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ABsTRACT. We prove a folklore conjecture identifying two categorical enhancements of the
automorphic side of the local Langlands correspondence. Concretely, we construct an equiva-
lence for torsion coefficients between the category considered by Zhu and the one considered by
Fargues—Scholze. To achieve this, we revisit Scholze’s analytification functor and apply the first
author’s theory of kimberlites. We discuss unconditional applications to the splitting of the
semi-orthogonal decomposition on Bung, and the compatibility with Eisenstein functors. Fi-
nally, we formulate a linearity conjecture for our functor with which we can show new vanishing
statements for the cohomology of local Shimura varieties, and perverse exactness statements
for Hecke operators.
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1. INTRODUCTION

We divide our introduction into a soft part and a technical part. The reader who enjoys
mathematical story-telling is invited to read the soft introduction (§1.1). Otherwise, we invite
the pragmatic reader to skip directly to the technical part (§1.2). Having divided our audience
by taste, we will shamelessly be vague during the soft portion of this introduction, to the extent
that we cannot even be wrong.

1.1. Soft introduction. Categorification, in modern representation theory, has already transi-
tioned from being treated as a technical tool to an object of independent mathematical interest.
Following a key insight of Fargues in 2014, number theorists and arithmetic geometers work-
ing in the Langlands program have realized throughout the last decade that the classical local
Langlands correspondence could and should be upgraded to a categorical statement. We refer
the reader to |[Farl6; Gail6; Zhul8| for informal early accounts on the subject.

Following the hard work of numerous experts coming from different backgrounds, the com-
munity has reached the so called “categorical local Langlands conjecture” (or CLLC). This is a
beautiful conjecture that interweaves classical representation theory with arithmetic geometry.
Surprisingly, however, this conjecture came in two different formulations which address different
pieces of structure. One formulation of the conjecture was made precise by Fargues—Scholze
([F'S24, Conjecture X.3.5]) and the other was made precise in the work of Zhu (|Zhu25a, Conjec-
ture 2.1.3]). We will refer to the first theory as the Bung perspective, and to the second one as
the B(G) perspective. The purpose of this article is to construct an equivalence of categories, ¥,
whose role is to bridge the two perspectives on how to formulate the CLLC. This work builds on
|G1Z26; Gle26], where some of us laid the geometric foundations necessary for the construction
of the functor Y.

As we will try to convince the reader later in this introduction, this work is not a linguistic
translation. Instead, each of the perspectives is sensitive to different phenomena, and connecting
these perspectives enriches our understanding of the CLLC, and its connection to other mathe-
matical objects of interest. Although we are forced to discuss a substantial amount of formalism,
the key to W ultimately comes from interesting geometric observations.

From an impressionistic lens, the CLLC resembles the classical formulation of unramified
Langlands. To explain this, let us first fix some notation. We let E be a non-Archimedean
local field of residue characteristic p, with ring of integers O C E and residue field F, with ¢
elements. We set Wg to be the Weil group of F and set Ig C Wg to be the inertia subgroup.
We let G/E be a connected reductive group, which we assume to be split for simplicity in this
introduction, and we fix as usual T C B C G a Borel and a maximal torus. We let W denote
the Weyl group of G. We let A be a suitable coefficient ring in which p is invertible.

Recall that the classical unramified local Langlands can be obtained by using the following
recipe. If V denotes a C-valued smooth irreducible and spherical representation, then V&(©)
becomes an irreducible H-module where

H = (CX(G(Op)\G(E)/G(0F),C), %)

denotes the spherical Hecke algebra equipped with convolution. A consequence of the Satake
isomorphism

H ~ C[X.(T)V], (1.1)
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is that every irreducible H-module is 1-dimensional. In particular, V' is completely determined
by the eigenvalues of the simultaneously diagonalizable Hecke operators acting on the only
G(Og)-fixed line of V.

These eigenvalues are the so-called Satake parameters of V', which can be encoded by a semi-
simple conjugacy class in G. In this way, classical unramified Langlands is a spectral classification
of spherical irreducible representations, i.e., it classifies spherical irreducible representations by
their Hecke eigenvalues. It also encompasses a multiplicity-one statement saying that for each
family of eigenvalues, there is exactly one irreducible spherical representation corresponding to
it.

The first observation that the CLLC makes is that one should enlarge the (derived) category
of G(FE)-representations, to a so-called local Langlands category. In the Bung setup we will
denote it as D3 (Bung) (see [FS24, §5]), and in the B(G) setup we will denote it by Shv'(B(G))
(see [Zhu25b, §3.4]). Each of these categories come equipped with fully faithful functors

J1 - Rep(G(E)) — Dy (Bung)

and

i11: Rep(G(E)) — Shv'(B(G))
respectively, where Rep(G(E)) denotes the derived category of smooth representations of G(E)
on A-modules. When we want to speak of a platonic local Langlands category, without a specific
construction of it, we will denote it as Dyy,c. That we can take this platonic attitude is partially
justified by our main result, which is the construction of an equivalence

W : Shv'(B(G)) = D (Bung)

between LLC categories satisfying several desiderata.

In the CLLC, instead of considering the spherical Hecke algebra H one considers the Satake
category (Sg,*), which is a category with a commutative algebra structure under convolution
a.k.a. a symmetric monoidal category. Just as the spherical Hecke algebra is the space of
compactly supported functions on the double coset space G(Og)\G(E)/G(Og) endowed with
convolution, the Satake category is obtained by considering perverse sheaves on the double coset
stack LTG\LG/L*G, the so-called local Hecke stack, and the multiplication is also through
convolution. Just as in the classical picture, the Satake category has a spectral expression
through the so called geometric Satake

(Sa, %) = (Rep G, ®),
which is a categorification of (1.1). Indeed, highest weight theory identifies X,(T)" with the
set of isomorphism classes of irreducible algebraic representations of G for A = Q.

Analogous to the action of the spherical Hecke algebra on the spherical vectors of a smooth
representation one should “treat Diy,c as a vector space”’, and endow Dy 1, with Hecke operators.
In other words, one should realize Dr1,c as an Sg-module. Since we are in a categorical context,
the Hecke operators themselves have automorphisms. To wit, in the CLLC one should consider
an arithmetic version of (Sg, *) that varies with the arithmetic geometry of E, this is customarily
done through the Beilinson—Drinfeld Grassmannian in its BgR—incarnation. This furnishes Hecke
operators with a plethora of automorphisms coming from the Weil group action: in very rough
terms, a “Galois loop” gives rise to coherently organized automorphism of the Hecke operators
(this is known as a factorization structure), which in turn gives rise to the so-called excursion
operators, as introduced by V. Lafforgue [Lafl8]. Following ideas of geometric Langlands for
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Riemann surfaces (see [NY19]), one can package excursion operators, i.e., the data of Hecke
operators with coherently organized Galois automorphisms, through the so-called spectral action.

That is, one forms the stack Parg g of L-parameters, and the (Rep(G), ®)-action promotes to
an action

(QCoh(Parg,g), ®) O Dric.

Here QCoh(Parg ) denotes a suitable derived category of quasi-coherent sheaves on the param-
eter stack. The naive multiplicity one statement in this setup would posit that Dric is a free
1-dimensional (QCoh(Parg g), ®)-module, but this is provably false outside the case in which G
is a torus. Instead, after fixing a Whittaker datum 4, the CLLC predicts that there is a unique
(QCoh(Parg ), ®)-linear equivalence

Ly : IndCohniip (Parg,g) ~ Dric (1.2)

with the property that
Ly (Oparg, ) = Wy

where Wy, € D¢ is the Whittaker sheaf attached to 1. Here IndCohni, (Parg, k) is a version
of QCoh(Parg ) that accounts for the singularities of Parg g in a precise categorical sense, and
it comes equipped with a canonical (QCoh(Parg g), ®)-action. In this way, the CLLC is also
a spectral parametrization where the Hecke operators, and the narrative, has been categorified.
Strictly speaking, IndCoh(Parg ) is not a free 1-dimensional (QCoh(Parg ), ®)-module, but
it is so in a smooth and dense open locus of Parg g. In this way, the CLLC also predicts how
to precisely correct the multiplicity one statement in this context.

In the Bung setup, Fargues—Scholze have constructed all of the structures necessary to carry
out this narrative, completely formulating the CLLC conjecture for D3"(Bung), i.e., Fargues—
Scholze construct! a spectral action

(QCoh(Parg,r), ®) O Dy (Bung),

incarnated geometrically as a global Hecke stack on the Fargues—Fontaine curve, and conjecture
that there is a unique QCoh(Parg g)-linear equivalence

Ly : IndCoh(Parg ) ~ Dy (Bung)

with the property that
Ly (Oparg ) = Wy

The fundamental motto guiding Fargues—Scholze’s work is that the CLLC should be inter-
preted as “global unramified Geometric Langlands for the Fargues—Fontaine curve”. A major
part of Fargues—Scholze’s work goes into providing geometric foundations to show that in this
exotic arithmetic context, the key geometric players are well behaved, and one can still find all
of the structures that the geometric Langlands program for Riemann surfaces had recognized.
Fargues—Scholze’s framework invites the possibility to consider several other important construc-
tions in global Geometric Langlands and its consequences to the CLLC. A notable example are

the so-called geometric Eisenstein series which have been explored and shown to be well-behaved
in [Ham25; HI25; HHS24].

1Farguesfscholze’s construction assumes some mild assumptions on £ the characteristic of A.
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In the B(G) setup, one does not yet have a full precise formulation of the CLLC as we have
discussed above, at least for mixed-characteristic local fields E. Indeed, although one already
has the language and technology to pose that there should be an equivalence

L& : IndCoh(Parg,g) ~ Shv'(B(G)),

with the property that
Lf;h(OParG,E) = WSCh7

one does not have a spectral action on Shv'(%(G)) in full generality?. In particular, one cannot
ask if this equivalence is linear, and it becomes much more subtle to formulate in what sense this
equivalence is unique. Nevertheless, one can already formulate and prove a tame-level version
of (1.2), as Zhu does [Zhu25b, Theorem 1.6, Theorem 1.7]. More precisely, there is an open and
closed substack

Parg’%e C Parg g,

that parametrizes the tamely ramified L-parameters (see §12.1.2). Moreover, Zhu defines a
tamely ramified local Langlands subcategory

Shv"*¥me(B(3)) C Shv' (B(G)),
and shows, after fixing adjectives appropriately, that there is an equivalence

LB 1 dCoh (ParfE) > Sh e (3(G)

(see Theorem 12.1.10). From Zhu’s work, it follows that one can endow Shv"'*™¢(B(Q)) with
a QCoh(Par@s°)-action, but this is rather indirect (see [Y725, §3.1.5]). That this definition is
indirect, is partially due to the fact that the B(G) setup interprets the CLLC as “the Frobenius
trace of the local geometric Langlands conjecture”. Indeed, the starting point is Bezrukavnikov’s
equivalence |[Bez16| (interpreted appropriately as a 2-categorical statement in local geometric
Langlands). In this 2-categorical context, one has a monoidal category which we will denote
(B, %) in this introduction. Hecke operators in this context are incarnated through Gaitsgory’s
central functor, which is a monoidal functor

A~

Z : (Rep(G),®) — (B, %)

factoring through the center. This construction is compatible with inertial Galois loops which
gives an action

QCoh(Parg%e) O (B, %),

where F is the completion of the maximal unramified extension of E. After taking trace of
Frobenius, this yields a partial spectral action

QCoh(Pargy") ~ Tr(QCoh(PartC?’%e)) O Tr((B, x))

restricted exclusively to the tame parts. The work of Zhu discusses patiently some of the formal
foundations necessary to carry this narrative, and crucially constructs an identification

Shv'tame (9B (@) ~ Tr((B, %)).

2There is work in progress by FEteve-Gaitsgory—Genestier-Lafforgue constructing a spectral action on
Shv'(B(G)) when F is an equicharacteristic local field.
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It is through this identification, and through transfer of structure, that Zhu endows Shyv"'¥™¢(B(Q))
with a spectral action.

Although we believe it is profitable to have two perspectives on the CLLC, from a purist lens
in which there should be only one local Langlands category Dric. What our work explains is
a precise sense in which Fargues—Scholze’s geometrization relates to local geometric Langlands.
Namely, one of the many things that the work of Zhu explains is in what sense Shv'(B(G)) is
a natural recipient for the Frobenius trace construction, and why one obtains a fully-faithful
functor

Tr(B, %) — Shv'(B(Q)).

In essence, our work explains why D{"(Bung) is also a natural recipient for the trace construc-
tion. Independently of Zhu’s work, one can use our methods to directly construct a functor

Tr(B, *) — D" (Bung),

but it would only be through Zhu’s work and our equivalence W, that one can clearly see why
this functor is fully faithful.

From our perspective, the clear advantage of working with Shv'(B(G)) is its immediate con-
nection to local geometric Langlands, whereas the clear advantage of working with D3"(Bung) is
that, even in mixed-characteristic, it has a geometrically defined spectral action. By reconciling
these two perspectives, we obtained a platonic D¢ that has a geometrically defined spectral
action and can be studied through its connection to the geometric local Langlands program. As
a small application of this perspective, consider the following.

Relying on techniques from local geometric Langlands, Deligne-Lusztig theory and the geom-
etry of affine Deligne-Lusztig varieties (ADLV), Zhu constructs a direct sum decomposition

Shy"t*me (%(G)) =~ @) Shv' ¢ (B(G)),
¢

as ( ranges over the tame inertial types. As a proof of concept, one of the immediate corollaries
of our work (see Corollary 12.1.13 for details) is that we also have a similar decomposition

Din’tame(Bung) o~ @ Din’C(Bung).
¢

That this direct sum decomposition holds for Din’tame(Bung) is predicted by the CLLC in the
Bung setup, but it is quite unclear otherwise (see Remark 12.1.15). Using W, we can already
obtain this result unconditionally.

We expect many more applications to be obtained in the near future, not only in the CLLC
but also in more classical arithmetic Langlands, by using our functor to combine the meth-
ods from the two setups. This will become even more likely once the connection between W
and Gaitsgory’s central functors has been properly elucidated, which some of us are planning to
discuss in future work. For a precise statement of the kind of desired result, see Conjecture 12.2.2.

Leaving the purist point of view behind, the two perspectives on the CLLC interact with
different geometric objects of mathematical interest. For this reason, we believe it is interesting
to understand the CLLC through both perspectives and be able to transfer results from one
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perspective to the other. We make a table highlighting important examples, we have left a
question mark “?” when the analogue in the table is not understood.

Bung B(G)
Generic fiber of Shimura varieties Special fiber of Shimura varieties
p-adic period domains & local Shimura varieties (LSV) affine Deligne-Lusztig varieties (ADLV)
Fargues—Scholze parameters Genestier-Lafforgue parameters
? p-adic Deligne-Lusztig stacks
Geometric Fisenstein series ?

For example, Zhu uses the dimension formula of ADLV to show that Hecke operators are per-
verse t-exact on Shv'(B(G)). Since our functor is also perverse t-exact (see Corollary 1.2.12),
under the expected property that W intertwines Hecke operators (which will be verified in a differ-
ent work), one can conclude a similar perversity statement of Hecke operators on D{"(Bung), as
established in certain cases by [HL.25, Corollary 4.27]. One can then use this perversity statement
to deduce vanishing results in the cohomology of local Shimura varieties (see Corollary 12.6.4),
analogous to the results in [Ham25, § 10.2].> For this last part, it was critical to use the CLLC
formulated with Dyrc = D{"(Bung), since local Shimura varieties do not directly interact with
B(G). In addition, using our functor W one can use results on the splitting of the semi-orthogonal
decomposition on Shv'(B(G), A) around a generic localization, as proven in [YZ25], in order to
obtain unconditional analogous results for a generic localization of D§"(Bung) (see Corollaries
12.3.3 and 12.3.7), which proves results along similar lines to [Ham?25; HL25| that were originally
established by a careful study of geometric Eisenstein functors in the Fargues-Scholze context
(see Remark 12.3.8 for a discussion of the relation). Similarly, we are able to show uncondition-
ally in certain special cases that the tame categorical Langlands equivalence of Zhu intertwines
the geometric Eisenstein functors studied in [Ham?25; HHS24; HI25| with spectral Eisenstein
functors, by using our functor to compare the two (see Proposition 12.4.6).

1.2. Technical introduction. As above, we fix F a non-Archimedean local field of residue
characteristic p. We let Op C E denote the ring of integers. We fix 7 € Op a uniformizer, an
isomorphism [, ~ Op/m where ¢ is a power of p, and an algebraic closure k = F, of F,. We

let E denote the m-adically completed maximal unramified extension of £. We let Wg denote
the Weil group of E, Ir C Wg the inertia group and I'y O Wg the Galois group. We fix G/E
a quasi-split connected reductive group, we fix ' C B C G a maximally split rational torus
and a rational Borel. We let Z denote the parahoric group scheme associated with an Iwahori
subgroup Z(Og) C G(E). Since Lurie’s formalism of co-categories has become widespread in the
CLLC, we adapt our terminology accordingly: by category we mean an oco-category, whereas
1-truncated categories are called ordinary categories. We fix a prime number ¢ # p, and we
let A denote a fixed torsion Zs-algebra (i.e., £" - A = 0 for some n). We let Mod, denote the
(derived) category of A-modules. We let LinCat, denote the category of presentable stable
A-linear categories.

3The standard way to connect the cohomology of LSV to the geometry of ADLV is through the nearby cycles
construction. One can think that the functor W encapsulates a plethora of nearby cycle computations, and it is
precisely by studying specific nearby cycles (see Theorems 10.0.6 and 10.0.7) that the equivalence is obtained.
The magic of W is that it gives for free more nearby cycle computations than those required to show that it is an
equivalence.
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We let PSch*® denote the category of perfect affine k-schemes and let PSch*" P C PSch??
denote the full subcategory of those affine schemes that are perfectly finitely presented over k.
We let PreStk denote the category of small accessible presheaves on PSch*® with values in anima
(or spaces). We let Perf™! denote the category of affinoid perfectoid spaces over k, and we let
Std C Perf*! denote the full subcategory of those affinoid perfectoid spaces that are strictly
totally disconnected. We consider Perf*! as an ordinary site endowed with the v-topology, and
we let AnStk, denote the category of small v-sheaves with values in anima. We now review the
precise definition of the local Langlands categories of Fargues—Scholze and Zhu.

1.2.1. Zhu’s construction. For any X € PreStk, Zhu considers a category Shv!(X) € LinCaty of
étale sheaves that is often featured in geometric Langlands, and goes back at least to the work
of Raskin [Ras] and Bouthier-Kazhdan—Varshavsky [BKV22| (see [Zhu25b, Remark 10.70] for
further references). When specialized to B(G) and étale sheaves, this category will give rise to
Zhu’s version of the automorphic local Langlands category. We now review this construction.

For every X € PSch*"P®  we have an ordinary étale site Xg, and we may consider the
category of sheaves with values in —Mody, which we denote by D(Xg,A). This coincides
with the derived category of its abelian heart; in other words, it is given by the co-categorical
enhancement of the ordinary triangulated derived category attached to the abelian category of
A-modules on X¢. This category is compactly generated, and for every morphism [f : X —
Y] € PSch*®PP one has a functor

f' i D(Yer, A) — D(Xa, A).

Moreover, this functor preserves compact objects (i.e., bounded complexes with constructible
cohomology) and restricts to a functor

9 D(Yag, MY — D( X, M.
We may interpret the data discussed above as a functor with values in small A-linear categories

Dlyns + (PSchPIPYOP s TinCats™,

cons

We can let Shv' denote the ind-extension of D),

Shy' : (PSch®PP)°P _, TinCat,.
For amap f: X — Y, we get a functor
Shv'([f: X = Y]) =: f' : Shv'(Y) — Shv' (X&)

which we interpret as a functor

defined as the Ind-extension of f““. This is naturally equivalent to the mapping

1 D(Ye) = D(Xa),
but we will keep this change of notation in what follows since we will extend the domain of
definition of L' in a way that it will no longer necessarily agree with f'. We perform this
extension in two steps:

(1) We let the value of Shv' on PSch*® be given by the right Kan extension along the
inclusion PSch*HP® C PSch®®. In other words, if Spec A = @Spec A;, with each A;
pfp over k, then

Shv'(Spec A) ~ lim Shv'(Spec A4;).
I
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(2) We let the value of Shv' on PreStk be given by the left Kan extension along the Yoneda
embedding PSch®® C PreStk. In other words, if X € PreStk, then

Shv'(X) =~ lim  Shv'(SpecA).
Spec A—»X
I

Recall the loop group LG € PreStk,
LG : (PSch*T)°P — Ani

with formula )
LG(SpecR) := G(W(R)[;]),

where W(R) denotes the Og-Witt vectors. It comes with an automorphism
¢: LG — LG

extracted from g¢-Frobenius on R. We consider the Kottwitz stack parametrizing isocrystals
with G-structure, B(G) € PreStk, which admits a description as the étale stack quotient by the
(p-conjugation action

LG
BlO) =16

Definition 1.2.1. Zhu’s version of the local Langlands category is given by
Dric := Shv' (B(G)).

1.2.2. Fargues—Scholze’s construction. For any X € AnStk, one attaches a presentable stable
A-linear category D3"(X) € LinCatp of A-étale sheaves whose definition we shall recall. For
every X € Std a strictly totally disconnected space in the sense of [Sch22, Definition 1.14],
we have an ordinary étale site Xg, and, as above, one attaches the category of sheaves with
values in A-modules that we denote by D(X¢, A), which is essentially sheaves on the underlying
topological space of X (which at the level of connected components is just a profinite set). From
pure site theoretic considerations, for every map [f : X — Y] € Std one has a pullback functor

f* : D(Y;étaA> — D(Xéta A)v
which we may consider as a functor

D" : (Std)°P — LinCaty.
As above, we extend the domain of definition of D3". More precisely,

D" : AnStk, — LinCaty

is the left Kan extension along the Yoneda embedding Std C AnStk,.
Recall that, to any Spa(R, RT") € Perf™ one attaches a relative adic Fargues—Fontaine curve
Xrp,r- This is a sousperfectoid adic space with formula

Xrr,r = (Spa(W(RM)) \ V(x[])) /.
Here @ € R* is a choice of pseudo-uniformizer, [w] € W(R™) is a Teichmiiller lift, and ¢ is the

action induced from g¢-Frobenius on R'. One considers the moduli stack of G-bundles on the
Fargues—Fontaine curve, Bung € AnStk,. Namely,

Bung : Perf®f — Ani
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with formula

Bung(Spa(R, RT)) := {G-bundles on Xpg g}.
Definition 1.2.2. Fargues—Scholze’s version of the local Langlands category is given by
Drrc = D} (Bung).
1.2.3. The main theorem. The following is our main theorem

Theorem 1.2.3 (Theorem 11.3.2(1)). Let G be a quasi-split reductive group over E. If A is
an (-torsion Ze-algebra, then the categories Shv'(B(G)) and Dy*(Bung) are equivalent. More
precisely, we construct an equivalence

W : Shv'(B(G)) = D" (Bung).

In the rest of this introduction, we will do the following.

a) Discuss the finer properties of our equivalence that are established in this article.

b) Sketch a construction of W.

¢) Summarize the strategy and discuss the methods we employ to show that W is an equiv-
alence.

1.2.4. Finer properties of ¥. Recall the Kottwitz set

B(G) := G(E)

© Ad,G(E)

from [Kot97, §3]. It identifies with the set of isomorphism classes of isocrystals over k. The set
B(G) comes equipped with two invariants, the so-called Newton map and the so-called Kottwitz
map, which gives an injective map of sets

(v,k) : B(G) = (X.(T) @ Q"2 x 1 (G)ry,

see [Kot97, (4.13.1)]. The right hand side has a partial order, which B(G) inherits. Here
(v1,K1) < (v2,k2) whenever k1 = kg and v — v is a non-negative rational linear combination
of positive coroots. Moreover, this partial order is down-finite in the sense that the set Z<; :=
{t/ € B(G) | b’ < b} is a finite set, see [RRI6, Proposition 2.4.(iii)].

One can endow B(G) with its partial order topology where the up-closed sets Us, = {0 €
B(G) | b/ > b} are a basis of open sets generating the topology. We will denote this topological
space also by B(G). Similarly, one can consider the opposite order topology in which the sets
Z<p :={V € B(G) | b/ < b} are declared to be a basis of open subsets generating the topology,
we denote this topological space as B(G)°P. Recall that we have homeomorphisms

B(G)] ~ B(G)

and
|Bung| ~ B(G)P.

The first homeomorphism is due to He [Hel6, Theorem 2.12|, and the second due to Viehmann
[Vie23, Theorem 1.1]. This reversal of topologies explains plenty of phenomena concerning our
functor W. Using this topological input, for every finite closed subset Z C B(G) we obtain a
closed substack

iz :B(G), CB(G)



12 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

and an open substack
Jjz: Bung C Bung.
Overall, we get fully-faithful functors

iz : Shv'(B(G) ;) — Shv'(B(G)) and jiz, : DY (Bung) — Di*(Bung).

We let Shv'(B(G) ,). € Shv'(B(G)) and D3*(BunZ), € D3 (Bung) denote the essential images
of these functors.

Proposition 1.2.4 (Proposition 11.1.2(3)). For every finite closed subset Z C B(G), we have
that

Y(Shv'(B(G) 5)+) € DR (Bung),

and consequently there exists a unique (up to contractible choice) functor
W, : Shv'(B(G),) — D (Bung),

making the following diagram

iZ*

Shv'(B(G) ;) —— Shv'(B(Q))

[+ Jo

D3 (Bun) ELIEN D3 (Bung)

commute.

In §6, we recall the theory of recollements and semi-orthogonal decompositions following [HA,
Appendix A.8] and [AMR23], relating it to the theory of presentable Nagata 2-functor formalisms
in [DK24]. We call a finite subset S C B(G) convez if it can be written (non-uniquely) in the
form S = Z; \ Zy, with Zy C Z; C B(G) finite closed subsets. It follows formally from this
theory that for every finite convex subset S C B(G) one obtains a functor

W : Shv'(B(G)g) — DI (Bung),

irrespective of the choice of presentation Z; \ Zs, that fits in the following commutative diagram

Wz,

Shv' (%(G)Zg) — Df{n(Bungf)

| !

Shv!(%B(G) ) —2— D" (Bun).
where the vertical arrows yield a Verdier quotient presentation for the bottom line. Here B(G)g
(respectively Buné) denotes the locally closed substack of isocrystals (respectively G-bundles)
whose value on each geometric point is of type of b with b € S.
Since the categories participate in various recollements, the formalism of semi-orthogonal
decompositions provides additional functors which we shall clarify below. We explain the B(G)
setup first since it is more intuitive. For a closed subset Z C B(G), the fully faithful functor
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iz = iz (associated with the closed immersion iz : B(G), C B(G)) admits left and right
adjoints i.e., we have
iy Hige iz
When S = Z1 \ Z3, we have an open immersion ig z, : B(G)g — B(G),, and an identification
1 - | ~ |
igz, =15z :Shv (B(G))s« — Shv' (B(G)g).
Similarly, this functor fits into a sequence of adjoint functors
is,z1, iz, 718,70
Composing the functors considered above, we obtain for all finite convex S C B(G) functors
isy,iss : Shv'(B(G)g) — Shv'(B(G)) and iy, i% : Shv'(B(G)) — Shv'(B(G))
participating in adjunctions
. | % .
is) Ais and @5 His.
Moreover, these functors do not depend on the presentation S = Z; \ Zs. Actually, something
else is true, namely if S; C S5 is an inclusion of finite convex subsets we get analogous functors

081,500 151,50 1 Shv' (B(G)g,) = Shv' (B(G)g,) and iy, g,,7%, g, : Shv' (B(G)g,) — Shv'(B(G)g,)
participating in adjunctions

. | - .
05,5, i g, and ig g is; 8

and compatible with composition in the expected manner along inclusions S; C Sy C Ss.
One can capture all of these compatibilities and coherences into a so called semi-orthogonal
decomposition (see Definition 6.2.1).

We let Convexp(g) denote the category whose objects are the finite convex subsets of B (G)
and the morphisms are inclusions.

Proposition 1.2.5 (See §9.0.1). There is a semi-orthogonal decomposition Sg () of B(G) with
respect to the partially ordered set B(G) (i.e., a presentable 2-functor formalism satisfying the
azioms of Definition 6.2.1) of the form

S (a) : Corr(Convexpg g, All) — LinCaty
with
Sm(c) (V) := Shv'(B(G)y)
and
Swa)([V W = U]) :==iwu o iy

Understanding the structure that should come from this semi-orthogonal decomposition via
the equivalence ¥ : Shv'(B(G)) ~ D3*(Bung) is more subtle, but this is to be expected by
the reversal of topologies. Indeed, |Bung| ~ B(G)°P, and there is a natural semi-orthogonal
decomposition with respect to B(G)°P. However, this is not the one we are looking for. In
particular, we are trying to describe a decomposition with respect to B(G) and not with respect
to B(G)°P. This will be explained by the existence of certain exceptional adjoints, which had
already featured in the work of Fargues—Scholze [FS24]. More precisely, for a closed subset
7 C B(G), the reversal of topologies will give us an open immersion jz : BunZ — Bung and the
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functor jz admits the usual right adjoint j!Z = j. Exceptionally, it also admits a left-adjoint
which is not guaranteed by the usual 6-functor formalism (see §8.2). We will denote the left
adjoint to jz by j"Z. In other words, we have a sequence of adjoint functors
iz Ain iy

To obtain the functor ij, recall that Fargues—Scholze construct the so-called Bernstein—Zelevinsky
duality

Dpyz : D% (Bung)® = D3 (Bung)“°P.
One can show that Dpy preserves the subcategory D3*(BunZ)®* C Di"(Bung)“. This gives rise
to a unique functor fitting in the following commutative diagram

D
DA (Bung)® —=% D3 (Bung)~°P

PE* ljgjf"’

DA% (Bung)® —2% D% (Bung)@°P.

Then ij can be computed by the formula
jz = Ind(Dffj;“ Dpz).

Now, when we consider a finite convex subset with presentation S = Z; \ Zs, the reversal of
topologies gives us a closed immersion jsz, : Bung — Bungl, and we get a canonical map

J%z, : DA(BunZ') — Dy (Bung).

This functor has an evident right adjoint since jsz,« = jsz,1 and it also has an exceptional left
adjoint jg 7, 4. Hence, we have a sequence of adjoint functors

Jszig 135z, sz«
Again, the exceptional left adjoint functor jg z, 4 is given by the formula
Jszyy = Ind(Dpzj§ 7, \DBz.s),

where Dpy s is the unique functor filling in the following commutative diagram

D
DY (Bun!)¥ 224 D3 (BunZ! )« op

Dpz,s
D (Bung)® ——= D (Bung;)* P,

whose existence comes from the functoriality of Verdier quotients.
As before, one can use composition to define for any finite convex subset S C B(G) functors

jsg,ds1 : DR (Bung) — DY (Bung) and j§, jg : D" (Bung) — D}" (Bung)
participating in adjunctions
js =% and j§  jsr.
As above, we also have a version for inclusions of finite convex subsets S; C S, as follows

. . S S . . S S
JS1Sots JS1 So! D?\n(BunGl) — Din(BunGQ) and j§152,jb5152 : Din(BunGQ) — D?\n(BunGl)
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participating in adjunctions

. . b .

781824 7 Jsy5, and g5, 17518005
and compatible with composition in the expected manner along inclusions S; C S C S3. Again,
we package all of these compatibilities and coherences as follows.

Proposition 1.2.6 (See §9.0.2). There is a semi-orthogonal decomposition Sgy, .
B(G) (see Definition 6.2.1 for a precise definition) of the form

ex

Bune : Corr(Convexp(g), All) — LinCaty

of Bung by

with
g (V) = D{*(Bung;)

Bung
and

ex
Bung

(VW = U]) = jwus o diyy-
The following theorem upgrades Theorem 1.2.3 to explain that W is compatible with a variety
of operations.
Theorem 1.2.7 (Theorem 11.3.2). There is an equivalence of 2-functor formalisms
Ys : S%(G) = S%Xunca

such that

Y~ lim Y,
ZCB(G)

where Z C B(G) ranges over finite closed subsets of B(G).

The non-technical translation of the theorem above is the following.

Corollary 1.2.8 (Theorem 11.3.2). For every finite conver subset S C B(G), we have an
equivalence

W : Shv'(B(G)¢) = DI (Bung),

together with commutation formulas

(1) Woig) =~ jggoWs (3)W50&2j§o'~u
(2) Wsoif~jsol (4) Woigy ~ jsyoWs.

Moreover, for a pair of convex subsets S1 C So we also have commutation formulas

. . Al .
(1) Ws, 0isy 551 =~ Jsy,808 © Vs, (3) Ws, oy, g, ~ 75, 5, ° Vs
(2) Ws, 0i, 5, ~ Js, g, © Ws, (4) Ws, 0is,,80x = Jsy,550 0 Vs, -

Amusingly, the equivalence also provides exceptional right adjoint functors in the B (G) setup.
Namely, in the Bung setup we naturally have adjoint functors j§ = js« and jg, - jfg induced by
the 6-functor formalism D%{". From here, we can deduce that we also have adjunctions Z'S gy

and ig,. 4 i%.*

4In the work of Zhu, the functors ig . and ﬁ, when they exist, are automatically forced to commute with

colimits. Consequently, one can use the adjoint functor theorem to deduce the existence of these adjoints.
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Remark 1.2.9. For the convenience of the reader, we make the following table of adjunctions
that are intertwined by W

<.

