(Z,) — (G, X).

Indeed, i sends 7°(Z,), to the kernel of Ag|g(qg,), Which is equal to G(Q,)G(Z,).
Similarly, from the definitions, we have a map

SWur) = m(GrioPur) = (G, (i 0 Yur)o)-

Again, this uses that ¢ maps T°(Z;r), to the kernel of Kg, which is equal to
G(Q")G(Zy).

Proposition (3.6.10). Let (G,X) be in S5, and ¢¢ : Q — Bgaa an admissible
morphism. There exists a unique system of isomorphisms of w(G) torsors

Ve : (G, ¢o) — w(G, X)

with the following properties:
(1) 9 is functorial for morphisms in S (G4, X?).
(2) For any triple (T, h,i) as above such that hy € X, and (0, )o is conjugate
to ¢o, the diagram

(3.6.11) W) —0 o Q)T (B )/ T (Z)
J/ l(3.6.9)
(G, 6o) = (G, X)
commutes.

Proof. By (3.5.11), for any admissible morphism ¢ : Q — & lifting ¢g, there exists
a (T, h,1) as above, such that ¢ 01, is conjugate to ¢. There exists a unique map
of m(G)-torsors, ¥¢ so that (3.6.11) commutes for the chosen triples (7', h,i). We
will show that (3.6.11) also commutes for any other triple (7", h’,4") such that 1,
is conjugate to an admissible lift of ¢¢. Assuming this, it follows that J¢ satisfies
(1), because the other three maps in (3.6.11) are functorial with respect to maps
in S ,(G*, X29).

Let G1 — G be a z-extension, induced by a map of reductive groups Gz, —
Gz, [Ko 6, §1]. Lift X to a G'(R)-conjugacy class X;i. Then there is a map of
Q-tori Ty — T, a hy : S — Ty, lifting h and a ¢; : Ty — G over Q lifting <.
Similarly, any (77, h',i") as above lifts to a triple (77, h},4}). As above, we define
a map Vg, using (71, h1,41). Then J¢, induces J¢ via G; — G. Thus, if (3.6.11)
commutes for (77, h},4]) (with d¢, as the map on the bottom), then it commutes
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for (T', h',i"). Tt follows that it suffices to prove that ¥¢ satisfies (2) when G4 = G,
and we assume this from now on.

As remarked in (3.6.1), when G4 = @, the set X (¢3;) has a more concrete
description, which we will make use of here. Let er € n(G,,,) denote the image
of the composite

5(1/’) - S(¢;LT) - W(Ga ¢HT)5

and similarly for err € 7(G,,,,,). We also denote by er,ers the images of these
elements in 7(G, ¢p). Note that the morphisms wzt;, f;l;/ : 0 — &2 are equal,
since they are both equal to the composite of ¢ and map @R@/@Gm — G?" induced
by pp for any h € X. In particular, this means the underlying sets 7(G, ¥, ) and
7(G,vpu,,) coincide. This is the “tautological” identification of these sets men-
tioned in (3.6.5). From the constructions, one sees that under this identification,
the elements er and ep: coincide. We now compare this with how these sets are
identified by (3.6.4).

By (3.4.11), there exists ¢ € G(Q) be such that gi,, g7t = 2 - Yu,, where
z € ZY(Q, Zg), is a cocycle of the form g, 7(g,)~" for some g4 € G(Q)% = G(Q)4N
G(Q). Since ¥22 = ¢iP | we find 7(g)g~! € G(Q) for all 7 € Gal(Q/Q), so the
image of g, g*", lies in G**(Q). By the constructions in (3.6.2) and (3.6.4), the
isomorphism from 7(G,,,.) and 7(G, 1, ) in (3.6.4) is given by the tautological

ab)—l

identification followed by left multiplication by g. Thus we have epr = (g er

in (G, ¢o).
Now let fr denote the image of 1 under (3.6.9), and similarly for fr.. Let g1 €
G(R) be such that gihg; * = h'. Under the isomorphism

G(@\mo(X) x G(Af) — G(Q)T\G(Af)

the image of g1 x 1 is equal to g;l where g2 € G(Q), is any element which maps
to the image of g; under G(Q) — G(R)/G(R),. We have fr» = g; ' fr. We claim
that g and g; have the same image in G*(R)/Zg(R). Assume this for a moment.
Then ¢*P lifts to an element of G(R), and hence by the Hasse principle to an
element ¢’ € G(Q), as G4 = G is simply connected. As G(R)4 D Zg(R)G(R),
our assumption implies that ¢’ and g; have the same image in G(R)/G(R);.. Thus
we can take go = g’ above, and we see that

fro =9 fr = (") fr.

As ¥¢ takes er to fr, by construction, it takes eps to fr+ for any (17, h',4'), and it
follows that (3.6.11) commutes for any (T7,h/,i).

It remains to show the claim. Let L C Q be a number field, such that 7" and 7’
split over L. Let 19 and €oc 0 : oo — B R, 4G, be asin (3.4.1), and write ¢, for the
composite of ¥ and the projection (’5R@/@Gm — @RL/Q(Gm. Then €0 = thr 0Coot™!
for some t € QiRL/@(Gm(@) by (3.1.2)(2). Let {oor : B — &1 — B¢ be the
composite map induced by £ o, and similarly for £ 7+. The map 77 : RL/@Gm —

T takes pg to pp by definition. Hence glfooyTgl_l = {s,17- Thus we have

Vpps © Coo = T () Mooy (t) = 710 (8) "  G1éso gy T ()
=70 () T 1 () © Coor(8) gy M ().
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Let g} = 7 (t) " tgimr(t). As the image of (¢, 0 () lies in Zg(R),
9% © Coo91 " = Vpps © Coo = (99+) 7 © Coo(994+) ™

Hence ¢/ (gg. )"t € Ly, o¢ — G%. In particular, the images of g| and gg4 are
in the same connected component in Gab(R)7 and hence have the same image in
G*(R)/Za(R). Since 77 (t) and 77 (t) have the same image in G**(Q), g1 and ¢}
have the same image in G**(R)/Zg(R). As the image of gy in G**(Q), is trivial,
this proves the claim. [

(3.7) The refined conjecture: In this subsection we formulate a refinement
of the Langlands-Rapoport conjecture in the style of Pfau [Pf, §3]. This refinement
implies (3.3.7) but is better suited to passing between different Shimura data with
the same adjoint datum. In particular it will allow us to reduce the case of abelian
type Shimura data to the case of Hodge type.

(3.7.1) Let Zp denote the ring of integers of @p. We slightly abuse notation and
denote by G(Z(p))i the preimage of G*(Z,))" = G%i (Zp)) N G*(Q)T in G(Q).
We keep the notation of (3.4), and in particular we fix an admissible morphism

¢0 : Q — ®Gad.

Lemma (3.7.2). There is an action of G(Z(p))i on [ gaa_y, X (¢) given by mul-
tiplication on the right, where the disjoint union is over admissible morphisms
¢ : Q — B¢ lifting ¢g. This action induces a right action of Gad(Z(p))Jr on
ST(Ga ¢0)

Proof. Let g € G(Z(p))i, and ¢ : Q — B¢ an admissible morphism lifting ¢q. For
7 € Gal(Q/Q) write z, = g~17(g), so that (z,), € Z1(Q, Zg). The same argument
as in the proof of (3.6.2) shows that right multiplication by g induces a bijection of
X (¢) onto X (271 ¢).

Now let go € X,(¢). As in the proof of (3.6.2) one sees that gog is a well defined
element of G(Q,)/G(Z4"), and that

090 == Int(g g0 (=71 @) (p) 0 G = 27"+ (Int(g™") 0 by,)

is induced by an unramified morphism 6" : D — &g (p).

Finally, note that for 7 € Gal(Q,/Q,) a lift of o,

bgog = Z-r_lg_lbgoT(g> = Zr_lg_lbgogzr = g_lbgog = 9/_1bgog/a
where ¢’ € G(Z,) has the same image as g in G*4(Z,,). Hence

byng € G(Z,)p "G(Z,) N G(QY) = G(ZE ) CIZY).

This proves the first claim of the lemma. The second claim follows, as Z5(Q) C

I, (Q)F. O

(3.7.3) We recall the notation of [De 2, 2.0]. Let H be a group equipped with
an action of a group A, and I' C H a A-stable subgroup. Suppose given a A-
equivariant map ¢ : I' — A where A acts on itself by conjugation, and suppose
that for v € I', p(y) acts on H as conjugation by 7. Then the elements of the form
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(7,¢(y)™1) form a normal subgroup of the semi-direct product H x A. We denote
by H xr A the quotient of H x A by this subgroup.

Combining the action of G*(Z,))™ given by (3.7.2) and the natural action of
G(A%) on S<(G, o), we obtain an action of &7 (Gz,) = G(A}) *c(z,), G (L)) T
on S+(G,¢o), where G(Z,y)+ = Gz,(Zy,) N G(Q)4.. Write G(Z )5 for the closure
of G(Z(p))+ in G(A?), and set %(GZ(Z}))O = G(Z(p)); *G (L) + Gad(Z(p))+.

Note that there is natural projection </(Gz, ) — 7(G) sending (h,g) to the
class of h. In particular, there is a natural action of &/ (Gz, ) on (G, ¢o) via the
7 (QG)-torsor structure on 7(G, ¢g) given by (3.6.2)(3).

Lemma (3.7.4). The natural projections X(¢) — X(¢5;) induce a /(Gz,,)-
equivariant, surjective map

cg : S<(G,¢0) — (G, ¢o).

Proof. We use the notation of (3.6.4). We saw in that lemma that for i € I3 (Q)S,
there exists g € G’(@)i_ such that g~17(g) = 2, := i~ 17(i), and that right multipli-
cation by g and left multiplication by 4 induce the same bijection between X (¢ )
and X (27! - ¢ ). Similarly, if h € X(¢), then Tit 'hg™" = h in X (¢ ). Thus
it~ and ¢ induce the same bijection, and there is a natural map

L @M J] X — [ Xez)/G@%

pad=po prd=¢o

(3, (Q)? acting via the conjugate of the natural action by T).
Since I,,(Q)% = o (Q)% - Z¢(Q), the map in the lemma is well defined. By [Ki
2, 3.3.3] the natural map

(3.7.5) G(Z )3 \G(A}) — GQ)L\G(Af) /Gy, (Zy)

is a bijection. Hence the surjectivity follows from the & (Gz(p))—equivariance. O

(3.7.6) By [De 2, §2.7], Shg, (G, X) is equipped with an action of </(G7z,,)
extending the natural action of G(A%), and the map

Shy, (G, X)(C) — (G, X),

taking a point to its connected component is &/ (Gz,,, )-equivariant, with </ (Gz,, )
acting on 7(G, X) via the projection &/(Gz, ) — m(G).

If Shi, (G, X)) admits an integral canonical model .k (G, X) in the sense of [Mi
2], then we obtain an induced /(G )-equivariant map

(3.7.7) S (G, X)(F,) — 7(G, X)

identifying the geometrically connected components of ., (G, X) with 7(G, X).
The results of [Ki 2] imply that .7k, (G, X) exists if (G, X) is of abelian type and
p > 2. -

As in (1.4.2) we denote by ® the geometric r-Frobenius on . (G, X)(F,).
Recall the isomorphism ¢ : 7(G, ¢g) — (G, X) constructed in (3.6.10).
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Conjecture (3.7.8). Let (G, X) be a Shimura datum, and K, = Gz, (Z,) a hyper-
special subgroup. Then there exists a Za(Qp) x & (Gz,,,)-equivariant commutative
diagram

(3.7.9) Ik, (G, X)(Fp) ——= 14, S(G. ¢0)
(G, X) H[¢0] (G, ¢o)

compatible with the action of the operator ®. Here ¢g runs over representatives for
the distinct conjugacy classes of admissible morphisms Q — Bgaa.

(3.7.10) Remarks:

(1) That (3.7.8) implies (3.3.7) follows immediately from (3.4.16).

(2) To prove the conjecture, it suffices to construct a diagram which is & (Gz,, )-
equivariant and compatible with ®. To see this note that Z¢(Q) (embedded diag-
onally in Zg(Q,) x G(A%)) and Zg(Z,) = Zay,,, (Zy) act trivially on both sides
of the conjectured isomorphism. Thus the Zg(Q)p)-equivariance follows from the
G(A%)-equivariance once we check that Zg(Z,) - Zg(Q) = Zg(Qp).

Now Z2(Z,) - Z2(Q) = Z2(Q,) by [CSu, Prop. 2.1,2.2]. On the other hand, the
maps

Z6(Lp) — (Za]28)(Ly) — (Za/Z&)(Qy)

are surjective, the first since H'(Z,, Z) = 0 by Lang’s lemma, and the second
because Z/Z° is a finite flat group scheme over Z,,. The equality Zg(Z,) - Zc(Q) =
Zc(Qp) follows.

(3) We will prove some cases of the conjecture with St (G, ¢g) in place of S(G, ¢9),
in §4.

(3.8) Connected components again: Let ¢g : Q — Bgaa be an admissible
morphism. In this subsection we study the fibres of the map S+(G, ¢o) — 7(G, ¢o).
These correspond via (3.7.8) to connected components of Shimura varieties. In
analogy with the theory of Shimura varieties, we show that these subsets depend
only on the adjoint Shimura datum (G4, X2) and the derived group G9¢*, and
that they can be used to reconstruct S.(G, ¢o).

(3.8.1) For the remainder of the paper, we fix a connected component X C
X2d We denote by .#57,(G*, XT) the full subcategory of .75¢, (G, X) con-
sisting of objects (H,Y) such that X+ C Y. Suppose (G, X) is in 77, (G, XT).
Then under the composite map

mo(X) = 7(G, X) ﬁ (G, do)

G

X+ maps to a point y € 7(G, ¢p). We set Sc(G, ¢o)* = c5'(y).

Suppose that h : Gz, — G2z, is a surjective map of reductive groups over
Z(p)y, which induces an isomorphism on derived groups. Write G2 = Gaz,, ®z,,) Q.
We denote by pe2 the image of p in X.(Gs2), and yo = h(y) € 7(Ga,¢o). More
generally, we denote by a subscript “2” the analogue for G2 of a construction for

G -e.g IQ’d)O (Q)h
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Lemma (3.8.2). The natural map S<(G, o)™ — S<(Ga,¢0)" is a bijection.