J
i

* ~

[
_|

1 1L
o
*

_|
_|

‘@%
=
1 L
<

SN
o~
<

A consequence of the intertwining discussed in Corollary 1.2.8 is the following.
Corollary 1.2.10 (Corollary 12.1.13). The equivalence
W : Shv'(B(G)) = D (Bung)
restricts to equivalences
YA Shy! (B(G))A™ = DR (Bung) VA
and
W s Shvt (B(@))* = DI (Bung)®.

From the geometric nature of the constructions, both setups come with their own version
of perverse t-structure. Let us recall them. For b € B(G) we consider dim(Bun%), the (-
cohomological dimension of Bunlé. We recall that this is always a non-positive number that can
be computed by the formula —(2p¢, vp) where 2p¢ is the half-sum of positive roots. Adhering to
convention, we let dy := (2pa, ), so that dim(Bunlé) = —dp. As usual, the perverse t-structure
can be described as

pDin’SO(Bun(;) = {A e DY"(Bung) | j;A € SDXH’Sdb(BunIZ;) for all b € B(G)}

and
PP (Bung) := {A € D*(Bung) | jiA € *Di™Z%(Bunk) for all b € B(G)},
where we use *D3" to denote the standard t-structure (see Definition 12.5.3).
Similarly, one would want to define the perverse t-structure in the B(G) setup as

PShv'(B(G))=0 := {A € Shv'(B(G)) | i A € *Shv'(B(G),)=% for all b € B(G)}
and
PShv'(B(G))=0 := {A € Shv'(B(G)) | iA € *Shv'(B(G),)=" for all b € B(G)}.

Nevertheless, there is a subtlety with this formula (see [Zhu25b, Remark 3.107| for a discussion
of this subtlety). Instead, one defines ?Shv'(B(G))=C as the subcategory generated under small
colimits by the family of objects

{@C—Indf(b(E) Aln—dp] | b€ B(G),n > 0,K C Gy(E) is a pro-p-subgroup},
but the definition of PShv'(9B(G))Z? stays the same (see Definition 12.5.1).

Our functor allow us to define exceptional t-structures on either of the perspectives.
Definition 1.2.11. We define the exceptional t-structures
(‘DY (Bung), “Dy"=" (Bung)) = (W(*Shv'(B(G))="), W(*Shv!(B(6))*))
and
(°Shv!(B(G)) =", “Shv'(B(G))>?) := (W~ (*DY"=" (Bung)), W~ (*Dy=° (Bung)))-
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The exceptional t-structures on Shv'(B(G)) and D{" of Definition 1.2.11 agree with the ex-
ceptional t-structures considered by Zhu (see [Zhu25b, Proposition 3.110]) and the (¢-torsion
version of the) hadal t-structure considered by Hansen [[Han24, Theorem 1.2.3]°. More precisely,
we have the following.

Corollary 1.2.12 (Theorem 12.6.1). We have the following formulas:
(1) eD?\nSO(Bung) is the category generated under small colimits by the family

{Jbz c—Ind[Gg’(E) Aln—dpy] | b€ B(G),n > 0,K C Gy(E) is a pro-p-subgroup},

(2) “D=°(Bung) = {4 € D (Bung) | j; A € sD™Z%(Bun%) for all b € B(G)}
(3) “Shv'(B(G))= := {A € Shv'(B(G)) | i, A € “Shv' (B(G),)=% for all b € B(G)}
(4) °Shv!(B(G))20 := {A € Shv/(B(G)) | i}A € *Shv!(B(G),)>% for all b € B(G)}.

Corollary 1.2.12 essentially follows from Theorem 1.2.7. Indeed, the only additional input to
this statement is that the equivalence

W, : Shv'(B(@),) — DI (Bun)
is t-exact for the standard t-structure which follows from a direct computation (see Proposi-
tion 1.2.13), which we now explain.

A priori, the categories Shv'(B(G),) and D§*(Bunk,) are abstractly defined. For computa-
tions, it is sometimes useful to give more concrete descriptions of these categories. Recall that,
after fixing b € G(E) a representative of b € B(G) one obtains morphisms b : ¥ — B(G), and
b:x— Bung. These morphisms produce, through b and b* respectively, t-exact identifications

Rep(G;(F)) ~; Shv'(B(G),) and Rep(G;(F)) ~; D3 (Bun).

Here G (E) denotes the p-centralizer G (E) = {g € G(E) | g Ybp(g) = b}, and Rep(G;(F)) is
the (derived) category of smooth representations, where ¢ denotes the Frobenius on E. This
leads to an auto-equivalence «; characterized by fitting in a commutative diagram

Shv!(B(G),) —2— D3 (Bun)

- -

Rep(G;(E)) —— Rep(G;(E)).

To make «; more explicit, consider the following. Both the D}{"(Bung) setup and the
Shv'(B(G)) come with canonically constructed Frobenius algebra structures in the sense of

[HA, Definition 4.6.5.1]). These give rise to identifications
Dgyz : D (Bung) — D" (Bung)”

and
idpz : Shv' (B(G)) = Shv' (B(G))Y,

SWe note that, with Q,-coefficients, Hansen actually proves a stronger claim. In particular, he shows that this
gives rise to a t-structure on the full subcategory of compact objects. This is not at all obvious, since showing
that the compact generators are preserved under standard truncation requires a non-trivial input.
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where (—)V denotes the dual category. Moreover, both of these dualities are suitably compatible
with semi-orthogonal decompositions, which lead to naturally defined dualities

Dpzp : D3 (Bunl) — D" (Bunk)Y
and
idpz,p : Shv'(B(G),) — Shv'(B(G),)".

Recall that Rep(G;(E)) is self-dual® and that there is a canonical duality introduced by

Bernstein
Deon,c, () : Rep(Gy(E)) = Rep(Gy(E))",

which we refer to as cohomological duality. As it turns out, these dualities fit in commutative
diagrams

Shv! (B(G),) %4 Shv' (B(G),) D (Bunly) —2%% Dan(Bunl)
Rep(Gj(E)) ——2 Rep(Gy(E)) Rep(G(E)) ——% Rep(Gy(E))

where 7; and &; are invertible objects in Rep(G(E)). One can show that §; ~ 5§hu[—2db] for
a certain smooth character 5?‘“ : Gi(E) — A*. Similarly, one can show that 7; ~ (558 [2dp]

for a smooth characters G;(E) — A, which was explicitly computed in [HI25]. This is what
we can say about the functor a;(—) at the moment. Recall from [Hail4a] the notion of weakly
unramified character of p-adic reductive group. These are those characters that factor through
the Kottwitz homomorphism, or alternatively, those whose restriction to parahoric subgroups is
trivial.

Proposition 1.2.13 (Remark 11.2.5, Lemma 12.1.14). We have the following formula
ay(=) = (@M@ o).

In particular, ay(—) and Wy, are t-evact. Moreover, x; := 55}‘“ ® 658’_1 is a weakly unramified
character.

Remark 1.2.14. Our expectation is that x; is always trivial i.e., that y; ~ 1. One of us (H.)
together with Imai computed explicit formulas for the character 558 (see [HI25]). One can hope
that 55}‘“ would also follow from explicit methods, but we have not attempted to compute it
ourselves. Alternatively, we expect Fargues—Scholze’s duality Dgz to be intertwined with Zhu’s
duality idgz under the equivalence W. If this was true, one could use abstract methods to show
that x; must be trivial.

Remark 1.2.15. The fact that the character x; has trivial restriction to the Iwahori allows us
to see that our functor restricts to an equivalence

(tame . ShV!’tame(’B(G), A) = Din’tame(Bung)

for the tame part Dy (Bung) C D3 (Bung) (see 12.1.12). Indeed, this will follow essentially
from Theorem 1.2.7 and the fact that tensoring by y; will preserve the tame subcategories since

61t is even compactly generated.
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it is weakly unramified. Similarly, we can deduce variants for the unipotent subcategories (see
Corollary 12.1.13).

1.3. Construction of Y. To first approximation, the functor ¥ may be understood as being
geometrically realized via a correspondence defined by an object Bung® sitting in a diagram of
v-stacks

mer
Bung

b
B(G),

as introduced in |G1Z26] by two of the authors together with Zillinger. Here, for any X € PreStk,
we are letting X € AnStk, denote the sheafification of the rule

X¥rre(Spa(R, RT)) := X (Spec R),

(seg §2.1.3). Indeed, as described already in [G1Z26], one expected to be able to define a functor
Pravve along the lines of the formula

—2  Bung

LIJI]&IVG e O_'/_y*c*,

where
¢ DX(B(G)) = DY (B(G)°)
is Scholze’s analytification functor (§3.3). Here D5 (%B(G)) denotes the category of étale sheaves

obtained from v-descent (see Definition 3.1.15). This approach is however too naive for the
following two technical reasons:

a) It is not at all clear if the map o : Bun® — Bung of v-stacks is nice enough to support

a functor oy in the 6-functor formalism D", i.e., we do not know if o is !-able.

b) The precise relationship between Shv'(B(G)) the category that Zhu studies and D5 (B (@)
is not at all clear. Indeed, both categories are, at heart, constructed from the classical
derived category of étale sheaves on perfectly finitely presented k-schemes. However, the
categorical procedures one uses to define them are of a different nature.

Let us discuss how we tackle b). One of the main reasons that the category Shv'(B(G)) can
be studied is because the stack B(G) is sind-very placid in Zhu’s terminology (see [Zhu25b,
§10.6]). Informally, this means that it is constructed from perfectly finitely presented k-schemes
by straightforward categorical operations. Indeed, the prefix “sind-” is the contraction of the
word “sifted” and the prefix “ind-", and it is designed to remind the reader that B(G) as an
object in PreStk is a sifted colimit of ind-objects each of which is very-placid”. More precisely,
recall the Newton map

Nt : Sht5h — B(G),

where the source space is the stack of Z-shtukas (see [Zhu25b, §3.1.4] and §7.3). We can form
the Cech nerve with respect to the Newton map to obtain a resolution by so-called Hecke
correspondences

HK®(Sht3") — B(G),

7According to Zhu, the suffix “sind-” was introduced by Hemo, in the joint unpublished work of Hemo-Zhu
that gave rise to [Zhu25b].
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with
Hkn(Sht%h) = Sht%:h X%(G) Sht%:h X%(G) cee X‘B(G) Sht%:h .

n + 1 times

Then B(G) is the geometric realization (a sifted colimit) of Hk®(Shts"), and each Hk™(Sht5)
is an ind-very placid stack. More precisely, each Hkn(Sht}SZCh) has a presentation as a filtered
colimit Hk"(Sht%:h) = colimgep, Zn 3 Where each Z, g is a very-placid stack, and the transition
maps are closed immersions. We refer to the Z, g as the bounded pieces of B(G). When n = 0,
the bounded pieces Z,, 3 can be taken to be of the form ShtSIthH as we range over dominant
cocharacters u € X, (T)". Overall we get (up to étale sheafification) a colimit formula in PreStk
of the form

B(G) ~ colimyeaop colimgep,, Zy, 3.

This also gives a colimit formula at the level of sheaf theories
Shv'(B(G)) =~ colimeaor colimge g, Shv'(Z, 5),
and a colimit formula for the dual categories
Shv! (B(G))Y = colimy,c aop colimge g, Shv' (Z,, 5)".

At this point, we observe that for the very-placid stacks Z, g we have canonical comparison
maps

Shv!(Zn,6)" = Det(Zn,3) = Des(Z7 ),

where the first map compares the Shv'-theory with the (left-completed) étale sheaves on Zn, B,
and the second is Scholze’s analytification of étale sheaves. In particular, the dual category
Shv'(B(G))Y can be written as a colimit of pieces Shv'(Z, 5)¥ each of which can be analytified.

Let us discuss how we tackle a). In rough terms, what we realized is that even if o is not
l-able, o) can still be constructed on sheaves that come from analytification. We achieve this by
treating Bungi® as a sind-object, as it turns out Bung® can be treated as a sind-Artin v-stack.

More precisely, we have a presentation

me

BunG '~ colimneN COHmBGBn (Z<>,5 X ‘B(G)O Bungler).

n

This presentation allows us to consider the map

Ong: ZO/B X 3(G)° Bung® — Bung,

n,

mer

by composing the natural projection ZT?,,B X5 (G)® Bun® — Bun!2® with o. This suggests that
we may define the appropriate version of oy by first defining o, g1 and then taking the colimit.

Indeed, in the process of writing [G1Z26] one of us (G.) noticed that the analogue of the map
o for the moduli of analytic shtukas was !-able. The following theorem was proved by further
developing the theory of kimberlites.

Theorem 1.3.1 (|Gle26, Theorem 1.1]). The following statements hold.
(1) Each of ZS,B X3(G)° Bung® is an Artin v-stack.

(2) The maps oy, 3 are representable in locally spatial diamonds. More precisely, they are
fdcs and in particular !-able.
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This theorem allows us to define a functor
WY 5 : Shv'(Z, )" — DY (Bung)
by composing the maps

* 7:1, mer On,B,! n
Shv!(Zn,p)Y = Det(Zn,3) > Det(Z3 5) =2 Dt (28 4 X (G0 Bung™) 22 DY (Bung),
where 7, 3 denotes the natural base-change of Bung® — B((G). The next step is to form the
colimit

WY .= colimyepop colimgep,, LU,VLﬁ, (1.3)
this is a map
WY Shv'(B(G))Y — DI (Bung).

Finally, we can precompose with Zhu’s duality idpz : Shv'(B(G)) = Shv'(B(G))" to obtain
our functor

Y=YV oidpy : Shv'(B(G)) — DI (Bung).

The necessary background to understand the construction of the functor is discussed in §2, §3
and §5, while the construction is carried in §7. Since we are manipulating (oco)-categories and
functors, one has to be careful when it comes to taking colimits of such gadgets, particularly when
we deal with stacks and descent. In particular, one has to be able to verify that the constructions
employed are appropriately functorial in an co-categorical sense. To this aim, in §2, we discuss
Scholze’s analytification functor in functorial language by encoding analytification through a
6-functor formalism, as in [HM24]. To our knowledge, our Theorem 3.3.9 is the first entry in
the literature that carefully discusses the compatibility of Scholze’s analytification functor c*
with the !-lower operation when maps of stacks are involved. Since we ran into more than a few
surprises when thinking about this, we have decided to include a very thorough discussion that
spans §2 and §3.

Similarly, the purpose of §5 is to recall Zhu’s formalism of cosheaves on ind-sifted-placid
stacks, and to explain how it interacts with analytification. This turns out to also be a subtle
topic. Indeed, as mentioned above, one does not expect to have an analytification functor of the
form

Shv'(X) — D (X )
for X € PreStk. Instead, it is more natural to expect a functor of the form
Shv'(X)" — DR (X ),

but for general prestacks even this can fail to exist. This forces us to carefully discuss conditions
under which one can find such a functor. On the other hand, in the discussion above, we have
used the Newton map

Nt : Shts™ — B(G)
to construct W, which naturally leads to the question: How does W depend on the choice of the

Iwahori Z7 The formalism described in §5 is precisely designed to give us a presentation of the
functor W that does not depend on any choices.
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1.4. Why is Y an equivalence? In the end, the equivalence boils down to specific nearby cycles
computations, but we first do some abstract reasoning to isolate which of these computations
are key. We first exploit that our functor W is B(G)-filtered (i.e., Proposition 1.2.4 holds). This
is a consequence of the following geometric reasoning. Recall the following

Theorem 1.4.1 (|G1Z26, Theorem 1.1]). We have a commutative diagram

b

T

M ——— Buni® —7— Bung .

o |
i
B(G); —— B(G)°,
where the square is Cartesian.

Here M, are the Fargues—Scholze charts parametrizing filtered bundles with graded piece
isomorphic to & (as a graded bundle). We call the map o the special Newton polygon map.
The category Shv'(B(G) ) is generated under colimits by the subcategories

{i, (Shv'(B(G)y)) € Shv'(B(G) 2)}vez,

so it suffices to show that W(iy A) € D3"(BunZ),. This can be achieved by using Theorem 1.4.1,

proper base change and the fact that m,(M;) C€ Bung whenever b € Z and Z C B(G) is closed.
As we mentioned above, this already provides purely abstractly functors

W : Shv'(B(G) ) — DI (BunZ),
for every finite convex subset S C B(G). It is also not hard to see that

Y= COhm{ZgB(G)\Z is finite and closed} Y.

In particular, we are easily reduced to showing that Wz is an equivalence for Z C B(G) a closed
finite subset. Intuition from a decategorified setting, like filtered vector spaces, would suggest
that a filtered functor is an equivalence if and only if it is an equivalence on graded pieces, but
this is not true and it is easy to construct counterexamples. This does not mean that we cannot
try to reduce to graded pieces, but it suggests that we should tread carefully. Concretely, some
conditions must be imposed on the left and right orthogonals of the graded pieces, with the
following condition already being sufficient.

Proposition 1.4.2 (Proposition 9.0.10). Suppose that W is B(G)-filtered (i.e., Proposition 1.2.4
holds) and that the following conditions hold.

(1) For every convex subset S C B(G), W(Im(ig,)) C Im(jsy).
(2) For every convex subset S C B(G) and for all b € S that are minimal in S, i.e., a closed
point in S, we have that Ws(Im(ig\(5),5+)) € Im(js\ f5},5,)-
(3) For every b € B(G), Wy, : Shv' (B(Q),) — D3*(Bun%) is an equivalence.
Then W is an equivalence.
Remark 1.4.3. We point out that at this stage of the argument we do not have all of the

commutation identities of Theorem 1.2.7 since some of them only follow after it is shown that
W is an equivalence.
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The next step is to give a more concrete construction of Wg for S C B(G) finite and convex.
The stack B(G)g is also sind-very placid and we have a correspondence

Bunger’{%ges} 5, Bung
|

B(G)S.

Here Bunger’%ges is the locally closed locus in Bung® where both the special and generic

Newton polygons lie in S. More precisely, it is defined through the following Cartesian diagram

T

Bunréler,{%UES} N Bung X %(G)g

l l(jsds)

Bung® e, Bung x B(G)Y.

We can use the same blueprint of using a sind-resolution of B(G)g and the correspondence
above to construct a functor
s : Shv'(B(G)g) — DA (Buny),
and we show that the abstractly defined Wg agrees with Wy. This already allows us to show
item (3) in Proposition 1.4.2 holds. Indeed, when S = {b} the map

Vo : Bunger’(b’b) — %(G)bO

is an isomorphism of stacks. Moreover, after fixing b, we get a commutative diagram

bb
Bunger’( b Bun?,

EoE
*/Gi(E) —— */éi)?

where éi) ~ G;(F) x él}>0’ is the group of automorphism of the G-bundle corresponding to b
(see Theorem 8.2.1 (4)). From here, it follows that
E Din(Bunger’(b’b)) — D3 (Bung)

is an equivalence, and this will imply that W, is also an equivalence.

Let us discuss condition (1) of Proposition 1.4.2 holds. Given a finite convex set S C B(G)
we may consider its closure S C Z which is also a finite closed subset Z C B(G). It suffices to
show that for all § € Sand be Z\ S

Hom'DZ“(Bung)(w(@A))jb!B) =0
for all A € Shv'(B(G);), and B € D3*(Bun%). Indeed, L € D3*(BunZ), lies in Im(js,z4) if and

only if L is left-orthogonal to all objects in Im(jy) for allb € Z \ S.
One can use Theorem 1.4.1 and the fact that the map

w5 : Ms — Bung
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is smooth to show that
. Gs(E . .
HomD?\n(BunG)(w(@ C_IndKé( ) A), juB) = F(M§7jg!BI)K7
for some B’ and where we consider the locally closed immersion

jg : /\73‘:*’ — Mvg, and the G(E)-torsor Mvg — M.

It follows from the results of Fargues—Scholze (see the proof of [F'S24, Proposition V.4.2]) that

F(Mvg, jg!B’ ) always vanishes regardless of what B’ is. This is because the spaces My are

“henselian” towards their unique non-analytic closed point Mg:& C .//\/lvg (cf. [FS24, Proposi-
tion V.4.2] and its proof).®

The proof strategy to show that condition (2) of Proposition 1.4.2 holds follows a similar
reasoning. In this case, one wants to show that if S is a finite convex subset, b € .S is minimal

and § € S\ {b}, then
HomDin(Bung)(jbﬁ!B’ LIJS(ié,S*A)) = 07

for all A and B. Since b € S is minimal, the inclusion Bunlé — Bung is an open immersion, so
it suffices to show that for all A

Jb,s Ws (is,5+A)) = 0.

There were two key facts that allowed us to show that condition (1) of Proposition 1.4.2 was
satisfied. Namely, that the map Bungem:‘S = M5 — Bung is smooth and that the source of
this map is henselian towards its unique non-analytic closed point. In other words, the F,-fibers
of the map

~ : Bun® — B(G)¢
satisfy a henselianity property.

For condition (2) of Proposition 1.4.2, the relevant computation goes through the correspon-
dence

=b
/ €5 ._ Bunmer’{ves’g } — % Bun®
b G G
\bs

B(G)S.

Here 7}765 mimics M, where the role of the Newton polygons has been reversed in the definition.
By analogy, one may hope that the map 7g is also smooth, and that the IF,-fibers of

mer

o : Bung™ — Bung

also satisfy a henselianity property. Unfortunately, vg is not smooth, since different fibers have
different dimensions. Nevertheless, the map ~g : 7?65 — Q%(G)fg> still satisfies a shadow of
smooth base change, at least for sheaves coming from analytification (see Proposition 5.4.5).
That is, for 6 € S\ {b} and a compact K C G5(E), we have a formula

Jb.s Ws (is.50 Ind$ ) A) = 0 1ks oyt o-Ind 50 A

8More conceptually, this is a version of geometric second adjointness in the sense of Theorem [HHS24, The-
orem 1.2.1 (3)], via the relationship between M; and moduli spaces of parabolic structures on G-bundles (see
[FS24, Example V.3.4]). On a similar note, this second adjointness is also precisely the result guaranteeing the
existence of the exceptional left adjoints jsy = j; required to construct the semi-orthogonal decomposition in
§1.2.6, which we are essentially comparing in this argument.
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v,0€8={(2,-2),(1,-1),(0,0)}

“henselian”

Bungr,

V\_\\ o

@?‘ (0.0) (0,0)

(1,-1) Bungy,,
/ (2,-2)
“henselian”
“non- analytlc \
M2, -2 .
(27 _2) (17_1) (070)

¢ —————— o —» 7

B(SLy)

FIGURE 1. This picture depicts the (7, o)-strata of Bungy,, where v, o run over
the set S = {(0,0),(1,-1),(2,—2)}. There are a total of 6 strata indexed by
(0,7) subject to the condition v > o. If v > o, then the strata is analytic:
they are depicted by a circle and two smaller ellipses in the figure above. The
remaining strata are given by v = o and are thus non-analytic: we depict them
by bullet points in the above picture. The blue parallel lines surround the locus
M(g _9) inside Bungf®) where o varies through S and v = (2,-2), and whose
unique non- analytlc p01nt is indexed by o = v = (2,—2), corresponding to the
bottom left vertex of the vertical cone. Similarly, the red parallel lines surround
the locus 7y of Bungj where 0 = (0,0) and 7 runs through S, and whose
unique non-analytic point is indexed by o = v = (0,0), corresponding to the top
right vertex of the horizontal cone. The square enclosed by the red and blue lines
contains a circle depicting the stratum given by o = (0,0) and v = (2, —2).

where ks fits in the following Cartesian diagram
=0 ks es
T

b

To finish showing
Gis Ws (5,5 c-nd ™) A) = oy k5. e-Ind 2™ A =~ 0
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we observe that oy,1k5.C ~ 0 regardless of what C is. This is precisely the henselianity property
for the spaces 7?65. Indeed, the 7?65 are henselian towards their unique non-analytic closed

. =b es
point 7,7=" C 7,'%".

Remark 1.4.4. Although, in essence, our proof that W is an equivalence follows the sketch
provided above, we warn the reader that the actual details look quite different due to various
technical subtleties. In particular, one of the main reasons for this is that W is constructed by
taking a colimit, and thus every appearance of B(G), Bungi® or any of their corresponding
locally closed strata that appear in the above argument must be replaced by a bounded piece
of it. For this reason, in the actual technical argument the stack of shtukas Shtszflé ., and various

loci within it appears more often than B(G).

The proof that W is an equivalence is spread through §4, §10 and §11. In §4 we introduce
techniques that we call pro-unipotent base change and overconvergent replacement with the
intention of showing that the map g : 7?65 — %(G)fg> still satisfies a weak version of smooth
base change. We believe that these techniques will have further applicability beyond this work,
since they should help develop an analytic version of placid geometry, which should show up in
various contexts. In §10 we recall the theory of kimberlites developed in [Gle24] and expanded in
[Gle26]. One of the achievements of this theory is to show that moduli spaces of analytic shtukas
are locally spatial kimberlites, and that locally spatial kimberlites are automatically henselian
towards their non-analytic locus. As it turns out, the spaces 7?65 admit a sind-resolution by

locally spatial kimberlites, this is the key input to show that the spaces 7?65 are henselian
towards their non-analytic locus (see Theorem 10.0.6). Finally, §11 is the section which ties all
of the previous sections together in order to show that W is an equivalence. In §12, we explain
the applications to the splitting of the semi-orthogonal decomposition on D}"(Bung) alluded
to in §1.1 and the compatibility of Zhu’s equivalence with geometric Eisenstein functors, by
combining with results of [Zhu25b] on the tame categorical Langlands correspondence. We also
spell out the conjectural linearity property of our functor under the spectral action and some
applications to the cohomology of local Shimura varieties alluded to above.
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NOTATION.

(1) Let E be a non-Archimedean local field of residue characteristic p > 0, O its ring of
integers, and F, its residue field of cardinality q. Let 7 € Op be a uniformizer. We also
let E denote its completed maximal unramified extension and T'y := Gal(E/E) be its
absolute Galois group.

(2) Let G be a connected reductive group defined over E. We often write G for an auxiliary
parahoric model of G defined over Op. If G is an Iwahori, we frequently use the letter 7
instead.

(3) Fix k an algebraically closed field of characteristic p together with an embedding F, C k.

(4) Let CAlg and CAlgP®™ denote the category of k-algebras and perfect k-algebras respec-
tively. Let Sch, PSch, Sch°® PSch9% and PSch® denote the categories of schemes,
perfect schemes, qcqgs schemes, perfect qcgqs schemes and perfect affine schemes over
Spec k respectively.

(5) For any R € CAlgP*f, we let Frob denote the arithmetic g-Frobenius of R.

(6) Given R € CAlgP®, we let W(R) denote the ring of Op-ramified Witt vectors. We let
¢ : W(R) — W(R) denote the automorphism induced from Frob.

(7) We let Perf and Perf* denote the categories of perfectoid and affinoid perfectoid spaces
over k.

(8) Given a Huber pair (A4, AT) over Z, we let Spd(A4, AT) denote its associated v-sheaf
as in [Sch22, Lemma 15.1]. Whenever AT = A° we also denote Spd A = Spd(4, A°).
In particular, if R is a ring endowed with its discrete topology, then Spd R denotes
Spd(R, R).

(9) In our higher categorical setup, all 2-morphisms are invertible, so we work exclusively
with (oo, 1)-categories (or simply co-categories). We also follow the choice of terminology
employed in [HM24, Subsection 1.1, Page 5|: a (0o, 1)-category will be called a category
from now on and a l-truncated category will be referred to as an ordinary category.

(10) Given a category C, we let C* denote the subcategory of compact objects.

(11) If C is a category, and F is a subset of arrows in the homotopy category that contains
all isomorphisms, we let Cg C C denote the wide subcategory spanned by E.

(12) Let Cat denote the category of small categories. We let Cat denote the category of not
necessarily small categories. We let Pr’ denote the category of presentable categories
whose morphisms are colimit-preserving functors. We let Ani € Pr” denote the category
of anima or spaces. We let A € Cat denote the simplex category. We let LinCat denote
the category of presentable stable categories whose morphisms are colimit preserving
functors, and we write LinCat®® for the category of presentable stable categories whose
morphisms are right adjoint functors.

(13) Given a ring A, we let Mody € LinCat denote the derived category of A-modules which
is an algebra object. We also let LinCaty denote the category of presentable stable A-
linear categories (i.e., the category of A-module objects in LinCat). This has a symmetric
monoidal structure ®, given by the relative Lurie tensor product over Mod € LinCaty,
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which is its ®-unit. We let LinCat}® C LinCata denote the (non-full) subcategory of
compactly generated A-linear categories whose functors preserve compact objects. We
also let LinCat’{" denote the category of small stable A-linear categories.

We fix £ # p. All the coefficient rings A we consider are classical and Z-algebras. For
the majority of the text they will further be assumed to be ¢-torsion, i.e., Z/¢"Z-algebras
for some n.

Given a category C, we will need to consider PreStk = Fun(C°P, Ani). This poses issues
if C is not small. In regards to set theory, we consider two possibilites. The first one is
to fix a sufficiently big regular cardinal . In this case, by “small” we mean x-small and
by “accessible” we mean the empty condition, and restrict the categories in Point (4)
and (7) to k-small versions. There are no issues defining prestacks on these categories.
The second possiblity is to follow the approach of [Sch22, §4]| that only considers those
prestacks that are accessible, equivalently small. By definition, this is equivalent to
taking the union over all k from the first approach. We refer to [HP24, Definition A.3|
for more exposition on accessible prestacks. By [HP24, Remark A.4|, the Yoneda lemma
and the universal characterization of the category of prestacks still works as expected.
Given a topology 7 on a category C in the sense of [HTT, Definition 6.2.2.1], we let
Stk, C PreStk denote the full subcategory of accessible prestacks that satisfy descent
with respect to 7, i.e., they form sheaves in the sense of [HTT, Definition 6.2.2.6]. Let
us mention that there exists a stronger notion of hypercomplete sheaves, see [HTT,
Definition 6.5.3.2|, that we do not make use of.

The inclusion Stk,; C PreStk has left adjoint, which we denote by (—)-. If C is small, this
is [HM24, Lemma A.4.15|. If instead C is big but C°P is accessible, we have fully faithful
functors PreStk=" — PreStk="" for r < &/ given by left Kan extension, one checks that
(—)r for different x assemble together. Here the superscript means we take prestacks on
k-small objects. In any of these cases this is known as the sheafification functor, and
exhibits Stk; as a reflective subcategory of PreStk.

If C; and Cy are two compactly generated categories in LinCat, we let Cy and C§ denote
the full subcategories spanned by their compact objects. Given F' : C; — Cy a functor
preserving compact objects, we write F'“ : C{ — C§ for the induced functor on compact
objects. Finally, we define F° := Ind(F“°P) regarded as a functor Cy’ — C3 between the
dual categories. We refer to this as the conjugate functor.

PART I. FORMALISM AND GENERALITIES

2. ANALYTIFICATION AND 6-FUNCTOR FORMALISMS

Soft preamble to the section: Throughout this paper, we are interested in comparing objects
coming from algebraic and analytic sheaf theories. We will need to understand how to pass from
the algebraic context to the analytic context and how to relate the six operations that appear
in each of the setups. In order to do this, we will use the language of 6-functor formalisms and
natural transformations between them.

Technical preamble to the section: This section is mostly expository, but we discuss some
subtle technical points that can easily be missed when thinking about analytification for the
first time.
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§2.1 Recalls the basic setup that we use to define and study analytification.

§2.2 Recalls the theory of 6-functor formalisms following [Man22a; Sch25; HM24].

§2.3 Studies analytification as a formal construction. We explain the perspective that ana-
lytification functors should be treated as morphisms in their own 6-functor formalism.
We define and study the so-called standard !-able maps (Definition 2.3.18) and standard
fine maps (Definition 2.3.13), which are subsets of the usual !-able maps and usual fine
maps that behave better with respect to analytification. The basic observation is that
maps of universal D'-descent do not behave appropriately with respect to analytification,
and must be replaced by a stronger condition.

2.1. Perfect and Perfectoid Prestacks.

2.1.1. Perfect Prestacks. We first setup some notation following [Zhu25b, §10].

Definition 2.1.1. A perfect prestack X is an accessible functor X : PSch*°P — Ani from the
category of perfect affine schemes over k£ to the category of anima. We write PreStk for the
category of perfect prestacks.

In the schematic setup, all of our geometric objects belong to PreStk after a suitable embed-
ding. As we will consider multiple different 6-functor formalisms on schemes satisfying slightly
different descent properties, it is often convenient to formulate things in this level of generality.

We consider several full subcategories of PreStk. The Yoneda embedding described in [HTT,
Proposition 5.1.3.1| yields fully faithful functors

CAlgPefoP ~ PSch®f <5 PSch < PreStk,

and we invariably identify these categories with their essential image. We let CAlgP® ¢ CAlgPe™*
denote the full subcategory of k-algebras that are perfectly finitely presented over k, compare
with [Zhu25b, Definition 10.4]. We let PSchP® ¢ PSch%% < PSch denote the subcategory of
perfectly finitely presented k-schemes and qcqs perfect k-schemes, respectively. We let AlgSp
denote the category of perfect algebraic spaces over k and AlgSpP® ¢ AlgSp the full subcategory
of those of perfect finite presentation, see [Zhu25b, Definition 10.4].

Given a topology 7 on CAlg in the sense of [HTT, Definition 6.2.2.1], we let SchStk, C PreStk
denote the full subcategory of accessible prestacks that satisfy descent with respect to 7, i.e.,
they form sheaves in the sense of [HTT, Definition 6.2.2.6]. Let us mention that there exists a
stronger notion of hypercomplete sheaves, see [HTT, §6.5.2, §6.5.3|, that we do not make use of.
Throughout, we will mostly let 7 be one of the following.

(1) The étale topology, with corresponding sheaf category SchStke.

(2) The schematic v-topology as in [BS17, Definitions 2.1, 2.13|, with corresponding sheaf
category SchStk,,.

(3) The arc-topology as in [BM21, Definition 1.2|, with corresponding sheaf category SchStkayc.

(4) The <{-topology, which will be defined in Definition 4.2.9, with corresponding sheaf
category SchStky.

For such a Grothendieck topology 7, we recall that the inclusion SchStk,; — PreStk admits a left
adjoint by [HM24, Lemma A.4.15], which we denote by (—),. This is known as the sheafification
functor, and exhibits SchStk, as a reflective subcategory of PreStk.
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2.1.2. Perfectoid Prestacks. In the analytic context, we have the following analogue to Defini-
tion 2.1.1.

Definition 2.1.2. A perfectoid prestack X is an accessible functor
X : PerffoP _y Anj,

from the category of affinoid perfectoid spaces over k to the category of anima. We write
AnPreStk for the category of perfectoid prestacks.

Remark 2.1.3. The condition that a v-sheaf is small in [Sch22, Definition 12.1] agrees with the
accessibility condition in Definition 2.1.2.

Just like in the schematic setup, all geometric objects take values in AnPreStk. While the
category Perf* does carry a wide variety of topologies, we will mostly consider the v-topology,
as defined in [Sch22, Definition 8.1 (iii)]. Occasionally, we also consider the proétale topology
[Sch22, Definition 8.1 (i)]. As in the previous section, we obtain full subcategories

AnStk, C AnStkpo¢r © AnPreStk, (2.1)
and the inclusion functors admit left adjoint functors
(—)v : AnPreStk — AnStk, and (—)prost : AnPreStk — AnStkp,os

given by sheafification. We have full subcategories vShv C vStk C AnStk,, of small v-sheaves
and small v-stacks as defined in [Sch22, Definition 12.1] and [Sch22, Definition 11.4], respectively.

Remark 2.1.4. A small v-stack X € vStk is the same as a 1-truncated (i.e., take values in the
subcategory 7<; : Ani<; < Ani of spaces whose homotopy groups vanish for i > 1) perfectoid
prestack that lies in the full subcategory AnStk,. Although the 6-functor formalism of étale
cohomology of diamonds [Sch22| was initially only constructed for vStk, with modern tools (see,
e.g., [Man22b]), one can adapt the construction to treat the category AnStk, of v-stacks with
values in anima. For our purposes, the difference between AnStk, and vStk is immaterial, since
all of our geometric objects take values in vStk.

We recall that vShv contains the full subcategory of diamonds (see [Sch22, Proposition 11.9]),
which are defined as a special kind of set-valued proétale sheaves on Perf that resemble algebraic
spaces (see [Sch22, Definition 11.1]). Moreover, [Sch22, Definition 11.17| isolates the better-
behaved subcategories of spatial (resp. locally spatial) diamonds. These particular type of
diamonds are very useful for cohomological considerations. Indeed, one of the key features is
that, for these diamonds, their underlying topological spaces are automatically spectral (resp.
locally spectral) (see [Sch22, Proposition 11.19]).

2.1.3. The $-Functor. We follow [Sch22, §27].
Definition 2.1.5. We define
(=)%r : PreStk — AnPreStk
X — {(R,R") — X(Spec(R))},

we write (—)¢ := (=), 0 (=)®v for the composition of (—)¥rre with the v-sheafification functor
and we refer to either of these functors as the big diamond functor.
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More conceptually, note that Spec(A)® = Spec(A4)¥rr is a v-sheaf in light of [Sch22, Theo-
rem 8.7|. Therefore, the functor < is a left Kan-extension of the functor

¢ : PSch®® — AnStk, C AnPreStk
Spec(A) — Spec(A)?,
along PSch®® c PreStk.
In §4.2, we will describe two additional constructions related to analytification ¢ and t. How-
ever, among these three functors (o, f and ), ¢ is the only functor that upgrades to a natural
transformation of 6-functor formalisms as we will explain below. This is why we study < first.

We recall some generalities on 6-functor formalisms, following closely [Man22a; Sch25; HM24|
with special emphasis on the latter reference.

2.2. 6-Functor Formalisms.

2.2.1. Basic Notions. The basic context on which a 6-functor formalism exists is the following,
compare also with [HM24, Definition 2.1.1, Remark 2.1.2].

Definition 2.2.1. A geometric setup is a pair (C, E'), where C is an oo-category admitting finite
limits” and E is a homotopy class of edges such that

(1) E contains all isomorphisms,

(2) E is stable under composition,

(3) E is stable under base change in C,

(4) E is stable under forming diagonals, i.e., if f € E, then Ay € E. Equivalently, E is
right-cancellative i.e., if go f € F and g € E then f € E (see [HM24, Lemma 2.1.5]).

The morphisms in E are colloquially referred to as the !-able maps of the geometric setup.
Geometric setups form a category, see [HM24, Definition 2.1.1], whose morphisms (Cy, F1) —
(Cq, E3) are functors f : C; — Cy that restricts to a functor Cg, — Cg, satisfying that f(X xy
Z) ~ f(X) X vy f(Z) whenever [X — Y] € Cg,.

Given a geometric setup, one can construct a category Corr(C, E) of correspondences, see
[HM24, Definition 2.2.10]. Objects in this category are simply the objects of C. Morphisms can
be informally described as diagrams of the form {X + Z — Y} such that Z — Y is in E.
Composition of correspondences is given by the obvious diagram involving fiber products, see
also [HM24, Definition 1.2.2]. The mapping (C, E) — Corr(C, E) is functorial with respect to
morphisms of geometric setups and preserves limits, see [HM24, Lemma 2.2.11].

By [HM?24, Proposition 2.3.3, Example 2.3.4], the category Corr(C, E) carries a symmetric
monoidal structure Corr(C, E)®, which on objects is simply the Cartesian product on C (recalling
that we always assume that C has finite limits). We will reference this symmetric monoidal
structure throughout. Moreover, given any map of geometric setups (C,E) — (C',E’) the
induced map on correspondence categories Corr(C, E)® — Corr(C’, E')® is a lax symmetric
monoidal functor, by [HM24, Proposition 2.3.5].

Definition 2.2.2 ([[IM24, Definition 1.2.3]). Consider Cat equipped with the Cartesian sym-

metric monoidal structure Cat . in the sense of [HA, Definition 2.4.1.1, Proposition 2.4.1.5]. A
3-functor formalism on (C, F) is a lax symmetric monoidal functor

D : Corr(C, E)® — Cat

9This assumption is not made in [HM24, Definition 2.1.1], but it simplifies the discussion.
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X = D(X).

Remark 2.2.3 (|[HM?24, Definition 3.1.4]). We have a non-full embedding Cr — Corr(C, E)
which on objects is given by the mapping [X +— X] and on arrows is given by the mapping

[f: X = V] (X & x Lyy)
Given a 3-functor formalism, we write fi : D(X) — D(Y) for the induced functor. Similarly, we

have a non-full embedding C°? — Corr(C, E') which on objects is given by the mapping [X — X]
and on arrows can be described by the mapping

[f:X o Y] {y L x 9% x1

Given a 3-functor formalism, we write f* : D(Y) — D(X) for the induced functor. Finally, we
note that the lax symmetric monoidal structure defines a map

D(X) x D(X) = D(X x X),

which, when composed with the pullback A* : D(X x X) — D(X) along the diagonal map,
defines a symmetric monoidal structure ®p x on D(X).

Remark 2.2.4. The above shows how to extract the three operations f*, fi, and ®p from an
abstract 3-functor formalism. The point of encoding this in the correspondence category is that
it captures coherently all the compatibilities that one expects (see [HM24, Proposition 3.1.8]).
For example, it follows formally that on any 3-functor formalism the functors f* are symmetric
monoidal with respect to ®p (see [HM24, Proposition 3.1.8.(ii)]). We will often use 1x to
denote the tensor unit in this symmetric monoidal structure. If the context is clear, we remove
the decorations and simply write 1 and ® instead.

Recall that Pr” is equipped with the so-called Lurie tensor product denoted ®, as defined

in [HA, Proposition 4.8.1.15]. Moreover, the forgetful functor Prf — Cat is lax symmetric
monoidal.

Definition 2.2.5 ([HM24, Definition 3.2.1]). Let (C, E) be a geometric setup.
(1) A 6-functor formalism on (C, E) is a 3-functor formalism on (C, E) such that all the
functors fi: D(X) — DY), f*: DY) — D(X), and ® admit right adjoint functors.
These are denoted f', f., and Hom(—.—) respectively.
(2) A presentable 3-functor formalism D is a lax symmetric monoidal functor

D : Corr(C, E)® — (Prh)®.

Equivalently, it is a 3-functor formalism which factors through the subcategory Prl of

Cat and for which the map D(X) xD(Y) — D(X x Y) factors through D(X) @ D(Y')
(see [HM24, Lemma 3.2.5]).

Remark 2.2.6. By the oco-categorical adjoint functor theorem [HTT, Corollary 5.5.2.9|, any
presentable 3-functor formalism is automatically a 6-functor formalism.

Definition 2.2.7. For a 6-functor formalism D and [f : X — S] € Cg, we define the Verdier
duality functor
]D)X/S,'D : D(X) — D(X)Op

A Hom(4, f'(1)).
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If x € C denotes the final object, and X — * is in Cg, we will denote this functor by Dy p. We
will suppress D when it is clear from context.

Remark 2.2.8. We warn the reader that although this functor is called Verdier duality, it is
not a duality in many of the situations that we consider. Indeed, in the analytic theory this
functor is almost never a duality, it already fails for the unit ball.

Remark 2.2.9. It follows from the Yoneda lemma and the projection formula that, for a diagram

in Cg,
x— 1 .y
S

Dy/spfi =~ fiDx/sp

the following identities hold

!
Dx/spf" = fDy/sp-
However, the other familiar identities can fail whenever Dy,5 or Dy/g are not equivalences.
Whenever ]D%( /s = id and Df, /5= id hold, then we also have natural equivalences

Dy/spf« >~ fiDx/sp
Dx/spf =~ fDy;sp-

We will repeatedly use Proposition 2.2.10 below. Recall that an object A € D(Y) is called
reflexive if the natural map A — ]D%, / gA is an equivalence.

Proposition 2.2.10. Fiz a presentable 3-functor formalism D, and let A € D(Y'). The following
statements hold.

(1) If both A and f*Dy,gA are refleive, then ]D)X/S’Df!A ~ f*Dy/gpA.

(2) If A and fiDx,spA are reflezive, then Dy g pfsd =~ fiDx,spA.

2.2.2. More elaborate notions. As Proposition 2.2.10 exemplifies, it is important to isolate a set
of objects on which relative Verdier duality is an equivalence. A key example is the set of the
so-called suave objects which we recall below.

Let (C, E) be a geometric setup, D a 3-functor formalism over (C, E) and fix an object S € C.
To these data, we can attach the 2-category of kernels, see [HM24, Definition 4.1.3], that is
denoted Kp g. Objects are given by [X — S] € Cp and morphism categories are given by
D(X xgY). We have the following abstract notions defined in terms of the kernel category.

Definition 2.2.11 ([HM?24, Definition 4.4.1, Definition 4.5.1]). Fix a 3-functor formalism D on
a geometric setup (C, E), and a map [f : X — S] € Cg.
(1) We say that A € D(X) = Homgg,(X,S) is f-suave if it admits a right adjoint
SD;p(A) € D(X) = Homgg 1, (S, X), which we refer to as the f-suave dual of A.
(2) We say that A € D(X) = Homgg (X, S) is f-prim if it admits a left adjoint PDyp(A) €
D(X) = Homyyg 5 (S, X), which we refer to as the f-prim dual of A.
(3) We let Suavesp(X) C D(X) denote the full subcategory of suave objects inside D(X).
(4) We let Primyp(X) C D(X) denote the full subcategory of prim objects inside D(X).
(5) We say that f is D-suave if the tensor unit 1 € D(X) is suave.
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(6) We say that f is D-prim if the tensor unit 1 € D(X) is prim.

(7) We say that f is D-smooth if it is D-suave and SDyp(1) is invertible for ®p.

(8) We say that f is D-unipotent if it is D-smooth and the pullback functor f* is fully
faithful.

The category of suave objects is equipped with an involutive equivalence, which is a manifes-
tation of the fact that that K ~ Kgp, since D(X xgY) ~D(Y xg X).

Proposition 2.2.12 ([HM24, Lemma 4.4.4 (i)]). The suave duality functor induces an involutive
equivalence
Suave p(X) = Suave; p(X)P.

We note that suave duality has the following concrete interpretation in a 6-functor formalism.

Proposition 2.2.13 ([HM24, Lemma 4.4.5]). For a 6-functor formalism D and a map [f : X —
S] € Cg, we have a natural identification

DX/&D ~ SDf"D
when we restrict the left-hand side functor to Suaveysp(X).

In light of Proposition 2.2.13, when speaking about suave duality in the setting of 6-functor
formalisms we will just refer to it as Verdier duality, and implicitly use this identification through-
out. Note that, in particular, Verdier duality becomes involutive when restricted to suave objects.

The next group of definitions concerns descent in a 3-functor formalism. We will take the
approach of [HM24]| and use covering sieves. We refer the reader to [HTT, Definition 6.2.2.1]
and [HM24, Definition A.4.1] for the definition of a sieve.

Definition 2.2.14 ([HM24, Definition 3.4.6]). Let (C, E) be a geometric setup and let D :
Corr(C, E) — Cat be a 3-functor formalism. Let X € C.
(1) We say a sieve U over X is a D*-cover of X if the natural map

.
D(X) — A D(V)

induced by #-pullback is an equivalence. We say that it is a universal D*-cover if this is
true after pulling back along any X’ — X with respect to the pullback sieve f*U.

(2) Given a Cg-sieve U over X (i.e., U C (Cg),x), we say that U is a D'-cover of X if it is
generated by a small family of maps {U; — X }icr, and the natural map

D(X) — lim D
(X) = lim D(V)

induced by !-pullback is an equivalence. We say that this is a universal D'-cover if this
is true after pulling back along any X’ — X with respect to the pullback sieve f*U.

(3) We say a map f : U — X is a (universal) D*-cover (resp. (universal) D'-cover), if the
sieve that it generates is a (universal) D*-cover (resp. (universal) D'-cover).

Remark 2.2.15. In practice, most sieves that one cares about are generated by small family
of maps, and very often generated by single map U — X. In this case, the covering properties
state that the map

D(X) — lim D(U™X),

neA

where U™X denotes the n-fold fiber product of U over X, is an equivalence (see [HM24, Lemma
A.4.6]).
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The following statements provide the main two classes of morphisms that are universal D*-
covers and universal D'-covers.

Proposition 2.2.16 ([HM24, Lemma 4.7.1]). Let D be a 6-functor formalism on some geometric
setup (C, E). Let [f: X — Y] € Cg and suppose that D(X) has all countable limits and colimits.
If f is D-suave and f* : D(Y) — D(X) is conservative, then f is a universal D*-cover and a
universal D'-cover.

There is a similar, yet more involved statement for prim maps.

Definition 2.2.17 ([Matl6, Definition 3.18|, [HM24, Definition 4.7.2]). Let C be a stable
monoidal category. For every object A € C, we denote by (A) C C the smallest full subcategory
containing A which is stable under finite limits, finite colimits, retracts and tensor products. We
say that A is descendable if (A) contains the tensor unit.

Recall that a 6-functor formalism is said to be stable if for all X € C, the category D(X) is a
stable category.

Proposition 2.2.18 ([HM24, Lemma 4.7.4]). Let (C, E) be a geometric setup. Let D be a stable
6-functor formalism on (C,E). Let [f : X — Y] € Cg be a map. Suppose that f is D-prim and
that f.1 is descendable. Then, f is a universal D*-cover and a universal D'-cover.

2.2.3. The Liu—Zheng construction. We now turn our attention to the construction of 3-functor
formalisms. There are two main types of tools available for this purpose. One is the so-called
Liu-Zheng construction, which takes two functors for granted (f* and ®) and produces the third
(f1) by passing to a left or a right adjoint of f*. The second type of tools are the extension
procedures which start with a given 3-functor formalism and enlarge it.

Let us give an informal account of the Liu—Zheng construction. In nice geometric situations, a
morphism f will admit a presentation as a composition f = goj where j is an open immersion and
where g is a proper map. To define compactly supported cohomology, one would let fi := g, o jy
(extension by 0 composed with usual cohomology). For example, if we took C = Sch%® to be
the category of qcgs schemes, E the set of separated finite type morphisms, I to be the set of
open immersions and P to be the set of proper morphisms, then, by the Nagata compactification
theorem |Stacks, Tags 0F41, 0ATT|, every morphism f € F would decompose as f = g o j with
g€ Pandjel

The Liu—Zheng construction takes as data subsets of morphisms I C E that behave as if they
were open immersions and P C E that behave as if they were proper morphisms such that all
the morphisms in F can be obtained as compositions f = go j with g € P and j € I. Given
I and P subject to such axioms, one can define the third operation by letting ¢ := g, (the
right adjoint to g*) when g € P and ji := j, when j € I (the left adjoint to j*). For general
f, to define the third operation, one would find a decomposition f = go j and let fi := gy o ji.
This leads to the evident question: How does this depend on the presentation of f? Intuitively
speaking, the Liu—Zheng construction provides coherently organized isomorphisms between all
the possible definitions of fi obtained from the various decompositions.

Let us move to a more precise account on the subject. Recall the definition of a suitable
decomposition.

Definition 2.2.19 ([HM24, Definition 3.3.2|). Let (C, E) be a geometric setup. A suitable
decomposition of E is a pair I, P C E satisfying that:
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(1) The classes I and P are stable under pullback, composition, and contain all isomor-
phisms.

(2) Any morphism f € E factors as f = fj for some j € I and some f € P.

(3) If f: X - Y and f': X’ — Y are both in I (respectively P) and g: X’ — X is a map
over Y, then g € I (respectively g € P).

(4) If f € IN P, then f is n-truncated ([HM24, Definition A.1.20]) for some n > —2.

The key construction in this situation, introduced in [L.Z24] and streamlined in [Man22a], is
as follows.

Construction 2.2.20 ([HM?24, Proposition 3.3.3|). Fiz a geometric setup (C, E) and a functor
Dy: CP — CA]g(@c). Assume that there is a suitable decomposition I and P such that the
following holds.
(1) For any f € I, the functor f* has a left adjoint f, satisfying base change against any
map in C and satisfying the projection formula.
(2) For any f € P, the functor f* has a right adjoint f. satisfying base change against any
map in C and satisfying the projection formula.
(3) For any Cartesian diagram

x 2, x

lg’ lg
Yy 15y
with j € I (hence j' € I) and g € P (hence g € P), the natural map j,g, — ¢.jy is an
isomorphism.
Then we obtain a 3-functor formalism D: Corr(C, E) — Cat that extends Dy along the (non-full)
embedding C°? — Corr(C, E). Moreover, D satisfies that for f € I, fi = f; is the left adjoint of
f* and for f € P, fi = f. is the right adjoint of f*.

Construction 2.2.20 is called the Liu-Zheng construction, and we use LZ(C, E, P,I,Dp) to
denote the 3-functor formalism that it produces.

It will be useful for us to have a characterization of the 6-functor formalisms constructed in
this way. That such a characterization exists was conjectured by Scholze and recently shown by
Dauser and Kuijper [DK24]. To explain this, we introduce the following definition, which gives
us an intrinsic characterization of the morphisms P and I appearing in the construction.

Definition 2.2.21 (|Sch25, Definition 6.10, Definition 6.12]). Given a 6-functor formalism D
on a geometric setup (C, E), assume that [f : X — Y] € Cg is n-truncated for some n > —2.
We consider the following conditions.
(1) We say that f is D-proper if:
a) f is an isomorphism, or
b) if As is D-proper and the natural map (see [Sch25, Proposition 6.11])

f! — f*
is an isomorphism.
(2) We say that f is D-étale if:
a) f is an isomorphism, or



ON THE SCHEMATIC AND ANALYTIC CONSTRUCTIONS OF THE LOCAL LANGLANDS CATEGORY 37
b) if Ay is D-étale and the natural map (see [Sch25, Proposition 6.13])
!
is an isomorphism.

Remark 2.2.22. We note that Definition 2.2.21 is not self-referential. Indeed, if f is n-truncated
then Ay is n — 1-truncated and (—2)-truncated maps are isomorphisms.

Remark 2.2.23. We note that f : X — Y being D-étale (resp. D-proper) in the above sense
immediately implies that f is D-suave (resp. D-prim). Indeed, this is precisely the content of
[Sch25, Proposition 6.11, Proposition 6.13].

With Definition 2.2.21 in hand, we can recall the following.

Definition 2.2.24 (|[DK24, Definition 2.1, Definition 2.15]).

(1) A Nagata setup is a tuple (C, E, P,I) where (C, E) is a geometric setup, I, P C E is a
suitable decomposition of E (as in Definition 2.2.19) subject to the stronger axiom that
if f € IUP then f is n-truncated for some n > —2.

(2) For (C,E,P,I) a Nagata setup and D a 6-functor formalism on the geometric setup
(C, E), we say that D is Nagata with respect to this Nagata setup if morphisms in P
(resp. I) are D-proper (resp. D-étale).

The main result characterizing the essential image of the Liu—Zheng construction is the fol-

lowing.

Theorem 2.2.25 (|[DK24, Theorem 3.3|). Let (C, E, P,I) be a Nagata setup. Suppose that D is
a 6-functor formalism that is Nagata with respect to (C, E, P,I). Then we have a unique (up to
contractible choice) equivalence

D ~ [,Z(C,E, P,I,D|cop),
of 6-functor formalisms extending the natural identification Dl]cor ~ LZ(C, E, P,1,D|cop) |cop.

Remark 2.2.26. The reference [DK24] also characterizes 3-functor formalisms coming from the
Liu—Zheng construction, but one has to be more careful defining the notions of D-proper and
D-étale maps in the more general setup (see [DK24, Definition 2.6, Proposition 2.13]).

We use Theorem 2.2.25 throughout the paper to show that various different constructions
give rise to the same 6-functor formalism. We will also repeatedly use the following.

Corollary 2.2.27. Let (C,E, P,I) be a Nagata setup, and let E' C E be another set of edges
such that (C, E') — (C, E) defines a morphism of geometric setups. We let P' C P and I' C I
and suppose that (C, E', P',I') is a Nagata setup for (C,E'). Given a functor

Dy : C°P — CAlg(Cat)
we then have a natural equivalence
[’Z(Ca E7 P7 Ia DO)|COI‘1"(C,E’) = [’Z(C) El) Pla Ilu DO)

Remark 2.2.28. From now on, if D is a 6-functor formalism on a geometric setup (C, E), we
let Dy denote the functor obtained from precomposing along the map C°? — Corr(C, E).
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2.2.4. Extending 6-functor formalisms. For our applications, we need to work with 6-functor
formalisms defined for stacks. When one works with stacks the Nagata compactification theorem
rarely holds. A key insight (and the main motivation for the development of the theory) is that
6-functor formalisms can (and should) be extended using descent.

Suppose that (C, E) is a geometric setup such that C is a site endowed with a Grothendieck
topology 7. Let X be the topos of T-sheaves of anima on C. We write Eyep, (or also E™P) for
the set of edges in X that are relatively representable in E. In other words, the set of edges
[f : X = Y] € X such that, after pulling back to any g : Y/ — Y with Y’ € C, it lies in E.
Recall that a 3-functor formalism is sheafy in the sense of [HM24, Definition 3.4.1] if the induced

map D : CP — Cat is a 7-sheaf. The first extension procedure is as follows.

Construction 2.2.29 ([HM?24, Proposition 3.4.2]). Let D be a sheafy 3-functor formalism on
a geometric setup (C,E), suppose that T is a subcanonical Grothendieck topology on C. The
following statements hold.

(1) The natural map (C,E) — (X, Erep) is a morphism of geometric setups.
(2) There is a unique sheafy 3-functor formalism D" on (X, Eyep) extending D.
(8) The 3-functor formalism D' is obtained as a right Kan-extension along the map

Corr(C, E)® — Corr(X, Erep)®.
A similar result is true for the topos of hypersheaves if one assumes that C is hyper-subcanonical.

Intuitively, this construction enlarges the set of objects over which the 3-functor formalism is
defined, but one does not obtain truly new !-able edges. It is useful to explicitly describe what
this construction does on objects. We record this with the following statement.

Lemma 2.2.30 ([Man22a, Proposition A.5.16]). In the situation of Construction 2.2.29, and
with the notational convention of Remark 2.2.28, the right Kan extension of Dy along the em-
bedding CP — X°P is naturally equivalent to Dj).

Remark 2.2.31. We note that the procedure of right Kan extension will preserve the property
of being a presentable 3-functor formalism (see [HM24, Remark 3.4.3]).

The second type of extension procedure goes as follows. Intuitively, these extension procedures
enlarge the set of !-able maps (i.e., Cg).

Construction 2.2.32 (|[HM24, Proposition 3.4.8.(1)]). Let D be a presentable 3-functor formal-
ism on a geometric setup (C,E). We let E C E’ be another collection of morphisms so that
(C,E') is a geometric setup, and such that for every [f : Y — X] € Cpr there is a universal
D*-cover g : X' — X such that the pullback of f along g lies in Cg. In this situation, D extends
uniquely (up to contractible choice) along the map Corr(C, E)® — Corr(C, E')® to a presentable
3-functor formalism D' on (C, E').

There is also an extension procedure to access the set of so-called fine maps. We will discuss
in Definition 2.3.13.

Construction 2.2.33 ([HM?24, Proposition 3.4.8.(ii)]). Let D be a presentable 3-functor for-
malism on a geometric setup (C, E). We let E C E’ be another collection of morphisms so that
(C, E") is a geometric setup and such that for every [f : X — Y] € E there is amap g: X' — X
such that

a) g and fog arein E.
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. . !
b) g is a universal D’ -cover.

In this situation, D extends uniquely (up to contractible choice) along the map Corr(C, E)® —
Corr(C, E')® to a presentable 3-functor formalism D" on (C, E').

Finally, one can use Construction 2.2.29 and iterate uses of Construction 2.2.32 and Con-
struction 2.2.33 to obtain the following extension procedure.

Construction 2.2.34 ([HM24, Theorem 3.4.11]). Fiz a geometric setup (C, E), a subcanonical
topology 7 on C and a sheafy presentable 3-functor formalism D on (C,E). Let X denote the
topos of T-sheaves on C. Then there is a smallest collection of edges E' in X with the following
properties:

(1) The inclusion C — X defines a morphism of geometric setups (C, E) — (X, E') and D
extends uniquely to a sheafy 6-functor formalism on (X, E').

(2) E' is x-local on the target: Let f: Y — X be a map in X whose pullback to every object
in C lies in E'; then f lies in E'

(8) E' is I-local: Let f: Y — X be a map in X that is -locally on the source or target in E';
then f € E'

(4) E' is tame: Every map f:Y — X in E' with X € C is /-locally on the source in E.

We denote this smallest collection E' by Ep, and call it the !-able hull of E with respect to D.
If the context is clear, we omit D from the notation. Moreover, by abuse of notation we still
refer to morphisms in Ep) as !-able.

Remark 2.2.35. We warn the reader that one can easily be mislead by Construction 2.2.32
into thinking that in order to verify whether a map f : X — Y is l-able (i.e., f € Ep),) or not
it suffices to do so on a universal D*-cover Y/ — Y of Y. This is not the case since this is not
what Construction 2.2.34.(2) is saying. One may also hope that if we let X' = X xy Y and the
resulting map [f’ : X’ — Y’] € Ep, then one can at the very least apply Construction 2.2.32
once again in order to ensure f becomes !-able. This might not always be possible. Indeed, if
we let E, denote all maps that lie on Ep) after pullback by a universal D*-cover, then it might
not be true that (X, E,) is a geometric setup. The challenge becomes finding E’ satisfying that

(1) (X, E') is a geometric setup,

(2) E' C E,, and

(3) feFE.

The first two condition are in tension against each other.

2.3. Analytification as a 6-Functor Formalism. Throughout this document, we compare
various 3-functor formalisms. Of primary interest will be an algebraic 3-functor formalism D&
and an analytic one denoted D?". Since we work with stacks, it is important to make sure that
analytification is functorial and respects the various higher coherences of the six operations. This
boils down to constructing a natural transformation of 3-functor formalisms D8 = D* An
efficient solution to construct such natural transformations is to organize them into their own
3-functor formalism, as we explain below. In this section, we put ourselves in a formal context
which we will later apply in §3.3 to the case of interest.

We start by recalling a very simple situation. Fix a category C admitting finite limits and
endowed with two functors

D¢ Dan: CP — CAlg(Cat).
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For [f : X — Y] € C, we write the pullback maps (i.e., Dj(f)) as
[Pt (Y) = Dyt (X)
fr: DE(Y) = DFE(Y),

respectively. Suppose that we have a natural transformation n*: Dglg — D§". Observe that this

can be encoded in a single functor Dy: (C x A)°P — CAlg((/jz?c). Indeed, (C x A)oP ~ CP x Al
Let us unravel what Dy does.

Example 2.3.1. Let C® = C x A! and let m¢ and 7 denote the natural projections onto C and
Al Let ¢; : C x {i} — C* for i € {an, alg} denote the natural inclusions. Objects in C x Al are
all of the form (¢, an) = tan(c) or (c,alg) = tag(c) for c € C.

We have two wide subcategories Cﬁ, C‘% cch (horizontal and vertical) spanned by morphisms
of the form (g,id) and (id,n), respectively. Here n : an — alg is the unique non-identity
morphism in Al. Moreover, any morphism & : (c,i) — (d, ) factors canonically as h = np 40 f
and g o ny, . where 0y, ¢, Mp.q € Cy and f,g € Cq.

We can explicitly write f := ¢;(m¢(h)) and g = ¢j(m¢(h)). Further, n,» = (id?,id;) when ¢ = j
or (id7,n) if i = an and j = alg for ? € {c,d}. We note that since C has finite limits C x Al also
does, and the following identity holds

(d,alg) x (c,an) = (d,an).
For an object ¢ € C, we write 1. := (id., n) : (¢,an) — (¢, alg). Then we have
Dy(c, alg) = Dglg(c) and Dy(c, an) = D§"(c).

c,alg)

Moreover, Dy(n.) = nk: Dglg(c) — D§"(c) encodes the desired natural transformation.

We move onto the more abstract setting. Since we wish compare several 3-functor formalisms,
it will be convenient to work in slightly more generality than the simplicial set Al.

Recall that the category of partially ordered sets (posets) can be regarded as a full subcategory
of Cat. In our convention, if K is a poset, < y and P denotes the (ordinary) category attached
to K, then there is a unique morphism x < y. We call any category in the essential image a
posetal category.

Definition 2.3.2. A lex posetal category P is a posetal category that has all finite limits.

If P is a lex posetal category we equip it with its Cartesian monoidal structure. In the language
of posets, the Cartesian monoidal structure simply takes two elements to their supremum. If
K is a small poset and P is the attached posetal category, then we abuse notation and write
{k}rex C P for the wide subcategory that only has the identity morphisms.

Definition 2.3.3. Given a geometric setup (C, F) and a lex posetal category P attached to a
small poset K as in Definition 2.3.2, we define a new geometric setup that we denote (C7, E7).
We let C7 := C x P and we let Cpr = Cp x {k}rcx (We note that this gives a well-defined
geometric setup in the sense of Definition 2.2.1 by our assumption that P has finite limits).
More generally, given a class of arrows J defining a wide subcategory C; C C we let J” be the
class of arrows defining the wide subcategory C;» = Cy x {k}rer of C”.

One can check that for any lex posetal category P and any geometric setup (C, E), the pair
(CP, EP) forms a geometric setup. Moreover, if E admits a suitable decomposition into classes of
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morphisms I and P, then I and P? form a suitable decomposition for E¥. We have insertion
morphisms of geometric setups for all k¥ € K; namely we have inclusions

u: (C,E) = (CT, ET) (2.2)
c— (¢, k),

and, applying the functor Corr(—), we obtain symmetric monoidal functors for k € K
ins(&F) Corr(C, E) — Corr(C”, E™).

Given [f : X — Y] € C, we write *f := 1;,(f). We will omit the superscript (—)©) when the
context is clear. .

Given a 3-functor formalism D: Corr(C”, E¥) — Cat, by precomposing with insy, for k € K,
we can extract 3-functor formalisms

*D: Corr(C x {k}, E) — Cat.