Proof. Let o (G,G2) = ker (#(Gz,,) — & (G2z,,)). We have a commutative
diagram with exact rows

)0—— %(GZ(ZD))O I M(GZ(p)) I G(A?)/G(Z(p))l —0

| l |

) —— JZ{(GQZ(M)O —_ > JZ{(G27Z(P)) — GQ(A?)/GQ(Z(I))); —0

Since G9°* = G$°*, the map on the left is a bijection [Ki 2, 3.3.2], [De 2, 2.0.12].
Hence, the natural map

A (G, Ga) — ker (G(A})/G(Zg)) s — Ga(A7)/G2(Zp))5)

is a bijection, and &7 (G, G2) acts simply transitively on ker (7(G, ¢g) — (G2, ¢o))
by (3.6.2)(3) and (3.7.5).
We now check that the map

(3.8.3) h™(Se(Ga2, ¢0)T) — Se(Ga, do) ™

is surjective and that o/ (G, Gs) acts transitively on its fibres. Assuming this, the
lemma follows easily.

We begin by checking the statement regarding transitivity. For i = 1,2 let
¢; : Q — B¢ be an admissible morphism lifting ¢g, and let z; € X(¢;). Let
h«(¢;) : Q — &g, denote the morphism induced by ¢;. Suppose that z; and x5
map to the same element of St (G2, ¢g) ™. We want to show their images in S (G, ¢o)
differ by an element of o7(G, Gs). Since the map I, (Q)" — I2 4,(Q)? is surjective,
we may assume that h.(¢1) = hi(¢2), and that z; and x2 have the same image in
X (ha(én).

Let Z = ker(GZ(p) — G2,Z(p)). By (3.4.11), we have ¢ = z - ¢1, where z =
(2,) € ZYQ,Z) and z, = g '7(g) for some g € G(@)i with h(g) € G2(Q)+.
Write 21 = go X (g1)i1p € G(Ay) and z2 = go2zo X (g121)1p, Where (21)1p € Z(Ay)
and zg € G(Qp) is in the preimage of G(Zy"). Then, as in (3.3.3), the condition
(3.3.6)(3) applied to ¢1, ¢, implies that for 7 € Gal(Q,/QW"), we have

90 "1 0 G(1 % T)7(g0) = 25 ' g5 ' 2r 1 0 (1 X T)T(g020) = 1,

and hence that z, 'z, 7(2) = 1.

Similarly, applying (3.3.6)(3) again, for any 7 € Gal(Q,/Q,), the image of
25 27 (20) in G*P(Q,) lies in G*P(ZYT). Since z; 'z, 7(20) also maps into G2(ZL"),
we have z; 'z, 7(20) € G(Zy"). Hence 2, = 2 2 (20) € ZHNGal(Qp/Qyp), Z(Z)).
By étale descent, the cocycle z. corresponds to an étale Z-torsor. As the induced
Gz,-torsor is necessarily trivial, there exists 21 € G(Z,") such that 27t () = 2.
Replacing 2o by z02; 1 (which does not change the class of gozo in X,(¢2)), we may
assume that z, = 25 '7(20).

It follows that z; 'g € G(Q,). Since G(Z,)-G(Q)* = G(Q,) [Ki 2, 2.2.6] (cf. [Sa,
Cor. 3.5]), after multiplying g on the right by an element of G(Q)™, we may assume
that 2, 'g € G(Z,).
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Write g*! € G*(Z,))" for the image of g. For | # p, (3.3.6)(2) implies that
27(2)7! = 2z = 7(2) "'y for 7 € Gal(Q;/Q;). Hence 2971 € G(Q). It follows
that n = (2197 izp ¥ g* € #/(Gy,,,) lies in o7/ (G,G3), and under the action of
A (Gz,,,) on Sz(G, ¢o) defined in (3.7.3), n sends z1 to zo. This proves the claim
regarding transitivity.

Finally we check that (3.8.3) is surjective. By (3.4.11), any admissible morphism
Q — &g, lifting ¢o, has the form h.(¢) for some admissible ¢ : Q — & lifting
¢o. Suppose x2 € X (h.(¢)) satisfies cg,(x2) = y2, and let Ty denote the image of
ra in X (h.(9)5)-

Let # € X(¢z;) be an element which maps to y. By (3.6.2), there is a g €
G2(Q)7 such that h(Z) - go = Z2. By [De 2, 2.0.13] we may write go = jag522 where
g5 € G2(Q) 4, j2 € G3*(Q)1 = G"(Q) ] and 23 € Zg,(Q)~. We may replace T by
Tjo, and assume that jo = 1. Then h(Z) - gh = 2, "2 in X (¢z). Since x5 = 2y ey
as elements of St(h.(¢)), we may assume that g = g5 € G2(Q) 4.

Let g € G(@)i be a lift of go, and 2z = (¢77(9)) € ZY(Q,Z) the cocycle
associated with g. Then multiplication by ¢ induces a bijection between X (¢;b)
and X(z7!- ¢=;)- Hence, if we replace ¢ by 27 1¢, which does not change h.(¢),
then we may assume that h(Z) = Zs.

Now since G4°T = G4 we have G = G- X Gap G, Note that any Gg?zrp—torsor
over Zy" is trivial, so the map Ga(Zp") — G;b(Z;r) is surjective. Using this one
checks easily that the map

Xp(@) = Xp(ha(9)) XX, (he ($)an) Xp(Pab)

is a bijection. Similarly

XP(¢) = XP(ha(8)) X x0(he (6)ar) X7 (Pab)

is a bijection. Thus the pair (72,Z) € X (h«(d)) X x(h. (¢)uy) X (@ab) corresponds to
an element = € X (¢) which maps to z5. This proves the surjectivity. O

(3.8.4) Recall that E is the the reflex field of (G, X), and p is defined over
E, = Qp C Q. Let (@) C Gal(Qy'/Q,r) denote the subgroup generated by the
geometric Frobenius ® = ®,.. Using the action of the r-Frobenius on St(¢), defined
as in (3.3.6), we obtain an action of (®) on S¢(¢) for any admissible ¢ : Q — G¢.

Let ¢g : Q — Bgaa an admissible morphism, and y € 7(G, ¢y). Let

éap(GZ(p),gbo) - %(GZ(’J)) X <(I)>

denote the stabilizer of S+(G, o)™ C S<(G, o).
Lemma (3.8.5). éZ(G%‘:)) = &p(Gz,ys @o) is an extension of (®) by o (Gz,,)°
and depends only on G%‘f;)7 X, and the integer . In particular, this extension does

not depend on T or ¢g.

Proof. We begin by checking that éap(GZ(p),dm) does not depend on T or ¢g. Let
¢ : Q — B¢ be an admissible morphism lifting ¢y and = = (zp,2?) € X(¢).
Suppose that cg(z) = y. Then using the notation of (3.3.6), the image of b, in
GQyN\G(Q})/Grur (Zp) = m1(G) is [—p]. Hence for n € Z,

ca(®"(2)) = ca(2) Ny, /g, ([-11)" € 7(G, ¢o)
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where we regard Ng,. /g, ([—#]) as an element of

G(Q\G(Q)/Gz,(Zy) € GQ)\G(Ay)/Gr, (Zp) = 7(G).

Thus (h, ®") € &/ (Gz,,) % (®) is in &(Gz,,, ¢o) if and only if the image of h in
7(G) is Ng,./q,([—#])~". This condition does not depend on T or ¢9. Moreover,
the isomorphism (3.7.5) shows that &7(Gz ) = &,(Gz,,,¢o) is an extension of
(@) by o (Gz,,))°-

Now suppose that G2z, — G%‘?p) is a morphism which induces an isomorphism
on adjoint groups and an identification Ggfzr(p) = Gczi‘f;), and po a cocharacter of G
which is defined over Q,-, and such that the cocharacters of G induced by ps and
L are conjugate.

To show that &, (Gz,,) = &,(G2z,,,) suppose first that there is a surjection
Gz(p) — Gg’z(p) inducing Gg’z(p) — G%?m' Then the bijection of (3.8.2) implies that
there is a natural map &, (Gz,,,) — &, (G2z,, ), and since /(G )° depends only
on G%’f;) [Ki 2, 3.3.7], this map is an isomorphism.

In general let Gsz,, = Gz, XG%?;:) G2z, - Applying the observation of the

previous paragraph shows that
&y (Gayy) = 65 (Gazg,y) = 67(Gazyyy)-

|

Corollary (3.8.6). The pair (S<(G, ¢o)",E,(G, ¢o)) considered as a set equipped
with an action of a group depends only on T, Py, G%‘z), and X . More precisely, any

morphism in S (G, Xt), which induces an isomorphism on derived groups,
induces a functorial isomorphism between the corresponding pairs.

Proof. This can be seen as in the proof of (3.8.5), using (3.8.2) O

(3.8.7) Write S¢(G9°", )t = S<(G, ¢o)* equipped with its action of (E’;(G%‘i) ).

Lemma (3.8.8).
(1) There is a natural isomorphism
A (Gz,) ¥t (G )° Ep ( gor ) = o (Gg,y) x (®)
(2) The actions of </ (Gz,,) and éZ'(G%:)) on o (Gy,,)) X S<(G", o) " given
by (a,s)a’ = (ad’,s) and (a,s)e = (e 'ae,se) respectively (here € de-
notes the image of e in o/(Ggz,,)) induce an action of o (Gz, ) x (®)

on [%(Gz(p)) X ST(Gder, ¢0)+]/VQ7(GZ(M)O.
(3) There is a natural isomorphism of sets with </ (Gz,,) x (®)-action

(3.8.9) S+(G, do) — [ (Gz,,,) * ST(Gde”,qﬁo)Jr]/;zf(GZ(p))o.
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Proof. (1) is a formal consequence of (3.8.5). The actions of & (G, ) and 5;(6’%‘:’;))
defined in (2) induce an action of &/ (Gz,)) *w (G, )° é"p”(G%f;) on [¢/(Gz,) x
Se(Gder, ¢0)*]/ o/ (Gz,,,)° and hence an action of (®) x & (Gz,,) via the isomor-
phism in (1).

The natural inclusion S:(G9", ¢g)T C S<(G, ¢o) is é’;(G‘Zi?; )-equivariant by
definition, and has a unique extension to a (G, )*M(Gz< e é”;(G%z) )-equivariant
map

[(Ga,yy) % S<(G, 60) )/ (G )° — S(G o).

Since </ (Gy,,,)/ < (Gz,,)° — =(G) this map is a bijection. One checks easily
that it is compatible with the action of (®). O

Lemma (3.8.10). Let Gz, — G2z, be a surjective map of reductive groups
over L,y with kernel Z C Zg. We regard Gz, as equipped with the cocharacter pa,
induced by p. Suppose that Z is an induced torus. Then

(1) There is natural isomorphism
Sc(Ga, ¢0) — Sx(G, ¢0)/Z(A}) = [#(Gaz,,)) * S<(G, do)]/ (Gz,,)

(2) There is a natural isomorphism

T der ~ o T der
& (G2z,)) — #(Gaz,) ¥t (G )° &5 (Gzg,))-

and a natural isomorphism of sets with &7 (Ga,z,,, )-action

Se(G3,d0)t = [ (Gaz,))° x S<(G™, 60) ]/ (G,)°.

Proof. Let ¢ : Q — & be an admissible morphism lifting ¢, and ¢9 : Q — B¢,
the morphism induced by ¢. We begin by showing that X, (¢2) — X,(¢)/Z(Qp).

Let go € Xp(¢), and go2 its image in X,(¢2). By (3.3.4), any element of
Xp(¢2) has the form gg 2ho for some hy in Go(Q}) which satisfies hy by, Lo (ho) €
Ga2(Zy")p~#2Ga(Zy"). Let m2 be a cocharacter of Gz, defined over Qp", such that hy
is in the ny part of the Cartan decomposition. Let n be a cocharacter of GG, defined
over Q" and lifting 72. Note that by modifying 7 by an element of X.(Z) we may
choose 7 so that its image in 71 (G) is any given element which maps to the image
of M2 in 7T1(G2).

Since Z is an induced torus, the Gal(Qp'/Qj,)-module X,.(Z) has trivial coho-
mology. Hence, the map

7r1((;)Gal(Q};r/@p) N 7r1((;2)C‘wal(@;r/Qp)

is surjective, so we may assume that the image of 7 lies in wl(G)Gal(Q;r/QP). Since
any element of G2(Z,") lifts to G(Z,"), this shows that there exists h € G(Q}")
lifting ho and such that &g (h) € m1(G)® & /%) Since by, € G(ZY)p "G (ZY),
this implies Rg(h™'bg,0(h)) = [—p], and hence h™'bg,0(h) € G(Zp )p~*G(Zy") as
h lifts ho.
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This shows that X,(¢) — X, (¢2) is surjective. Two elements of X, (¢) lie in the
same fibre of this map if and only if they differ by an element of

(Z(Q)/2(Zy7)) S @) = 2(Qy) [ Z(Zy).

This shows that X,(¢2) — X,(4)/Z(Q,).

Since Z is an induced torus, we obviously have XP(¢2) = X,(¢)/Z(A%). It follows
that the map I¢((@)\X(¢)/Z(A’}) — I, (Q)\X (¢2) is surjective, and it is injective
since Z(Q) C I4(Q) is dense in Z(Q,) and the map I4(Q) — Iy, (Q) surjective.
This implies that Sc(¢)/Z(A%) = Se(g2).

Again using the fact that Z is an induced torus, and (3.4.11), one sees easily
that the map ¢ — ¢ induces a bijection between conjugacy classes of admissible
¢ Q — B¢ lifting ¢¢ and conjugacy classes of admissible ¢ : Q — &g, lifting
¢o. Hence, by (3.4.16), we have a bijection S¢(Ga, ¢o) — S<(G, ¢0)/Z(A%). This
proves (1).

Now let y € (G, ¢o) and yo € 7(Ga, ¢p) the image of y. There is a natural map
&p(Gz,y s 90) — Ep(Gaz, s ¢o), which induces a map

%(GQ,Z(,,))O *.Q{(Gz(p) )e gp(GZ(p) ) ¢0) - gp(GQ,Z(p) ) ¢0)7

for example using the description of &,(Gz,, o) in the proof of (3.8.5). This map
is an isomorphism since both sides are extension of (®) by &/ (Ga,z,,,)°. This proves

(2).

Similarly, we obtain a &,(G2z,,, ¢o)-equivariant map
(3.8.11) [ (Ga,z,,,)° % S<(G,¢0) "]/ (Gz,,))° — S<(Ga,do)*.