This gives rise to functors *f; : ¥D(X) — *D(Y) for all k € K. Finally, given a map [j
i] € P, we can relate the 3-functor formalism attatched to ¢ and j by a natural transformation,
which we denote by 1} ;7D —"D. To capture this, we record the following lemma.

Lemma 2.3.4. For P a lex posetal category, there is a symmetric monoidal equivalence
Corr(C, E) x P°® = Corr(C”, E7),

which sends (X, 7) to (X,7) and a morphism (X Lz Y,j < i=1) to the diagram

(X.9) H2 (2,0 2 (v;i).

Here P°P is given the coCartesian monoidal structure.
Proof. Consider the geometric setup (P, {idy}xex ). Then Corr((P, {idg}rex))® = PPL. The
claim now follows from [HM?24, Lemma 2.2.11], observing that
(CP,E”) = (C,E) x (P, {idy }rer)
in the category of geometric setups. ([
A map [j < i] € P defines a morphism Corr(C, E) x (A!)°P — Corr(C, E) x P°P along which

we can restrict D to obtain Corr(C,E) x (A!)°P — Cat, which will define for us a natural
transformation

n,;'D— "D (2.3)
of 3-functor formalism, as desired. Further restricting to Cg x (A1)°P produces natural trans-
formations 7Dy — *Dy, that compare 7 fi and * f;.

More precisely, given [f : X — Y] € Cg and [j < i] € P, we get a map Al x (Al)P —
Cg x (A1)°P which gives rise to the following commuting diagram after applying D

ID(X) 220 ip(X)

ljf! ff!
. v

ID(Y) 222 ip(y).
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In this way, by considering 3-functor formalisms on C¥, we can encode natural transformations
between 3-functor formalisms.

The advantage of regarding natural transformations as 3-functor formalisms is that we can
apply the constructions of §2.2 to construct such natural transformations. Let us discuss how
to apply Construction 2.2.20 to this specific setup.

Lemma 2.3.5. Fiz a geometric setup (C, E) and suppose that we are given a suitable decompo-
sition of E into I and P and a lex posetal category P attached to a poset K. Suppose that we
are given a functor Dy: (CT)°P — CAlg(@c) such that I and P satisfy the assumptions in Con-
struction 2.2.20 individually with respect to the functors *Dy for allk € K. Fiz [f : ¢ — d] € C
and [j < i] € P and assume that the following additional compatibilities hold:

(1) If f € I, then n;“_,ﬂfh ~ ifunz’-;j via the natural map.
(2) If f € P, then n;‘_m.jf* = if*nj_m- via the natural map.

Then the geometric setup (CT, ET) from Definition 2.3.3 and the functor Dy satisfies the axioms
of Construction 2.2.20, and therefore we get a 3-functor formalism

D :=LZ(C?,E”, PP, 17, Dy): Corr(C”,EP) — CAlg(Cat).
Proof. This is straightforward. O

Another advantage of this rephrasing is that the intuition one has for 3-functor formalisms
carries over to natural transformations between them. For example, one can consider how
the n;_,; interact with the category of kernels. Recall from [HM24, Theorem 4.2.4] that, on
any geometric setup (C, E'), the construction of kernel categories upgrades to a lax symmetric
monoidal functor

Kp -y : Corr(C, E)® — Caty with S — Kp s.
Moreover, on arrows of the form {S Lol T} the induced 2-functor
f*:Kps— Kpr
acts on objects as X — X x¢ T and on morphism categories as

*
fXXsY

D(X Xg Y) e D((X XS Y) XS T).
In our category C¥, this gives the following.

Lemma 2.3.6. Fiz a 3-functor formalism D : Corr(C”, E7) — Cat, fir S € C, and fix [j +
i] € P. We have a 2-functor

Nisj Ksip = Kgip
on the 2-categories of kernels. On objects [X — S| € (Cg) /g it is the identity and on categories
of morphisms it is given by n;,; vy .y ID(X x5Y) = "D(X xgY).

Proof. This follows from applying [HM24, Proposition 4.2.1 (i)] to the natural transform Myt
ID — "D of (2.3). O

Lemma 2.3.6 gives the following.
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Corollary 2.3.7. Fizx a 3-functor formalism, D : Corr(C¥, E¥) — @, an object f : [X — S| €
Cg, and [i < j| € P. The natural transformation map 77?—>j,X mnduces a functor

nf_ﬁx : Suavejf’jD(X) — SuaveifyiD(X),
satisfying the property that 772<_>jXSDjf ~ SD(if)n;‘_U.X. In particular, if 7 f is ID-suave (resp.

ID-smooth) then ' f is “D-suave (resp. “D-smooth). A similar statement holds for prim objects
and prim duality.

Proof. This follows from Lemma 2.3.6, as functors between 2-categories preserve adjoints be-
tween 1-morphisms. Smoothness follows from the fact that n; j,x Is symmetric monoidal, and
that if the suave dual of 1 is invertible, its image under 7}, iX will remain invertible. O

We turn our attention to investigate how the operation (C, F) + (C¥, E¥) interacts with the
various extension procedures described in the previous section. In particular, we spell out what
happens when we do Construction 2.2.29. Let (C, E) be a geometric setup, where C is endowed
with a Grothendieck topology 7, and let P be a lex posetal category attached to a partially
ordered set K. Now, C* inherits a topology 77 whose associated topos is simply X7. Further,
Ezzp = (Erep)” and we have a morphism of geometric setups

(CP,EP) — (X7, E[)
which is obtained from
(C,E) = (X, Erep)

by considering the product with (—) x P.

Proposition 2.3.8. Suppose we are given a 3-functor formalism
D : Corr(C”, E”) — Cat

such that, for all k € K, the induced 3-functor formalism ¥D is sheafy. Let D' denote the
3-functor formalism obtained by applying Construction 2.2.29 to D. Let (*D)" denote the 3-
functor formalism obtained by applying Construction 2.2.29 to *D. Finally, let *(D') denote the
restriction of D' along ins](:(’Erep). Then, ¥(D') and (*D)" are canonically equivalent 3-functor
formalisms on (X, Eyep). In particular, for all [j < i] € P we obtain a natural transformation
of 3-functor formalisms on (X, Eyep)

;0 (D) = (‘D).

Proof. This follows directly from the uniqueness part of Construction 2.2.29, since *(D’) and
(*D)" are sheafy and restrict to ¥D on Corr(C, E) for all k € K. O

Applying Construction 2.2.34 to Corr(C”, ET) is a little more subtle. The reason is that,
given a 3-functor formalism D on (C¥, E), a morphism [f : X — Y] € C, and k € K, whether
the map tx(f) : (X, k) — (Y, k) is of universal D'©" *)-descent is not in general the same as f
being of universal #D'r *)_descent. Indeed, for ins,(f) to be of universal D'r *)_descent, one
needs to ask that f is of universal ID'(°* ®)_descent for all [k < j] € P, since the pullback of
v, (f) along (Y, j) — (Y, k) is precisely ¢;(f).

In what follows, we consider conditions on a map in FEkp, (the !-able hull of Eip,) that
automatically ensure it will also lie in Ejp ;. The point is that, although the !-able hull Eip
could contain some morphisms that are !-able for a random reason, there should be a better



44 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

behaved subset of maps that are !-able for a good reason. Those maps that are !-able for a good
reason will automatically be !-able for sheafy 6-functor formalisms /D that receives a map from
kD. In practice, the subset of maps in Eyp, that we will be interested in always have a good
reason to be l-able.

We restrict to presentable 3-functor formalisms. This already ensures that D(X) is complete
and cocomplete.

Definition 2.3.9. Let D: Corr(C, E) — Pr” be a sheafy presentable 3-functor formalism for a
Grothendieck topology 7 on C. Write X for the category of 7-sheaves in anima on C. Assume
now that we are given a class E O E,cp of arrows in X' for which (X, E) is a geometric setup.
Suppose that D uniquely extends to a sheafy presentable 3-functor formalism D on (X, E‘)

(1) We say that f is a (D E,7)-suave cover if it is D-suave and surjective in X.
(2) We say that f is a (D E,7)-prim cover if it is D- prim and f.1 is descendable.
(3) We say that f is a (D, E,7)-smooth cover, if it is a (D, E, 7)-suave cover and D-smooth.

Lemma 2.3.10. The base change of a (D, E,T)-suave (resp. smooth, resp. prim) cover is a
(D, E, 7)-suave (resp. smooth, resp. prim) cover.

Proof. By |[HM24, Lemma 4.4.8], the base change remains suave (resp. prim). By [HM24,
Remark 4.5.2], and the fact that f* preserves invertible objects, the base change of a smooth
map remains smooth. Since T-surjectivity is stable under base change, the suave and smooth
cases are settled.

Finally, for the prim case, note that given a pullback diagram

x 4. x
ol
y — 2,y

By [HM24, Lemma 4.5.13.(ii)] we have ¢g*f,1 ~ f/1, and since ¢g* is symmetric monoidal, we
deduce that f/1 stays descendable by [Mat16, Corollary 3.21]. O

Definition 2.3.11. Let the setup be as in Definition 2.3.9. We say that a map g : X — Y
is a standard !-cover if g = gy o --- o g, where each g; is either a (D, E, 7)-prim cover or a
(D, E, T)-suave cover.

Definition 2.3.12. Let the setup be as in Definition 2.3.9 and Definition 2.3.11.

(i) We say that E is standard !-local on the source if whenever f: X =Y € X and there is a
standard !-cover §: X' — X such that §, fo g € E, then f € E.

(ii) We say that E is standard !-local on the target if whenever f: X — Y € X and there is a
standard l-cover §: Y’ — Y such that the base change f': X ><YY’ —Y'€E, then f € E.

Definition 2.3.13. Let the setup be as in Definition 2.3.9 and Definition 2.3.11, except that
we also ask that E = Ei,. We let Efpe (or Efin¢) denote the set of maps [f : X — Y] € X
satisfying that there is a standard !-cover g : U — X of the form g = g1 o - - - 0 g;, such that

(1) Each g; is either a (D, Eyep, 7)-prim cover or a (D, Eyep, T)-suave cover.
(2) Each g; € Erep and f o g; € Eyep.
We call this set of maps the standard fine maps.
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For most practical purposes working with the set of standard fine maps suffices.
Lemma 2.3.14. The pair (X, Egne) s a geometric setup.

Proof. 1t follows easily from Lemma 2.3.10 that Fgy, is stable under base change. Let S denote
the set of maps of the form g = g 0---0gy,, where each g; is in Eye, and it is either a (D, Eyep, 7)-
prim cover or a (D, Eyep, T)-suave cover. Fix [g: X — Y] and [f : Y — Z] both in Ffgp. Fix
maps X' — X and Y/ — Y in S such that both are an atlas exhibiting that g, f € Ffpe.
That FEfgye is stable under composition follows from contemplating the following diagram with
Cartesian squares

X" —— Y Y
ies leNGErep
€S Y N

X
=
EEI'Cp

X'.

Here we note that, by assumption X’ — Y is representable, since X’ — X is an atlas for X — Y,
and therefore X” — Y’ as the base-change is also representable. Moreover, since Y/ — Y is an
atlas for Y — Z the map Y’ — Z is representable by assumption. This in turn implies that
X" — Z is representable as claimed. In particular, the diagram constructs X” — X in S, and,
since X” — Z is representable, the map X” — X exhibits that fog € Fxne. That Fgpe is right
cancellative similarly follows from contemplating a commutative diagram with Cartesian square
of the form

X// [ X/ <) X

h Z

Y

Here, Y/ — Y is an atlas exhibiting that Y € (Xg,,.)/z, and X" — X' is an atlas exhibiting
that X’ € (Xg,,.)/z since it is the composition of two maps in Efpe. The cancellative property
of Erep will show that X” — Y’ and consequently X” — Y, are in Eye,. This shows that
X" — X is an atlas exhibiting that X — Y is in Ffpe. O

S
y' &2

Definition 2.3.15. Fix the setup as in Construction 2.2.34, and fix [f : X — Y] € Xg,,,. We
say fis (D, E,T)-Artin if there is a representable (D, Erep, T)-smooth cover [g: U — X] € Xg,
such that fog € Cg,,. If D, 7 and E are clear from the context we simply say that f is Artin,
and we write EA™ for the set of Artin maps. We are mostly interested in objects X € X whose
structure map X — x is in EA™. We let XA the class of such objects.

Remark 2.3.16. The same proof as in Lemma 2.3.14 shows that (X, EA“) is a geometric setup.

For us, instead of studying morphisms of universal D'-descent, it will be more useful to consider
prim and suave covers and their composition (see Definition 2.3.11). The following statement is
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a version of Construction 2.2.34 where we replace the role of the !-covers for the stronger notion
standard !-cover of Definition 2.3.11.

Proposition 2.3.17. Let the setup be as in Construction 2.2.34. There exists a set E%?T’! of
maps [f: X — Y] € X satisfying the following conditions

(i) The morphism C — X induces a morphism of geometric setups (C, E) — (X, %flﬂ!) and

D extends uniquely along this morphism to a sheafy 6-functor formalism on (X,E%th ).

(i1) E%fi | @8 x-local on the target, i.e, for any map V — Y with in V' € C such that the pullback

.
of f toV lies in E%:iﬂ!, then f € E%tfiﬂ!.

(ii1) E%ti! is standard !-local on the source (see Definition 2.3.12).

(iv) E%ti! is standard !-local on the target (see Definition 2.3.12).

(v) ERL, is tame, i.e, if [f: V = Y] € B{L with Y € C, it is I-locally on the source in E.

(vi) ESY\ is standard tame, i.e, if [f : V = Y] € E}S, with Y € C, it is standard !-locally on
the source in E.

(vii) Esﬁd’! is minimal among the class of edges that satisfy (i) — (v).

T

Before proving this proposition we make the following definition and remarks.

Definition 2.3.18. We refer to maps in E%d y as (D, E,1)-standard !-able maps. If D and 7

-
are clear from the context then we will simply say that f is E-standard !-able and write E!St(Jl for

std
ED

77—7! :

Remark 2.3.19. We note that condition (v) of Proposition 2.3.17 tautologically follows from
condition (vi). Nevertheless, condition (v) is useful to formulate the minimality property that we
are interested in. In general, the collection of classes of maps that satisfy (v) and (vi) might differ.
Now, the l-able hull Ep of Construction 2.2.34 satisfy the axioms (i)-(v) of Proposition 2.3.17.
In particular, the minimality claim in Proposition 2.3.17 gives us an inclusion ESDt‘i_! C Ep,
allowing us to see that Proposition 2.3.17 is a controlled refinement of the extension’ﬁrocedure
in Construction 2.2.34. This is because suave and prim covers are universal !-covers. Indeed, this
is the content of Proposition 2.2.16 in the suave case (using surjectivity of f and the assumed
sheafiness of D to see that f* is conservative) and Proposition 2.2.18 in the prim case.

Remark 2.3.20. Using Lemma 2.3.10, one can easily see that a set of edges F’ in X satisfying
condition (i) and (iii) of Proposition 2.3.17 automatically satisfies condition (iv).

Proof of Proposition 2.3.17. We give a construction of ESthlﬂ! to show its existence. The con-
struction and proof will follow almost verbatim the construction in [HM24, Theorem 3.4.11], for
this reason we do not give full details and only provide a sketch that highlights the differences.
With notation as in [HM24, Theorem 3.4.11|, we let A denote the class of all collections of edges
E’' C X satisfying (i) and (v) in Proposition 2.3.17, so that D extends uniquely to (X, E’). This
class is stable under filtered unions and contains Eycp. As in [HM24, Theorem 3.4.11|, one shows
the following statement

(*) Forevery E’ € A, there is a minimal way to enlarge it to E| € A such that EJ satisfies (i17)
of Proposition 2.3.17. In particular, D extends uniquely to (X, EJ) by the assumption
E} € A and, by Remark 2.3.20 E| also automatically satisfies (iv) of Proposition 2.3.17.
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To argue, it suffices to replace in the argument for [HM24, Theorem 3.4.11|, every application of
I-locality (i.e., the condition in [HM24, Theorem 3.4.11 (iii)|) with our variant notion of standard
I-locality. As in their proof, one uses [HM24, Proposition 3.4.8 (ii)] (or Construction 2.2.33) to
verify that there is a unique way of extending D to (X, Ey).
As in [HM24, Theorem 3.4.11] the next statement to show is the following.
(**) For every E’ € A that satisfies (4i7) of Proposition 2.3.17 (and consequently (iv) using
Remark 2.3.20), there is a minimal way to enlarge it to E. € A such that E/ satisfies
(7i) of Proposition 2.3.17. This extension has the property that D extends uniquely to
(X, E.).
This part of the argument follows verbatim. Finally, one defines recursively Ey = Eiep, Fopq1 1=
(Eon)1 (as in (%)) for n > 0, Eapto = (Fant1)s (as in (xx)) and E%’dﬂ! = UEn. To show
minimality of ESDt’dT’! it suffices to show that any other E’ contains E, for all n, which can be
shown by induction and using the minimality of the closure operations (x) and (k). g

Remark 2.3.21. The class of edges E’SDt’dTJ is fairly abstract, for practical purposes it suffices to
work with a much smaller class of edges in X'. Note that Condition (i) and (ii) ensure that all
edges in Eyep, are standard l-able. Moreover, condition (iii) will then tell us that all standard
fine maps (Definition 2.3.13) are standard !-able. In the main body of the article, knowing that

FEgpe C E!Std will suffice, since all the edges we are interested in will lie in (X, Fgpe).
We record the following variant which will also play a role later on.

Proposition 2.3.22. Let the setup be as in Construction 2.2.34 and Proposition 2.3.17. Let F
be a set of arrows in X containing Erep and such that (X, F') is a geometric setup. There exists
a set E%f,lﬂF,! of maps f: X —'Y satisfying the following conditions

(i) The morphism C — X induces a morphism of geometric setups (C, E) — (X, E%flT7F7!), and

D extends uniquely along this morphism to a sheafy 6-functor formalism on (X, E%’dT,F’!).

(i1) E%flT’F’! is F-x-local on the target, i.e, given [f : X — Y| € F such that for any map
V =Y with V € C the pullback of f to V lies in E%,dﬂF’!, then f € EsﬁdﬂF’!.

(1ii) E%fiT’F’! is standard !-local on the source. More precisely, if [f : X — Y] is an arrow in F
such that we may find a standard !-cover g : U — X with fog and g in E%t,dT’F’!, then f is
also in ESDtS‘T’ Pl

w 1 s both standard !-local local on the target.

w) ERS gy is both standard !-local local on the target

(v) E%fiT’F’! is tame, i.e, if [f : V = Y] € E%fiﬂ with Y € C, it is I-locally on the source in E.
(vi) B3 py C F.
(vii) E%fiT’F’! is minimal among the class of edges that satisfy (i) — (vi).

Proof. A variant of the construction and proof as in [HM24, Theorem 3.4.11] (or Proposi-
tion 2.3.17) shows this more general case. Indeed, we let Ey = Eyep, Eopt1 = (Ea,)1, where
(E2p )1, is an F-variant of (*), Eopio = (Eopt1)«, where (Eopi1)s, is an F-variant of (**),
finally E%tydﬂ ry = UE,. The proof of [HM24, Theorem 3.4.11] shows that if F’ is a geometric
setup in A (with notation as in Proposition 2.3.17), then letting E” be those maps that are
standard !-locally on the source in E’ gives another geometric setup with £’ € A. Moreover, if
E’ also satisfied condition (vi), then E” N F is still in A and satisfies (vi). Replacing the role of
E’ by E” N F and passing to unions gives rise to (E')1,, € A which satisfies (vi), (i77) and (iv).
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Similarly, the proof of [HM24, Theorem 3.4.11| shows that if E’ is in A and satisfies (i7i) and
(iv), then letting E” be the set of arrows whose pullback to C is in E’ gives a geometric setup
in A. If E' also satisfies (vi) then E” N F is in A and satisfies (i7) and (vi). O

We now explain why standard !-able maps behave better with respect to analytification. We
have the following lemma on prim and suave covers.

Lemma 2.3.23. Let (C, E) be a geometric setup endowed with a Grothendieck topology 7. Let
P be a lex posetal category with underlying poset K, fix ¢ € P, and fix

D”: Corr(C”, E”) — PrF

a sheafy presentable 3-functor formalism. We write 9D = DF o ins, as a presentable 3-functor
formalism on Corr(X, Eyep). Let Erep € E' C insy Y(Epr ) be a collection of arrows in X such
that (X, E') is a geometric setup and 9D extends umquely to(X,E"). Then, [f: X — S| € E'isa
(9D, E, 7)-suave (resp. smooth, resp. prim) cover if and only if ins,(f) € E¥ is a (D7, EP,77)-
suave (resp. smooth, resp. prim) cover.

Proof. Observe that for any S € X, the functor insq induces a 2-functor insq: Kap s = KpP g, (5)
using [HM24, Proposition 4.2.1 (ii)]. Using the explicit description of the kernel 2-category (see
[HM?24, Definition 4.1.3]), we obtain that this is even a fully faithful functor of 2-categories
whose essential image is precisely ins,([Xz]/g). In other words, for all X,Y € [Xp/]/g we have
an equivalence

ins, : Fung,, o (X,Y) >~ Fung (insq(X),insy(Y)) (2.4)

DP insq(S)
of mapping categories.

Since being suave (resp. prim) is defined (using adjunction see [HM24, Definition 4.4.1|)
in terms of the kernel category, it follows that f € E’ is suave (resp. smooth, resp. prim)
if and only if ins,(f) is. Indeed, admitting a left or right adjoint is a property that can be
verified after applying ins, as in (2.4). Moreover, whether f '1 is invertible, (resp. whether f,1
is descendable) only depends on 9D(X) ~ DP (insy(X)) (resp. 9D(Y) =~ DP(ins,(Y))), so the
two notions agree. This already settles the prim case. To show the suave and smooth cases,
observe that 7 surjectivity of f is also equivalent to 77 surjectivity of insy(f). O

Proposition 2.3.24. Let P be a lex posetal category with underlying poset K, q € P, and
DP: Corr(CP,EP) — Prl a 7P -sheafy presentable 3-functor formalism. We write 9D = DF o
ins, which is a T-sheafy presentable 3-functor formalism on Corr(C,E). Then

d
a) ins; (Eg;tTp )= ES%T,, and

b) EP >t U lan(EqDT ')

DP TPI

P,std
In particular, ins,(E55 1) S Epp -

Proof. This statement is shown by inspecting the proof of Proposition 2.3.17. Indeed, with
notation as in Proposition 2.3.17, we show inductively that
a) 1ns YEP)=9E,, and that
b) EP Uq insq(YEy,).
Here EF and 9F,, are defined recursively starting with
o El := EF_ 9Ey := Eep,

rep’
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o with E} , := (E] )i and 9By, 11 := (1E5,): (using (x)) for n > 0,
o with E} = (E] )+ and 9Eop i := (7E2,11)s (using (xx)) for n > 0.

The inductive argument consists in showing that the closure operations (%) and (kx) are
compatible with ins,, and that they do not produce edges of the form (X,i) — (Y,j) with
i # j. That this is the case for (x), follows from Lemma 2.3.23. The (*x) case follows from
the explicit description of (E%jI +1)« as the set of edges whose pullback to any element of c?
lies in EJ (see proof of [HM24, Theorem 3.4.11]). Indeed, it is easy to show that the base
change of (X, q) — (Y, q) by any element in C* lies in EJ if and only if the similar statement is
already true when we restrict to objects in C x {¢} € C”. To wit, this follows from the canonical
factorization

(C.j) = (C,q) = (Y. q).
Finally, since Egﬁtfp = Un EP and ES%{T’! =, 1E,, we can show the identities

a) ins;l(EP’Std ) = ESth’T’!, and

DP P!
Pistd . std
b) EDP,TP,! = Uq 1nsq(Equ!).
by inspection. O

Summarizing, the previous discussion, we obtain the following.

Proposition 2.3.25. Let (C, E) be a geometric setup, let P be a lex posetal category attached
to a poset K. Suppose that C is endowed with a Grothendieck topology T. Suppose we are given
a presentable 3-functor formalism

D: Corr(C”, E”) — Prl

such that, for all k € K, the induced 3-functor formalism *D is sheafy with respect to 7. The
following statements hold.

(1) D is sheafy with respect to 7.

(2) If[f : X = Y] e X is ("D, E, 1)-standard !-able, then insy(f) is (D, 77, EF)-standard
l-able. In particular, f is (D, E,T)-standard !-able for all j > k.

(8) We have a morphism of geometric setups

insg ¢ (X, B ) (xP EDSW ),

kD! D,7P !

et enote the O-functor formalism on , ) obtained jrom Y unique ex-
4) Let D' d he 6 li XP B ) obtained from D by uni
tension. For k € K, let (*D)' denote the 6-functor formalism on (X,E,ftgﬂ) obtained
from *D by unique extension. Then we have a unique equivalence D' o insj, ~ (kD)’ that
restricts to the identity on Corr(C, E).
(5) Given [j < i] € P the natural map
Corr(X, B34 ) x (AP — Corr(XP, EL™Y )

iD,T) D77

induces a natural transformation of 6-functor formalisms on Corr(X, EfthT )

i (D) = (D).
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In other words, Proposition 2.3.25 states that given a natural transformation of 7-sheafy
6-functor formalisms on a geometric setup (C, E), one can always extend this natural transfor-
mation uniquely to the associated topos functorially on all maps that are standard !-able with
respect to E.

3. ANALYTIFICATION FOR STACKS

Soft preamble to the section: In [Sch22, §27|, Scholze introduces the functor ¢ from the
category of perfect schemes in characteristic p to the category of small v-sheaves. This functor
is well behaved and supports a functor ¢* of the form

& i Dep(X) — Dt (X ),

that compares étale sheaves on the scheme-theoretic setup, and étale sheaves on the analytic
setup. As shown in [Sch22, Proposition 27.4], ¢* commutes with lower !-functors. The purpose
of this section is to construct ¢* (and the commutativity data for lower !-functors) for more
general scheme-theoretic étale stacks. Although analytification for stacks has been discussed in
the literature before (see [AGLR22, Appendix Al), to the best of our knowledge, this is the first
time that compatibility with lower-!-functors is thoroughly discussed beyond the case of schemes.

Technical preamble to the section:

§3.1 Recalls various versions of 6-functor formalisms considered in the literature that deserve
the name of “étale cohomology” in the scheme-theoretic context. This part is purely
expository, but it serves the purpose of specifying the precise coefficient theory that we
work with.

§3.2 Recalls the theory of étale cohomology of diamonds. We discuss the precise 6-functor
formalism defined by Mann [Man22b|, but we also consider a variant which seems to
work better with respect to analytification. The construction of this variant itself is
identical to Mann’s, except that instead of working with the v-topology we work with
the proétale topology.

§3.3 Provides a very general construction of Scholze’s comparison functor ¢* together with
coherent lower !-compatibilities in the context of scheme-theoretic étale stacks. We
formulate two versions (Theorem 3.3.9 and Theorem 3.3.12), one is with respect to the
proétale topology and the other one is with respect to the more traditional v-topology.
The first version has the feature that every relatively representable map of prestacks
analytifies to a !-able map, but it departs from the convention in the literature of treating
small v-stacks as the basic geometric object. The second version has the feature that all
considerations stay within the realm of small v-stacks, but it has the downside that we
must impose restrictions on the type of scheme-theoretic étale stack that we are allowed
to analytify. Indeed, we consider what we call resilient stacks (Definition 3.3.10) and
justify that in practice, all stacks we need to work with are resilient (Lemma 3.3.13).

3.1. Algebraic 6-functor formalisms. We discuss four variants of 3-functor formalisms that
deserve the name of étale cohomology of schemes (following [Sch25, Appendix to Lecture VII|).
Let us first fix our geometric setup to be C = Sch9® the category of qcgs schemes, and let
E = Efy.exp. be the collection of separated maps of “finite expansion” which we recall below.

Definition 3.1.1 ([Ham19, Definitions 1.1, 1.4], [Sch25, Appendix to §VII]). We say that
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(1) A map of affine schemes Spec A — Spec B is of finite ezpansion if we have a factorization
B — Blz1,...,zy] — A where the map B[zy,...z,] — A is integral.

(2) A map of qcgs schemes f : X — Y is of finite ezpansion if for every pair of open subsets
Spec A C X and Spec B C Y such that f(Spec A) C Spec B the induced map is of finite
expansion.

The perfection morphism XPf — X is an important example of a morphism of finite expan-
sion, since it is integral. We let If, oxp. denote the open immersions and Pgy exp. the separated
and universally closed maps (we will refer to these as proper mapslo). Since open immersions
are finitely presented, one easily sees that Ifiy exp. € Efin.exp.. Moreover, it follows from [Ham19,
Corollary 1.9] that Pap.exp. € Efin.exp.-

Proposition 3.1.2 ([Sch25, Proposition 7.12], [Ham19, Proposition 1.8, Theorem 1.17]). Let
[X — Y] € Cg. Then the following statements hold.

(1) The map f can be written as an integral map [X — X'] composed with a separated map
of finite presentation [ X' — Y].

(2) If f € Pnexp., then it can be written as an integral map [X — X' composed with a
proper map of finite presentation [X' — Y.

(3) The map f can be written as an open immersion [X — X| composed with [X — Y] €
Pﬁn.exp. .

From this, we can deduce the following.
Corollary 3.1.3. The tuple (Sch9®, Eg; exp.; Iin.exp., Phn.exp.) %5 @ Nagata setup.
We wish to use Construction 2.2.20, which requires that we give as input a map
Dy : Sch9°® — CAlg(Cat).

This map will be provided from the general theory of sites. Fix A an ¢-torsion ring. Recall that
to any ordinary topos X and any ordinary ring A, one can attach three versions of the derived
category of sheaves of A-modules which come equipped with morphisms of commutative algebra
objects in LinCaty,
Sho(X,A) — D(X,A) — D(X,A). (3.1)
The first, Sho(X, A), is the category of Mody-valued sheaves in the sense of Lurie, compare
with [HTT, Definition 6.2.2.6, Notation 6.3.5.16]. The second one D(X,A) C Shu(X,A) is
the subcategory of those sheaves that are hypercomplete as explained before [HTT, Lemma
6.5.2.9] (this is equivalent to effective descent with respect to hypercovers by [HTT, Theorem
6.5.3.12]), which gives rise to a reflective localization map Shv(X,A) — D(X,A) known as the
hypercompletion, see [HTT, Lemma 6.5.2.10]. For certain X" (like the étale site of scheme), this
category can also be identified with the co-categorical enhancement of the unbounded derived
category of sheaves of A-modules on X, (see [GL19, § 2.2, proof of Proposition 2.2.2.6], or [Sch25,
proof of Proposition 7.1]).
Finally, Shu(X,A) and D(X,A) carry compatible standard t-structures (in cohomological
notation: (Shu(X,A)<0, Sho(X,A)=%) and (D(X,A)=0, D(X, A)=) respectively), and the third

1OStrictly speaking Pan.exp. contains more maps than the standard literature considers as “proper”. Indeed, any
integral map is in Phn.exp., but in standard references for algebraic geometry, proper maps are usually required
to be of finite type, which we do not wish to enforce.
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category of sheaves 15(2( ,A\) is defined as the left-completion with respect to either of these
t-structures, (see [BS15, §3.3 and §5] and [Sch25, §Lecture VII, §Appendix to Lecture VII]).

Furthermore, whenever we have a geometric morphism of topoi f : Y — X, the pullback
f* provides a symmetric monoidal functor for each of the sheaf theories considered above, and
these pullbacks respect the morphisms (3.1). This allow us to consider for each of the rules
Do € {Shv(—,A),D(—,A),D(—,A)} a map

Do : (Sch9¢#)°P CAlg(@c) (3.2)
X = Do(Xgt, A).
Since the natural maps provide identifications (in cohomological notation)
Sh="( Xy, A) ~ D" (X, A) =~ DZ"(Xg, A), (3.3)

we can unambiguously define Dgg (X, A), the category of bounded below complexes, as the union
over n € Z. Similarly, we can consider Deops(X, A) C D;(X , \) the subcategory of bounded be-
low complexes with constructible cohomology. Alternatively, this category can be characterized
as the smallest A-linear idempotent complete stable co-subcategory containing jiA for all maps
j: U — X that are qcgs and étale. Since f* and ® preserves constructibility, Deons(—, A) also
gives rise to a functor of the form described in (3.2).

Convention 3.1.4. When the coefficients are clear from the context, we will often simplify the
notation as follows.

(1) We let Sho(X) := Sho(Xet, A).
(2) We let D(Xg;) := D(Xet, A).

(3) We let De;(X) :D(Xeta A).

(4) We let D (X) := D (X, A).

(5) We let Deons(X) := DCOHS(X A).

Let us recall how these functors upgrade to 3-functor formalisms.

Proposition 3.1.5 ([Sch25, Proposition 2.1, Theorem 7.15|). The following statements hold.

(1) The classes Ifin exp., Phin.exp. € Efinexp satisfy the hypothesis of Construction 2.2.20 with
respect to {Shu(—), D(—¢t), Der(—)}-
(2) For [f : X — Y] € I, we have a commutative diagram

Sho(X) —— D(Xg) — Det(X)
b
Shi(Y) —— D(Ye) —— Der(X).
(8) For [f : X — Y| € P, we have a commutative diagram
Shuo(X) —— D(Xg) — Der(X)
|7 |7 |7
Sho(Y) —— D(Xg) — Dat(X).
(4) Using Lemma 2.3.5, we obtain natural transformations

Sho(—) = D(—¢t) = Dat(—)
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of 6-functor formalisms on (Schi®, Egy, oxp) with values in LinCaty.

Since we also wish to work with Dy, and the functor f,, for f a morphisms of finite
expansion, does not always preserve constructibility, we will restrict the 3-functor formalisms
considered above to a smaller geometric setup.

We consider the category C = PSch%® of perfect schemes that are qcqs over Spec k (we recall
that k denotes a fixed algebraically closed field in which £ is invertible). Let Epg, denote the set of
separated and perfectly finitely presented morphisms inside PSch°®. The pair (PSch9°®, E4,)
defines a geometric setup and the natural inclusion

(PSCthqS, Epfp) — (SCthqsy Eﬁn.exp.)

is a map of geometric setups, along which we can precompose to obtain 6-functor formalisms as
in Proposition 3.1.5. Since it is well known (see [Zhu25b, Proposition 10.14]) that, for perfectly
finitely presented maps, the functor fi preserves constructibility, this leads to the following.

Proposition 3.1.6 (|Zhu25b, Theorem 10.15]). The classes I of open immersions and Pyg, of
perfectly finitely presented proper morphisms are a suitable decomposition for Eyg,. The functor
Deons(—) satisfies the assumptions of Construction 2.2.20 on the geometric setup (PSch®, Epe,),
with respect to I and P. In particular, the functor extends along the embedding

PSch®°P — Corr(PSch®®, E,)
to a 3-functor formalism

Dcons(—) : COI’I‘(PSCthqS’ Epfp) N LinCati‘j\m.

We note that this 3-functor formalism is not presentable nor a 6-functor formalism. Indeed,
the s-pullback functor does not always admit a right adjoint, since one rarely expect f, to
preserve constructible complexes whenever f is not perfectly finitely presented (see |Zhu25b,
Remark 10.16]).

We summarize what we need in the following theorem.

Theorem 3.1.7. The functors Deons(—), Shv(—), and De(—) upgrade to 3-functor formalisms
on the geometric setup (PSch9°® Eyg,), where the latter two are presentable 3-functor for-
malisms. We have natural transformations

Dcons(_) = Sh’l)(—) = Dét(—)

of 3-functor formalisms on (PSch® Eg,). Furthermore, the first functor is fully faithful and
the second functor is a morphism in LinCaty.

3.1.1. Basic properties of algebraic 3-functor formalisms. We now highlight some important
structural properties of the 3-functor formalisms introduced above. Recall that a functor F is
said to be finitary if it preserves filtered colimits. Recall that a prestack F on Sch that satisfies
Zariski descent is completely determined by the covariant functor it induces on CAlg. We say
that a prestack on Sch is a finitary 7-sheaf if it satisfies 7-descent for a topology refining the
Zariski topology, and the induced functor on CAlg is finitary. We have the following.

Theorem 3.1.8 (|[HS23, Theorem 2.2|). The functor
Dcons(_) : Sch9e°P — LinCath

s a finitary arc-sheaf. In particular, it is a finitary schematic v-sheaf.
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One advantage of working with the left-completed sheaf theory Dgi(X) is that it has very
strong descent properties.

Theorem 3.1.9 (|HS23, Theorem 5.7]). Fiz X € Sch9°®.
(1) The map of topoi (Xprost) = (Xet) induces a fully faithful embedding
Dét(X) C D(Xproét)'

(2) The functors Dey(—) and DJ(—) are sheaves of symmetric monoidal categories for the
topology of universal submersions. In particular, they are also v-sheaves.

On the other hand, one does not have such nice descent properties when working with Shwv.
Indeed, as explained in [Zhu25b, Example 10.24| even étale descent can fail when we work over
general base fields k. This is only one of the reasons where the assumption that k is algebraically
closed and of characteristic p # ¢ becomes important. In this situation, at least étale descent
holds.

Proposition 3.1.10 (|Zhu25b, Proposition 10.25]). The 6-functor formalism Shu(—) is sheafy
for the étale topology on PSch.

The following statement explains that Deons(X ) and Shu(X) can be obtained from the other
by applying a formal procedure.

Proposition 3.1.11. Fiz X € PSch®® the following statements hold.

(1) The category Shu(X) is compactly generated.
(2) Deons(X) ~ Shu(X)¥, equivalently Ind Deons(X) ~ Shu(X).

Proof. We first assume that X is pfp over *; in this case, we have that X has finite cohomological
dimension and the result follows from [BS15, Proposition 6.4.8] and Theorem 3.1.12 below. In
general, we may apply Noetherian approximation [Stacks, Tag 07SU| to obtain a presentation

X = lim X;,
i€l

where each X; € PSchP™ and the transition morphisms are affine. Using [Sch25, Proposi-
tion 7.14], we now have that
Shv(X) ~ colim;er Shu(X;) (3.4)
and
Deons(X) =~ colimjer Deons(Xi), (3.5)

where the transition maps are given by x-pullback.

Each of the transition morphisms in (3.4) preserves constructible sheaves and commutes with
colimits; therefore, it follows from [DG15, § 1.9.2], that Shu(X) is compactly generated and that
we have an identification

Shu(X)“ ~ colim;e; Sho(X;)”
However, the right-hand side, identifies with colim;ec; Deons(X;) by the pfp case discussed above,
and therefore the claim follows from (3.5). O

Compact generation is certainly an appealing formal property of a category, since it implies
that it is dualizable. Dualizability can be used to perform higher-algebraic manipulations, like
defining and computing the categorical traces of an endofunctor. This advantage is one of the
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main reasons that [Zhu25b| uses Shu(X) and variants thereof as the chosen theory to work with.

Having discussed the main advantages of working with one theory over the other, we record
the following statement which explains that three of the variants give rise to the same category
under some finiteness assumptions.

Theorem 3.1.12 (|[BS15, Propositions 3.3.7|, [Sch25, Theorem 7.13]). Let X € Sch%®, suppose
that there exists d € N such that, for every qcqs étale map U — X, the (derived global sections)
functor T'(U, —) has cohomological dimension bounded by d. Then the natural maps

Sho(X) — D(Xe) — De(X),

are equivalences. In particular, since the étale site is invariant under universal homeomorphisms
[Stacks, Tag 03SI], for every X of finite expansion over k we have isomorphisms

ShU(X) ~ D(Xét) ~ Dét(X).

3.1.2. Eztending the algebraic S-functor formalisms. The category of prestacks on PSch?°® and
on PSch®® clearly disagree. As we said in §2.1.1, we find it convenient to treat every geometric
object as an object of PreStk due to the presence of many different sheaf theories with slightly
different descent properties. Since the 3-functor formalisms that we consider are sheafy for
the étale topology and in particular the Zariski topology (Theorem 3.1.8, Theorem 3.1.9 and
Proposition 3.1.10), there is no harm in restricting them to PSch?f.

More precisely, consider PSch9°?® as a site endowed with the étale topology. By applying Con-
struction 2.2.29 and Proposition 2.3.8, we get natural transformations of 3-functor formalisms on
(SchStke, E;?g ), where E;%I; denotes maps that are relatively representable in schemes perfectly
finitely presented and separated

Deons = Shv = Dy;. (3.6)
We let B0 5, gy denote (—)gtl(E;?pp) the preimage of E i under étale sheafification.
We can restrict the 3-functor formalisms of Theorem 3.1.12 to (PreStk, E[ 1, ;) along the

morphism of geometric setups

(PreStk, E' 1 o) — (SchStke, E2)

that étale sheafification induces. From now on, if the context is clear, we will abuse the notation

and use E;fcg to denote what would be more correctly to denote by E;?II;,PreStk'

Remark 3.1.13. Although in our setup Dcons (respectively Shv and Dg;) takes input val-
ues a general prestack X € PreStk, the functor naturally factors through arc-sheafification
PreStk — SchStka,. (respectively étale sheafification and v-sheafification), using Theorem 3.1.8
(respectively Proposition 3.1.10 and Theorem 3.1.9). Indeed, this follows from [SAG, Proposition
1.3.1.7] (see also the proof of Proposition 4.2.16).

Remark 3.1.14. Consider the natural transformations
Dcons,O = Shyy = Dét,O

obtained by restricting (3.6) along PreStk°® < Corr(PreStk, E;?g). By Lemma 2.2.30, an
alternative way of constructing it is by taking the right Kan-extension along the embedding
(PSch?)oP s PreStk°P of the similar sequence

Dcons,O = Shyy = Dét,O
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of functors defined on (PSch®T)op.

In §3.3, we will work with the analytic version of D¢ (—). To avoid confusion, we will give the
3-functor formalism just constructed on PreStk a new name.

Definition 3.1.15. For X € PreStk, we let D5 (X) := D¢ (X), and we let

D5 - Corr(PreStk, EiP) — LinCaty

denote the 6-functor formalism just constructed.
We make some straightforward observations.
Proposition 3.1.16. For any X € PreStk, the map Deons(X) — D5 (X) is fully faithful.

Proof. This follows from Remark 3.1.14, and the fact that limits of fully faithful maps are always
fully faithful. O

Definition 3.1.17. We let E:gﬁ denote the class of maps in PreStk whose étale sheafification
belongs to the set of (Shv, ét, E')-standard !-able maps in the sense of Definition 2.3.18.

We apply Proposition 2.3.25 and Proposition 2.3.17 to get the following 6-functor formalism
which will suffice for our purposes.!'!

Proposition 3.1.18. The following statement hold.
(1) The 6-functor formalisms Shv and D5 defined on (PreStk, E;?g) extend uniquely to an

étale-sheafy 6-functor formalisms defined on (PreStk, Essgﬁ) with values in LinCaty .
(2) We have a natural transformation of 6-functor formalisms defined on Corr(PreStk, Esbgﬂ)

Shv = DY

(3) The morphism Shv(X) — D5 (X) is compatible with the natural embeddings Deons(X) C
Sho(X) and Deons(X) C DM (X).

Remark 3.1.19. For general Shu-l-able maps, it might not be true that fi : Sho(X) — Sho(Y)
preserves constructibility. For example, we could consider the compactly supported cohomology
of BGEfrkf := [Spec(k)/ Ggff], which has infinite amplitude.

We introduce the following shorthand for the relevant notion of Artin stack of Definition 2.3.15
in the Shv formalism.

Definition 3.1.20. We say that X € PreStk is Artin, if the étale sheafification of the struc-

ture map f : X — x is (Sho, E;?g,ét)—Artin in the sense of Definition 2.3.15. We denote by

PreStkA™ C PreStk the subcategory of Artin prestacks.

3.2. Analytic 6-functor formalisms. Before the language of 6-functor formalisms and cor-
respondence categories became widespread, one would talk about 6-functor formalisms in a
non-technical sense, by explicitly constructing the 6-operations and showing various desired
compatibilities at the level of triangulated categories. The main goal of [Sch22] is to construct
and elucidate a version of Theorem 3.2.2 below, without the higher-categorical considerations.
We follow Mann’s higher-categorical incarnation of this work.

11Strictly speaking, we apply Proposition 2.3.25 and Proposition 2.3.17 to (PSch®%, Eyg,) which gives rise to
a 6-functor formalism on (SchStket, Efgthdv,ét’!). But we can always pre-compose with the étale sheafification map
PreStk — SchStke;.
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3.2.1. Usual étale cohomology of diamonds. Recall that, if X is a locally spatial diamond, then
one can attach a well-behaved small étale site (see [Sch22, Definition 14.1]). As in the algebraic
case, one defines D¢ (X) to be the left-completion of D(X¢;) := D(Xg, A), where X denotes
the topos of étale sheaves. Moreover, by [Sch22, Proposition 14.15] the natural map of sites

Xv — Xét

induces a fully faithful embedding
Det(X) C D(Xy).

As shown in [Sch22, §14] (or [Man22b, Propositions 3.16, 3.20]), the functor D¢ (—) satisfies
v-descent, and in particular extends to a functor on AnStk,,.

As in the previous section, we now explain how this functor extends to a 6-functor formalism
on AnStk,. Following [Sch22] and [GHW?22], Mann has defined a 6-functor formalism of étale
sheaves on AnStk, (or rather the 1-truncated objects vStk C AnStk,, but the construction is
the same) with the so-called fdcs maps (which stands for finite dimension, compactifiable and
spatial).

Definition 3.2.1 (|Man22b, Definition 5.4]). We say a map [f : X — Y] € AnStk, is fdes if
the following hold.
(1) Tt is representable in locally spatial diamonds.
(2) Tt has locally finite transcendence degree in the sense of [Sch22, Definition 21.7].
(3) For every point x € |X]|, there is an open immersion U C X containing x such that
flu : U =Y is compactifiable in the sense of [Sch22, Definition 22.2].

We write Eges for the set of fdcs maps in AnStk,,.

Theorem 3.2.2 ([Man22b, Proposition 5.6]). The following statements hold.
(1) The pair (AnStk,, Egqcs) defines a geometric setup.
(2) Dey(—) extends to a sheafy presentable 3-functor formalism on Corr(AnStk,, Etqes) with
values in LinCatp which we will denote by DY".
(3) If f is étale, then fi >~ f, is the left-adjoint to f*.
(4) If f is proper, then fi ~ f. is the right-adjoint to f*.

As before, one can perform Construction 2.2.34 or its standard incarnation Proposition 2.3.17.

We let E;‘;ld denote the set of edges in AnStk, that are (D3", v, E4cs)-standard !-able in the sense
of Definition 2.3.18.

Theorem 3.2.3 ([Man22b, Theorem 5.11]). We have morphisms of geometric setups
(AnStk,, Etges) — (AnStk,, E54) — (AnStk,, Epan )

The presentable 3-functor formalism D}", originally defined for Corr(AnStk,, Ftqcs), extends
uniquely to presentable 3-functor formalisms on Corr(AnStk,, E5tY) and Corr(AnStk,, Epan ),
which we also denote by Di".

Remark 3.2.4. As before, we will occasionally precompose D3" along the natural map of
geometric setups

(AnPreStk, E54) — (AnStk,,, E5%9),
where we abuse notation by continuing to denote by EStd its preimage under the v-sheafification
functor.
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As in Definition 3.1.20, we consider the notion of Artin stacks.

Definition 3.2.5. We say that a v-stack X € AnStk, (resp. a perfectoid prestack X €
AnPreStk) is an Artin v-stack, if the structure map f : X — x is (D}", Efqcs, v)-Artin. We
denote by AnStk?™ C AnStk, (resp. AnPreStk* C AnPreStk) the subcategory of Artin
v-stacks.

3.2.2. A proétale version. For technical reasons, we will need a variant of Theorem 3.2.3 for the
proétale topology, which will interact better with analytification. We start with the following.

Proposition 3.2.6. The following statements hold.

(1) If X is a spatial diamond, then there is a surjective and universally open cover of the
form Spa(R, R*) — X with Spa(R, RT) a strictly totally disconnected space.

(2) If X =Y is quasiseparated map of v-sheaves, Y and Y are locally spatial diamonds and
Y 5Yisa v-surjective quasi-proétale map such that X:=XxyYisa locally spatial
diamond, then X 1is a locally spatial diamond.

(3) If X is a gs v-sheaf and f : Y — X is a gs universally open quasi-proétale surjective map
with Y a locally spatial diamond, then X s locally spatial diamond.

Proof. The first claim is [Sch22, Proposition 11.24]. The second claim follows from [Sch22,
Proposition 13.4.(iv)]. Indeed, any v-surjective quasi-proétale map of locally spatial diamonds
is surjective as a map of proétale stacks.

To show the third claim, first take U C Y with U a spatial diamond. Then the map U — f(U)
is qcgs universally open quasi-proétale and surjective, and replacing the role of X and Y by f(U)
and U we may reduce to the case in which X is qcgs and Y is a spatial diamond. In this setup,
one readily verifies that X is a spatial v-sheaf as in [Sch22, Definition 12.12|. Indeed, for any
U C Y quasicompact f(U) C X is an open subset that is quasicompact over X, and since f is
an open map, the family {f(U)}uycy as we range over the quasicompact open subsets of Y is a
basis of the topology for X. One can then appeal to [Sch22, Theorem 12.18], to show that X is
a spatial diamond. O

The main reason that the proétale topology will be useful for us is the following statement. It
explains that to verify if a map is Fgqcs it suffices to do it proétale locally. Recall that AnStkpyoet

faff

denotes the category of small proétale sheaves on Perf™ with values in anima (2.1).

Proposition 3.2.7. Let f : X =Y be a map in AnStky, 04, Suppose thatY, Y € sLocSptl, and
that there is a v-surjective quasi-proétale map Y — Y such that the base change f : X xyY =Y
8 in Fiqess- Then X € sLocSptl and f € Eqess-

Proof. We note that X is already a v-sheaf, indeed one can argue as in Lemma 3.3.13.(2) below,
by noting that surjective quasi-proétale maps are surjective as proétale stacks and recalling
that all diamonds are v-sheaves. We want to show that X — Y is in Fpy.s. Being separated
and locally compactifiable can be tested v-locally on the target (see [Sch22, Proposition 10.11],
[Sch22, Proposition 22.3.(iii)]). In particular, we know that X — Y is separated (since f is),
and it follows by Proposition 3.2.6 that X € sLocSptl. Being representable in locally spatial
diamonds holds for any morphism of locally spatial diamonds (see [Sch22, Proposition 13.4.(ii)]).
Finally, we must show that it is of locally finite transcendence degree. By definition (see [Sch22,
Definition 21.7]), one has to take a supremum of the transcendence degree C(z)/C(y) along the
set of commutative diagrams
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Spa(C(z), C(z)") —— Spa(C(y),C(y)")

| |

X Y.

)

where the two vertical maps are quasi-proétale morphisms from geometric points. Since geomet-
ric points split every proétale cover, any such commutative diagram lifts to f X xy Y — Y
and since f is locally of finite transcendence degree the map f also is. O

We will now have to dig into the precise construction of the 6-functor formalism from Theo-
rem 3.2.2. Recall that the proof of [Man22b, Proposition 5.6] goes through first considering an
auxiliary geometric setup

(C, E) = (sLocSptl, Etqess)-

Here sLocSptl is the category of locally spatial diamonds that are separated over *, and FEjgcss
is the set of morphisms that are fdcs in the sense of Definition 3.2.1. Note that, by [Sch22,
Proposition 13.4] and the cancellative property of separatedness, any map in (sLocSptl, Frgcss)
is automatically representable in locally spatial diamonds and separated. This justifies fdcss as
an acronym for finite dimensional, compactifiable, spatial and separated.

The proof of [Man22b, Proposition 5.6] considers an auxiliary 6-functor formalism

Dsrs : Corr(sLocSptl, Eggess) — LinCaty.

Using that locally spatial diamonds are v-sheaves [Sch22, Proposition 11.9], one can endow
sLocSptl with the v-topology and the induced topos is still AnStk,. Moreover, Dgrg is sheafy
for the v-topology. In this way, Mann applies Construction 2.2.29 to obtain a 6-functor formalism

D, : Corr(AnStk,, Efrgfss) — LinCat,.

Finally, Mann applies Construction 2.2.33 to extend from Efd oss 10 Eacs. It follows from revis-
iting this proof that we have an equality
Estd — Elstd
an

DsLs v,

where the right-hand side is as defined in Definition 2.3.18.
We now move on to discuss the proétale version of this theory. We have a sequence of full
subcategories

Std C Perf*® C sLocSptl C AnStk, C AnStk,os C AnPreStk.

We can endow sLocSptl with the Grothendieck topology Tpro¢t in which X — Y is surjective
if and only if it is a surjection of proétale stacks.

Using Proposition 3.2.6, we see that strictly totally disconnected perfectoid spaces are a basis
for the topology 7,06t 0n sLocSptl. In particular, the category of small prestacks on sLocSpt
with values in anima that are sheaves with respect 7,,04; agrees with AnStk;,;o¢;. Moreover, since

Dqrs : Corr(sLocSptl, Fggess) — LinCatp,

is sheafy for the v-topology, it is also sheafy for the proétale topology on sLocSptl. This allow
us to apply Construction 2.2.34 and Proposition 2.3.17 to obtain 6-functor formalisms

Dproet (AnStkprost, Ep,s,1) — LinCatp

sLS»
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and ,
Z)Rroet . (AnStkpmét, E%d ) — LinCatA,

SLS,Proét,!
where the former is an extension of the latter (see Remark 2.3.19).

Remark 3.2.8. We note that each of the 6-functor formalisms DRTOét and D}", will have their
own intrinsic notion of Artin stacks as in Definition 2.3.15. We refer to notion of Artin stacks
attached to the DR formalism as Artin proétale-stacks and to the notion of Artin stacks
attached to the D{" formalism as Artin v-stacks, as in Definition 3.2.5. We emphasize that in

the DRrOét case, the atlas is required to be surjective for the proétale topology.

Remark 3.2.9. Similarly to Remark 3.2.8, the 6-functor formalisms DRrOét and D{" have their
own intrinsic notion of standard !-covers (see Definition 2.3.11) and consequently of standard
l-ability (see Definition 2.3.18).

For notational convenience, we make the following definition.

Definition 3.2.10. We let E;tr‘gét denote the set of edges in AnStkpost, with B34, = F5td

) i pI‘Oét T DsLS:I)rOétv!.
Similarly, we let E,Diroét7! =FEp_ )

As we have mentioned, for technical reasons we will naturally be lead to work with DKrOét.
Nevertheless, we care mostly about D3". The following two statements shows that these two
constructions can be compared.

Proposition 3.2.11. The following statement holds.
(1) The natural inclusions sLocSptl C AnStk, C AnStkpee induce a commutative diagram
of geometric setups

(sLocSptl, Frgess) —— (AnStk,, E;Ed)

! !

(AnStkproét7 Estd ) — (Anstkproét, EDRYOét,!)'

proét
(2) We have a unique equivalences of 6-functor formalisms

6t an
Drree ~7D
(Dy )|00rr(AnStkv,Egtnd) A

extending the equivalence of functors

proét ~ an
(DA )|Corr(sLocSptl,Efdcss) - (DA )‘Corr(sLocSptl,Efdcss)'

Proof. Since Dgg is sheafy for the v-topology, DRrgét factors through the v-sheafification map
as

Dal’l
AnStk® . — AnStk%® —*% LinCaty.

proét
In particular, we obtain a unique equivalence
proét ~ an
(IDA7O )|AnStk2p - DA,O‘ (37)

By construction, the classes of edges Eproet | and E5td were obtained by appealing to Construc-
A

tion 2.2.34 and Proposition 2.3.17 respectively. In particular, we must show that (EDproét Dl ansie
A , v
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satisfies conditions (i) — (v) of Proposition 2.3.17 with respect to the v-topology, in order to

show the containment EStd C (Epprost )| ansi, - Verifying conditions (i), (ii) and (v) is straight-
A y v

forward, and condition (iv) follows from (iii) using Remark 2.3.20. To show (iii), fix a map
f:Y — Z € AnStk,. Recall that a standard !-cover will have the form g : X — Y € AnStk,

with ¢ = g1 0...¢g, where each g; € (E,Dlp;roétv!)| Anse, and it is either a prim or a suave v-cover.

Condition (iii) posits that if fog € E e |, then f € E pros | must also hold. Our claim is
A ” A ”

that if ¢ is a standard !-cover for the v-topology, then it is a universal (DRrOét)!—cover (see Defini-
tion 2.2.14). If this claim holds true, by -locality of E_ o | we will conclude that f € Eproet |,
A ” A N

as required. To see that g is a universal (D}"®")'-cover we may use induction to reduce to the

case g = g1, so that g is either a prim or a suave v-cover. We note that the notion of prim
v-cover agrees with the notion of prim proétale cover (see Definition 2.3.9 and note that the
s-pushforward functors agree by passing to adjoints in (3.7)), in this case the statement follows
from Proposition 2.2.18. If g is a suave v-cover, then g : X — Y is DRrOét—suave map of proétale

stacks that is v-surjective (but not necessarily proétale surjective). Since Dimét satisfies descent
for the v-topology, then g* is conservative, and we may use Proposition 2.2.16 to conclude that
g is a universal (D}°®")'-cover (but not necessarily a proétale standard !-cover).

Point (2) follows from the uniqueness part of the extension procedure Proposition 2.3.17. O

Let (AnStk,, Ef)i‘gét) denote the geometric setup obtained from restricting (AnStkpyogt, E;i‘iét)

along the inclusion map AnStk, — AnStkpoet.

Proposition 3.2.12. We have a maps of geometric setups

(sLocSptl, Ergess) — (AnStk,, E59, ) — (AnStk,, EStd),

proét

and there is a unique equivalence
proét ~ an
(Dx™) ~ (D}")

|Corr(AnStkv 7E'Std 4
pri

‘ std
Corr(AnStko, B3 ) oét)

extending the equivalence of functors

proét ~ an
(DA )|Corr(sLocSptl,Efdcss) - ( A )‘Corr(sLocSptl,Efdcss)'

Proof. The key point is that any standard !-cover for the proétale topology is automatically
a standard !-cover for the v-topology. At a technical level, the statement follows from apply-
ing Proposition 2.3.22 with F = Estd One verifies explicitly that for such a choice of F,

proét*

std __ rstd
Dsrs,v, B! — Eproét‘ U

To summarize the situation we combine Proposition 3.2.11 and Proposition 3.2.12 to obtain a
commutative diagram of geometric setup, on which we have defined a 6-functor formalism that
uniquely extends Dgrs.
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(sLocSptl, Ftgcss)

T

(AnStk,, B4, ) —— (AnStk,, £5td)

proét

! |

(Anstkproét7 EStd ) e (Anstkproét, E/DirOét,!>

proét

We now turn our attention to studying how the algebraic and analytic 6-functor formalisms
interact under the {-functor introduced in §2.1.3.

3.3. The {-functor and 6-functors. Recall ([Sch22, § 27]) that, for a perfect scheme X €
PSch, there are natural maps of sites cx : (X¢), = (Xprost) — (X&), which induce a commu-
tative diagram of fully faithful functors

c*
Dst(X) —— Dar(X©)

| !

C*
D(Xprost) —— D(XP).
By [Sch22, Proposition 27.1|, this induces a natural transformation
Dy"(—) = DR'(=9)
of functors of the form
Do : PSch? — CAlg(LinCaty).
Ideally, one would want to upgrade this to a natural transformation of 6-functor formalisms on
a geomeric setup of the form (PreStk, E'), where F is a set of edges containing the representable
ones and such that E¢ C Estd,
The first observation is that
(PreStk, &~ H(ESY)
is a geometric setup, since <> is compatible with finite limits and composition. Precomposition
gives a 6-functor formalism

Corr(PreStk, &~ H(ES)) — LinCaty (3.8)
X — D (X) (3.9)
(X« Z > Y] = DW(XY « 29 =5 Y?)), (3.10)

which we denote by DX.

Proposition 3.3.1. The restriction of DX along
PreStkP < Corr(PreStk, &1 (E))

fine
1s the right Kan extension of
D (=) : PSch®® — CAlg(LinCaty)

along the inclusion PSch®® < PreStk°P.
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Proof. Recall (see the discussion after Definition 2.1.5) that the functor ¢ is a left Kan-extension
of the functor
& PSch®® — AnStk, C AnPreStk

Spec(A) — Spec(A)?,
along PSch®® ¢ PreStk, and therefore it commutes with colimits in AnPreStk by [SAG, Propo-
sition 6.2.1.9]. Furthermore, the restriction of D}" may, in light of Theorem 3.2.2.(2), be viewed
as a right Kan extension of D¢ (—) along the embedding (Perf®)°P < AnStk°P. This simi-
larly gives that DX commutes with limits on PreStk°®. These facts (see [HTT, Lemma 5.1.5.5|)
identify DX as the right Kan extension along

CAlgP®! — PreStkP
of the functor
A — D (Spec A®).
By [HTT, Proposition 4.3.2.8], it suffices to show that
X = D(XY)
is also the right Kan extension along the inclusion
CAlgP®f — PSchoP.

From the definition of Kan extensions (see [HTT, Definition 4.3.2.2]) we must show that for

all X € PSch
DY(XY)~ lim DY (Spec AY)
Spec A—»X
is an equivalence. Since D}" is v-sheafy and commutes with limits in AnStkyP, it suffices to show
that
ligl Spec A® — X
Spec A—X

is an equivalence in the category of v-sheaves. But this follows from the fact that the {-
functor takes Zariski covers to v-covers. Indeed, as will be explained in Proposition 4.2.15
below, something stronger holds. O

Using Proposition 3.3.1, one can already construct a natural transformation
h
Do = DX,O

as functors from PreStk° with values in CAlg(LinCaty ). To construct foh = DX as a natural
transformation of 6-functor formalisms, we will construct an intermediary 6-functor formalism
in the spirit of Section 2.3.

Lemma 3.3.2. Let [f : X — Y] € PSch be a separated map of perfect schemes and let f< :
X = Y? be the induced map in vShy.

(1) If f is a closed immersion, then f© is a closed immersion.

(2) £° is separated and partially proper.

(8) If f is étale (resp. an open immersion), then f< is étale (resp. an open immersion).
Moreover, the left adjoints to f* and fO* (which we write as f, and fho) satisfy cy fy ~

fh cx-
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(4) If f € Epgy, then f© € E;iP .
(5) If f is perfectly proper, then f© is proper and the right adjoints to f* and f&* (which
we write as f. and Q) satisfy ey fe fﬁc}.

Proof. Note that property 1 readily implies the separatedness part of property 2. That f :
X® — Y? is partially proper follows directly from the definition. Verifying that a map of v-
sheaves is a closed immersion (resp. étale, resp. an open immersion) may be done v-locally on
the target by [Sch22, Proposition 10.11]. In particular, it suffices to show that these properties
hold for X xy¢ Spa(R, Rt) — Spa(R, R") as we range over a basis for the v-topology on
(AnStk,) syo. Therefore, we may restrict our attention to those maps Spa(R, RT) — Y with
Spa(R, R") a product of points as in [GIZ26, Definition 2.14]. We note that, for a product of
points, Y (R, R*) = Y¥»e(R, R"), and in particular we have a factorization

Spa(R, R*) — (Spec R)® — Y°.

Without loss of generality, we may assume Y = Spec R. To prove property 1, we observe that
if X — SpecR is a closed immersion corresponding to an ideal I C R, then X< X Spec(R)®
Spa(R, R*) — Spa(R, R") is the Zariski closed immersion (as in [Sch22, Definition 5.7]) corre-
sponding to the same ideal.

Property 3 follows from observing that, since R is a comb (see [GIZ26, Proposition 2.19]), every
¢étale map over S — Spec R admits a decomposition of the form S = [ J;c7 i — Spec R where
S; = Spec R[r%] for some r; € R. Since arbitrary unions of separated étale maps remain separated

étale, it suffices to show that X¢ — Y is an open immersion in the case Y = Spec A, and
X = Spec A[é] for some a € A. It follows from the definitions that, for any map Spa(R, RT) —
(Spec A)¢ from a perfectoid space, the base change X< Xy Spa(R, Rt) C Spa(R, R) is the
open subsheaf corresponding to the subset given by {x € Spa(R,R") | |f*(a)|, # 0}, which
implies the desired claim. The isomorphism on the second part of property 3 can be shown
by passing to geometric points Spa(C,Ct) — Y ¢, as pulling back along such geometric points
defines a conservative family. This reduces the comparison to the case in which ¥ = Spec C' an
algebraically closed field and X = J[,.7 SpecC, but here it is an explicit calculation (see also
[Sch22, Proposition 27.4]).

Let us prove property 4, we have already shown that the map is separated by property 2. By
[Man22b, Lemma 5.5 (1)], the property of being fdcs can be checked analytic locally on both
source and target. Therefore, we may assume that X and Y are affine. In this case, we can
factor f as X & A?}perf Y, YV with ¢ a closed immersion. We note that ¢< is also a closed
immersion from which it follows that it is fdcs. That my is fdcs is evident since its base change
by any affinoid perfectoid Spa(R, RT) — Y© is representable by the perfectoid affine space A%
over Spa(R, RT).

Let us prove property 5. We have seen that X¢ — Y is separated and partially proper,
so it suffices to show that the map is quasicompact. Quasicompactness is v-local by [Sch22,
Proposition 10.11], so we may assume Y is affine. Since the map X — Y is pfp we may use
Noetherian approximation to write X — Y as the base change of a pfp map Xy — Yy with a
pfp structure map Yy — *. By Chow’s lemma [Stacks, Tag 0200, 0201], we may find a perfectly
projective cover Zy — X such that Zy — Y is also a perfectly projective map. In particular,
we are reduced to showing that the maps Zé> — XOO and Z(? — YO<> are quasicompact. Indeed,
in this case Zé> — XS> is automatically v-surjective (see Proposition 4.2.15 below), which also
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shows that Xé> — Y0<> is quasicompact. Finally, dealing with perfectly projective maps splits
into closed immersions and the ]P’}:’perf — % case: the former is property 1 and the latter follows
from Lemma 4.2.3 and Remark 4.2.4 which we show below. The commutativity of pushforward

with ¢* is the content of [Sch22, Proposition 27.4]. O

Consider the posetal category P = {{an} — {sch}} containing two objects {sch} and {an},
and consider the geometric setup (PSchP, E;Dfp). Since c% is defined through a map of sites, we
obtain a functor

DY : (PSch”)°P — CAlg(LinCaty) (3.11)
D§ ((X,an)) := DY (X) (3.12)
DY ((X,sch)) := DM(X) (3.13)

satisfying D/C\* 0 insyy =~ DX and Df; 0 inSgep, ™~ foh. As in Example 2.3.1, the functor D/C\* is
simply encoding the natural transformation Dﬁ\ch = DX.