Since o7 (G, )° C #/(Gz,,,) is the stabilizer of S<(G, ¢o)* C S<(G, ¢o), (1) implies
that (3.8.11) is injective. To see that it is surjective, let go € céi(yQ) By what we
saw above, there exists g € St(G, ¢o) mapping to g2, and h € G(Afc) such that
cG(g-h) = y. If hy is the image of h in Go(A%), then hy € G2(Z(,)) by (3.6.2) and
(3.7.5), and (hy', gh) maps to go under (3.8.11). O
Corollary (3.8.12). Let Ggyz(p) be a reductive group over Z,y with generic fibre
Gs, and (G2, X2) a Shimura datum. Set ro = [E(Ga, X2), : Qpl.

Suppose that G%?;) — Ggfzr(p) is a central isogeny which induces an isomorphism
of adjoint Shimura data (G349, X39) = (G*4, X24), and let r' be an integer divisible
by r,ro. Then there is an tsomorphism

&y (Ggfzr(p)) — o (Gaz,,,)° ot (Gay) )0 Ep (G%f;))7

an isomorphism of sets with 5;,(G§fzr(p))—action
ST(GSGY’ ¢0)+ = [‘Q{(GZZ(M)O X ST(Gder7 ¢0)+]/”Q{(GZ(;,))O7

and an isomorphism of sets with @/ (Gaz,, ) % (®.)-action

(3.8.13) S+ (Ga, po) = [W(GQ,Z@)) X ST(Gdcrv ¢0)+]/'Q{(GZ(;.))O'
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Proof. We begin by proving the first two statements. Let G3z,, = Gz, Xgad
Gaz,,,- Then Ggf’zr(p) = G%f;). By (3.8.5) and (3.8.6) we may replace G by G5, and

assume that the isomorphism G§4 — G4 is induced by a map of reductive groups
G,y = Gz,

Let Z = ker (GZ(p) — ng(p)), and embed Z in an induced torus Z’'. Using
(3.8.5) and (3.8.6) again, we may replace Gz, by (Gz,, x Z')/Z, and assume that
Z is an induced torus. In this case the first two statements follow from (3.8.10).

The final statement now follows from (3.8.8). O

§4 COUNTING POINTS MOD p

(4.1) Twisting abelian varieties: We recall, and slightly extend some of the
constructions of [Ki 2, §3.1].

(4.1.1) Let Z be any affine Q-group, and P a right Z-torsor. Let Op be the
affine ring of P. We give Op a left action of Z via (zf)(z) = f(xz), for z a point of
Z, and f € Op. For any Q-vector space W equipped with an action of Z, we will
write W7 = (W ®@g Op)?. We have

Lemma (4.1.2).

(1) The functor W — WP is exact, and compatible with tensor products and
duals. The natural map

(4.1.3) WP ®q Op — W ®¢ Op

s an isomorphism.
(2) Let F/Q be a finite Galois extension and & € P(F). Specializing (4.1.3) by
w gives rise to an isomorphism

Vs : WP @9 F —= W ®q F.
For 7 € Gal(F/Q) we have
Tolz 07! = cy(r) M5,
where c; (1) = 07 17(®) € Z(F).
Proof. The first claim follows from [Ki 2, 3.1.1]. To see the claim in (2) let
> wi® fi e WP C W @g Op.

Then for z a section of Z and x a section of P, we have )~ w; ® fi(z) = >, 2w; ®
fi(zz) so that

(4.1.4) ZW ® fi(zz) = Z 2wy @ fi(x).
In particular, Z Z
Todzor (D wi® fi(@)) = sz ® fi(r(@))
= sz ® fil@ea(T)) = ZC&(T)_lwi ® fi(@)

(cf. [Ki 2, 3.2.5]?1 ). The compatibility with duals and tensor products follows
easily from (2). O

2INote that in [Ki 2], ¢ (7) is defined to be 7(@)@~!. However in the situation of that paper
& € G(F) with G a Q-group with center Z, so that we have (@)@~ =@~ 17(®).
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Lemma (4.1.5). Let R be a Q-algebra, and W a finite free R-module equipped
with an action of Z. Let (so,) C W be a collection of Z-invariant tensors defining
an R-subgroup G C GL(W).

Then the s, are naturally elements of WFP®, and the R-scheme of isomorphisms
WP =5 W respecting the s, is isomorphic to the Gr-torsor (P x Gr)/Z where Z

acts on G by (z,9) — 27 1g.

Proof. The compatibility with tensor products and duals in (4.1.2) implies that we
have WF® = WP (The tensor product over R is a suitable quotient of the tensor
product over Q.) Since the s, are Z-invariant, the first claim follows.

Let Pg,, denote the R-scheme of isomorphisms W7 =~ W respecting the s,.
By (4.1.2)(1) Pg, is a right G g-torsor, with G acting via g(h) = g~! o h, and
(4.1.3) induces a map 7 : Pr — Pg,, where 1 is Z-equivariant by (4.1.4).

We extend 7 to a map Pr X Gr — Pg, by Ggr-equivariance. This last map
clearly factors through (Pr x Ggr)/Z, and the resulting map is necessarily an iso-
morphism. [

(4.1.6) Let S be a scheme, and A/S an abelian S-scheme. We consider A as an
abelian scheme up to isogeny, and for 7' an S-scheme we set A(T) = Morg (T, A) ®7,
Q. Suppose that A is equipped with an action of Z. The functor on S-schemes given
by

T— (A(T) ®g OP)Z

is isomorphic to A", for an abelian S-scheme A” (well defined up to isogeny). The
natural map
AP ®g Op — A®q Op

is an isomorphism [Ki 2, 3.1.3].

If A* denotes the dual of A, there is a natural isomorphism AP* - A*P. If
A is equipped with a weak polarization A : A — A* then there is a unique weak
polarization A\ : A7 — AP* such that the diagram

P A"e1 P
A" ®g Op —= A" ®q Op

| |-

A ®q Op Ao A* ®g Op

commutes up to an element of O [Ki 2, 3.1.5].

Lemma (4.1.7). Let A— H(A) be an exact, additive functor from the category
of abelian S-schemes up to isogeny to the category of Q-vector spaces. If A is an
abelian S-scheme equipped with an action of Z, we have a canonical isomorphism
H(A?P) = H(A)".

Proof. Let W, F and @ be as in (4.1.2). Then by (4.1.2)(2) we have
WP ={weWegF :c(t)r(w) =w, 7€ Gal(F/Q)}
Hence W7 is the mutual kernel of cz(7)7 — 1 acting on W ®q F.

The lemma follows by applying this description with W = A(T) for an S-scheme
T, and H(A), and using the exactness of H(A). O
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(4.1.8) We explain how to twist level structures (cf. [Ki 2, 3.2.5, 3.4.3]). Let A/S
be an abelian scheme equipped with an action of Z, as above, and V' a Q-vector
space of dimension 2dimg.A. We also assume that V is equipped with a faithful
action of Z, so that Z C GL(V).

Suppose first that S is a Q-scheme, and set

V(A) = lim, A[n],

where the inverse limit runs over positive integers n ordered multiplicatively. This
is an étale local system on S, and We set V(A)g = V(A) @z Q.

Let Cz C GL(V) be the commutant of Z, and let K C Cz(Af) be a compact
(but not necessarily open) subgroup, and

~

ex € I'(S, ISOHlZ(VAf, V(A)Q)/K)
Here Isom, (Vy f,YA/(A)@) denotes the (pro-)étale sheaf of isomorphisms respecting
the action of Z.

Let P be a Z-torsor. Since the GL(V)-torsor induced by P is necessarily
trivial, we may identify P with the fibre of GL(V) — GL(V)/Z for some w €
(GL(V)/Z)(Q). Let © € GL(V)(F) be a lift of w with F/Q a finite Galois exten-
sion.

Using (4.1.2), one sees that the isomorphism (4.1.3) identifies V" with @~V C
V ®q F, and (4.1.4) implies that the induced isomorphism &= : V 5 VP depends
only on w and not on @. We set K¥ = wKw™?!, and define

ekw € T(S,Isom 4 (Vy,, V(AP)Q)/KW)

as the section given étale locally by

oL ~ ~ o~
Vi, "=V S V(AR V(AP )

Similarly, if S is a Z,)-scheme, KP C CZ(A’}) is a compact subgroup and

~

exr € T(S, Isomy (Vyr, VP (A)g)/KP),
then choosing @ as above we obtain a section
e € T(S, Isom, (Viz, VP (AP )g) /KP).

(4.2) Twisting and Shimura varieties: The aim of this subsection is to
generalize the construction of [Ki 2, §3], which gives a moduli theoretic description
of the action of a subgroup of G*4(Q) in Sh(G, X).

(4.2.1) Suppose that G is an algebraic group over Q, and G’ C G a closed
subgroup. Let w € (G/Zg/)(Q). Then we have the “conjugate of G’ by w,” G’ C
G : By descent, it suffices to define this subgroup étale locally, when we can lift w
to a section @ of G, and we set G™ = OG'®~!. Note that we have an isomorphism
of algebraic groups over Q

G =G g agnt.
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Concretely, choose @ € G(F) lifting w, where F is a finite Galois extension of Q.
Then cz(7) = @ 17(@) € Zg/(F) for 7 € Gal(F/Q), and ¢ is a cocycle with values
in Zg/(F). The subgroup ©G’'@ =, defined over F, is stable under Gal(F/Q) and
hence descends to a subgroup G’* C G over Q, which depends only on w and not
on @. The fibre of G — G/Z¢ over w is a Zg-torsor, whose class in H(Q, Zg/) is
equal to that of cg.

(4.2.2) Now suppose that (G', X') — (G, X) is an embedding of Shimura data.
Let Koo C GRr be the centralizer of some h{ € X', viewed as an algebraic group
over R. Let (G/Z¢)(Q)1 C (G/Z¢)(Q) be the kernel of the composite

(G/Z¢)(Q) — HY(Q, Zer) — H' (R, Zer) — H' (R, Kwo).

Letw € (G/Z¢)(Q)1 and @ € G(F), as above. If i’ € X', then oh'@~! € X : By
assumption there exists goo € Koo (C) with g '7(goo) = @~ 17(®) for 7 € Gal(C/R).
Hence o = g € G(R), and

oo™ =ah'a™" € X.
Since b’ € X', W' := Oh/&~! depends only on w and not on @. Set X'¥ =
{h'“, B’ € X'}. There are maps of Shimura data
(G/7Xl) ;} (G/w’X/o.)) [N (G,X),
the first map being given by conjugation by @, and hence maps of Shimura varieties
Sh(G’, X') = Sh(G"™, X"¥) — Sh(G, X).

If K" € G'(Ay) is a compact open subgroup with K’ C K, then K = oK'&~?
is a compact open subgroup of G'“(Ay), and there is an induced map on complex
points of Shimura varieties

i Shy/ (G, X')(C) = Shyw (G™, X™)(C) — Shy_ (G, X)(C)

where K,, C G(Ay) is a compact open subgroup such that the final map is defined
and a closed embedding.

If G = G, then the above construction describes the action of G4(Q); on
Sh(G, X) defined in [De 2]. We will apply this construction when G’ = Zg is a
torus in G.

(4.2.3) Now let V be as in (1.3.2), and let

(G', X') < (G,X) — (GSp, 5%)

be embeddings of Shimura data. As above, we have a collection of tensors (s,) € V®
defining G C GL(V). Fix compact open subgroups K’ C G'(Ay) and K C G(Ay)
such that there is an embedding

ShK/(G/,X/) — ShK(G, X)

Let E’ be the reflex field of (G', X’), T an E’-scheme, and = € Shy/ (G, X')(T).
Attached to x we have a tuple (A, A\, ex/) consisting of an abelian scheme up to
isogeny A over T, equipped with a weak polarization A and a level structure [Ki 2,
3.2.4]

ek € D(T, Isom(Va,, V(A)g) /K')
which respects polarizations up to a scalar, and takes s, to the section (sq,14); €
V(A)§ defined in (1.3.6).
By [Ki 2, 3.2.2] A is equipped with an action of Zg.
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Lemma (4.2.4). The isomorphism exs is compatible with the action of Zg on'V
and A.

Proof. Tt suffices to check this on complex points, so we may assume T' = Spec C.
Then there is an isomorphism H;(A(C),Q) — V, which is canonical up to mul-
tiplication by elements of G’(Q). By definition of the action of Zg on A, this
isomorphism commutes with the action of Zg/. If 2 = (h/,¢’') with A’ € X’ and
g € G'(Ay), then ey is induced by the composite
VAf N VA‘f - Hl(A(C)>Af) — V(A)Q'

Since g’ commutes with Zg/, this composite is compatible with the action of Zg/
on the two sides. O

(4.2.5) Now let w and @ be as in (4.2.2), and let P be the fibre of G — G/Z¢
over w. Applying the construction of §4.1, we obtain a triple (A7, )\P,eﬁ,w), and
hence a morphism

iy : Shi(G', X') — Shys (GSp, %)

for some compact open subgroup K% C GSp(Ay).

Proposition (4.2.6). The map i, factors through Shy (G, X) and induces 12" on
complex points.

Moreover, the tensor i},(sq,p) coincides at each x € Shy/ (G, X')(C), with the
tensors 8o, p o viewed in H5(A;(C),Q)® via (4.1.5) and the isomorphism of (4.1.7).

Proof. Tt suffices to check the proposition on complex points.
Choose K¥ C GSp(A ) compact open so that we have an embedding

Shi (G, X) < Shgw (GSp, ST).

Let € Shx (G, X')(C) and (A, A\, ex/) the tuple attached to z. To compute the
image of « in Shyw(GSp, S*), choose an isomorphism

T Hi(A(C),Q) = Vg

compatible with polarizations up to a scalar. The Hodge structure on H;(A(C),C)
is given by a GSp(R)-valued cocharacter h, and we have an element g € GSp(Ay)
given by the composite

Vi, =5 V(A)g = Vi,
The pair (h,g) € S* x GSp(A;)/K¥ is independent of 7 up to multiplication by
GSp(Q) on the left. Since z € Shx (G, X)(C), we may choose 7 : H;(A(C),Q) —
Vo taking sq B,z to So. Then (h,g) € X x G(Ay).