Recall that we have a suitable decomposition ng C E;ffp and I;)fp C E;Dfp. Using Lemma 3.3.2,
we apply Construction 2.2.20 in the form of Lemma 2.3.5 to obtain a 6-functor formalism

D : (PSch”, EJL,) — LinCaty.

Proposition 3.3.3. The map < : PSch — vShv induces a morphism of geometric setups
(PSch, Epg,) — (vShv, Egb ).

Moreover, we have natural equivalences

(1) DY oinsay =~ DY

(2) DY o insgen =~ DSE
of 6-functor formalisms on (PSch, Epg,). In particular, we obtain a morphism of 6-functor
formalisms

D = DY

on (PSch, Epgp).
Proof. The first statement was shown in Lemma 3.3.2. Let us recall how these 6-functor for-
malisms got constructed. Observe that

(1) D™ ~ LZ(PSch, Eppy, Potp, I, DiFR) by construction,

* P
(2) Df ~ LZ(PSch”, ElL PR
(3) but D1<\> was not obtained directly by the Liu-Zheng construction.

1P, DSTA) also by construction,

Using Corollary 2.2.27, we see that
DY oinsgn ~ LZ(PSch”, EFL PR 17 Df ) o insen
~ LZ(PSch, Eygy, Pytp, I, D © inseep)
~ LZ(PSch, Eptp, Potp, I, DifR)
~ D§h
Similarly, D}:\* o insan ~ LZ(PSch, Epty, Posp, 1 D&A), and we wish to show that

D ~ LZ(PSch, Epgy, Posys I, DG ).
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It is not at all obvious to show this by hand, however, the characterization of the Liu—Zheng
construction given in Theorem 2.2.25 shows this. Indeed, the result follows by combining The-
orem 2.2.25 with the following key facts that follow from Theorem 3.2.2 and Lemma 3.3.2.

(1) Both theories take Py, to cohomologically proper maps.

(2) Both theories take I to cohomologically étale maps.

(3) By definition DIC;O o insay ™~ DXO. O

Using Proposition 4.2.16.(5) and Theorem 3.1.9, we apply Construction 2.2.29 in the form of
Proposition 2.3.8 to obtain an extended 6-functor formalism

DY : (SchStk, (Ey)”) — LinCaty.

As usual, one can run the descent machinery (Construction 2.2.34) to obtain a 6-functor formal-
ism on the !-able hull of Df;

DY : Corr(SchStk%, (EZ’JfP)DK*v!) — LinCatjy.

One is naturally lead to the following question.
Question 3.3.4. How do Df\* oins,, and DX compare as 6-functor formalisms?

As we have warned the reader throughout §2.3, a key subtlety is that it is not automatic that
<>(ED?\ch7!) C Epsn 1. The intersection

E' = Epsen N O~ (Epany),

makes (SchStkg, F') into a geometric setup on which both D/C\* o ins,, and DX are defined.
Nevertheless, since E’ was not directly constructed by extension procedures, it is not very clear
if the morphism of geometric setups

(PSCh, Epfp) — (SChStkét, El)

enjoys a “uniqueness of the extension” property, which makes it very subtle to understand to what
extent Df\* o ins,, and fo agree. This will force us to restrict the £’ that we consider in order
to ensure uniqueness of the extension. This also leads to the observation that < might not be
what we should consider for our purposes. Actually, it is not even clear to us if Q(E;?E ) € Epan)
holds or not. For this reason, it becomes technically more convenient to make the following two

changes.
(1) Instead of working with all of EDichJ, we work instead with the standard !-able maps
E% (as in Definition 2.3.18 and Definition 3.1.17). Actually, as we will see, we work

with the variant from Proposition 2.3.22.
(2) Instead of working with AnStk, we work with AnStkpes (see §3.2.2).

We consider the proétale version of ,
Oprost : PreStk — AnStkpross .-
It may be constructed by the formula (—)pross © Cpre, Where (—)pross denotes sheafification for

the proétale topology. We may follow the construction of ’Df\* and ’DX , replacing the v-topology
with the proétale topology to obtain a 6-functor formalisms

Df\"“’ét : Corr(SchStky, (E;?E)P) — LinCaty.
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and
D™ : Corr(SchStker, ) — LinCaty.
We have the following extension'? of Proposition 3.3.3 to stacks.
Proposition 3.3.5. The map $progt @ SchStkey — AnStkproet induces a morphism of geometric
setups
(SchStke, EXSP) = (AnStkproer, EEP).
Moreover, we have natural and unique equivalences
(1) ng’“’ét 0 insay o~ Dfpmét
(2) DF™ o insyg, = D
of 6-functor formalisms on (SChStkét,E;?g), extending the 6-functor formalism from Proposi-

tion 3.5.5.

Proof. We first note that one has a map of geometric setups
(PSCh, Epfp) — (AnStkprOét, Eﬁg(lz)ss)‘

that factors through the map (vShv, Efib ) — (AnStkproet, Egyn,) of geometric setups, by com-
bining Proposition 3.3.3 with the observation that the analytic sheafification of X ¢pr is already
a v-sheaf, as in the discussion after Definition 2.1.5. In particular, Proposition 3.3.3 gives us the
claim on (PSch, Epgp).

The second step is to show that $prost(Erg-) C Efr(?gss. This part of the argument requires us

pip
to work with AnStkp,e¢ instead of AnStk,. Fix X,Y € SchStke and a map f: X — Y in E;‘ES.
Let T € sLocSptl be a separated locally spatial diamond with a map T — Y ¥preét and let
S = X<>proét ><Y<>proét T.

By construction S is a proétale stack, and we wish to show that it is a separated locally spatial
diamond for which the map S — T is fdcss. Since X ¥proet — Y ¥proct ig partially proper by
construction, (local) compactifiability and separatedness of S over 7' is automatic. The condition
on the finiteness of transcendence degrees may be tested on geometric points of 7. Moreover,
every Spa(C,C*) point of Y ¥proét factors as

Sl:)a((j7 C+) — (Spec C)Oproét — Y<>proét’

since every proétale cover of Spa(C,C") admits a section. In particular, the condition on finite
transcendence degree reduces to the case where f is a pfp map of perfect schemes which was
explained above.

We now show that S is a locally spatial diamond, which, using [Sch22, Proposition 13.4 (ii)],
will tell us that the map S — T is representable in locally spatial diamonds, as desired.

This easily reduces to the case in which T is itself spatial, and by Proposition 3.2.6 we may
even assume that T = Spa(R, R") for a strictly totally disconnected space. By definition of
Oproct, there is a proétale cover 7" — T such that the induced map 77 — Y Ovroét factors as

T/ - (Spec A)Qproét — Y<>pr0ét'

12Recall that the analytic sheafification of {pr. applied to perfect schemes is already a v and hence a proetale
sheaf, as in the discussion after Definition 2.1.5.
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By Proposition 3.2.6, we may show instead that S’ = S xp T" is locally spatial. If we let
Z = X Xy Spec A, then

I 0 roé /

S — Z proét X(SpeCA)Oproét T N

That S’ is a locally spatial diamond now follows from the pfp case explained above. This finishes
the second step, and finishes showing the first claim.

The second claim can be easily reduced to a pfp map of perfect schemes using the uniqueness
part of Construction 2.2.32. O

We can run descent again (Construction 2.2.34) to obtain a 6-functor formalism on the !-able
hull of D/ Corost

D™ : Corr(SchStk%, (EF,) ) = LinCaty,

cproét |
A ”
but we will still run into a similar question to Question 3.3.4.
It works better to use Proposition 2.3.25 to obtain a 6-functor formalism
D% : Corr(SchStk%, (E5)P) — LinCat .
but even if we do this, it is still not clear if {prost(ES tdy € pstd - To resolve this, we define a

sch proét "
class of -analytifiable maps.

Definition 3.3.6. Let F' := Estd ) denote the set of maps in SchStke. We let B} =

proet ( proét

Els)tsdCh SF! denote the set of edges obtained from Proposition 2.3.22. If f € E%} we call it
I analytlﬁable.
By construction, F eﬁ C E™ C B O ot (E2D) C E;ﬁ‘iet, and (SchStkeg, £2% ) is a geomet-

ric setup. Crucially, we have the following statement.

Proposition 3.3.7. There is a unique equivalence

c* 6% <> .
proét . proét
D), o insay ~ Dy ,

of 6-functor formalisms on Corr(SchStkey, E%} ), extending the equivalence of Proposition 3.3.5.
Proof. The uniqueness of the extension is part of the statement in Proposition 2.3.22. (]

Remark 3.3.8. Although EZ} is fairly abstractly defined, it contains all the standard fine maps
of Definition 2.3.13, and consequently all the Artin maps of Definition 2.3.15. For most practical
purposes, it suffices to consider these.

As usual, we may precompose along the map PreStk — SchStke; and redefine EZ; as the
pullback of the previously defined version. Let us summarize our findings. The technical version
of Theorem 3.3.9 is Proposition 3.3.7.

Theorem 3.3.9. Fiz X € PreStk and a map [f : X1 — X2o] € PreStk. Then we have constructed
an analytification functor

Y DRM(X) = DR (X Ormost) = DRN(XY),
and a class of edges B2} with Epg, C Fgne € B2 C E3 that satisfy the following.

sch
(1) ¢& : DX(X) — DRroet(X Oproét) o~ DAV XY is a fully faithful morphism in LinCaty.
(2) cx, o f* ~ fOproct:* o Cx, satisfying higher coherences.
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<>proét - - -

(3) frocx, s~ Cxyn0 fi , satisfying higher coherences.
(4) If f € E? | then f and fOvrét are !-able and

sch’

<>proét * *
/i OCXIECXQOf!

satisfying higher coherences.
(5) The functor $proet together with the family of functors {cy }ye(presti)
morphism of the 2-categories of kernels

x Organize mto a

’Cva?fh — ’CXOproét ,DXrOét .

(6) If f € E™, then c}l(SuaveﬁDich(Xl)) - Suavefopmétplp\mét(Xfproét)' Moreover, for

sch’

A € Suavey peh (X1) we have a canonical identification
* ~ *
CX1]D)X1/X2,'D§\C}‘ (A) - ]D)Xloproét /X2<>proét7,D1p{roét chA‘

(7) If f € E® and f is D3 -suave (resp. D3P -smooth, resp. DSt -unipotent), then fOprost

sch»
. proét proét proét .
is Dy " -suave (resp. Dy " -smooth, resp. Dy~ -unipotent).

Proof. Everything follows from the above discussion, where we note that we implicitly used
Corollary 2.3.7 for points (5)-(7). O

An annoying feature of our setup is that we have deviated from the usual practices in the
literature of working with AnStk, in order to define analytification. This motivates the following
definition.

Definition 3.3.10. We say that X € SchStke; is resilient if the natural map X Ovroét — X
is an equivalence. Alternatively, {1 (AnStk,) C SchStke; is the full subcategory of resilient

proét

étale stacks. We denote this category by resSchStke;.
Proposition 3.3.11. There is a morphism of 6-functor formalisms
Dyt = DY
on Corr(resSchStke, £23 ), extending the one from Proposition 3.3.3.
Proof. In Proposition 3.3.7, we have explained that we have a morphism of 6-functor formalisms
Dich - D/<\>proét

on Corr(SchStke, E£2} ), that uniquely extends the one from Proposition 3.3.3. We may restrict
this along the inclusion (resSchStkey, E2% ) < (SchStke, EZ5 ) to obtain a morphism of 6-functor
formalisms

DRCh = D/<\>proét
on Corr(yesSchStkgy, E;ﬁl) It then suffices to construct an equivalence of 6-functor formalisms
DYt~ DY (3.14)
on Corr (esSchStke, E;"Cl}l) As we explained in Proposition 3.2.12, we have an equivalence

DR ~ pin (3.15)
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of 6-functor formalisms on (AnStk,, E;tr‘éét). But, by Definition 3.3.10 and Definition 3.3.6, we
have a map of geometric setups

& (resSChStk, E:flh) — (AnStkU, Estd )

proét

Moreover, both Dfpmét and DI? are respectively obtained from DXrOét and D}" by precomposing
with this map of geometric setups. In particular, the equivalence from (3.15) can be used to
construct the equivalence of (3.14). O

We can restate Theorem 3.3.9 in terms of {, as long as we restrict to resilient stacks.

Theorem 3.3.12. Fiz X € ¢sSchStky and a map [f : X1 — Xo] € 1esSchStky;. Then we have
constructed an analytification functor
ck : DRM(X) = DRU(XO),

satisfying the following.

(1) ¢ : DSP(X) — DX is a fully faithful morphism in LinCaty.

(2) ¢k o f"~ fO*o Cx,» satisfying higher coherences.

(3) frocx, s« Cxyu 0 £, satisfying higher coherences.

(4) If f € E? | then f and f© are-able and

sch’
o * . ok
f! OCX1 - CXQ Of!
satisfying higher coherences.

(5) The functor & together with the family of functors {cy }y e(,eSchStke,)
morphism of the 2-categories of kernels

/x Organize mito a

,CX,DRC}I — ,CXQ ’Din .

(6) If f € E%}, then c}l(Suavef,Dich(Xl)) C Suaveyo pan (X?). Moreover, for A € Suave f psc (X1)
we have a canonical identification

* ~ *
CX1DX1/X2,Df\°h (A) ~ DX?/XQO,DXDCXlA'

(7) If f € E2% | and f is D?fh-suave (resp. foh—smooth, resp. D?fh—umpotent), then f< is

sch?
D" -suave (resp. Dy"-smooth, resp. Di"-unipotent).

Proof. This is a reformulation of Proposition 3.3.11, where we have used Corollary 2.3.7 for

points (5)-(7). O

In what follows, we show a lemma stating that many étale stacks that one cares about are
resilient. These examples will suffice for our purposes.

Lemma 3.3.13. The following statements hold.

(1) If X € PSch, then X is resilient.

(2) If [f : Y — X]| € SchStkes, is a map such that X € ,sSchStkg and for every strictly
totally disconnected Spa(R, R") the base change X Vvroct X 30 procs SPA(R, R™) is a v-sheaf
of anima, then Y € osSchStk;.

(3) If [f 1 Y — X] € SchStkes, is a map such that X € 1sSchStke, and for every strictly to-
tally disconnected Spa(R, RT) the base change X Vproet x Spa(R, R*) is a diamond,
then Y € esSchStky;.

proét

Yoproét
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(4) If [f : Y — X]| € SchStkg; such that X € yesSchStky; and such that for every Spec A €
PSch®® the base change Y x x Spec A € ,0sSchStke, is resilient, then Y is resilient.

(5) If Y — X is in E;?E and X 1is resilient, then Y s resilient.

(6) For any linear algebraic group G over k, BeG is resilient.

(7) For K a profinite group, we have that Be,g K is resilient.

Proof. Point (1) follows from the fact that, for a perfect scheme X, the sheafification of X “vre
with respect to the analytic topology on Spa(R, RT) is already a v-sheaf, as explained in the
discussion proceeding Definition 2.1.5. In particular, we have that X ¥proet = X<,

For point (2), we contemplate the map Y Orroét — Y9 and we wish to show it is an equiv-
alence. We may regard both as proétale sheaves. In particular, it suffices to show that
Y Oreroit (R, RY) — Y©(R,RT) on a basis for the proétale topology. By Proposition 3.2.6, the
strictly totally disconnected spaces form a basis for the proétale topology. Note that since X is
resilient, we have a commutative diagram of proétale sheaves

Y<>proét [ YO

~ |

X<>proét

We may instead show that
Y Oproct Xyo Spa(R,RT) — Y x xo Spa(R, R)

proét

is an equivalence on Spa(R, R*)-valued points. But by assumption, Y Oproet x o Spa(R, R™)

roét
is a v-sheaf of anima, so the claim follows. Point (3) follows from Point (2) and [Sch22, Propo-
sition 11.9].

For point (4), we want to verify that the hypothesis of point (2) hold. In other words, We
want to show that for any strictly totally disconnected space and a map Spa(R, R*) — X©,
Y Qproét x v Spa(R, RT) is a v-sheaf. The claim is clear if the map Spa(R, RT) — X factors
through a map f< : (Spec A)<> — X<, But this always holds proétale-locally. More precisely, let
Spa(Rg, R§) — Spa(R, R™) be a proétale cover for which the induced map Spa(Ry, Rg ) factors

through some affine Spec A® — X, as above. Let Spa(Rs, RY) denote the Cech nerve. We
consider the following commutative diagram in AnStkp.¢; with Cartesian squares

Y<>proét X xo Spa(R.7 Rj‘) *}9. Y<> X x< Spa(R.7 Rj_) —_— Spa(Ro7 Rj_)

! ! |

Y<>proét Y<> N X<>

From the hypothesis it follows that for all n € A
Y rroit x o Spa(Rn, RfY) 2 Y9 X yo Spa(Rn, R;)
is an equivalence. Since AnStk,o¢; is a topos, colimits are universal and we can conclude that
colimy,caop B, 1 YOt x o Spa(R, RY) = Y x yo Spa(R, RT)

is also an equivalence as we wanted to show.
Point (5) follows from Point (4) and Point (1).



72 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

For Point (6), we choose a closed embedding G — GL,,, which induces a representable map
BétG — ]BétGLn,

and, by point (2) this allows us to assume that G = GL,. To check that (BeGL,)¢rroct satisfies
v-descent it suffices to do so on a basis for the proétale topology on Perf®. In particular, we
may do this on affinoid perfectoid spaces, where it reduces to v-descent for vector bundles on
perfectoid spaces (|[SW20, Lemma 17.1.8, Theorem 5.2.8]).

For point (7), we first observe that (Bg,qe ) ¥rroet = [/ K]0 Indeed, recall that (Beyqek) ~
(Bprotet I) where profét denotes the pro-finite étale topology (see [Zhu25b, Remark 10.113]). In
particular, their proétale sheafification will also agree. Now, for any strictly totally disconnected
Spa(R,R"), and any T € (Bpofet /) (Spec R), T is isomorphic to the trivial torsor. Indeed, it
suffices to find a section to 7 — Spec R. This section may be constructed as in the proof of
[G1Z26, Proposition 2.20|. Indeed, for all € my(Spec R) the corresponding connected closed
subscheme is of the form Spec R, with R, a strictly henselian local ring by [KL.13, Lemma 2.4.17|.
In particular, each Spec R, splits every finite étale map, and by Noetherian approximation this
splitting spreads to an open neighborhood of z € my(Spec R). Finally, we must show that
[*/K]proct, is already a v-sheaf, or equivalently that, for every Spa(R,R") € Perf*® | the map of
groupoids

[*/K]proét(R> R+) — [/ K]y (R, R+)

is an equivalence. The map is clearly fully-faithful and the essential image consists of the
K-torsors for the v-topology that are proétale locally trivial. Let 7 € [x/K|,(R,R"), we
observe that the map 7 — Spa(R, R™) is a proétale map that is also surjective. Indeed, since
Spa(R, RT) is strictly totally disconnected, proétale and quasi-proétale are the same (see [Sch22,
Definition 10.1]), and quasi-proétaleness of a map is v-local on the target (see [Sch22, Proposition
10.11.(v)]). Since T — Spa(R, R™) is proétale, and the pullback of any torsor to itself trivializes
the torsor, we see that T € [*/K]proct (R, RT), as we wanted to show. O

We finish this section with a statement that explains why the proétale topology and the 6-

functor formalism DRrOét will be a technically convenient tool even if our main interest is studying
Dan.
A

Proposition 3.3.14. Let X 06t, Yprosts Zprost € AnStkproey with maps forost @ Xprost — Yproét

and g : Zprost — Yprost such that gprost € E;trgét 18 Dimét—suave. Let X,Y,Z and f,g denote the

respective v-sheafification. Consider a Cartesian diagram
W —— Z

ol
x 1.y

Then, for every A € D*(X), the natural map is an equivalence
g fA > flg* A

Proof. Consider the proétale version
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!
proét

Wproét — Zproét

lg, lgproét

f proét
X proét Yproét .

This diagram satisfies base-change against x-pushforward, by [HM24, Lemma 4.5.13 (i)]. But

since the two formalisms agree for x-pullback (i.e., Dxrgét ~ D%}O) the base-change property also

proét

holds for Df". Indeed, the *-pushfoward can be recovered purely from Dy o ~ D, by passing
to right adjoints. O

4. COMPUTING ANALYTIFICATION

Soft preamble to the section: After a formal but lengthy dévisage, that W is an equivalence
ultimately boils down to rather concrete computations. Some of this computations are closely
related to the same ideas that placid geometry is founded on. In a sense, this section is the tech-
nical backbone to justifying that one can can still do placid geometry in the analytic context
after finding suitable hypothesis. This section is technically intricate, but it is also a technical
pillar for our argument.

Technical preamble to the section:

§4.1 Reaps the benefits of our work in §3 and §2. Indeed, framing analytification as a 6-functor
formalism gives plenty of commutativities for free, which we record in this section.

§4.2 Recalls the three analytification constructions ¢, 7, ¢, and how they interact with one
another under properness assumptions (see Lemmas 4.2.2 and 4.2.3). We also discuss
how each of these functors induce a topology on the category of schemes, and relate these
topologies with more classical ones. For our purposes, the most relevant part is that all
of these functors are compatible with the étale topology (see Proposition 4.2.16).

§4.3 Explains why under finiteness assumptions ¢pro¢t preserves suave maps. This does not
follow from the 6-functor formalism, instead it is the observation that for a scheme X
perfectly finitely presented over k, the natural map X° C X< is an open immersion,
and that suaveness still passes to the stacky setup. This plays and important role when
attempting to apply the techniques of §4.5.

§4.4 As it was observed in [GIZ26], the stack of analytic shtukas can be obtained from the
schematic one via the f-construction. The {-construction does not preserve smooth or
suave maps, which precludes the possibility of doing placid geometry directly on Shtg".
In this subsection, we introduce a technique that we call overconvergent replacement,
which captures at a technical level the observation that X° and X only differ on higher
rank points. In particular, computations with overconvergent sheaves on each of the
setups should yield the same result. The advantage is that by our work in §4.3, the X°
version is more responsive to placid-geometrical techniques.

§4.5 Discusses pro-unipotent base change in the analytic setup. The main point is that, in
the analytic setup, qcgs assumptions are more crucial than in the schematic one. This
section together with §4.3 and §4.4 form the core techniques that play the role of placid
geometry, but in the analytic setup.
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4.1. 6-functor formalism computations. Our first observation is that since analytification
can be thought of as a 6-functor formalism, one can use formal properties of general 6-functor
formalisms to perform some computations.

Proposition 4.1.1. Suppose that X € PSchP®, let [f : X — «] denote the structure map, then
any A € Deons(X) is f-suave. More precisely, the natural fully faithful maps

Deons(X) < Suave FDeons (X) = Suave £.5h0(X)
are equivalences.

Proof. The equivalence
Deons(X) <= Suaveyp,,,. (X)
is the (i) <= (it) part of [HS23, Theorem 4.4]. The equivalence

Suavey,p,,,. (X) = Suave s spy(X)

is the content of [HS23, Proposition 3.4.(iii)]. Strictly speaking, the reference works with finitely
presented maps, but one can easily resolve this by choosing a finitely presented deperfection
Xy — Speck, and recalling that X¢ ~ (Xo)ét canonically. O

We now want to extend this to a larger class of stacks. Recall our notion of schematic Artin
prestacks from Definition 3.1.20.

Proposition 4.1.2. Let X € PreStk™™ be a schematic Artin pre-stack with structure map
f:X =%, and let A € Deons(X). Then, the image of A in Shv(X) (respectively in D3 (X)) is
f-suave. Moreover, Dx(A) € Deons(X).

Proof. By definition of PreStk*™ we may find an étale surjective and Shu-suave map [g: U —
X] e E;?g such that U — % € Ep. Since Sho is a sheaf for the étale topology by Proposi-
tion 3.1.10, g is a universal Shv*-cover, and by [HM24, Lemma 4.5.8 (i)| it suffices to verify that
g*A is f o g-suave. Since g*A € Deons(X), by Proposition 4.1.1, it is already (Shv, f o g)-suave
as we wanted to show.

For the second part, Dx(A) is the suave dual of A (see Proposition 2.2.13), so Dx(A) is also
f-suave. With notation as above, g*Dx (A) is (f o g)-suave, so by Proposition 4.1.1 ¢g*Dx (A) €
Deons(U). Finally, since constructibility can be checked on étale covers (even arc-covers) by
Theorem 3.1.8, we conclude Dx (A) € Deons(X). O

Proposition 4.1.3. Let X € PreStk™™" with structure map f : X — *. The following is true.
(1) We have that f € E23 .
(2) For A € Deons(X) C D5M(X), we have that ¢ (A) is fOproct_suave.
Proof. From the definitions it follows that f € ngn;, and by Remark 3.3.8 all standard fine
maps are l-analytifiable. The second claim follows from combining Theorem 3.3.9.(6) with
Proposition 4.1.2. O

By Theorem 3.3.9, we know that ¢* commutes in a higher-categorical way with *-pullback
and !-pushforward, since this is part of what a natural transformation of 6-functor formalisms
provides. On the other hand, from the 6-functor formalism structure and adjunction, one also
gets a lax-comparison with respect to *-pushforward and !-pullback. Nevertheless, one should
not expect the maps arising from the lax-structure to be equivalences outside of particular
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circumstances. We record some instances where the equivalence holds, and which will be key
for our purposes.

Proposition 4.1.4. Let X and Y be in PreStk™t. Consider f : X — Y a map such that
f € E¥. Then the following is true.

(1) If A € Deons(Y'), then the natural map
C*Xf!A—> fOproétv!c;A

s an equivalence.
(2) If one of the following conditions hold
(a) A € Deons(X) and fiDx(A) € Deons(Y),
(b) or A € Deons(X) and f € E;?g,
then the map
* <>pr0ét *
Cyf*A — f* CxA
s an equivalence.
Proof. First, we observe that since A is constructible, then f*Dy A is also constructible (see

Proposition 4.1.2). In particular, by Proposition 4.1.3.(2), we deduce that both objects are
suave over *. In particular, we may write

f'A~Dxf*DyA~SDxf*SDy A
using the suaveness of A and of f*Dy A. This shows that

A fPA~ ¢ SDx f*SDy A

~ D o5 SDy A
S S5 SDy A

~ DXoproét foprOét’*SDYOProét C;’A
~ f<>proét7!DYOProét SDy<>proét cy A

~ fOproétv!C;A.

Here we have repeatedly used the identification between suave duality and Verdier duality de-
scribed in Proposition 2.2.13. This finishes the proof of the first claim.

Similarly, we note that in (2) condition (b) implies condition (a), since fi preserves con-
structible sheaves when f € EP. as in (3.6). Since we assume that A and fiDxA are con-
structible, and by Proposition 4.1.3.(2) suave over *, we can write

f.A ~ Dy fiDx A ~ SDy fiSDy A.
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We can compute that
¢y f+A ~ cy-SDy fiSDx A

~ SDY<>proét ¢y fiSDx A

~ D0 f1 P i SDx A

> Dy 6 proes f!<>pr°étSDXOPWét cxA

~ ffproéthpmétD?(pmétC} A

~ ffpmétc;‘/A. O
4.2. On ¢, t, and . We now introduce some important variants of analytification, moving
beyond the functors < and e introduced in §2.1.3. Let X = Spec A be an affine scheme over

Speck. When considering the analytification of X it is natural to consider the following three
perfectoid presheaves X°, XT, X¢ . (Perfaﬂ)‘)p — Sets

X°:(R,R")~ X(SpecRT)={f|f: A— R"}
X":(R,RY) — X(SpecR°) = {f | f: A — R°}
X% :(R,RY) — X(SpecR) = {f | f: A— R},
where R° denotes the ring of power bounded elements.
It follows from [Sch22, Theorem 8.7] that all of the above functors are v-sheaves over Spd k. Al-

ternatively, recall that for a Huber pair (A, A") one can define a perfectoid prestack Spd(A, A™)
via the formula

Spd(A, AN [(R,RT)] = {f : (A,AT) = (R,R") | with f a map of Huber pairs}. (4.1)

Then X° = Spd(4, A) and X© = Spd(A,Emin) where A is endowed with the discrete topology
and k™ denotes the integral closure of k in A.

The functor XT is not representable by an adic space, but it can be characterized as the
smallest closed subsheaf of X containing X (see [Cle24, Definition 2.2, Proposition 2.25] and
also [G1726, Definition 2.5]). Alternatively, X is the canonical compactification of the structure
map X° — * in the sense of [Sch22, Proposition 18.6]. We have maps of v-sheaves

X© X, xt X, x0 (4.2)

induced from the natural inclusions of rings R™ C R° C R. We let dx : X° — X ¢ denote the
composition. For the reader’s convenience, we discuss a key example.

Example 4.2.1. Let X = AZ’perf denote the perfection of the n-dimensional affine line over k.
The functors in Equation (4.2) give rise to maps

¢ aAn,perf ¢ bAn,perf ¢
(Az,per )<> k (Az,per )T k (Az,per )<>
1 1 1 1
of v-sheaves. Consider the Huber pair (k[t!™ ,...,t5 | k[t]" ,...,t5 ]) equipped with the

1 1
discrete topology and write BY := Spd(k[tX™ ,... th |, k[t?™,...,th " ]) for the v-sheaf attached
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to it via (4.1). We see from the definition that

1 1

1 1 1 1
B} (R, RT) := {Huber pair maps f: (k[t?™ ,...,t5" | k[t? ,...,th ]) = (R, R")}.

The definition of maps of Huber pairs forces each t; to map to R, and since R™ is a perfect
k-algebra, the whole map is determined by the image of the #;. We see that B} represents the
functor
B : (R, RY) — (RT)",
so in particular we have an identification (AZ’perf)° ~ B}'. Moreover, we see that B} has the prop-
erty that, for any map Spd(R, R") — Spd(k), the base-change B} xgpq% Spd(R, RT) identifies
with
1 1 1 1

(BN = Spd(R(TY™ ..., T ), (TP ... T,
which is the diamond attached to the usual n-dimensional perfectoid closed unit ball Bz’perfd
over Spd(R, RT). Similarly, one can verify that Spd(k[t{%’o, ... ,tﬁ%], k) represents the functor
(AP (R.RY) o (R)",
and that the pullback of (A}"P")¢ — % to Spd(R, R") identifies with the diamond attached to
the perfectoid n-dimensional affine space
Az’perfd = U Spa(R<me1p%o, ... ,merf%o% R+<me1p%o, .. ,meT{’%»
m>0

over (R, R"), where @w € R° is a choice of pseudo-uniformizer. In particular, we see that the
natural map

n,perf\o n,perf
dAn,perf . (Ak‘ p ) — (Ak’ P )<>
k
is an open immersion.
,perfd

Finally, consider the closure ET]% of ngerfd within Agperfd. It is represented by the

following Huber pair
1 1

By = Spa(R(T7™ ..., T ), R™ny,
1 1
where R™n C R(T f’ = ..., TP is the smallest open bounded integrally closed subring contain-

ing RT™. We have inclusions (B} erfd)<> C (@z’perfd)<> - (A%perfd)<> as diamond over Spd(R, R™).

On points, we have that
B0 : (A, A7) = (4",
for all perfectoid Huber pairs (A4, A*) over (R, R*). The functor (A?)" has formula
(R, RT) = (R°)",
and therefore we deduce that the base change of (A?)T — x along Spd(R, RT) — * agrees with

(Eg’perfd)o, For this reason, we also denote (AZ’perf)T by EZ-

Lemma 4.2.2. Let X = Spec A with A € CAlgP®™. Then the following is true.

(1) The map dx : X° — X< is a qcgs pro-open monomorphism. If X € PSchP™ then dx is
an open 1Mmmersion.
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(2) The map ax : X° — X1 is a qcgs pro-open monomorphism, and induces a bijection on
rank one points. If X € PSchP™® then ax is an open immersion.
(8) The map bx : XT — X< is a closed immersion.

Proof. Let X = Spec A. For all a € A, we let X, C X be the quasicompact open subsheaf
with X, (R, R") C X (R, R") if the image of a in R lies in R*. More precisely, the choice a € A
gives a map X — (A,lf’perf)<> and X, by definition, fits in the following Cartesian diagram

Xy —— Bl

| !

X6 — (A,

where B}, = (A/,lﬁ’perf)<> is as in Example 4.2.1. As seen in this example, the map B} — (A/,lg’perf)<>
is a qcqs open map, since this is true after any base-change from Spd(k) to Spa(R, RT) € Perf?
Therefore, the same is true for X, — X<.

Clearly, we have X°® = NycaX,. For a finite set I C A, we let X7 = Nger Xy, then X°© =
NrcaXr is a presentation as a pro-open monomorphism. If A is pfp over Speck and I C A is
a finite set of generators of A as a perfect k-algebra, then X° = X; and thus X° — X© is an
open immersion in this case. This finishes the proof of the first claim.