As in (4.1.8), multiplication by @ identifies VJ’ C Vo ®g F with V. We compute

the image of i,(z) in Shxv (GSp, ST) using the isomorphism
(4.2.7) Hy(AP(C),Q) > Hi(A(C), Q)" == VT = Vo

Then the Hodge structure on Hy(A”(C),Q) is given by the cocharacter h*, and

€%w corresponds to QgL
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Since (4.2.7) takes S, B, t0 So the final claim of the proposition also follows. [

(4.2.8) Suppose we are in the situation of (1.3.3), so that K = K,KP with
K, = Gz, (Zy) hyperspecial, and G — GSp is induced by an embedding Gz, —
GL(Vz,,). Applying the construction above with (G',X’) = (G, X) and w €
G*(Z)) T (the notation being as in (3.7.1)), we obtain a map

w : Shi (G, X) — Shge (G, X)
and hence, by the extension property, a map of O(,)-schemes
i Sk(G X)) = Ix (G, X),

where K¥ = K,KP*_ If we convert this left action of G*!(Z,))" into a right action
(by letting w act via i,-1), this equips the scheme ( ,X) with an action of
A (Gz,)) = GAD) xa @z, G L) (cf. [Ki 2, §3.3]).

Now let 7" be an O,-scheme, and x € S« (G, X)(T). Let Pz, be the fibre of
Gz, — Gad over w, so that Py, is a Zg, -torsor. Then Ay, () is an abelian
scheme up to prlme to p-isogeny. When viewed as an abelian scheme up to isogeny
it is canonically identified with A?, where P = Pz, ®z,,, Q. To see this, it suffices
to check with T' = .« (G, X) and x the tautological point. Over T ® Q such an
identification exists by the definition of i,,, and it extends over all of T' by [FC, 2.7].

Lemma (4.2.9). Let F/Q be a finite Galois extension, and OF,,y = Op @z Zy).
Let & € G(Op,(p)) be a point lifting w. Then the composite

Aiw(aj) ®q F = Af ®q F ; Az ®g F
induces an isomorphism of abelian schemes up to prime to p isogeny

Aiw(w) Bz OF,(p) — A Bz OF,(p)-

Proof. By the Néron mapping property it suffices to prove this for the universal
abelian scheme over Shy (G, X), which follows from the case T' = Spec C.
By construction we have a commutative diagram

Va, @ F Va, @ F

leﬁw \LEK

V(AP)g® F —> T(A)g ® F.

By the definition of the abelian schemes up to prime to p isogeny associated to
(A,ex) and (A7, e%.), the vertical maps in the above diagram induce isomor-
phisms Vz, — T,(A”) and Vz, — T,(A). Hence it suffices to show that multi-
plication by &~! induces an automorphism of Vz, @z, OF,(p), which follows from
w e G(OF,(p))- U

(4.3) Kottwitz triples: We now return to the assumptions in force in §3, so
that (G, X) is a Shimura datum, and the group G is equipped with a reductive
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model Gz, over Z,, which is sometimes again denoted by G. We also assume in this
section that Z% satisfies the Serre condition. We continue to use the embeddings
Q — Q, fixed in (1.3).

(4.3.1) Let » > 1 be a non-negative integer, and set Ko = Fr (W (k)) where
k =TF,. A Kottwitz triple € = (o, (7i)isp, 9) of level r consists of

(1) An element vy € G(Q) defined up to conjugacy in G(Q).
(2) An element ()12, € G(A}).
(3) An element § € G(Kj) defined up to Frobenius conjugacy by elements of
G(W(k)).
This data is required to satisfy the following conditions:
(i) 7o is conjugate to (y;)ip in G(A?), where A? is as in (3.3.6).
(ii) ~o is conjugate to v, = 6o (d)...o""1(d) in G(Qp).
(#i) The image of vo in G(R) is elliptic.
We also require a further condition described in (i) below.

For the triples which are important in applications, one can choose a represen-
tative of 7o in its G(Q)-conjugacy class so that g is conjugate to (7)1 in G(Afc).
However, it will be convenient not to assume this immediately.

For any such £ and [ a finite prime we define groups I/, as in (2.1.1): If [ # p,
then I;/;, is the centralizer of ; in Gg,, while for a Qp-algebra R we set

Lp(R) ={a c GW(k)®z, R): do(a) = ad}.

Let Iy, denote the centralizer of 4o in G. Then [j; is an inner form of Iy, ®q Q;
for I # p, and, as in (2.1), I,/ is an inner form of Iy, ®q Qp.

Similarly we obtain groups Iy, I; and I, by replacing -9, v and W (k) by 7,
~7', and W (k) for n sufficiently large.

If (y0, (V1) is£p, 9) is & Kottwitz triple of level r, then for any positive integer m,
(78", (V™)ip, 0) is a Kottwitz triple of level rm. We consider the smallest equiv-
alence relation on the set of all Kottwitz triples of some level » > 1 under which
(Y0, (V1)1£p, 0) is equivalent to (g, (7" )ip,0) for all m > 1, where the latter is
a Kottwitz triple of level rm. It is clear that Iy, I; and I,, depend only on the
equivalence class of €. An equivalence of Kottwitz triples of some level r > 1 will be
called a Kottwitz triple. This is not to be confused with the equivalence relation
on the collection of Kottwitz triples defined in (4.3.2) below.

Recall that an inner twisting of I is a group I over QQ together with an isomor-
phism Ip ® Q == I ® Q, given up to inner automorphisms of I ® Q, which realizes
I as an inner form of Iy. We assume that £ also satisfies the following condition

(iv) There exists an inner twisting I of Iy, such that I ®g R is anisotropic mod

center, and I ®g Q; is isomorphic to I; an inner twist of Io ® Q, for all finite
primes [. That is, there exists an isomorphism I ®g Q; — I; such that the
diagram

Io®o Q —— I, ®q, Q

Io©Q ——1®qQ

commutes up to conjugation by an element of I5(Q).
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We remark that by the Hasse principle for adjoint groups, I is uniquely deter-
mined as an inner twisting of Iy by these conditions. More precisely, if I and I’
are two such groups, then there is an isomorphism I = I’ which is canonical up to
conjugation by elements of 124(Q), and intertwines the isomorphisms with I.

Let IA? = IA:; (€) denote the centralizer of (7]');p in GA? for n sufficiently large,

and set Ip, = I, x I, A Since I; is unramified for [ sufficiently large, condition (iv)

above implies that there exists an isomorphism t: I ®q Ay I, , as inner forms
of Iy. We call the tuple & = (70, (V1)1£p, 0, 1) & refined Kottwitz triple, and we say
that € is a refinement of €.

We set ~

S(6) = I(Q)\Xu(6) x G(AY)
which is a set equipped with an action of (®) x Zg(Q,) x G(A%).

(4.3.2) Let £ ¢ be Kottwitz triples. We say that ¢ and ¢ are equivalent, and
write € ~ ¢, if there exist representatives € = (7o, (V1)ip,0) and ¥ = (g, (7])1p, )
of the same level r, such that

(1) (m)izp and (7])1p are conjugate in G(A%).
(2)  and ¢’ are o-conjugate in G(Ky), where Ky = Fr W(F,-), as before.

Suppose that € and & are equivalent Kottwitz triples, with 6’ = godo(go) ™! and
(V)iztp = gPygP~t with g € G(AI}) and gy € G(Kp). If € is a refinement of ¢, we
can define a refinement ' of ¢’ as follows: Recall the group I, defined above. If I Af
denotes the corresponding group attached to ¥, then as subgroups of G(L) x G (A?),
I}’M = (90, 9”)1a, (90, gP)~1. We take U to be the map t composed with conjugation
by (g0, g”) and we set €' = (v}, (7)i1£p, 0’ V). Note that this depends on the choice
of (g0, g?).

Left multiplication by (go, ¢?) induces a bijection
(4.3.3) X, (0) x G(A?) — X, (8") x G(A?)

which is I-equivariant when I acts via t and t on the left and right side of (4.3.3)
respectively. This induces an isomorphism

S(B) =5 S(F).
(4.3.4) Denote by G*4(Z,)" the kernel of
G*U(Zy) = HN(Q, Zg) — H'(Q. 1),
and let G*4(Z,)) ™! be the intersection of G*(Z,))! and G*4(Z,))".
We will show that the action of G(A%}) on S (B) extends to an action of
JZ%(GZ(M)I = G(A?) *G’( Vo Gad(Z(p))Jr’I

which commutes with the action of (®) x Zg(Qp).

Let G(Z(p))tf denote the preimage of G*(Z,))™! in G(Q). For h € G(Z(p))il,
the class of the cocycle (1 — z; = 7(h)h™!) € ZY(Q,Zg) becomes trivial in
HY(Q,I). Hence there exists i, € I(Q) such that h='7(h) = 4, '7(ij) for 7 €
Gal(Q/Q). Here 7(iz) is computed using the structure of Q-group on I.

The isomorphisms I ®g A ¢ = Iy , allow us to regard I as a subgroup of G over

Z(p)

A% and over Qp'. In particular, we may regard i, as an element of G(A%).
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Lemma (4.3.5). Let g = (g0, ") € X,,(6) x G(A}), and h € G(Z(p))i’I. Then
(1) The element

i 'gh € G(Qp)/Gz, (Zy7) x G(A})

lies in X, (0) x G(A}).

(2) The image of i;, *gh in S(€), does not depend on the choice of iy, and g —
h(g) == i, ' gh induces an action of d(GZ(p))I on S(€) which commutes with
(@) X Z6(Qp).

Proof. If 7 € Gal(Q;/Q;) with [ # p, then
T(iglglh) = z;liglglhzr = i,:lglh

s0 i, 'gPh € G(A%). A similar calculation shows that iy tgoh € G(Qp'), where we
again denote by go a representative of go in G(Q}").

To check that i, 'goh € X,(6), we may modify h and i), by an element of Z(Q)
and assume that h € G(Z,). Let ¢ € Gal(Q,/Q,) be a lift of o, which we think of
as acting diagonally on Q)" ®q, @p. We have

htgy tinda(in) to(go)a(h) = h™ gy tinG (i, o0 (g0)a (h)
= 2 h gy o (g0)a(h) € CZy)p ClTy).

Here we write &;(-) for the action of & computed with respect to the structure of
Q-group on I. This proves (1).

Replacing g by ig for i € I(Q) does not change i, and we have i, 'igh =
[i;liih]iglgh. Since i;liih € I(Q), g— i;lgh induces a well defined map S(E) —
S(E).

The choice of 45 is unique up to left multiplication by elements of I(Q). If z €
Z(Q), then we have i.j, = zi, modulo I(Q). Hence the image of i, 'gh in S(F)
depends only on the image of h in Gad(Z(p))+’I and not on the choice of h or iy.

If h,h' € G(Zy)%', then

(hh)"rr(hh') = K R (RN R T e (W) = R e (R T ().

A similar calculation with iy, 4y shows that ipp = ipip mod I(Q), so that the
above induces a well defined action of G*(Z,))™! on S(e).

If h € G(Q),, then we may take i, = 1, and the action of h is on S(t) is via
right multiplication. Hence, combining the action of G*4(Z,))* on S(¥) with that
of G(A"}) we obtain an action of .o/ (Gz,,)" on S (8). This action clearly commutes
with Z5(Q,). To see that it commutes with ® we compute, as above,

(60)" (iy 'gh) = (36)" (if, ' gh) = &7 (in) =1 (55)" (9)5" (h)
= 230, ®(g)hzsr = iy ' ®(g)h.
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(4.3.6) We now define the twist of an equivalence class of Kottwitz triples by
certain elements of H'(Q,I). Let € = (70, (71)1p,6) be a Kottwitz triple (up to
equivalence). Suppose 8 € H'(Q,I) is an element whose image in H(R, 1) is
trivial, and such that for every prime [ # p, the image of # under the composite

HY(Q.I) —» H'(Q,I) — H'(Q, I,) = H'(Q1,G)

is trivial.

Fix a cocycle in Z'(Q, I) representing 3, which we again denote by 3, and an
isomorphism i : [ ®g Ay — Iy, as in (4.3.1). For any prime I, we regard (3 as
taking values in ;(Q;) via i. For [ # p there exists g; € G(Q;) with g; '7(g;) = B(7)
for 7 € Gal(Q;/Q;). We set %ﬁ = gimg; *- Then

(07) = (g (g) ™ = @B@uBT) gt =

since 3(7) € I;(Q;) commutes with ~;. Hence 'ylﬁ € G(Qy). The element g; is inde-
pendent of the choice of cocycle representing 8 modulo multiplication by elements
in G(Q;) and I(Q;). Hence 'ylﬁ is well determined up to conjugacy in G(Q;). In
particular, since 1*4(Q;) acts trivially on H'(Qy,I), the G(Q;)-conjugacy class of
'yf does not depend on the choice of i. For some integer N, G admits a reductive
model Gz1/n) over Z[1/N]. For almost all [ the image of (the chosen representative
of) Bin ZY(Q;, G) takes values in Gz,(Z;), and we may take g; € Gz,(Z;) by Lang’s
Lemma. Thus (fylﬂ)l#p is conjugate to o in G(A’;).

After increasing the finite field k, we may view I, as a subgroup of Ry, q,G.
By Steinberg’s theorem, after increasing k further, we may assume that the image
of B under the composite

Hl(@7 I) - Hl(@pal) - Hl(@mlp) - Hl(vaRKo/QpG)

is trivial. Thus, there exists go € G(Ko ®g, Q,) such that gy '7(go) = B(r) for
7 € Gal(Q,/Q,). We set 6[3 = godo(go) !, where, of course, o denotes the Frobenius
on Kjy. Then for 7 € Gal(Q,/Q))

7(6%) = 7(g0)3(c @ 7)(g0) " = goB(r)80(B(7)) Lo (go) ! = 6.

Hence §° € G(Ky).

The element gq is independent of the choice of cocycle representing 8 modulo
multiplication by elements in G(Kjp) and I(Q,). Hence §” is well determined up to
o-conjugacy in G(Kj). Note that 6%a(67%)...0"~1(6%) = goypgy -

We set €9 = (v, ('Ylﬁ)l?gp,éﬁ). Then €7 satisfies conditions (i)-(iii) by what we
saw above. By construction, for any finite prime [ the group I lﬁ attached to € is
the inner form of I; attached to 3. Hence £ satisfies (iv) with the inner form of I
corresponding to (.

From the definitions one easily obtains

Lemma (4.3.7). € ~ & if and only if

B €ker (H'(Q,I) — [[ H'(Q, 1))
l
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where the product runs over all finite primes.

(4.3.8) Suppose that € = (70, (7)1p, 0, L) is a refinement of €. If § is the image
of an element h € G24(Q)T, we can lift the above construction and define a refined
triple &7 giving rise to €7,

If 3 = [h], then the image of 3 in H'(Q, I?}) is trivial, so I is also the inner
twisting of Iy attached to €. Let h be any lifting of h to G(Q). The calculations
above show that €% = (v, hyih ™1, ﬁéﬁ_l). Note that €2 is independent of the choice
of h as a Kottwitz triple, not just up to equivalence.

We have I, (¢7) = fzIAfﬁ_l C G(L) x G(A%), and we take the isomorphism
I®g Ay — Iy, (¢%) to be t composed with conjugation by h.

(4.3.9) Let T be a Q-torus, hr : S — Tg and i : T — G a map of Q-groups
such that i o hy € X. Then T/(Zg N T) satisfies the Serre condition, and our
assumption on Zg implies that T satisfies the Serre condition. By (3.5.7), any
admissible morphism ¢ : Q — B¢ factors through B. In particular, wthT factors
through ‘B, and we again denote by ¢y, P — &g the induced morphism. We
give two constructions which associate an equivalence class of Kottwitz triples to
(T, hr,i).

Let L/Q be a finite, CM Galois extension contained in Q such that py, € X.(T)
is defined over L. Recall the elements 6,, € PL(Q) constructed in (3.5.4). By (3.5.4),
and the definition of v(p) we have for any ¢ = p™ Weil number m € L, and any
integer n with [L, : Q,]|n,

1 1 1
— WD) xx) = = W(p) Xx) = —vp(7) = — (v, Xx)
and so v(p)E = —vs, . Thus 6, and v(p)L(p~!) have the same Newton cocharacter,

and after increasing n, we may assume that they are oc™-conjugate in PL(@—;‘? ).
Let ¢ € PL(@) be such that cv(p)k(p=t)o™(c)™! = 6,, Since 0" (c)c™! =

5 tv(p)k(p~t) € PL(Qp), one sees that o(c)c™! is invariant under o™, so o(c)c™! €
PL(Q,n). In particular, this implies that o™ (¢)c™! = (o(c)"c1)"/™ for n|n/, so
the element ¢ can be chosen independently of n.

Let P (p)" denotes the pushout of D, by v(p)k : Dn(Qy) — P (p)(Qyr).
Then ¢, induces a morphism ® — P (p)*, and we again write d, € P (p)™
for the image of d, under this map. Since o(c)c™! is invariant under o™, cd,c™t,
which is a priori contained in the pushout of ©,, by D, (Qy") — P (@), is in fact
an element of P=(p)*r. Choose t € T(Q,) as in (3.6.6) (such a ¢ exists by (3.6.7)).
Then, in particular, 6; is induced by a morphism 6" : ® — &, which then induces
a morphism 6} : PL(p)" — BY. After increasing n, we may assume that 0% is
induced by a morphisms of Qpn» /Q,-gerbs.

Set o = ¢ﬁhT (0r), and write

07 (cdyc™ ) =6x0 € T(Qp") x 0.

Since
L
n

1 L

cdye™t = ev(p)i(p™!) o™t = c(p)(p~h)o"(¢) T xo”

we have
50(5) cee O’n_l((S) = t’Y()t_l =70-
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Since ¢ and t are unique up to multiplication by elements of P (QpF) and T(Q}T)
respectively, d is well defined up to o-conjugacy in T'(Q,").

Let €T, hr) = (70, (M)1£p,6), where v = 7o for | # p. Then 4, (¢(T, hr)) is
a Kottwitz triple. Indeed this triple satisfies (i) and (i7) (4.3.1). It satisfies (%)
because i(yp) € i(T) and i o hy € X, so (i(T)/Z¢)(R) is compact. It satisfies (iv)
because ¢ =i o1y, —is admissible by (3.5.8), so we may take [ = I,.

We call a Kottwitz triple ¢ special if there exists (T, hr,i) as above such that

We now give a second construction of a Kottwitz triple. Consider the composite
(cf. [De 2, 2.2])

(4.3.10) N : Rijo(Gm) "4 Ry () M0 1
which is the map considered in (3.1.10).

Let m € L, be a uniformizer. Since T satisfies the Serre condition, it is isogenous
to a product Tf x T, where Tf (R) is compact, and T} splits over Q. Hence
there exists a compact open subgroup H C T'(Ay) such that T(Q) N H = {1}.
Moreover, T(Q)\T'(Ay)/H is finite, so there exists a positive integer s such that
N(pp, ) (71 =4 mod H, for some uniquely determined v, € T(Q).

We may assume that H is small enough that N (s, )(m1)*y5 " is contained in
T°(Zy)T(A%), where T° denotes the connected component of the Néron model of

T over Z,. Then by Lang’s Lemma, there exists ¢’ € T(@;r) such that

Ny, jq, (e (77 1) 0™ ()7 = g,

where n = s[L,o : Qp], with L, the maximal unramified subfield of L,. Let
§ = CINLP/L,,,O (pnp (1)) ()7L, Then

d'o(d')...a" 7N d") = ¢ N, jq, (e (77 1) 0™ (¢) 7 = 4

Since o () = v, 0™(8") = ¢’ so that &' € T(Qpn). Set € (T, hr) = (7, (V))i£p: )
v =0 for L # p.

Lemma (4.3.11). If T satisfies the Serre condition, then for n sufficiently large
(with the same choice of n in each construction) we have vo = v and § and ¢’
are o-conjugate in T(Qpn). In particular, i.(¥' (T, hr)) is a Kottwitz triple and is
equivalent to i, (8(T, hr)).

Proof. Using the functoriality of the assignment b — 15, and (3.1.11), we have

S
Y = SUNLy o, (i (1) T TS LT Yo ) =, ov(p)a = vy
7 reGal(Ly/Qp)

Since 70,7, € T(Q) are units outside p, and T satisfies the Serre condition, this
implies that vy7yg 1€ T(Q)tors. Hence after increasing n we have o = 7},
By the definition of ¢, the image of § in X,(T")gay(g,/q,) is equal to the image of

—p. It follows by [Ko 2, 2.5] that § and ¢’ have the same image in X..(T)ga(q, /q,)-

Hence, by loc. cit they are o conjugate by an element a € T(@;r). Since

50(8)...c"1(8) =8 a(8)...o" ()
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we find a = 0™(a), so a € T(Qpn). O

(4.4) Isogeny classes and triples: In this subsection we compare the isogeny
classes studied in §1,2 with the set S(E) associated to a refined triple in §4.3.

(4.4.1) For H' — H a crossed module in algebraic groups over Q (cf. (3.2.7))
we write

W(Q, H' — H) = ker (H'(Q, H' — H) — H'(R,H' — H))

and we use the analogous notation for an algebraic group over Q.

Lemma (4.4.2). Let H be a connected reductive group over Q. Then the natural
map

II°(Q, H) — II*°(Q,H — H)
is a bijection. In particular, I (Q, H) is naturally an abelian group.

Proof. The first claim follows from the cartesian diagram in (3.4.6), and the second
claim then follows from (3.2.7)(4).

Lemma (4.4.3). Let H,Q,Q’ be connected reductive groups over Q and Q ®q
Q = Q' ®q Q an inner twisting. Leti: Q — Hand i’ : Q' — H be embeddings
of Q-groups, which are conjugate over Q, when we identify Q and Q' via the given
inner twisting.

(1) There is a canonical isomorphism I1>®(Q, Q) — I1*(Q, Q").
(2) The maps

(4.4.4) i %(Q,Q) ¥ I™(Q, Q') — I (Q, H)
induced by i and i’ are equal.

Proof. For (1) note that by (4.4.2) and (3.2.7)(2)

5 II°(Q, Q' — Q) = MI™(Q, Q).

In view of the above, to prove (2) it suffices to show that the natural maps
HY(Q,Zg — Zq) — H'(Q,H — H)
induced by 7 and i’ are equal. This follows easily from the isomorphism

HYQ,Zg — Zy) — HY(Q,H — H).
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Lemma (4.4.5). Let H C H be connected reductive groups over R, such that
H*(R) is compact and H' contains the mazximal R-split torus Z C Zy. If ¢ €
HY(R, H') has trivial image in H'(R, H) then ¢ = 0.

Proof. By Hilbert’s theorem 90 it suffices to show that a class in H*(R, H'/Z)
which has trivial image in H'(R, H/Z) is trivial. Hence, we may replace H and H’
by H/Z and H'/Z respectively, and assume that H(R) is compact.

By [Se, IIT Thm. 6] the map of pointed sets

H'R,H') — H (R, H)

may be identified with
H'[2]/H" — H[2]/H

where H' and H acts by conjugation on the subsets of 2-torsion elements H'[2] and
H 2] respectively. Under the latter map the preimage of the identity in H[2]/H is
clearly the identity. [

(4.4.6) We now return to the notation of §2.1. In particular, (G, X) is of Hodge
type, equipped with an embedding (G, X) < (GSp, ST), the group G is equipped
with a reductive model Gz, over Z,, K, = Gz, (Zy,), and k C F,, is a finite extension
of kg with |k| =p".

Let x € Y, (G, X)(k). By (2.1.2) and (2.3.1) attached to = we have a Kottwitz
triple £(x) = (70, (71)12£p, 0). That this triple satisfies condition (iv) of (4.3.1) follows
from (2.3.5), which shows that we may take I to be the subgroup of Autg(.A,) which
fixes $q,0,z and 4, for all [ # p. Indeed, (2.3.5) shows that (for this choice of I)
t(z) has a natural refinement (z).

Write .7, = Im(t,) C S, (G, X)(F,) where ¢, is the map of (2.1.3). The
equivalence class of £(x) depends only on .#, and not on z, and we will denote it
by ¢(.7,).

(4.4.7) Let IIY (Q, I) denote the kernel of the composite

I (Q, I) (47:.5,) I~ (Q, Iy) — UI*®(Q, G).

Then HI¥(Q,I) is independent of the choice of vy by (4.4.3)(2). Given § €
I (Q, ) we will construct an isogeny class .7 C Sk (G, X)(F,).

Fix a maximal torus T C I. By (2.2.5), there exists an 2’ € .%, and a lifting
7 e YKP(G,X)(QP) such that T — AutgA, lifts to T — AutgAz. Then ' is
necessarily defined over Q, and the Mumford-Tate group of Az is contained in 7.
In particular, we have a natural embedding 7" — G of algebraic groups over @, and

Z’ is in the image of
TQN\T(R) x G(Af) — L, (G, X)(C).
Hence, by (1.4.12), 2’ and Z’ may be chosen so that Z’ is in the image of
Sh(T, hr) — Shy, (G, X).

Here hy : S — T denotes the cocharacter giving the Hodge structure on Az . We
may assume that vy € T(Q), when the map T — Iy — I over Q, is conjugate to
the inclusion T' C I.
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By [Bo, Thm. 5.11] T may be chosen so that § is the image of an element
B e H'(Q,T), and § € III>°(Q,T) by (4.4.5). Since the image of 3 in H'(R,G)
and H'(Q,G — @) is trivial, its image in H'(Q, G) is trivial by (4.4.2), and 3 is
the image of an element w € (G/T)(Q);.

Finally we apply the construction of §4.2, with (G', X’) = (T, hr). Using the
notation of that section, we obtain a point 1w( ') € Shi (G, X)(Q,). Choose a lift
of i, (') in Shkenk, (G, X)(Q,) and again denote by 1w( ") the image of this lift in
Shk, (G, X)(Q,). Note that the isogeny class of this image is independent of choice
of lift.

If P, is the fibre of G — G/T over w, then

APe @9 F =5 Ap @ F

for some finite extension F/Q, so AZ;“ has good reduction, as Az does. Hence
i,(2') admits a reduction i,(z') € Sk, (G, X)(Fp). We set I = .7 (,).

Proposition (4.4.8). The isogeny class P depends only on B3, and not on T
or w. The assignment 3 +— J£ defines an inclusion of IIF(Q, I) into the set of
isogeny classes in Sy, (G, X)(Fp).

Proof. Recall that by (4.1. 7) and (4.1.5), the tensors sq 0,4 (resp. Sq1,. for I #p),
may be viewed in HY; (A% /OL)9 (resp. HL(AD*,Q)®). Let y = i,(z'). By
(4.2.6), the weakly polarlzed abelian variety up to isogeny attached to y is naturally
identified with (AP,“’,)\ZC) ), and under this identification the tensors s, o, (resp.
Sa,l,e for I # p), are identified with sq.0,, (resp. Sa.iy)-

Now let Q@ be the Q-scheme of isomorphisms AZ;,‘“ = A, — A, which are
compatible with weak polarizations and fix 54,0, and sq . for I # p. As in the
proof of (4.1.5), using the canonical isomorphism

AP ® Op, = Ay ®g Op,

one sees that Q is an I-torsor, which admits a T-equivariant map P,, — Q. Hence
Q is isomorphic to the I-torsor Ps induced by P,, and associated to the class
B e H'(Q,I).

It follows from (1.4.15) that the isogeny class of y depends only on 3, and that
for 3,3 € MIF(Q,I), #P = #F ifand only if 3= 4. O

(4.4.9) If 8 € IIF(Q,I), then for [ # p the image of 3 in H'(Q;,G) is trivial,
as H'(Q;,G) = 0. So {3 satisfies the conditions imposed in (4.3.6) on an element
used to define the twist €7 of a Kottwitz triple . We will show that the fibre over
¢(.#,) of the map

(4.4.10) t:{S, 1y e Sk, (G, X)(Fy)} — {triples £}/ ~; .7, — £(.7)

is naturally a torsor under the abelian group

M(Q, T) = ker (IIF (Q, I eHHl Qu, 1))

where v runs over finite places of Q.

Write (%) = (Y0(S%), (0(F2))izp, 6(S2))-
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Lemma (4.4.11). For 3 € I (Q,I) we have ¢(FfF) ~ €(7,)".

Proof. For | # p, fix isomorphisms Vi, s H'(A,,Q;) and Vs, = Hl(Afﬁ, Q)
taking sq t0 Sq,1.4, where Pg is an I-torsor with class 3. By (4.1.7), the isomorphism
(4.1.3) gives rise to an isomorphism

(4.4.12) Vg ®g F =5 Vg @g F

which intertwines the G(Q;)-conjugacy classes of v;(.#2) and v;(.#,). By (4.1.2)(2),
(4.4.12) is given by an element g; ' € G(Q; ® F), such that (g, '7(g:)) is an I(F)-
valued cocycle whose class is equal to 3 by (4.1.2). Hence v;(.#7) = gl’yl(fx)gfl,
where we again write g; for the image of g; in G(Qy).