Since X°® = X° x yo X the properties of ax follow from those of dy. It follows directly from
the definition that it induces a bijection of rank one points. This finishes the proof of the second
claim.

The map bx : XT — X< is clearly a monomorphism, so it is separated. Now, XT — Spdk
is qcgs by [Gle24, Lemma 2.26|, and therefore bx is qcgs. Moreover, bx is partially proper by
definition. In summary, we see that bx is a proper monomorphism; in other words, a closed
immersion. This finishes the proof of the third claim. O

One can extend the definition of ¢, { and { to prestacks X € PreStk by considering functors
X (R,RT) — X (Spec RT)
XTere (R RT) — X (Spec R°)
X¥re (R, RT) — X (SpecR).
These will give rise to perfectoid prestacks X°pre, Xtere and X ¥ere. Finally, given X € PreStk
we let X°, Xt and X denote the respective sheafifications. Formally, we simply took the left

Kan extension along the Yoneda embedding of the previously defined functors as in the following
diagram

PSch®f —Y 5 PreStk
| I
07T$<>
~
AnStk,.

We can of course sheafify instead with respect to the proétale topology which gives rise to
spaces X%proét | XTrrost and X Oproét . This gives a diagram

L oo
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PSch? —*— PreStk

|
<>,T7<>
~ L <>proét7Tpr0éta<>proét

Anstkproét .

Most of our reasoning will go through ¢, { and ¢, but we will occasionally need ¢p.o¢; and
Oprost to argue. Let us record the following useful statement comparing these functors when
applied to proper maps.

Lemma 4.2.3. Let f: X — Y be a proper morphism in (PreStk, E;?g
the following commutative diagram

X° xt X©
lfo lf’r lf@
ye° V8%

» YT

). Then all the squares in

are Cartesian.

Proof. As the functors o, T, { take values in v-sheaves, it suffices to replace them by the corre-
sponding presheaf-functors opre, Tpre, $pre and show that the diagram of presheaves is Cartesian
on a basis for the v-topology. We can test this on strict products of points S = Spa(R, RT), as
these form a basis for the v-topology, see |GIZ26, Definition 2.14, Remark 2.15|. For the right
hand square, this amounts to showing that any commuting square

SpecR —— X

I

Spec R°® —— Y

admits a unique commuting section Spec R° — X. Without loss of generality Y = Spec R°, so
we may assume X is a pfp proper scheme over Y, by the assumed representability of f. By
|G1Z26, Proposition 2.19| (and its proof), Spec R° is a strict comb and Spec R is an open subset
meeting each connected component. Thus, componentwise, the claim follows from the valuative
criterion of properness. For x € my(Spec R°), let RS be the local ring of Spec R° at the unique
closed point zo of x. It suffices to show that the unique section s;: Spec R, — X extends
to a section on a clopen neighboorhood of z. Replacing Y, and then X, by (any) affine open
containing the image of xy, we may assume that X = Spec B, Y = Spec A are affine. Then s,
corresponds to an A-algebra map B — Rj = colimgey Ry, where the colimit is taken over all
clopen z € V' C mp(Spec R). Moreover, replacing A — B by a deperfection, we may assume
that B is finitely presented over A. It then follow that there is some clopen neighboorhood
x € V C mp(Spec R°), such that B — RS factors through B — RY,, i.e., s, extends to the
preimage of V' in Spec R°, and we are done. The proof for the left square is the same, with
Spec R — Spec R° replaced by Spec R° — Spec RT. O

Remark 4.2.4. The particular case of Lemma 4.2.3 when Y = x = Speck simply says that
X = Xt = X© since by definition we are forcing ** = I = +® = Spd(k, k). Indeed, our
functors are only defined on perfectoid spaces over Spd(k, k). In particular, note that in this
case X° — x is also qcgs, by combining Lemma 4.2.3 with Proposition 4.2.15.
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Extracting the formal ingredients from the proof of Lemma 4.2.3, we arrive at the following
generalization.

Lemma 4.2.5. Let f: X — Y be a morphism of prestacks. Suppose that the following conditions
hold.

(1) f is relatively representable in Zariski sheaves of sets.
(2) f satisfies the valuative criterion of properness. In other words, for any valuation ring
V' with fraction field K the natural map

X(V)=Y(V) Xy (k) X (K)

18 an equivalence.
(3) f is a finitely presented map of functors. In other words, for every ring A and every
A-algebra B the natural map

colim X (B;) Xy (p,) Y (A) = X(B) xy(p) Y(A),

is an equivalence. Here B = colim B; s a presentation of B as a filtered colimit of
perfectly finitely presented A-algebras.

Then all the squares in the following commutative diagram
X Xt X©
lfQ lf* lfo
Yy© » Yt » YO

are Cartestan. In particular, this holds when f is relatively representable by perfectly finitely
presented and proper algebraic spaces.

We now discuss how the three functors interact with analytification.

4.2.1. Three analytification functors. As discussed in Theorem 3.3.9 and Theorem 3.3.12, given
X € PreStk, we get a fully faithful analytification functor

¢ : DYM(X) = DR(X) = DR (X). (4.3)
In what follows, we study the following variants obtained by composition
b = by ok : DYM(X) — DX (4.4)
and
g™ = d o ¢k : DYM(X) — DI (X0). (4.5)

The functor b}aﬂ will be key to our construction of the equivalence W. On the other hand, the
functors d}aﬂ will prove to be very useful to perform computations. The idea is roughly that we
can use properties of d}an to deduce properties of b}aﬂ using that analytification takes values
in overconvergent sheaves and that difference between by™ and dy™" on overconvergent sheaves
is immaterial.

Just as we organized Dei (X <>) into a functor
DY : PreStk°? — LinCatp,

it will be useful to do the same for the T and the ¢ constructions.
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Definition 4.2.6. We define functors,
D3 (-), DL (=), DY (=) : PSch*T°P — LinCat,
with formula
A — D (Spec(A)°), D (Spec(A)T) and D3 (Spec(A4)?)
respectively. We define
DS (-), Dh (=), DY (=) : PreStk® — LinCaty
as the right Kan extension along the Yoneda embedding of the functors above.

By definition, we have a tautological commutative diagram

(PSchffyop °To » AnStkoP
DY Dm %)‘\“ (-)
LinCatp

The following statement extends this to prestacks.

Proposition 4.2.7. We have a commutative diagram of the following form

PreStk°P o0 > AnStk;P
25 Dm A
LinCaty.

Proof. For 7 € {¢,1,{}, we need to show that there exists a natural equivalence of the form

Di(=) = DR ((-)").
We observe that all of the functors D§" : AnStk,? — LinCat,, D})\ : PreStk®°®? — LinCaty and
()" : PreStk°® — AnStk% preserve limits. Indeed, (—)” and D} are obtained as a right Kan ex-
tension of the Yoneda embedding (PSch®")°P C PreStk°P, so [HTT, Lemma 5.1.5.5.(1)] applies.
On the other hand, D}" satisfies v-descent and can be regarded as a right Kan extension along the
Yoneda embedding (Perfaﬁ)"p C AnPreStk°® which happens to factor through v-sheafification
AnPreStk°® — AnStkiP (see Remark 3.2.4). In particular, [HTT, Lemma 5.1.5.5.(1)] applies
again. Since both D} (—) and D3*((—)") commute with limits, by [HHTT, Theorem 5.1.5.6], it suf-
fices to construct an equivalence of functors after restricting to PSch®®, but on this subcategory
the functors agree by definition. O

A consequence of Proposition 4.2.7 is that we get natural transformations of functors on
PreStk°? with values in CAlg(LinCat, )

Dt S p¢ LS pl s (4.6)

where the first natural transformation is as in Theorem 3.3.9, and the other natural transfor-
mations come via pulling back along the natural maps X° X xf 13 X, As above, we let
bzﬁ’_a)n = b’(k_) o c’(k_) and d?’_a)n = a’(k_) o b’("_) o c’(k_).

Proposition 4.2.8. For all X € PreStk, the maps %, by™ and dy™ are fully faithful.
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Proof. Since every X € PreStk is a colimit of representables objects and limits of fully faithful
functors are again fully faithful, we may assume that X = Spec A by using Proposition 4.2.7. In
this case, the claim for ¢’ is [Sch22, Proposition 27.2]. The claim for dy™" is |[GL25, Proposition
4.2]. Finally, the claim for b3™ follows from [GL25, Lemma 4.1]. 0

4.2.2. Descent properties. Recall that D%h(—) satisfies schematic v-descent. This is not at all
clear (and might actually fail) for DX(—). Indeed, as explained in [AGLR22, Example A.3] the
functor (—)¢ does not preserve v-covers. This motivates the following definition.

Definition 4.2.9. Given a family of maps of affine schemes {X; — Y };c7, we say that it is a

{-cover if the map
[Ix°—ve
i€l
is v-surjective. The {-topology is the topology on PSch®! that is generated by {-covers.

Remark 4.2.10. Analogously to Definition 4.2.9, one can define the ¢-topology and the -
topology. Nevertheless, by Proposition 4.2.11 and Proposition 4.2.12 we simply recover the
schematic v-topology and the arc-topology respectively.

Proposition 4.2.11. Let f : X — Y be a map of perfect affine schemes. The following are
equivalent.

(1) f: X =Y is a schematic v-cover.
(2) |f°] | X°| — |Y°| is surjective.
(3) f¢: X°® — Y? is v-surjective.

Proof. This follows from the proof of [Gle24, Proposition 3.7]. O

Proposition 4.2.12. Let f : X — Y be a map of perfect affine schemes. The following are
equivalent.

(1) f: X =Y is an arc-cover.
(2) |fT] 2 | XT| = |YT| is surjective.
(3) f1: XT = Y1 is v-surjective.

Proof. By [Gle24, Lemma 2.26] and [Sch22, Lemma 12.11], (2) and (3) are equivalent.

We now show the equivalence of (1) and (2). Let X = Spec A and let Y = Spec B. We
note that X — Y is an arc-cover in the sense of [BM21, Definition 1.2] if and only if every
map Spec(V) — Y from a rank 1 valuation ring lifts to Spec(W) — X for some choice of
rank 1 valuation ring W over V, such that V' — W is an extension of valuation rings (i.e.,
a faithfully flat map V' — W). We may restrict our attention to absolutely integrally closed
valuation rings, which we may further assume to be complete, since the completion V — V is
an integral extension of valuation rings whenever V' is of rank 1. Write Ky for Frac(V') and
Ky for Frac(W). Endowing V and W with their adic topologies, we get algebraically closed
perfectoid fields (Ky, V') and (Kw, W) and we see that we have an identification

YKy, V) =Y (V) and XT(Ky, W) = X(W).

Let us show the implication (1) == (2). Since X — YT is partially proper, the map is
specializing and it suffices to show surjectivity on rank 1 points. Any rank 1 point y €| YT | is
represented by a map of the form Spa(Cy,O¢,) — YT, which we may interpret as a map of the
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form Spec O¢, — Y. By (1) and our considerations above, we may find an extension of complete
rank 1 valuation ring O¢, — O¢, and a map Spec O¢, — X lifting the map SpecO¢, — Y.
This constructs a map of the form Spa(Cs, O¢,) — X1 lifting Spa(C1,O¢,) — Y.

Conversely, if | XT |—| YT | is surjective, the corresponding map at the level of rank 1 points
is also surjective. A map of the form SpecV — Y with V' complete and having algebraically
closed field, produces a geometric point Spa(Ky,V) — YT. By the assumed surjectivity, we
may find a geometric point Spa(Ky, W) — X1 lifting Spa(Ky,V) — Y1, which produces an
extension of valuation rings V' — W and a map Spec W — X lifting SpecV — Y. O

Proposition 4.2.13. If f : X — Y is a map of affine schemes and it is a {-cover, then it is
an arc-cover.

Proof. Let X = Spec A and Y = Spec B. Without loss of generality B = V is a rank one
valuation ring with pseudo-uniformizer m € V. Let A; and A, denote the perfection of A/m
and A[%], respectively. Suppose that X — Y is not an arc-cover, then Spec 4, C Spec A
is a constructible open subset which is also stable under specialization, which implies that
Spec A, C Spec A is closed in the Zariski topology. This gives Spec As ][ Spec A,, = Spec A and
f factors through a map X — Spec V[£] [ Spec(V/m)Pef. Let Z = Spec V[L] [ Spec(V/m)Per,
it suffices to show that g : Z — Y is not a {-cover. Since ¢ is a monomorphism ¢¢ is also a
monomorphism, if g was a <> cover then ¢© would be an isomorphism, but Z< has two connected
components while Y has one. O

We warn the reader that the {>-topology is not finitary in contrast to the arc- and v-topologies
on perfect schemes. For this reason, we consider the following variant of Definition 4.2.9.

Definition 4.2.14. We define the $fi-topology on PSch*? to be the finitary topology generated
by maps f: X — Y in PSch*® such that f is a {-cover as in Definition 4.2.9.

As it turns out, there are {>-covers that are not schematic v-covers (see Appendix A). This is
intimately related to the failure of the {-topology to be finitary. Similarly, there exist maps of
affine schemes which are schematic v-covers (or ¢-covers) but are not {»-covers, see [AGLR22,
Example A.3]. To remedy this, we recall that a map X — Y in PSch? is an h-cover if it is pfp
and a v-cover then we have the following.

Proposition 4.2.15. If X — Y € PSch™® is an h-cover then it is also a {-cover. In particular,
étale covers are {>-covers.

Proof. This is the content of [AGLR22, Lemma A.2] or [Gle24, Proposition 5.4]. O

For each of 7 € {{, O, v, arc, h,ét} we consider the subcategory SchStk, C PreStk of
T-sheaves. We summarize the relationship between the different topologies described above
with the following diagram in which each of the arrows are inclusions that admit a left-adjoint
(sheafification).
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T

(SchStk)arc (SchStk), —— (SchStk)

\( /

SchStk),

These considerations and the fact that D}" satisfies analytic v-descent (Remark 3.2.4) has the
following consequence.

Proposition 4.2.16. Consider DS, D/T\, DX as functors on PreStk with values in LinCaty.
Then the following statements hold.

(1) DS, is a v-sheaf, so it factors through (SchStk),.

(2) DR(—) is an arc-sheaf, so it factors through (SchStk)arc.

(3) DX(—) is a {-sheaf so it factors through (SchStk).

(4) The 8 functors considered above are h-sheaves, so they all factor through (SchStk)y.

(5) The 8 functors considered above are étale sheaves, so they all factor through (SchStk)es.

Proof. For the restriction of the functors to (PSch®T)%P < PreStk°P, the desired claim was
discussed above. To deduce the factorization of the map PreStk°® — CAlg(LinCaty) through
sheafification PreStk°® — SchStk?” if suffices to recall [SAG, Proposition 1.3.1.7]. Indeed, by
[HT'T, Proposition 5.5.4.20] forming categories of limit preserving functors gives a fully faithful
embedding

Fun((SchStk,)°P, CAlg(LinCaty)) — Fun®(PreStkP, CAlg(LinCaty)).
Moreover, by Yoneda [HTT, Theorem 5.1.5.6] we have an equivalence
Fun®(PreStk°P, CAlg(LinCaty)) ~ Fun(PSch®®, CAlg(LinCat,)).
This gives overall a fully faithful embedding
Fun®((SchStk,)°P, CAlg(LinCaty)) — Fun(PSch®®, CAlg(LinCat,)),
and [SAG, Proposition 1.3.1.7] identifies the essential image. O

Remark 4.2.17. At this point we should emphasize that if we are given a presentation of a
quotient stack Y = [X/G] € PreStk, and we wish to compute DX(Y), it is cardinal to clarify
if there was a sheafification process involved in the definition of Y. Indeed, if Y,, denotes the
schematic v-sheafification of Y, then there is no reason to expect that D/<\> (Y) should agree with

DY (Ys).

4.3. Computing d% for Artin stacks. In contrast with { and $pro¢t, the analytification
functors ¢ and 1 do not behave correctly with respect to fi and do not give rise to morphisms of
6-functor formalisms. In particular, it is no longer automatic that the functors ¢ and 1 preserve
suave maps. For example, the open immersion G%erf — APt bhecomes a closed immersion
GRehT y ALperftf and this latter morphism is certainly not Di"-suave. In what follows, we will
show that, under finiteness assumptions, the o, .¢-functor preserves suave maps.
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Lemma 4.3.1. Suppose that we have a map [f : X — Y] € (PreStk,E;?E) and that it is

. . Wl 6t
D5t -suave, then [foproét : X Oproét — Y %prost] 45 DR suque.

Proof. We have to show that fépreét is l-able for DRrOét, and that it is DXrOét—suave, we start
with a reduction step. We claim that we have foroet € EiP . Since Efqess is proétale local
(see Proposition 3.2.7), and proétale locally every locally spatial diamond is a disjoint union of
strictly totally disconnected spaces (see Proposition 3.2.6), we may assume Y = Spec R™ and
that X — Spec R is in Epg. Indeed, proétale locally, any map Spa(R, RT) — Y proét factors

as
Spa(R, R+) — (Spec R+)<>proét _y Y Oproét

By [HM24, Lemma 4.5.7|, we may check suaveness locally. Applying a similar reasoning as
above, suaveness can also be verified in the case Y = Spec R for Spa(R, R") a strictly totally
disconnected once we have shown it is -able. This finishes the reduction step which allow us to
assume that Y is affine and that X — Y is in Ejg,. In this case, { agrees with {$pro¢r, and ©
agrees with oprogt.

The second reduction step goes as follows. Fix an open cover X = U;crU; by affine schemes,
we obtain an open cover of v-sheaves X = U;crU;. Note that suaveness, and !-ability, is suave-
local on the source (see [HM24, Lemma 4.5.8 (i), Remark 4.4.11, Definition 3.1.6] for the precise
statement). In this particular case, it suffices to show that U — Y is D§"-suave. Replacing X
by U;, we may now assume that both X and Y are affine.

Finally, consider the following commutative diagram with Cartesian square

X — 5 XO Xy YO —— YV°

~ ! |

X0 — 5 Y9,

By Theorem 3.3.9.(7) applied to f¢ together with [[IM24, Lemma 4.5.9 (i)], the map X xy-o
Y® — Y*° is D§"-suave. This reduces us to showing that [X°® — X xy¢ V°] is D3"-suave. By
Lemma 4.2.2 and the fact that pro-open immersions are right cancellative, X° — X< Xyo Y is
a pro-open monomorphism, and we claim that in this case it is actually open and consequently
Di"-suave. Indeed, after fixing a closed embedding g : X — Y x AZ’perf, from Lemma 4.2.3
applied to g we get a commutative diagram with Cartesian squares

X° (Y x Appertyo
X ‘ ~=
X° l (Y x ApPertyo
X9 xyo Y° Y x (ApPeryo ‘ y Y©
X° (Y x APy vy

from which we can extract a Cartesian square
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x° YO x (A?perf)o

| |

X0 Xy6 YO —— YO x (AP0

We finish by observing that (AZ’perf)° — (AZ’perf)O is an open immersion, as in Example 4.2.1
and Lemma 4.2.2.(1). O

Proposition 4.3.2. Fiz an Artin stack [f : X — x| € PreStkA™ and a constructible complex
A € Deons(X). The following statements hold.

1) The natural map dx : Xvroét — X Pvroét g DR _suqve.
A

(2) ci A is fOprost _suave.

(3) dy™ A is forroét-suauve.

Proof. For the first claim, choose a D5®-suave atlas [U — X] € E:. then we have a commuta-

tive (but usually not Cartesian) diagram

Uoproét — Xoproét

| |

U<>proét N XOproét.

From Lemma 4.3.1, we know that U®proét — X ®proét ig g, DRrOét—suave cover. Using [HM24, Lemma

4.5.8.(1)], we reduce to showing that U®proét — X ©proét ig DRmét-suave. By Theorem 3.3.9.(7),
we know that U@proet — X Oproct ig Dimét—suave. Since U — * is in Epg,, it follows from
Lemma 4.2.2 (1) that U° — U< is an open immersion and DY **-suave. The claim now follows
since suave maps are stable under composition ([HM24, Lemma 4.5.9 (i)]). The second claim

is Proposition 4.1.3. The third claim follows from combining the first claim with the fact that
pullback under suave maps preserves suave objects by [HM24, Lemma 4.5.16 (i)]. O

4.4. Overconvergent replacement. The functors D}L\ and DY on PreStk are different, but as
we explain below, they agree on overconvergent objects.

Let S € Perf™ be a geometric point ie., S = Spa(C,CT) with C an algebraically closed
non-Archimedean field and C* C C an open and bounded valuation subring. Let 7 : S — *
denote the structure map to the final object. In this setup, the constant sheaf functor

7 : Modp ~ D" (%) — DY"(S)
is fully faithful using [Sch22, Theorem 1.13|, and we say that a sheaf A € DY"(.S) is overconvergent
if it lies in the essential image of 7*.
Definition 4.4.1. Fix X € AnStk, and A € D{"(X).

(1) We say that A is overconvergent if Z*A is overconvergent in D3" () for every geometric
point 7 : S — X with S = Spa(C,C™).

(2) We let DY (X) € DR*(X) denote the subcategory of overconvergent sheaves.

(3) For X € PreStk and ? € {o,1,0}, we write Dy*%(X) C D4(X) for the full subcat-
egory of Di(X) ~ D3*(X") (here we have used Proposition 4.2.7) whose objects are
overconvergent.
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Remark 4.4.2. Given [f : X — %] € (AnStk,, Ffqes) and a sheaf A € D{"(X), the condition
that A is overconvergent is necessary for it to be f-suave (or in other words f-ULA in terminology
of [FFS24], see [F'S24, Definition IV.2.1, IV.2.4]). In other words, for all such f, we have an
inclusion
Suaveﬂpz/a\n (X) - D?\C(X)

Remark 4.4.3. We note that the overconvergent condition is tautologically stable under pull-
back along maps of prestacks. In particular, for X € PreStk, the natural transformations (4.6)
induce natural transformations

DO (X) L DI (X) £ DO (X).

Proposition 4.4.4. For all X € AnStk,, the inclusion D (X) C DY (X) is stable under
colimits.

Proof. Since pullback commutes with colimits, we may assume X = Spa(C,C™). Let m: X — %
denote the structure map. Since 7* also commutes with colimits, the claim follows. U

Proposition 4.4.5. The following statements hold.
(1) The condition of being overconvergent can be verified v-locally.
(2) The functor DY is a v-sheaf on Perf®T.
(3) DY is a schematic v-sheaf on PSch®T.
(4) Dko'c' is an arc-sheaf on PSchT

Proof. By Proposition 4.2.16 (1)-(2), all of the claims reduce formally to the first claim, which
we now justify. Let X = Spa(C1,C{), Y = Spa(Cs, Cy ), f: Y — X a v-cover and A € Dg (X).
Since overconvergence is a condition on geometric points, one can easily reduce to showing that
f*A is overconvergent if and only if A is overconvergent. This case follows directly from [Sch22,
Theorem 1.13.(iii)]. O

Proposition 4.4.6. For any X € PreStk, the analytification map % : DEN(X) — DX(X)
factors through DX’O'C' (X) C DX(X). In other words, we have a factorization of fully faithful
maps
Dt £ p{oe ¢ DY

Proof. Since the functors Djfh, D¢ and DX are all v-sheaves by Proposition 4.4.5, it suffices
to show the factorization for affine schemes. Fix X = Spec R and A € D¢ (X), we wish to show
that ci A € D% (X ). Observe that analytification and pullback are t-exact and commute with
truncation functors. Moreover, D5"(X) and DX(X ) are left-complete. Thus we may assume
A € D{(X). Every object in DJ;(X) is a colimit of objects in Deons(X) using Proposition 3.1.11
and the identification (3.3), so by Proposition 4.4.4 we may assume A € Deons(X ). Therefore,
we may assume that A = jiA for a qcgs étale map j : U — X. In this case ¢\, A ~ j!<>A, which
one can easily verify is overconvergent, since the map j¢ : U® — X< is partially proper. U
Lemma 4.4.7. If j : X — Y is a quasicompact monomorphism of v-stacks, such that every
rank 1 geometric points of Y lifts to X (necessarily uniquely), then

j*: DR%(Y) = DR*(X)

s an equivalence with inverse jx.
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Proof. 1t suffices to show that for A € D (Y), the adjunction map A — j,j*A is an isomor-
phism. This can be checked after pullback to geometric points of Y. Writing A as the limit of
its left truncations and since j* commutes with this Postinkov limit (being t-exact), we may as-
sume that A € D (V). By quasicompact base change (see [Sch22, Corollary 16.10] and [HM24,
Proposition 4.5, Corollary 4.6]) and the assumption that the maximal generalizations defined by
rank one points lift, we may assume that Y = Spa(C,C") and that X =Y xy| |Z] for a pro-

constructible generalizing subset of |Y'| [Sch22, Corollary 10.6]. In other words, X = Spa(C, C'")

for Ct C C' C C. In this case, DX‘C'(Y) is the essential image of Mod under 7* for 7 : Y — %
the structure map. Since the composition

Mody ~ D3 (x) ™ DY) L5 Dan(X)

is fully faithful. The functor j* is fully faithful on D} (Y). Moreover, one can verify by hand,
using [Sch22, Corollary 16.8|, that with this setup j.(D{% (X)) € DR (Y). O

Remark 4.4.8. Combining Lemma 4.4.7 and Lemma 4.2.2 it follows that a% : D3 (XT) —
DY (X?) is an equivalence whose inverse is ax . for all affine schemes X. We will need a version
of this for more general prestacks X € PreStk. However, note that in this generality the maps
ax : X° — X" and bx : X7 — X are no longer monomorphisms, so one cannot proceed
naively.

Proposition 4.4.9. The map of functors on PreStk with values in LinCata

*

t,0.c. @ ©,0.C.
Dy = Dy
18 an equivalence.

Proof. By Proposition 4.4.5, both functors are schematic v-sheaves, so it suffices to show the
equivalence for affine schemes. This is the content of Remark 4.4.8. O

We will need a relative version of this statement. For this fix X € PreStk and a map XT — X
for Xy € AnStk,, and fix a map Yy — Xy. We can construct two functors

Df\’g}g', Dkg}g' : PreStk,y — LinCata
with formula
Z = DYM(Z° x x, Yo) and Z s DY (ZT x x, Vo).
Proposition 4.4.10. With notation as above, the map of functors on PreStk,x with values in

LinCatp

DT,OAC. a% Do,o.c.
Ao = PAyy

18 an equivalence.

Proof. The same proof as in Proposition 4.4.9 applies. O

As established in Proposition 4.4.9, for general X € PreStk we have an equivalence a% :
DY (XT) — De(X®). This says that for every B € D% (X°) there is a unique (up to
contractible choice) A € D¢ (XT) such that a% A ~ B. Nevertheless, it is not at all clear that
A ~ axB. Indeed, for this to hold one would have to know that ax B is overconvergent. As
we explain below, in certain circumstances one can directly show that A ~ ax .B.
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Lemma 4.4.11. If f : X — Y is a qegs map of v-stacks and A € D% (X), then f.A €

ét
DY), In particular, ((f*>|Dé+t,o.c.(Y), (f*)|Dé+t,o.c.(X)) form an adjoint pair.

Proof. By quasicompact base change (see [Sch22, Corollary 16.10] or [Man22b, Corollary 4.6.(ii)]),
we may assume that Y = Spa(C,C7T). Let Yy = Spa(C,0¢) and Xo = Yy xy X. Let
jy Yo = Y, jx : Xog = X and fy : Xg — Yy denote the evident maps. We wish to show
that

[eA = jyady fA
is an isomorphism. By Lemma 4.4.7, A ~ jx.jxA and since f o jx = jy o fo, then f, A ~
JysfosxixA, and fo.j%A ~ jy f«A again by quasicompact base change. This finishes showing
the claim. U
Lemma 4.4.12. Let [f : X — Y] € SchStkg; be qcgs, then f© and fT are qcgs.

Proof. Since being qcgs is v-local on the target by [Sch22, Proposition 10.11 (0)], we may assume
that Y = Spec R . The argument for quasiseparatedness follows from that of quasicompactness
applied to the diagonal. Since f is quasicompact there is a v-surjective cover Spec A — X, so it
suffices to show that (Spec A)T — (Spec R)' and (Spec A)° — (Spec R)® are quasicompact. This
follows from the proof of [Gle24, Lemma 2.26]. O

Corollary 4.4.13. Let X € PreStk such that its v-sheafification is qcgs, then X° — X1 is qegs.
In particular, we have an equivalence of endofunctors on Dj{o'c"Jr(X)

id ~ ay .a’,
for any such X.

Proof. Recall that in (SchStk), the final object is quasiseparated. In particular, X € (SchStk),
is qegs if and only if X — % is qcqs. Applying Lemma 4.4.12 to the structure map X — x, we
obtain that X° and XT are both qcgs over *. In particular, any map between them is also gcgs.
The second claim follows from Lemma 4.4.12, Lemma 4.4.11 and Proposition 4.4.9. U

As in Proposition 4.4.10, Corollary 4.4.13 has a relative version.

Corollary 4.4.14. With the setup as in Proposition 4.4.10. Let Z € PreStkx and suppose that
v-sheafification of Z is qcqs, then we have an equivalence of endofunctors on Dk‘)}}g"Jr(Z)

. ~ 3
id =~ aZXXOYo,*aZxXOYO-

4.5. Pro-unipotent base change. Later on we will work with maps of spaces that are infinite
dimensional, but whose infinite dimensional part is essentially contractible. This is the subject
of placid geometry. In [Zhu25b, Proposition 10.32|, we find analogues of smooth base change in
that context. In this section we exploit the techniques discussed in §4.3 and §4.4 to prove an
analogue in the context of v-sheaves and analytification. We first have the following basic result.

Lemma 4.5.1. Let f : X — Y be a Di"-smooth map in AnStk,. Then f is unipotent if and
only if it is unipotent after pulling back to every geometric point.

Proof. Since f is D{"-smooth, it follows that we have a natural transformation

F(=) = () (=),
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and that f'(A) is invertible. This shows that the fully faithfullness of f* is equivalent to the
fully faithfulness of f', which is in turn equivalent to showing that the adjunction map

fiff(A) — A

is an isomorphism for all A € D3"(Y'). This can be checked after pulling back to any geometric
point z : Spa(C,C") — Y since this defines a conservative family. Since f is D3"-smooth, and
in particular D§"-suave, it follows that f ' commutes with *-pullback by [[TM24, Lemma 4.5.13
()], and similarly fi commutes with x-pullback by proper base-change. In other words, f* is
fully faithful if and only if f;, fix*A — 2*A is an isomorphism for every geometric point of
x : Spa(C,CT) — Y where f, denotes the pullback of f along z, as desired. O

In the algebraic context we have a stronger statement.

Lemma 4.5.2. Let [f: X — Y] € (PreStk, E;P) be Dy"-suave. The following hold.

(1) f is Df{’h—smooth if it is so after pullback to any geometric point of Y.
(2) f is foh-umpotent if it is so after pullback to any geometric point of Y.

Proof. As fis D?fh—suave, we need to show that the conditions that f'(A) is invertible and that
f* is fully faithful hold if and only if they hold after pulling back to any geometric point. Since
the condition of being D§M-suave is stable under pullback by [[HM24, Lemma 4.5.9 (i)], this
can be checked after pulling back to any Y € PSch®®, which using the fact that upper ! and
upper * commute for D{-suave maps by [[1M24, Lemma 4.5.13 (i)], reduces us to the case that
[f: X — Y] € (PSch, Eyp,) and Y € PSch®®. More precisely, for S — Y with S € PSch®" we

write fg: X xgY — S for the base-change. We have a commutative diagram

DSB(X) —— limgyy DSP(X xy S)

7] tims oy 5|

DSR(Y) ——— limg_,y D5M(S),

for 7 € {!,%}. Here the horizontal arrows and the transition maps in the limit are given by
x-pullbacks. The commutativity for 7 = ! and the well-definedness of limg_.y ffg follows from
the D?fh—suaveness. Moreover, the horizontal arrows are equivalences by definition of D/S\Ch as a
right Kan extension.

Using the diagram when ? = !, one can show invertibility of f'(A) by showing invertibility
of ffg(A) for varying S using that the s-pullback functors are symmetric monoidal. Using the
diagram when 7 = %, one can show fully faihtfullness of f* by showing fully faithfullness of fg
for varying S, since limits of fully faithful maps are fully faithful. Therefore, we may assume
that Y € PSch®® and f: X — Y € Eyy,.

Now it follows from [Zhu25b, Lemma 10.44] that the D5®-smoothness can be checked after
pulling back to each geometric point. Similarly, if f: X — Y is foh—smooth, and by [Zhu25b,
Lemma 10.48], the unipotence is equivalent to showing that the map

Aiff (M) = A

is an isomorphism. This can be checked on geometric points, since fi and f' commute with
x-pullback, as discussed above. (]
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Unipotent maps are particular instances of smooth maps. In particular, x-pullback com-
mutes with s-pushforward [HM24, Lemma 4.5.13 (i)] in this case. We show that, under qcqs
assumptions, pro-unipotent maps still have this property.

Lemma 4.5.3. Let [f : Z — Y] be a map of analytic prestacks in Efrggss. Suppose that Y 1is
either an Artin proétale-stack or an Artin v-stack (see Remark 3.2.8). Let g : X — Y be a
rep

map such that X = lim,_, X;, where each lgi + Xi = Y] € Egb s DRrOét-umpotent (resp.
A" -unipotent, see Proposition 3.2.11) and qcgs. Consider the Cartesian diagram

Zxy X 1 x

o s
77— Ly

then the natural map g* f« — fLg'™* is an isomorphism.