Similarly, choosing isomorphisms Vi ——— Hli(As/W(k))k, and Vi ——

HL, (ABJW (k))k, taking s, to S4.0., and using (4.1.2), we find an isomorphism
Vi, ®o F — Vi, ®q F

which intertwines the o-conjugacy classes of §(.#°) and 6(.#,), and is given by an
element g, ' € G(Ko ®q F), such that gy '7(go), is an I(F)-valued cocycle whose
class is equal to 3. Hence 6(.7°) = god(#)o(go) ™", where we again write gy for
the image of go in G(Ky ®q, Qp).

Comparing with the definition of ¢(.#,)” in (4.3.6), proves the lemma. O

Proposition (4.4.13). If 3 € lli¢(Q, I), we have ¢(.7,) ~ &(ZP), and the assign-
ment Fy — Jyﬁ makes the fibre of ¥ over 8(.#;) into a g (Q, I)-torsor.

Proof. Since the image of 3 is trivial at all finite places, we have £(.7,) ~ &(.%,)? ~
£(.75) by (4.3.7) and (4.4.11), so that Il (Q, I) acts on the fibre of € over £(.%7,).

In view of (4.4.8), it remains to show that 5 (Q, ) acts transitively on the
fibre of € over £(.#;). Let 2’ € (G, X)(F,) be such that ¢(.7,) ~ &(.%,). Write
I' C AutgA, for the subgroup fixing s, and sq . for I # p. By (2.3.5), I and
I' may both be regarded as inner twistings of I,,. Since ¢(.%,;) ~ #(.%,/), we saw in
(4.3.1), that there is an isomorphism I — I’ as inner twists of I,,.

Fix a maximal torus T C I — I’. As in (4.4.7), using (2.2.5) we may replace
x, 2’ by other points in their respective isogeny classes, and assume that z, 2’ admit
liftings %, € Sk, (G, X)(Q) such that

(1) The maps T — AutgA, and T — AutgA, lift to T — AutgA; and
T — Aut@.Ail.

(2) The Hodge filtrations on H}y(Az) and H}g(Az) are given by the same
T-valued cocharacter pr.

(3) If i,i’ : T — @G are the embeddings obtained by regarding T as a subgroup
of the Mumford-Tate groups of Az and Az then Z,Z’ are in the images of

i,¢ : Sh(T, hr) — Sh(G, X)

respectively.

By the reciprocity law, for r sufficiently large, the geometric ¢ = p”-Frobenius
on [l-adic or crystalline cohomology of A, and A, is given by an element v € T'(Q).

Our assumptions imply that yg := () and ~ := i’(~y) are conjugate in G(Q). Let
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Io, I}, C G denote the centralizers of v and 7} respectively, and let g € G(Q) be
such that gyog~! = +{. We assume that r is large enough that I, I) have the same
dimension as I.

Fix inner twistings I ®g Q —— I ®¢ Q and I} ®g Q — I’ ®g Q as in (2.3.5).
By definition, the diagram

Io@@@i>l®(@@

Jmo |

I ®Q—=>TI®yQ

commutes up to conjugation. The commutativity of the diagram in (4.3.1)(iv)
implies that the composite

T®Q@L)I()®Q@;’I®Q@
is conjugate to the natural inclusion 7" C I by an element of I(Q). Since an anal-
ogous statement holds with i and the inner twisting I) ®p Q — I' ®g Q, the

composite
— =1, — ~ —
TReQ = Ih®gQ > IeyQ
is also conjugate to the natural inclusion. Hence i and g~ '’

g are conjugate under
Ip(Q), which implies that we may assume that g has been chosen so that i’ = gig~—*.
Since i(T) C G is its own commutator, g is unique up to right multiplication by
elements of i(T)(Q). In particular, for 7 € Gal(Q/Q), ¢, = g~ 7(g9) € i(T)(Q).
Now let Ko, C G be the centralizer of i o hp. Since i o hy,i’ o hy € X, there is

a oo € G(R) such that
gooli 0 hr)gs! =1 o hr = g(iohr)g™".

So gxlg € Ko(C), and (9rg) ts(glg) = g 1s(g) for s € Gal(C/R). Hence the
image of ¢ in H'(R, Ky) is trivial.

It follows that c¢ arises from a point w € (G/T)(Q);. If P, denotes the corre-
sponding T-torsor, then by (4.2.6), there is an isomorphism Az — AZ;“ which
respects the Hodge tensors s,. It follows that %, = #2 where 3 € H'(Q,I)
denotes the image of c.

By (4.4.5) the image of ¢ in H'(R,T) is trivial, and hence so is its image in
HY(R,I). Since ¢(.7,) ~ &(I,) ~ €(.F,)P, the image of 3 in H'(Q,I) is trivial for
every finite prime [ by (4.3.7), so 8 € Illg(Q,I). O
Proposition (4.4.14). The subgroup < (Gz )" C #(Gz,) is the stabilizer of
Iy C . Ix, (G, X)(Fp), and there is a (®) x Za(Qp) X # (Gy,, )" -equivariant bijec-
tion

ol g = S(k(x))
taking x to 1.

Proof. The first claim follows from (4.4.8). By (1.4.13) and (2.1.3), there is (®) x
Z6(Qp) x G(AL)-equivariant bijection ¢, " : .7, —— S(&(x))), which takes z to 1 by
definition. We shall check that this bijection is G*}(Z, )" -equivariant.
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Let 2" € 7, so that (Ayr,€h,) = (Agoa, €5 0gP) with go € X,(d) and g” € G(A]).
Let h € G(Z(p))iil, and h*? the image of h in G*(Z,)) . We let P denote the
Zg-torsor associated to h*d~1 so h~! € P(F) for some Galois extension F/Q.

-1 —

Then?? (A,r,e2,) - h*d = (AP, %" ). Finally, as in (4.3.4) we choose i) € 1(Q)
such that iy '7(i5) = h17(h) for 7 € Gal(Q/Q). By (4.3.5), we have to check that
;7 (2" - h) =i}, ' gh, where g = (go, g7).

The composite

9, - it
(4.4.15) AP @o F R Ags @0 F — A, @9 F 5 A, ®qg F.

dor

induces the bottom row of the commutative diagram

P i1
VAzfj ®QF—h>VA§ ®QFL>VA? ®QF;>VA? ®q F

-1 , ,

h PooP P P

J/EZ/ \Lamog ie’” la“’
.1

~ 9 -1 o~ ~ —~ 7 ~
VP(AR L) ©g F ——= VP (Agye) @g F ——= VP(A,) 0 F ——= VP(A,) @g F

By (4.1.2)
(-0 = T(h)h™! = 7(in)i;, ! € Za(Q)

which implies that (4.4.15) is Gal(F/Q)-equivariant, and hence is induced by a
quasi-isogeny A;z — A,. Thus, the commutative diagram above induces a com-
mutative diagram

i, g% h

Viyr Ve
Af Af

-1
h P
l{:?/ \LEI
z

VP(AD) —= VP (A,)

It remains to show that (4.4.15) identifies D(4) ) with (i;, ' gh)D(¥,), where

P . e . P
9,0« 18 the p-divisible group of Ay .. It suffices to check the analogous statements

for D(4) ) ®z,,, OF,p) and (i, ' gh)D(¥%,) ®z,,, OF, - But (4.2.9) implies®® that

goxr

(4.4.15) identifies D(¥4) ) @z, Op,p) with

gox
(i,:lg)(ID)(gz) Q) OFy(p)) = (i,jlgh)]])(%c) Q) Orp)-

O

(4.4.16) Before stating the final result of this subsection, we need some no-
tation. Suppose h € G*(Q)*, let P be the corresponding Zg-torsor, and let
B € HY(Q, Zg) be the class of P. Let h € G?*4(Q) be a lift of h, so that h e P(F)
for some finite extension F/Q. The cocycle 7 — h~'7(h) represents j3.

As in (2.1.2) fix an isomorphism

D(gx) — VZT(P) ®Z(P) w

22Note that we are using the right action of G‘"’Ld(Z(p))I*Jr on yKP(G, X) so h acts via ij,-1.
23Keeping in mind that i,:l acts as D(ip,) on D(¥Y,) ®z, Qp, as in (2.1.2).
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which takes sq4,0,4 t0 sq. If 2’ € ff, then the natural isomorphism induced by the
choice of h
Az’ ®QF;AI®QF

identifies D(A,/) with gy 'D(A,) for some gy € G(L ®q F) such that z, = g5 '7(g).
Similarly the isomorphism

Va, @ F = Va, @ F

induced by €, and €, is given by multiplication by (g?)~! on VAsz, where gP €
G(Ai’c ®q F) again gives rise to the cocycle z;. Set g,» = (g0, 6”).

Proposition (4.4.17). With the notation above, there exists o (®) x Zg(Qp) x
M(Gz(m ) -equivariant bijection

i I S(k(@)%); 7l gt

which depends only on h and not on h.
Moreover, if Z¢g is a torus then under the projection

cG: YKP(G,X)(IF‘Z,) — (G, X)

we have cg(x') = (hg,')ea ().
Proof. Write £(z) = (Y0, (71)isp, 0). Then

E(951) = (h’)’oh_17 gp(71)1¢p9p_17 9060<90)_1a l/),

with the action of ' given by t and conjugation by (go, g*). Applying (4.4.14) to
x’ we obtain a (®) x Zg(Q,) X d(GZ(p))I—equivariant bijection .#7 - S(k(z')).
Composing with multiplication on the left by izg;,l as in (4.3.2), yields an the iso-
morphism .#f - S(£(z)?). One checks easily that this isomorphism is independent
of the choice of 2/ € .#f, and it sends 2’ to izg;,l by construction. Modifying i by
an element of Z5(Q) changes g, by the same element, so the isomorphism depends
only on h.

We now show the second claim. Since Zg is a torus, and G is unramified, P
splits over an unramified extension of Q,. Hence by [MB, Thm. 1.3], we may assume
that I has been chosen so that p is unramified in F. Suppose & € Shy, (G, X)(Qy)
is a lift of z, and fix an isomorphism H} (Az, Z,) — vz, sending s4 5 t0 Sq. This
allows us to promote 7 to a point § € Sh(G, X)(Q,). Let h# denote the image of
tn(9) in Shg, (G, X)(Qp). Then there is a natural isomorphism

Ahj@QF;)Ag(gQF;Aj@QF
which identifies H} (Anz, Zp) with h=HY (Az, Z,).
Now let Jf C Shy, (G, X)(Q,) be the isogeny class of hi. If &’ € ff then, as

above we have a natural isomorphism

Az ®QFL>.A5 ®q F,
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which identifies H} (Anz, Zp) with g, ' HY (Az, Zy). and sends to Var to (gp)_IVAzf?,
where g = (g,, ") € G(Ay ®q F) gives rise to the cocycle z,. In particular hg~" €
G(Ay). Let 2/ € #f denote the reduction of Z’. Since the action of G(Q)* on
Sh(G, X)(Q,) does not change the image of a point in 7(G, X), we have

ca(2') = ca(#) = hg teq(hE) = hg teq (&) = hg eg(x).

Write g.» = (go, g?), as above. By (1.2.18), applied to the group?* RpoG, gp
and go have the same image in my (RF/QG)F. Hence hg~! and iNLgo_l have the same
image in

G(Qp)/G(Qp)Gz, (Zy) = m(G)" C m(RpyeG)'

This proves the second claim of the lemma when 2’ is the reduction of a point
i € .77 By (1.2.23) and (1.3.9), we may choose Z such that the image of .77 — .77
meets every connected component of .. Hence the second claim follows from
(1.2.6). O

(4.5) Admissible morphisms and triples: We now return to the assumptions
of (4.3). In particular we assume that Z2 satisfies the Serre condition. We recall
how to attach Kottwitz triples to admissible morphisms ¢ : Q — &g (cf. [LR,
5.25]). By (3.5.7), any such morphism factors through B, and we will again denote
by ¢ : B — & the induced morphism.

(4.5.1) Suppose ¢ : Q — B¢ is admissible, and let g = (go, g*) € Xp(d) X XP(¢).
We attach a Kottwitz triple £(g) to g as follows. Choose a CM number field L such
that ¢ factors through 3L, and let n be a positive integer divisible by [L, : Q,]. We
set (V)izp = 9P 192 (0,)gP. Since gP~1p(1)gP(1 x 7) = 1 x 7 for 7 € Gal(Q,/Q)),
(W)izp € G(A}).

To lighten notation write ¢(p)g, = go_lgb(p)go, and similarly for ¢*(p),,. Since
go € Xp(¢) we have ¢*(p)g,(1 x 7) = 1 % 7 for 7 € Gal(Qp/QY"), which implies
¢*(p)go (P (QE)) € G(QYT). Thus, with the notation of (4.3.9), ¢(p)g, is induced
by a morphism 6y} : PBL(p)™ — SY. After increasing n we may assume that by, 1s
induced by a map of Qun /Qp-gerbs.

Let c € PL(@) be as in (4.3.9). Choose ¢ € P"(Qy") sufficiently close to ¢
that 92" (dc™!) C G(i;r). After increasing n we may assume that ¢/ € PL(Qpn).
Write

02 (" tedoc™ ) =6 x 0.

Using that o(c)c™! is fixed by o™, we see as in (4.3.9) that § € G(Qpn), and § is
well defined up to o-conjugacy by elements of G(Z,»). As an element of G(@;r)
modulo o-conjugacy by elements of G(Z;r), § =0', where &' x o = 0, (d,).

By [LR, Lem. 5.4] for n divisible by m, and sufficiently large, ¢(d,) € G(Q) is
conjugate to an element vy € G(Q).2°> Thus vy = ¢/(8,) for some morphism ¢’,
which is conjugate to ¢. Hence vo € Ig/(s0)o¢.e — G%, s0 7o is elliptic in G(R).

24Here we use that p is unramified in F, so that Rp/qG is unramified at p, and (1.2.18) applies.
This is why we had to assume Zg was connected. However (1.2.18) should be true without this
assumption.

250f course, we have already seen in §3.5 the stronger statement that ¢ is conjugate to a special
morphism.
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One sees immediately that (v;);, is conjugate to 7o in G(Ay). Since

(¢ edye )" = " Hev(p) i (p™1)o™(¢) ™t x o™)d = 16,d 1o,

we have

50 (6)...0" 1 (8) 0" =0 (d edie )
ur ur ur —1 n
= 00 ()0 (0)050 ()~ x o™

Thus 60 (d)...0"1(8) is conjugate to 7o in G(Q,).

We set €(g) = (70, (71)ip,0). This is well defined as a Kottwitz triple, as the
elements 6,, are well defined modulo P*(Q);..s. The triple £(g) satisfies the condition
(iv) of (4.4.1) with I = I, and the natural isomorphism

L, ®Q = Iy @ Q — Iy ® Q.

where the second isomorphism depends on a choice of element in G(Q) conjugating
¢’ into ¢.

One checks immediately that £(g) depends on g only as an element of S(¢) =
I15(Q)\X (¢). The equivalence class of £(g) depends only on ¢, and we will denote
it by €(¢).

Below we denote by y, the element ¢* (p)(c™c') x 1 € G(i;r) x G(A}).

Lemma (4.5.2). For ¢ : Q — B¢ an admissible morphism, and g = (go, g*) €

X (@), t(g) satisfies the condition (iv) of (4.4.1) with I = I, and there ezists a
(I(Ay), (@) x G(A}))-bivariant bijection

X(¢) = Xo(0) x G(A});  ¢' = g7 ysy’.

Proof. This follows from the definitions, keeping in mind (3.3.4). The factor y,
arises because we are using X, (d) on the right side of the isomorphism. It disap-
pears, if we identify the right side with X,,(6")x G (Afc), via the natural isomorphism

X,(8") = X, (6). O

(4.5.3) Suppose ¢ and g are as above. Since I, acts naturally on X (¢), there
is a canonical refinement £(g) of €(g). Let T € I;d(Af). We denote by (g, T) the
refinement of €(g) obtained by composing the natural isomorphism I ®g Ay =
Ip, (€(¢)) with conjugation by T.

Corollary (4.5.4). There exists a (®) x G(A%)-equivariant bijection
Se(¢) == S(¥(g,7)) 9 = 9 ey’

Proof. We have produced an isomorphism I g, = I, for each prime ! and an
I(A)-equivariant isomorphism X (¢) — X, (8)xG (A%;) compatible with the action
of (®) x G(A%). This induces an isomorphism S(k(g,7)) = I4(Q)\X(¢), where
the action of I,(Q) on X (¢) is via the conjugate of the natural action by 7. O

(4.5.5) By (3.1.2) the set of conjugacy classes of morphisms ¢’ : Q — & with
¢* = ¢’® is in bijection with H*(Q, I), where I = I,. For 3 € H*(Q,I) we denote
by ¢ a representative of the corresponding conjugacy class of morphisms.
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Lemma (4.5.6). If 3 € IUX(Q,I) and ¢ : Q — B¢ is admissible, then ¢° is
admissible, and the map 3 — ¢° defines an inclusion of MY (Q,I) into the set of

conjugacy classes of admissible morphism Q — B.
Moreover we have £(¢”) ~ £(¢)P.

Proof. We begin by checking that ¢° is admissible. Let I5 be as in (4.3.6). The
image of 3 in

HYQ,G - G) =5 HY(Q, Zg — Zg) = HY(Q, I — 1)

is trivial, and so the class of 3 is represented by the image of a cocycle (z;) €
Z'(Q,15). Thus, we may assume that ¢ = z - ¢. Using the definition of the
monoidal structure on &, and the inclusion I(Q) ¢ G(Q), as in (3.1.2), one
finds that (z - ) is isomorphic to ¢ . Thus ¢ satisfies (3.3.6)(1).

ab
Now let (g;)1p € XP(¢). Then under the composite

Int( fl) ~
Hl(@7[¢) _g> Hl(@hllnt(gl*l)cwy(l)) e Hl(@l7G) - Hl(@laG - G)

the image of § is trivial, and hence its image in Hi(@l,G) is trivial. Choose
h; € G(Q;) such that gflzfgl = h;lT(hl) for 7 € Gal(Q;/Q;). Then

Int(hlgfl)O(z-¢(l)0§l)(7) = Int(hl)(gflzTgll XT)) = hlgflzTng(hl)_1 XNT =1xT.

Hence g;h; ' € XP(2-¢). In particular, ¢ satisfies (3.3.6)(2) for v = [ and it satisfies
(3.3.6)(2) for v = oo, since (3 is trivial at oo.

Let go € Xp(). Then Iy, (Qy) C G(Q)F ®q, Qp) with Gal(Q,/Q,) acting on
Q' ®q, Q, via the second factor. By Steinberg’s theorem the image of 3 under
the composite

Int(g, !
—

) ur ®
HY(Q.1y) HY QL)) = H' (@, G(Q} ®0, Qp))
is trivial. Set 2. = g ‘2,90, and choose ho € G(Qy ®g, Qp) such that 2, =
ho ' (1@ 7)(ho) for T € Gal(Q,/Qp).

Denote by hq the image of ho in G(Q,) under the map G(Qy" ®g, Q) — G(Q,).
To show that ¢” satisfies (3.3.6)(3), we first show that

(2 0)(P) gyn-1 = It(hogy ') 0 2 S(p) = hoz" - 6(p)gohg '
is unramified. To do this we have to show that this morphism sends 1 x7 to 1 x 7 for

T € Gal(Q,/Qy"). For such a 7 we have 7(h) = 7(h). This implies 2. = hy'7(ho).
So the above morphism send 1 x 7 to

hozl x Thyt = hoz;7(ho) P x T =1xT.
If ¢(p)g,(cdyc™) =& x 0, as in (4.5.1), then one computes that

(Z . Qﬁ(p))gohgl(cdgc_l) = hO(S(U (9 1)(h0)_1 X .
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Note that
(1@ 7)(hod(0 @ 1)(ho)™") = hoz6(0 @ 1)(217 ") (0 @ 1)(ho) ™" = hod(o @ 1)(ho) ™"

since 22 € Iy (p)(g0)(Q), 80 hod(o @1)(ho) ™" € G(QYT). Since X_, () # 0, & satisfies
the conditions (3.4.3), which implies that hod(c ® 1)(ho)~! does also. To see this
we regard ho as an element of Ry g, G(Q}") for some finite Galois extension F//Q,
in Qp. Then 71 (Rp/q,G) = m(G) ®z Z[Gal(F/Q,)] and we consider the inclusion

m(G)caay/e,) = ™ (Rr/e,Geay/e,) = T(G)cay/o,) @z Z[Gal(F/Qy)].

The image of hod(c ® 1)(ho)~! in m1(Rr/0,G)cal(qur/0,) 18 equal to that of 4, and
hence kg (hod(o ® 1)(ho)™") = k(). Likewise, we have U5 = Upos(o01)(hg)~1- 1t
follows that X_,(hod(c @ 1)(ho)~!) is non-empty. Hence ¢ satisfies (3.3.6)(3).
We have shown that ¢” is admissible. That 3 — ¢ is an inclusion follows from
3.1.2).
( To )check the last two statements write €(¢) = (70, (71)ip, ). Then the above
calculations show that €(¢%) ~ (yo, (hivihy )igp, hod(0 @ 1)(ho)™t). Comparing
with the definition in (4.3.6), one sees that this is equal to £(¢)%. O

Proposition (4.5.7). Let £y be Kottwitz triple, and I the inner form of I, asso-
ciated to ¥y. If the fibre of

(4.5.8) {Admissible ¢ : Q — B} /conjugacy — {triples}/ ~; ¢ — €(o)

over ¥y is non-empty, then it is naturally o Ul (Q, I)-torsor.

Proof. Suppose that ¢ : Q — B¢ is an admissible morphism with £(¢) ~ €. For
any 8 € llg(Q,I) we have £(¢®) ~ €(¢)” ~ €y by (4.5.6) and (4.3.7). We have to
show that any admissible morphism ¢’ with €(¢’) ~ £ is conjugate to ¢° for some
ﬂ € I-HG(Q, I)

Since the subgroup generated by 4, is dense in PZ for any CM field L, any ad-
missible morphism ¢' with €(¢') ~ € is conjugate to a morphism whose restriction
to PX(Q) is equal to ¢*. Thus, it suffices to consider ¢’ with ¢’ = ¢*. By (3.1.2),
any such ¢’ has the form ¢’ = z - ¢, where z € Z'(Q,I), and two such ¢’ are
conjugate, if and only if the corresponding cocycles are equal in H(Q, I).

Since ¢’ satisfies (3.3.6)(2) for v = oo, the image of z in H' (R, G3) (which is well
defined as I/Z¢ is compact at 00), is trivial. By (4.4.5) this implies that the image
of z in HY(R, I) is trivial. Since ¢’ satisfies (3.3.6)(1), the image of z in H(Q, G)
lies in the image of H'(Q,G) (cf. the proof of (3.4.11)). Hence the image of z in
H'(Q,G — @) is trivial, and [2] € I (Q, I) by (4.4.2).

Since €y ~ (2 - ¢) ~ €, we have [z] € II(Q, ) by (4.3.7). O

Lemma (4.5.9). Let ¢ : Q — B¢ be an admissible morphism, I = I, and
b0 : Q — Bgaa the morphism induced by ¢.

Fort € I®(Ay), the subgroup M(Gz(p))l C o (Gy,,,) is the stabilizer of S<(¢) C
S<(G, ¢0). If g € X(¢), there exists a () X Zg(Qp) X W(Gz(p))l—equivariant bijec-
tion

Sc(¢) = S(E(g,1) 9"~ g sy
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Proof. That </(Gy,,))" is the stabilizer of St(¢) C S:(G,¢o) follows from the
injectivity of 8 — ¢” in (4.5.6). The (I(Ay), (®) x G(A%))-bivariant bijection

X(¢) — Xu(9) x G(Ay)

induces a (®) x Zg(Qp) x G(A%)-equivariant bijection Sc(¢) = S(k(¢,T)). We
have to check that this bijection is G*}(Z, )™ !-equivariant.

Let h € G(Z(p))'f and i, € I,(Q) as in (4.3.4). For 7 € Gal(Q/Q), write z, =
h=17(h). By definition the action of h on S.(G, ¢) is given by right multiplication,
and sends X () into X (z-¢). On the other hand, left multiplication by 4, ' (acting
via the canonical action of T) sends X (z-¢) isomorphically into X (Int(i, ') oz-¢) =
X (). Thus, if g = (g0, g”) € X(6), then i, 'gh € X(¢). One checks immediately
that i, 't~ %, € I(Ay). Hence

iy 't gh = (i;, v Y (i, L gh) € X(6),

and i, 't~ 1gh = gh as elements of S<(G, ¢y).
Comparing this with the definition of the action of G*4(Z,))™ on S(t(g, 7))
proves the lemma. O

~ (4.5.10) Let h € G*(Q)T, and B € HY(Q, Zg) the corresponding cocycle. Let
h € G(Q) be a lift of h, and take ¢® = z - ¢ where z, = h='7(h).

Proposition (4.5.11). Let g € X(¢), and T € I;d(Af), there exists a (®) X
Z6(Qp) x o (Gz,,))" -equivariant bijection

Se(¢”) == S(E(9,1)7) g = hgNysy
Moreover, under the projection

ca : Se(¢”) — (G, ¢o)

we have cg(g') = hg ¢’ ca(g).

Proof. Note that I = I, = Is. If ¢ € X(¢°), then by (4.5.9), we have (®) x
Za(Qy) x M(Gz(p))l—equivariant bijection

S<(¢”) = S(k(g', 7).

Keeping in mind the definition of a triple attached to an element of X (¢”), in
(4.5.1), one sees as in (4.3.2) that multiplication by hg~!g’ induces an isomorphism

S(E(g', 1) = S(k(g,1)").

We take the map in the Proposition to be the composite of these two maps. From
the definitions, one checks that this map is independent of the choice of ¢’, and
sends ¢’ to hg~lysg'.

To check the final claim note that in (3.6.2) the identification of X (¢5) —
X (¢§g) is given by multiplication by h~!. Hence the image of g under

X(¢) = X (o) — X(02)
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is [ﬁ_lg]. The final claim follows. [

(4.6) Proof of the main theorem: In this subsection we finish the proof of
the main theorem. We continue to use the notation and assumptions introduced
above, but we now assume that (G, X) is of Hodge type as in §1,2. We also assume
that Zqg is a torus.

(4.6.1) Let (T, hr,i) be as in (3.5.8). We say that an isogeny class % C
Sx, (G, X)(Fp) is attached to (T,hr,i) if the reduction mod p of the points in
the image of i : Sh(T, hr) — Shy, (G, X) lie in .#. By (2.2.3) any .# is attached to
some (T, hp,%). The second description of ¢(T, hr) given in (4.3.9), together with
the Shimura-Taniyama reciprocity law, and [Ko 4, Lem. 12.1] (cf. also [Wi 3, 4.2.5]),
implies that ¢(.#) ~ i,.(¢(T, hr)).

Similarly, we say that an admissible morphism ¢ : Q — G is attached to (T, hp, 1)
if ¢ is conjugate to i 01y, . By (3.5.11) any ¢ is attached to some (7', hr,i). An
exercise using the definitions shows that €(¢) ~ i.(¢(T, hr)).

Now fix .# and let

So = Upegaayr M € Fx, (G, X)(F,)

where [h] denotes the image of h in IIIZF (Q, I), and we use the notation introduced
in §4.4.

Proposition (4.6.2). Suppose that & is attached to (T, hr,1), and let ¢ : Q — G
be conjugate to ioty, . There evists aT € I;‘g(Af) and a (®) x Z(Qy) x (Gz,, )-

equivariant bijection & : Fy — S<(G, ¢o) such that the diagram

(4.6.3) Sy ——> 5<(G, 6)

(G, X) % (G, ¢o)

commutes. Moreover, for each h € G*(Q)*, ¢ takes " isomorphically onto
Se(oM).

Proof. We may assume that ¢ = io¢,,, . We use the notation introduced in (3.6.6).
Let t = (tp,t") € Xp(Ypy, ) X XP(Yp,,.). We again denote by (¢,,t7) € T(As) a
point lifting the image of ¢ under the map of (3.6.7). Let z € . be the reduction
of the image of ¢t under

T(As) — Sh(T, hy) - Shy, (G, X)

By construction the image of ¢ in 7(G, ¢o) maps to cg(x) under J¢. By the reci-
procity law we have €(z) = (o, ()ip,9) With v, = 79 € G(Q) for all | # p, and
t(z) ~ i (8(T, hr)).

Now let g, € X,(¢), and set gP = i(t") € XP(¢), and g = (gp, g?). An exercise
using the definitions shows that €(g) = (Yo, (1)ixp, d’), for some ¢’ € G(@;r). Since
£(¢) ~ i (8(T, hr)), we may choose g, so that (g) = &(x). We claim that we can
choose g, so that we also have ¥g o cq(g) = ca(z). To do this it suffices to arrange
that g, and t, have the same image in X,(¢5). By (3.6.2)(2), these two images
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differ by an element of G(Q,)/G(Q,)G(Z,) = 71 (G)" (cf. (1.2.3)). Hence the claim
follows from (4.6.4) below which shows that the map J5(Q,) — m1(G)T is surjective.

Choose T € I;S(Af) such that ¢(x) = (g, 1), and write I = I4,. By (4.5.9) and
(4.4.14) there is a commutative diagram

=4 S(E(g,7)) —= Sx(¢)

| |

(G, X) (G, ¢o)

—1
190

where the maps in the top line are (®) x Z(Q,) x & (Gz,,, ) -equivariant, and the

diagram commutes because the top line sends x to g. We take £ : & —— S (¢)
to be the composite of the maps in the top line.

By (4.4.14) and (4.5.9) (G, )" C «/(Gy,,,) is the stabilizer of both . C .%
and St(¢) C S<(G, ¢o). Hence £ s extends uniquely to a (®) x Z(Q,) x #(Gz,,,)-
equivariant bijection

UheGad(Z<p))+f[h] = Upegna(z,))+ Se(o™),

which commutes with the projections to 7(G, X) and 7(G, ¢¢) as both of these are
A (Gz,,, )-equivariant.
If h € G*(Q)", then by (4.4.17) and (4.5.11) we have (®) x Z(Q,) x & (Gz,,)'-

equivariant isomorphisms
I 5 8(6(2)") 5 S(k(g, 1)) = S (¢7).

Moreover if 2’ € .77 maps to~g’ under the composite of these maps, then using the
notation of (4.4.17), hg;,1 = hg~'y,g’. Hence, using (4.4.17) and (4.5.11), we have

ca(r') = hg,'ca(x) = hg™ysg'ca(z) = Va(hg ysg'calg)) = Valcald)).

Here we have used that y, acts trivially on (G, ¢p), since gy 'ysg0 € G(Z;r) Hence
IP =5 S(¢9) is compatible with the maps cg.

Applying this for a set of representatives of the orbits of G"J‘d(Z(p))Jr on the image
of G*(Q)* in I (Q, I), and keeping in mind (4.4.8) and (4.5.6), gives a diagram
as in (4.6.3). The final claim in the proposition follows from the construction. [
Lemma (4.6.4). Let b € G(L). Then the map J,(Qp,) — m1(G)' is surjective.

Proof. As usual, let M = M, be the centralizer of v}, so that Jy is an inner form
of M. We consider the maps

To(Qp) = HO(Qp, Jy — J) — m(M)" — mi(G)".

The first map is surjective as H'(Q,, J,(Q,)) is trivial. The second term can be
identified with H°(Q,, M, — M,). As M,(Q,) surjects onto m (M) by (1.2.3),
the second map is surjective. Finally, again applying (1.2.3), the third map is
surjective. [
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Corollary (4.6.5). Suppose that (G, X) is of Hodge type, and let K, = Gz, (Zy)
be a hyperspecial subgroup. Then there is a (®) x Z(Qp) x (Gz,,, )-equivariant

bijection S, (G, X)(F,) — [ (40) St(60)(G: o) such that the diagram

I, (G, X)(Fp) —> 4] St(00) (G 90)

| |

(G, X) H[¢0] (G, ¢o)

[2e]

commutes. Here [¢o] runs over conjugacy classes of admissible morphisms ¢q :
Q — Bgaa, and t(¢o) is some element of [gg(Af).

Proof. Let .# and ¢ each be attached to (T,hr,i) as in (4.6.2), and let 5 €
I (Q,I) be a class arising from a cocycle z € Z(Q, Z1). We claim that there is a
triple (T, hr,i”) such that .#” and ¢” are each attached to (T, hr,i”). In particular,
this applies to 3 arising from an element of G*4(Q)™, as well as to 3 € Illg(Q, I),
by the Hasse principle for 724, Assuming this, the corollary follows from (4.6.2),
together with (4.4.13) and (4.5.7).

To see the claim, let ¢ € G(Q) be such that g~'7(g) = 2, for 7 € Gal(Q/Q).
We take i® = gig~! : T — G, which is defined over Q as z, € T(Q). As in (4.4.7),
i’ o hy € X. By (4.2.6), .#7 is attached to (T, hr,i").

We have to show that ¢” is attached to (T, hr,i?). Now ¢” is conjugate to
g(z-ioty, )g~" Let ¢ € Q, and write ¢, (q) =t x 7. Then

1

9(z 0, )97 (@) = gzri(t) x g~ " = gi(t)g ™

xT=1i%0 ()

So ¢” is attached to (T, hr,i?). O

Lemma (4.6.6). Let (H,Y) be a Shimura datum of abelian type with H an adjoint
group. Then there exists a central isogeny H* — H such that
(1) If (G, X) is a Shimura datum of Hodge type such that (G*, X24) is isomor-
phic to (H,Y) then G is a quotient of H*.
(2) There exists a Shimura datum of Hodge type (G, X) such that (G*4, X24) is
isomorphic to (H,Y) and G = H*, with Zg a torus.
(3) Suppose that H is quasi-split and unramified at a prime p. Then (G, X) in
(2) can be chosen so that G is quasi-split and unramified at p, and such that
E(G,X), = BE(G*, X2),,. (The notation being as in (3.8.12).)

Proof. This is deduced in [Ki 2, 3.4.13] from Deligne’s results [De 2], except for
the claim in (2) that (G, X) can be chosen so that Zg is a torus, and the final
claim in (3) that (G, X) may be chosen so that F(G, X), = E(G*, X*),. That
(G, X) may be chosen to satisfy the former condition is shown in [KP, 4.6.22]. The
construction of (G, X) in (2) uses [De 2, 2.3.10]. We briefly explain how to make
the choices in loc. cit so that the conditions of (3) hold.

Let (H,Y) = (Hy,Y1) x --+ x (H,,Y,) with H; adjoint and Q-simple. We have
Hf = Hf x -+ x HE and it suffices to construct (G, X) when H is Q-simple. Then
H has the form Rp/oH® with F a totally real field, and H*® absolutely simple [De
2, 2.3.4]. If H is quasi-split and unramified at p, then p is unramified in F. Let I



MOD p POINTS ON SHIMURA VARIETIES OF ABELIAN TYPE 95

and I, respectively denote the set of embeddings F' — R for which H*® is compact
(resp. non-compact).

Let K/F be a quadratic, totally imaginary extension, such that every prime of
F over p splits completely in K. Let J denote the set of embeddings K < C. Then,
keeping in mind the field embeddings fixed in §1.3, J may be identified with the
set of embeddings K — Q,, and Gal(Q/Q) acts on J.

Since E(G*, X24) is the reflex field of (G, X), the action of Gal(Q/E (G, X))
on J preserves the set of elements which map to I.. If w € J, and @ is the conju-
gate of w, then the orbits of w and w under the action of Gal(Q,/E(G*!, X24),)
are disjoint, since the primes of F over p split completely in K. Thus, there
exists a subset T' C J which maps bijectively onto I., and which is stable by
Gal(Q,/E(G™, X21),).

Now let hp : S — (K ®g R)* be the cocharacter which induces the identity on
C* when composed with w € T, and is trivial when composed with w € J such
that w,w ¢ T. Then E(Rg/qG,,hr), is contained in E(G*d, X2d),, by what we
saw above, and [De 2, 2.3.10] implies that (G, X) can be chosen to satisfy (3). O

Theorem (4.6.7). Let (G2, X2) be a Shimura datum of abelian type, and Ky, C
G2(Qy) a hyperspecial subgroup. Let ro = [E(Ga, X2)p : Qp).

Then Shy, (G2, X2) admits an integral canonical model Sk, (G2, X2) over
OE(Ga.x2),» and there is a (®r,) X Zc,(Qp) X 7 (G2,2,,,)-equivariant isomorphism

(4.6.8) Sk, (G2, X2)(Fp) — L) Sx(s0)(#)

where ¢ runs over conjugacy classes of admissible morphisms ¢ : Q — &q,, and
(o) € Igd(Af) depends only on ¢o. Here Gaz,,, is a reductive model of Go over
Z(p), with Ko, = GQ,Z(p) (Zp).

Proof. Let (G, X) be a Shimura datum of Hodge type which satisfies the conclu-
sion of (4.6.6) applied to (G5, X34). In particular, we have that G is quasi-split
and unramified, there is a central isogeny G4°* — G9°| inducing an isomorphism
(G2, X2d) = (Gad, X24), and ry is divisible by

re = [B(G,X), : Q) = [E(G™, X*), : Q).

An argument as in [Ki 2, 3.4.14] shows that there exists a reductive model
Gz, of G over Z,), and a central isogeny G%E’:) — Ggfzr(p), extending the isogeny
Gder N G(2ier_

Fix a connected component X+ C X,. After replacing X by a G*4(R) conjugate,
we may assume X T C X. Taking the fibre over Xt € w(G, X) in the commutative

diagram in (4.6.5), we obtain an & Q(G%‘z) )-equivariant isomorphism

(4.6.11) Lk, (G, X)(Fp) T = L] Sei0) (G4 0) T
Now apply [« (Gaz,,,) % -1/ (Gz,,,)° to both sides of (4.6.11). Using [Ki 2, 3.4.11]

and (3.8.13) we obtain an integral canonical model .7, (G2, X2) of Shy, (G2, X>)
and a (®,,) x (Gaz,, )-equivariant isomorphism

(4.6.12) LKz, (G2, X2)(Fy) = 155 Sx(60) (G2, P0)-
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The right hand sides of (4.6.12) and (4.6.8) are canonically isomorphic by (3.4.16).
We have constructed a (®,,) x & (G2,z,,, )-equivariant isomorphism as in (4.6.8),
and the same remark as in (3.7.10) shows that this isomorphism is also Zg,(Q,)-
equivariant. [

ERRATA FOR [KI 2]

We are grateful to Yihang Zhu and Tom Lovering from bringing the following to
our attention. All references are to [Ki 2].

E.1 The statement of (1.5.2) is missing the condition that Lie H is stable under
the action of Frobenius h + @ oho@~! on End(My). This is needed to insure that
the series, obtained by substituting the formula for 3 into itself, has coefficients in
Lie H, as claimed, because the formula for (/) involves conjugation by .

As aresult, (1.5.3) is incorrect and should be deleted. The construction in (1.5.4)
is correct, but the connection Vg, has coefficients in Lie G not Lie Ug as claimed.

The only result from §1.5 which is used in the rest of the paper is (1.5.8) and
its Corollary (1.5.11). The statement of (1.5.8) is fortunately still correct, and we
now explain how to modify its proof taking into account the corrected version of
(1.5.2).

E.2 Using the notation of §1.5, let A (resp. Ag) be the completion of R[1/p]
(resp. Rg[1/p]) at (t1,...,t,). We write M4 = M ®pr A, and similarly for My,,.
Let 04 € Mf denote the parallel transport of s,. That is o, is the unique section
such that V(o,) = 0, and o, modulo (t1,...,t,) is 4.

Lemma E.3. Let Spf A, C Spf A denote the largest closed subspace such that
oo € FilMS, . Then Ay, = Ag.
G

Proof. Since Vg, has coefficients in Lie G, 04|a, = sa ® 1, so Spf Ag C Spf Ag.
Since Ag is a regular ring, it suffices to show that Ag and Af, have the same tangent
space, or that any map of Ko-algebras A, — Ko[u]/u? factors through Ag. This
can be proved by exactly the same argument as in (1.5.6), keeping in mind that
the induced map A — Ko[u]/u? is compatible with the Frobenii ¢; — ! on A and
ur uP =0 on Ko[u]/u?. O

E.4 In the proof of (1.5.8), replace the fourth and fifth paragraphs by the fol-
lowing:

To show that @ factors through R¢ it suffices to show that the induced map
w: A — Ko[u] factors through Ag. Since the 3, € Mg - M?éo [u] AT€ Frobenius
invariant, they are parallel for the connection on Mga [u]’ Hence ©w*(04) = 4. By
the construction ¥z, 3, € FilOMgo[[u]]. Hence @ factors through Ag by (E.3).

E.5 The assertion that ker (¢/(Gz,,)° — & (Gaz,,,)) is finite, in (3.3.9) is not
correct. (This assertion also appears in [Mo, 3.21.1]). This is used in the argument
that the quotient

(E.5.1) Tk, (G2, X2) = [ (Gaz,,,) ¥ pr(G,X)JF]/ﬂ/(GZ(p))O

in (3.4.11) is well defined and satisfies the extension property. To see that this is
the case without using the finiteness, denote the kernel above by A(G,G2)° and
write

A(G, Gy) = ker ((Gyp)) — o (Gaz,,)).

We have the following Lemma.
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Lemma E.6. The subgroup Zg(A?)/ZGZ(p) (Zpy)~ NA(G,G2) has finite index in
A(G,Gs). In particular, Zgae: (Ai’c)/ZG%er (Zpy)~ NA(G,G2)° has finite index in
(p)

A(G,Gy)°.

Proof. Tt suffices to prove the lemma when Gy = G®!, which we now assume. If
(h,g) € A(G,G?Y), then g € G*(Q) lifts to G(Q;) for [ # p. Since, the group

ker (H(Zy), Za) — [[ H'(Qi. Za))
I#p

is finite (cf. [De 2, 2.0.4]), after passing to a finite subgroup of A(G, G?4), we may
assume that g lifts to a point in G(Z,))+, so (h,g) ~ (hg=1,1). Since hg~—' maps
to 1 in Gad(A?), h971 S Z(;(AZ})/ZGZ@) (Z(p))f.

The second claim follows since A(G,G2)° C A(GeT,Gy). O

E.7 Now for any closed subgroup K? C G(AI}), write K = K, KP?, and
pr(G,X) = liLnprKp/(G,X)

where K?' C G(AI}) runs over compact open subgroups containing K?. We define
(over O%’p))) Sk, (G, X)" analogously.

By (E.6), if K? is compact open and sufficiently small, then A(G,G3)° acts on
Sk (G, X)" through a finite quotient, and we may construct the scheme in (E.5.1)
as a union of copies of lim.% i (G, X)* /A(G, G2)° where K? runs through compact
open subgroups of G(N}).

To check the extension property, let [ # p be a prime, and let KP C G(A’;'l)

be compact open, where AIJZ’Z denotes the adeles with trivial components at p
and [. Then .k (G, X)" satisfies the extension property, and the second claim
of (E.6) implies that A(G,G2)° acts on ¥k (G, X)T through a finite quotient.
Hence . (G, X) " /A(G, G3)° satisfies the extension property, which implies that
Sk, (G, X)T/A(G,G2)° does also.
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