Proof. We must show ¢*f. A — flg*A for all A € Dimét(Z) (resp. A € DY"(Z)). We start

with some reduction steps. Since Y is Artin it admits a fdcss and DKrOét—smooth cover (resp.
D3i"-smooth cover) by a locally spatial diamond. Using smooth base change, we may replace Y
by a disjoint union of spatial diamonds. After this replacement, we may assume that X, Y and
X, are spatial diamonds, and that Z is a locally spatial diamond. At this point we notice that
all of the geometric objects in\{olved, X, Y, X; and Z are in sLocSptl, and that when we restrict
to this category D§* and DY agree (see Proposition 3.2.11).

Using a Postnikov-tower argument, we may assume A is bounded below. For a geometric
point  — X, we show that the map

(9" fA)z — (fig" A)z
on stalks is an isomorphism. Both can be rewritten as colimits over qcgs étale neighborhoods
T — V — X. So it suffices to show T'(V, g* fL A) — T'(V, fig"* A) is an isomorphism for all V' — X
étale. By [Sch22, Proposition 11.23|, we may assume V = X xy, V; for some ¢ and for a qcqgs
étale map V; — X;.
Since V; — Y is smooth and satisfies smooth base change we may replace Y by V;, Z by

Z xy Vi, and X by V and the role of X; by X; xx, V;. In other words, after reorganizing the
notation we see that it suffices to show that

I'(X, 9" fA) = T(X, flg" A) (4.7)
is an isomorphism.
Let Z; = Z xy X; and let g, (resp. f!) denote the pullback of g; (resp. f) along f (resp. g;).

Since Y is spatial and the map g is a limit of qcgs maps, we may apply [Sch22, Proposition 14.9]
to the left-hand side of (4.7) to compute:

i€l
el

~ liﬂI’(Zi,gg*A).
i€l
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On the other hand, we always have I'( X, fl¢g™*A) ~T'(Z,¢g*A). So it suffices to show that

ligF(Zi,gg*A) —=T(Z xy X,g*A) (4.8)
i€l
is an isomorphism. We cannot apply [Sch22, Proposition 14.9] directly to the tower Z;, since
these are only locally spatial diamonds. Notice also that the reasoning above has not used the
unipotence hypothesis which is certainly necessary.

We argue as follows. Note that the unipotence assumption shows that the left-hand side
of (4.8) reduces to I'(Z, A). In particular, it suffices to see that the natural map I'(Z, A) —
['(Z xy X, g A) is an isomorphism. Using smooth base change and hyperdescent for I'(—, —)
in the analytic topology, this isomorphism can be shown on an open hypercover of the form
Ze — Z. Choosing Z,, of the form HieIn S; with .S; spatial, we may reduce to the case in which
Z = S; is a spatial diamond. In this case, [Sch22, Proposition 14.9] already applies. O

5. PLACID GEOMETRY

Soft preamble to the section: Many of the geometric objects that naturally arise when one
studies the schematic local Langlands category are not finite dimensional, but they often admit
a presentation as a highly organized (co)limit of finite dimensional pieces. Experience with this
type of geometric objects has lead mathematicians working in the geometric Langlands program
to consider placid geometry and co-sheaf theories instead of the standard 6-functor formalisms
of étale sheaves (see [GL19] and [BKV22|). In our case, the schematic local Langlands category
is obtained as the category of co-sheaves on a sind-placid stack [Zhu25b, Definition 10.157| in
Hemo—Zhu’s terminology.

In this section, we recall generalities of étale co-sheaves as discussed by Zhu, as well as the
main class of geometric objects of schematic nature for which we study this co-sheaf theory.
More crucially, we learn one way in which we can analytify in this placid setup.

Technical preamble to the section:

§5.1 This part is mostly expository. Zhu’s work considers the interplay between two sheaf
theories, namely Shv* and Shv'. In this section, we run the bureaucracy to show that
Shv* (as defined by Zhu) agrees with the 6-functor formalism Shv that we work with
throughout §3. We also explain the paradigm of co-sheaves Shv' and collect some useful
facts from [Zhu25b].

§5.2 This part is purely expository. We recall the formalism of placid stacks, ind-placid stacks
and sind-placid stacks. We also collect useful facts from [Zhu25b].

§5.3 This subsection underlies the technical pillar to the construction of W. Indeed, the
sheaf theory that Zhu relies on, i.e., Shv', is not very compatible with the analytifica-
tion functor constructed in §3. To address this, we introduce the formalism of sind-
-correspondences (see Definition 5.3.21). This formalism makes precise the idea that
for a sind-placid stack, like the stack of isocrystals, one should not analytify directly.
Instead, one should use a suitable sind-presentation in order to define analytification,
and one should also justify that the presentation did not play a role. This formalism
in particular allows us to show that our functor ¥ does not depend on the choice of an
auxiliary parahoric.
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§5.4 Although we do not develop a general theory for the functoriality of sind-t-correspondences
or a general theory of placid analytic geometry, in this section we collect several useful
statements along those lines which are enough for our purposes. For example, Proposi-
tion 5.4.5 reaps the benefits of §4.3, 4.4, 4.5 and shows a general base change result that
will in particular apply to the stack of analytic shtukas Shtg". These computations are
key to showing that W is semi-orthogonal.

5.1. Co-sheaf theory. Recall that in Section 3.1 we defined D5®(—) on SchStk, as the only
hypercomplete v-sheaf
DS (=) : (SchStk,)°P — LinCaty (5.1)

whose value on schemes Z is D¢ (Z). Here the transition maps in (5.1) are given by *-pullback.
We can say colloquially that D5 is “*-glued”. Moreover, if Z € PSchi°® then D¢ (Z) = D5 (2)
is the left-completion of the ind-completion of Deons(Z), as explained in §3.1.

The theory of co-sheaves considered in [Zhu25b], similarly to DS, can also be obtained from
Deons(—) after performing categorical constructions. There are two main differences in Zhu’s
approach.

(1) In contrast to DY, it follows directly from the definition that the value of Zhu’s functor
on qcgs schemes is a dualizable category (in fact, compactly generated, cf. Proposi-
tion 3.1.11).

(2) The co-sheaf theory of Zhu is, informally speaking, !-glued. This gives it the colloquial
name of co-sheaf theory.

A disadvantage of working with co-sheaves is that one has to construct and study de novo the
six operations. Fortunately for us, Zhu has given a thorough account of the theory (see |[Zhu25b,
§10]), some of which we recall below. Following Zhu, we will consider our basic building blocks
to be algebraic spaces instead of schemes when we discuss the co-sheaf theory. For the rest of
the section, in contrast to the previous sections, when we say that a map is representable we
mean that it is representable in algebraic spaces.

Definition 5.1.1. Consider the functors
F : (AlgSpPP)°P — CAlg(LinCat,)

on perfectely finitely presented algebraic spaces with F € {Shv}, Shv*, ShV!C, Shv!} given by the
rules

Shv(X) := Deons(X)
Shv*(X) := IndDcons(X)
Shvi(X) := DeBs(X)
Shv'(X) := IndD% . (X)

with transition maps given by f* and Ind(f*) in the former two theories, respectively, and f*°P
and Ind(f*°P) in the latter two theories, respectively. Here the superscript (—)°P denotes the
opposite category.

Definition 5.1.2. For F € {Shv?, Shv*, Shv’, Shv'} we extend along (AlgSpPP)°P C (AlgSpdcas)op
by taking its left Kan extension. We keep the notation of F for the functors obtained in this
way. We will call the functors F € {Shv}, Shv*} the sheaf setup and we will call the functors
F € {Shv.,,Shv'} the co-sheaf setup.
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Our Definition 5.1.1 and Definition 5.1.2 were obtained from Zhu’s definition by gathering
[Zhu25b, Remark 10.28, Remark 10.12, Equation (10.6)].

Remark 5.1.3. If [f : X — Y] € AlgSpP™® one can use Verdier duality on X and Y to functo-
rially identify (Shv.(X), f*°P) with (Shv*(X), f'). As in the following commutative diagram

Shvl (V) —2 Shv*(Y)

[ s
Shv! (X) —X Shv*(X)

This justifies Convention 5.1.4 below.

Convention 5.1.4. If [f : X — Y] € AlgSp9® we let L’ := f*°P denote the transition functors
f':Shvi(Y) — Shv.(X)

and
f':Shv'(Y) — Shv'(X).

Since throughout the text we will be forced to mix sheaf and co-sheaf theories, we will underline
all the functors that appear in a co-sheaf setup for clarity. We leave the functors associated with
sheaf setups and the 6-functor formalisms considered in §2 and §3 unadorned.

Definition 5.1.5. We extend the domain of F of Definition 5.1.1 along AlgSp9°® C PreStk by
taking its right Kan extension. This gives us functors

F : PreStk°? — CAlg(LinCat}") (resp. F : PreStk°® — CAlg(LinCaty))

in the cases F € {Shv’,Shv'} and F € {Shv*,Shv'} respectively. For F € {Shv’, Shv*}, the
transition maps are denoted by f*. In the case of F € {Shvé, ShV!}, they are denoted L‘ . For any

X € PreStk we still have fully faithful embeddings Shv’,(X) C Shv'(X) and Shv?(X) C Shv*(X).
Any object in the essential image is called constructible.

Remark 5.1.6. We note that for general prestacks it might not hold that Shv'(X) (resp.
Shv*(X)) is compactly generated, and even if it is compactly generated it might not be true
that Shv'(X)® ~ Shv}.(X) (resp. Shv*(X)¥ ~ Shv*(X)), see [Zhu25h, Example 10.134].

Remark 5.1.7. Since (—)°P is an involution in LinCat}", it commutes with the formation of
limits and colimits. It follows that, for all X € PreStk, there is a functorial identification

Shv.(X) ~ Shv(X)°P.
We can derive the following formal consequences from Theorem 3.1.8.

Proposition 5.1.8. The following hold.
(1) Deons(—) =~ Shv(—) in Fun(PreStk°?, CAlg(LinCat}™)).
(2) Deons(—)°P ~ Shv.(—) in Fun(PSch®, CAlg(LinCat§™)).
(38) Let F € {Shvi(—),Shv.(—)}, then F satisfies descent for the schematic v-topology on

SchStk,. In particular, F : PreStk — CAlg(LinCat}") factors through sheafification
PreStk — SchStk, composed with the restricted functor F : SchStk, — LinCat®™".
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Proof. For the first claim, we observe that Deons(—) ~ Shv}(—) as presheaves on PSch%® with
values in CAlg(LinCat}"). Indeed, this follows from the definition of Shv(X) as a left Kan ex-
tension and the finitary part of Theorem 3.1.8. The passage to Fun((PreStk)°P, CAlg(LinCat}"))
is formal since both functors are obtained as right Kan extensions from PSch®T. Indeed, in the
case of Deops this is by definition. In the case of Shv}, it follows from the fact that it satisfies
étale descent so the Kan extensions from qcqs perfect algebraic spaces and from qcgs perfect
schemes agree. The second claim follows from the first claim and Remark 5.1.7. Finally, the
last claim follows from [SAG, Proposition 1.3.1.7] and Theorem 3.1.8, by similar reasoning to
the proof of Proposition 4.2.16. O

Remark 5.1.9. We note that the functor that Zhu considers, Shv*, can take objects in AlgSp9°®®
as input, while a priori the functor Shv that we consider only takes as input values objects in
PSch9°®. Since both functors satisfy étale descent it follows formally that Shv* is the right Kan
extension of Shv along the embedding (PSch°®)°P C (AlgSp9°®)°P. Proposition 5.1.10 shows a
stronger claim.

Proposition 5.1.10. We have identifications Shv*(—) ~ Shv(—) as functors on PreStk°? with
values in CAlg(LinCaty ).

Proof. On PSch9® both functors are the ind-completion of Shvy(—) and Deons(—) respectively.
So the restrictions to functors on (PSch9°%®)°P are equivalent by Proposition 5.1.8. The passage
to Fun((PreStk)°P, CAlg(LinCat,)) is formal since both functors are obtained as right Kan
extensions from PSch9°®. 0

Before we discuss the co-sheaf setup, we discuss a version of Proposition 5.1.10 for the cor-
respondence category i.e., we compare Shv* to the 6-functor formalism Shv constructed in §3.1.
We extracted the following Proposition 5.1.11 from combining [Zhu25b, Remark 10.28, Theorem
10.15, Equation 10.26, Theorem 10.17, Proposition 10.25]. We set some notation first, our geo-

metric setup will be C = AlgSp¥“® and FE = Eﬁé)g (i.e., separated maps of qeqs perfect algebraic
spaces and perfectly finitely presented maps between them. Note that we don’t impose that

the maps are relatively representable on schemes). We let Plﬁllf C Eﬁff denote the subclass of

proper perfectly finitely presented maps and let I;:}Lg C Eﬁ’flf denote the subclass of étale maps.

Proposition 5.1.11. The functor F = Shv}, (resp. F = Shv*) promotes to a 3-functor formal-
sm

F : Corr(AlgSp®®, EA8) s LinCati™ (resp. F : Corr(AlgSp®®, EX8) —s LinCaty )

pfp pfp
satisfying
(1) If[f : X = Y] € Eﬁff is €tale, then fi ~ fy is left-adjoint to f*.

2) If|[f: X = Y] e EAB g proper, then fi ~ f. is right-adjoint to f*.
pip

(3) The restriction of F to Corr(AlgSpP™P, Eay) is a 6-functor formalism.

(4) F is sheafy for the étale topology.

Proposition 5.1.12. The following statements hold.
(1) (AlgSpa®, Esff, Plﬁll)g, Isff) is a Nagata setup, and the 6-functor formalism Shv* is Na-
gata with respect to this setup, so that, by Theorem 2.2.25, we have an isomorphism

* 3 Al Al Al *
Shv* ~ LZ(AlgSpa°®, Epfpg7 prpg, Ipf§7 Shvg(—)).
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(2) There is a unique equivalence between of Shv and Shv* as 6-functor formalisms on
Corr(AlgSp9%®, ﬁlg) that extends the equivalence from Proposition 5.1.10. Here, Shv
denotes the 6-functor formalism of Proposition 3.1.18 restricted along the inclusion

Corr(AlgSp%°®, E Alg) — Corr(PreStk, Essgﬂ)

(3) We have inclusion of classes of morphisms Epg, C EA1g CEY C Esﬁg

S

In particular, given a map [f : X — Y] € Eﬁff the following statements hold.

o If fe PAlg (i.e., it is proper pfp), then f is Shv-proper.
o Iffe IAlg (i.e., it is an étale map of algebraic spaces), then f is Shv-étale.

Proof. Part (1) follows from Proposition 5.1.11. Indeed, the only claim that is not clear is that
one can factor every pfp map as an open immersion and a pfp proper map. By writing f : X - Y
as the perfection of a finitely presented map and using that perfection is functorial, we reduce to
showing that any finitely presented map of algebraic spaces factors as an open immersion and a
proper finitely presented map. This follows from [CL.O12, Theorem 1.2.1]. The fact that Shv* is
Nagata with respect to this Nagata setup now follows from Proposition 5.1.11 (1)-(2). For part
(2), we start with the isomorphism

Shv* ~ L£Z(AlgSpie®, EA8s pAle 48 gpyx (), (5.2)

pip * ~ pip * “pip’
given by part (1), and therefore, by Corollary 2.2.27, it follows that we have an isomorphism

Shv*’Corr(PScthqs fp) = ﬁZ(PSChchs pfps Ipfp7 pfps Shv* ( )|PScthqS’°p)'
Now, we recall, by definition, we have an identification
x>~ ﬁZ(SCthqS, Eﬁn.exp.7 Iﬁn.exp.7 Pﬁn.exp.a Shv(_>)7

where Ifiy exp.s Phn.exp., and Egp exp, are as in Corollary 3.1.3. We note that we have proper
inclusions Epg, C Efinexp., Ppfp € Phnexp.» and Ipg, C Ignexp., since perfection is an integral
map. Therefore, we are again in a situation where we can apply Corollary 2.2.27, and this tells
us that we have an isomorphism

Sh’l}ycorr(pschchs7Epf ) ,CZ(PSCthqS pfps Ipfp, pfps Sh’U( )) (53)

Since we have an equivalence Shv(—) ~ Shv*(—) of functors on PSch°®°P in light of Propo-
sition 3.1.11, by combining equations 5.2 and 5.3, we can appeal to Theorem 2.2.25 to see that
we have a unique equivalence

ShU’ Corr(Sch¥°%® Egy, exp.)

*
Shv |C0rr(PSCthqs,Epr) = ShU|Corr(PScthqs,E’pfp)-

We now claim that this upgrades to a unique equivalence
* ~Y
Shv™ =~ Shyl Corr(AlgSpace, EA%)"
This follows from applying Construction 2.2.29 and Construction 2.2.32 once to obtain an equiv-
alence
Shv* ’Corr(AlgSpchs,E;g) = Sh'l)‘ Corr(AlgSquqs,E;‘?g) )

and then applying Construction 2.2.33. Indeed, every map of algebraic spaces in Esff has the
property that étale locally on the source it lies in Epg, (i.e., it is relatively representable in
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pfp schemes). This étale local presentation also shows that Esf;g C ngr;f, and consequently
Eﬁff C E2 (see Remark 3.3.8). O

Proposition 5.1.13. The following statements hold.

(1) If Y € AlgSp°®, then Y is resilient.
(2) If f Y — X is a map of étale stacks such that the base change Y x x Spec A — Spec A

Alg
E pfp

(3) If Y, X € AlgSp*® and Y — X is a map in Esff, then O : Y9 = X is in Eib..

18 in for any Spec(A) — X and X s resilient, then Y is resilient.

Proof. For the first one, it suffices to see that Y and Y¥rroét agree on strictly totally dis-
connected spaces since these are simultaneously a basis for the proétale and v topologies. Let
W — Y be an étale map in E;eg, such that W € PSch9°®. Then,

Y<>pr0ét = co. eq_(WOproét X W<>proét j "V[/'<>p1roét)7

Yoproét
and
Y = co.eq. (W xyo WO = W),

where the colimits are taken in the category of proétale-sheaves and v-sheaves respectively. We
claim that if Spa(R, R*) is a strictly totally disconnected space and Spa(R, RT) — Y “vroét (resp.
Spa(R, RT) — Y°) is any point, it lifts to a point Spa(R, Rt) — W¥preét (resp. Spa(R, Rt) —
W), Since WO ~ Worroét and W xyo WO ~ W prost X 40 pros, W ¥proet | this will show
that Y9 and Y vt have the same (R, R")-points, as desired. We prove the claim for the
Oprost case, with the other one being analogous. Whenever Spa(R, RT) — Y Oproét factors
through a map fOproet : (Spec R)<>P'f0ét — Y¥proét | the claim follows from Lemma 3.3.2 since
(W xy Spec R) — Spec R is an étale map in Epg,, and Spa(R, R™) splits every étale map (see
[Sch22, Definition 7.15]). From the nature of sheafification, every map Spa(R, RT) — Y @proct
factors proétale locally through Spec R. Then our claim follows from v (or proétale) descent of
étale maps (see [Sch22, Proposition 10.11]).

The second point follows from the first one and from Lemma 3.3.13.(4).

For the third point, we fix a map S — X< where S is a locally spatial diamond, we must show
that Y X yo S is a locally spatial diamond, and that Yo X xo & — S is fdess. We may use the
identity frroet = £ given by Point (1), Proposition 3.2.6 and Proposition 3.2.7 to reduce to
the case that S = Spa(R, R™) for Spa(R, R™) a strictly totally disconnected space, X = Spec R,
Y is an algebraic space perfectly finitely presented over Spec R.

It is not hard to see that Y is separated over X<, since ¢ preserves closed immersions.
We fix an étale atlas W — Y with W — X in Eg,, as above. Since the map W — X is
in Epfp, then by Lemma 3.3.2 W¢ — X© is in EifP . In particular, W< x yo Spa(R, RY)
is a locally spatial diamond. Using Proposition 3.2.6 and the étale map W — Y we can
deduce that Y x vo Spa(R, RT) is also a locally spatial diamond. From the <) construction,
the map Y¥ — X¢ is automatically partially proper, hence compactifiable. The finiteness in
transcendence degree of Y x v Spa(R, Rt) — Spa(R, R*) can be deduced from the analogous
statement for W x yo Spa(R, R*) — Spa(R, R*) since the map W — Y lifts all geometric
points. O
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5.1.1. Siz operations on the co-sheaf setup. At a technical level, the co-sheaf setup is a 6-
functor formalism, but one has to be careful since this can potentially lead to confusion (see
Remark 5.1.16). Indeed, as we will see, in Zhu’s setup the “usual” 6-operations do not coincide
with the 6-operations that a 6-functor formalism naturally provides. We will clarify this point
below.

The way Zhu upgrades ShV!c and Shv' to 3-functor formalisms on Corr(AlgSpa®, Eﬁ 1g) is by

recalling that Shv = Dgbns and that, for a map [f : X — Y] € (AlgSp%°®, E Alg) the functor

fi preserves constructibility. In this way Zhu defines f, := £ in Shvi(X) — Shv,(Y) and
S Shv'(X) — Shv'(Y) is defined as the ind-extension. Formally,

Shv' : Corr(AlgSpiees, Aflg) — LinCaty

is defined as Shv' := 1 0 (—)¥ o Shv* where (—)¥ denotes the self-equivalence

(—)¥ : LinCat$"® — LinCat{"! (5.4)
discussed in [Zhu25b, Remark 7.24| given by taking the dual categories, and ¢ denotes the (non-
full) inclusion

LlnCa‘cd“al — LinCatp
of the dualizable A-linear categorleb.
One can of course apply Construction 2.2.29 to obtain 3-functor formalisms

Shv., : Corr(PreStk, EX8™P) - LinCat$® and  Shv': Corr(PreStk, E5™P) — LinCaty,

pip pfp
N (5.5)
where again F pfpg’rep denotes the maps of prestacks that are relatively representable in algebraic
Alg

spaces, and in E

Convention 5.1.14. As in Remark 2.2.3, we give names to the 3 basic operations furnished by
the 3-functor formalism (5.5).

(1) For f X =Y € BN we denote by f. : Shv'(X) — Shv'(Y), the image of {X &
x4 Y}.
(2) For f : X — Y € PreStk we denote by f' : Shv'(X) — Shv'(Y), the image of {X L
y 4y
(3) We denote by — K" — : Shv' (X) ®LinCaty Shv!(Y) — Shv' (X xY) the map coming from
lax-monoidality.
(4) We denote by — @' — : Shv'(X) ®pincat, Shv'(X) — Shv'(X) the composition of A' with
X'
Remark 5.1.15. Let X — Y be amap in (PreStk, Eﬁff’rep). Under the identification Deops (X )P ~
Shvi(X) the operation fi corresponds to ITP  Deons(X)°P — Deons(Y)°P. This justifies the no-

tation used in Convention 5.1.14.

Remark 5.1.16. We warn the reader that although Shv' automatically encodes 6-operations
(see Remark 2.2.6), some of these operations should be treated as exotic operations. Indeed,
in this setup f and fx always admit a right-adjoint when customarily one would expect the
functors to admit a left-adjoint.
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Definition 5.1.17. For any map f : X — Y in PreStk we let f, : Shv'(Y) — Shv'(X) denote
the right adjoint of L‘

Although it is technically helpful to study f, and the question of when this functor preserves
constructibility as in [Zhu25b, §10.4.3], we are ultimately interested in defining and understand-
ing the more familiar functors f and f*, which will be our notation for the left adjoints of f*
and f,. However, these latter functors might not always exist in the co-sheaf setup. Recall the
following statement that isolates some situations where they do.

Proposition 5.1.18 ([Zhu25b, Proposition 10.87|). Let [f : X — Y] € (PreStk, Esf;g’rep) be a
morphism of prestacks.
(1) If f is étale, then fy is a right adjoint to ji (i.e., [*:= Ji)
(2) If f is pfp proper, then f. is a left adjoint to f* (i.e., fi := f.).
(8) If f is Shv-suave, then f. admits a left adjoint f*, which preserves constructibility. In
addition, for a pullback square of prestacks o

XWL>W

I Ik (5.6)

x 1,y

12

the natural map (f')* og: (¢ o f* is an isomorphism.

Remark 5.1.19. Let [f : X — Y] € (AlgSquqS,Esflf) be a representable morphism that

is She-suave. Under the identification Deons(X)°P ~ Shv',(X), the operation f* induced on
constructible sheaves by Proposition 5.1.18 (3) corresponds to f"°P : Deons (Y )P — Deons (X )°P.
Moreover, since f* is a left-adjoint to fi it commutes with colimits, and in this case Shv'(X) is

the ind-extension of Shv!,(X), by the same reasoning as in the proof of Proposition 3.1.11. In
particular, f* is determined by its value on constructible sheaves. For more general prestacks X
and Y, the functor f* might not admit such a concrete description and its existence is instead

deduced from [Zhu25b, Lemma 8.46].

Remark 5.1.20. We emphasize that, when formulating the notion of suave in Proposition 5.1.18
(3), we really do mean that it is suave with respect to the 6-functor formalism Sho or equivalently
Shv* in light of Proposition 5.1.12 (which we implicitly used when citing [Zhu25b]). Throughout
this document we formulate notions of suaveness, unipotence, and smoothness with respect to
the #-glued theory as in [Zhu25b], and use it to deduce consequences for the !-glued theory.

The following statement says that Shv' (X)) satisfies excision with respect to well-behaved
closed immersions. Here one implicitly uses Proposition 5.1.18 to know that all of the functors
in the statement below are defined.

Proposition 5.1.21 (|Zhu25b, Lemma 10.90]). Let j : U — X be a quasicompact open embed-
ding of prestacks with a pfp closed complement i : Z — X. Then:
(J)L!ojizo andioiizo.
(2) The functors is (resp. ji) are fully faithful, with essential image consisting of F €
Shv'(X) with §'F ~0 (resp. i'F ~0).
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(8) For F € Shv'(X) we have a functorial fiber sequence
iy 0 il F — F — juoj'F.
where the morphisms are the unit and co-unit of the corresponding adjunctions.

5.2. Placid geometry.

5.2.1. Placid stacks. We can think of the category PreStk*™ of Definition 3.1.20 as those geo-
metric objects that are finite dimensional over Speck. For our considerations, we will need
to enlarge this category. The category of very placid stacks of Definition 5.2.6 (also |Zhu25b,
Definition 10.114]) is an appropriate enlargement and it plays a crucial role in this article for
the following reasons.

(1) Very placid stacks have well-behaved co-sheaf theory.
(2) The moduli spaces of shtukas are very placid.

Definition 5.2.1 (|[Zhu25b, Definition 10.49]). Let f : X — Y be a map in AlgSp9°®.
(1) We say that f is cohomologically pro-smooth (or coh. pro-smooth) if X = Hm,  X; with
X; € AlgSp®® gsuch that:
e cach map [f; : X; — Y] is Shv-smooth and in Esf;g,
e cach of the transition maps X; — Xj is in E;eg, affine and Shv-smooth,
e and the limit is taken over a cofiltered diagram I.
(2) We say that a coh. pro-smooth map is strongly cohomologically pro-smooth if the affine
transition maps X; — X in a presentation as above are all surjective.
(3) We say X — Y is essentially cohomologically pro-smooth (resp. essentially pro-étale) if
there is a factorization X — Z — Y where X — Z is coh. pro-smooth (resp. pro-étale)

.. Alg
and Z — Y is in Epfp.

Recall the definition of a unipotent map Definition 2.2.11, specifically we will consider Shuv-
unipotent maps and their implications to the Shv'-theory.

Definition 5.2.2 ([Zhu25b, Definition 10.59]). Let f: X — Y be a map in AlgSpa°®,

(1) We say that f is pro-unipotent if we have a cofiltered presentation X = @ie ;X with
X; € AlgSp9°® such that each map f; : X; — Y is She-unipotent, and such that each
transition map X; — X is in E;eg , affine and Shw-unipotent.

(2) We say X — Y is essentially pro-unipotent if there is a factorization X — Z — Y where
Alg
E

X — Z is pro-unipotent and Z — Y is in ofp -

We recall the definition of placid stacks in Zhu'’s context (which is a variant of the concept
introduced in [BKV22]). Roughly speaking, placid stacks are infinite dimensional spaces which
exhibit cohomological behavior that is similar to finite dimensional spaces. Our basic building
block is as follows.

Definition 5.2.3 (|Zhu25b, Definition 10.61]). We say an algebraic space X € AlgSp9°® is
standard placid if the structure morphism X — Spec k is essentially cohomologically pro-smooth
in the sense of Definition 5.2.1. We let AlgSp® C AlgSp® denote the full subcategory of
standard placid spaces.
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Definition 5.2.4 (|Zhu25b, Definition 10.104]). A morphism of perfect prestacks f : X — Y is
said to be of homological descent if the canonical map

Shv'(Y) = lim Shv'(X,,)
neA

induced by @! is an equivalence. Here X, is the nth term of the Cech nerve of X — Y and
A denotes the simplex category. Similarly, we say it is of universal homological descent if this is
true after any base-change Y’ — Y.

Remark 5.2.5. We note that being of (universal) homological descent is simply saying that
f:X =Y is a (universal) D*-cover in the sense of Definition 2.2.14 for D = Shv'.

We extend Definition 5.2.3 to stacks as follows.

Definition 5.2.6 (|Zhu25b, Definition 10.114]). Let X € SchStke; be a quasicompact étale
stack.

(1) We say X is a quasicompact quasi-placid étale stack if there exists a surjective repre-
sentable coh. pro-smooth morphism U — X with U € AlgSp®™'. We refer to the map
U — X as a quasi-placid atlas for X. We denote by SchStkgf’qpl C PreStk the full
subcategory of quasicompact quasi-placid étale stacks.

(2) We say X is a quasicompact placid étale stack if X € SchStkgf’qpl and there is a quasi-
placid atlas that is a) strongly coh. pro-smooth in the sense of Definition 5.2.1 (3), and is
b) of universal homological descent in the sense of Definition 5.2.4. We call such quasi-
placid atlas a placid atlas. We denote by SchStkgf »l C PreStk the full subcategory of
quasicompact placid étale stacks.

(3) We say X is a quasicompact very placid étale stack if X € SchStl<(eff’qp1 and there is a
quasi-placid atlas which is also essentially cohomologically pro-unipotent in the sense
of Definition 5.2.2. We call such a placid atlas a very placid atlas. We denote by
SchStkg¢ VPL C PreStk the full subcategory of very placid stacks.

Remark 5.2.7. To simplify the exposition, we only give Definition 5.2.6 for quasicompact
quasi-placid (resp. quasicompact placid, resp. quasicompact very placid) stacks. Zhu gives a
more general definition (|[Zhu25b, Definition 10.114]). In our work, we will only consider quasi-
placid étale stacks that are quasicompact and, if the context is clear, we will drop the word
“quasicompact” from the terminology.

Proposition 5.2.8 (|Zhu25b, Proposition 10.108|). Let f : U — X be a map of prestacks. If
f is representable and essentially pro-unipotent, then f is of universal homological descent. In
particular, if X € SchStk9"P! and U — X is a very placid atlas, then

Shv'(X) =~ lim Shv'(Uy,),
neA
where Uy, denotes the n-fold fiber product of U over X.

All of the operations discussed in Proposition 5.1.18 are with respect to maps f : X — Y
that are representable and pfp (i.e., in E{)\ff’rep
left-adjoint of f !) when the map f is not necessarily pfp. For example, the atlas map f: U — X

for X a very placid stack. We have the following.

). For our purposes we will need to discuss f; (the
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Proposition 5.2.9 (|Zhu25b, Proposition 10.124.(1)]). Let f : X — Y be a morphism of quasi-
compact quasi-placid stacks. If f is representable, essentially pro-unipotent, thenﬂ : ShV!C(Y) —
Shv.(X) admits a left adjoint when restricted to constructible subcategories fi: Shv.(X) —
Shv.(Y).

We also have the following.

Proposition 5.2.10 ([Zhu25b, Proposition 10.145]). Let f : X — Y be a morphism of quasicom-
pact placid stacks. If f is representable, essentially pro-unipotent, then L' : Shv!(Y) — Shv!(X)
admits a left adjoint.

Proof. [Zhu25b, Proposition 10.145] only states the existence of the adjoint when X and Y are
very placid, but the paragraph below it clarifies that the existence of the adjoint only requires
X and Y to be placid. O

Almost by definition (see the discussion preceding Equation (5.4)), when X € AlgSp9°#® the
inclusion map Shv.,(X) < Shv'(X) induces an identification Shv.(X) ~ Shv'(X)“. For general
prestacks this is far from true; nevertheless, we still have the following.

Lemma 5.2.11 (|Zhu25b, Lemma 10.127, Proposition 10.144|). Let X be a quasicompact quasi-
placid stack. The following is true.

(1) The essential image of the natural inclusion Shv'(X)“ < Shv'(X) lies in Shv',(X).

(2) Let X be quasicompact very placid with corresponding very placid atlas f : U — X. Then
the category Shv!(X) is compactly generated. The functor fi preserves compact objects
and a family of compact generators is given by fi(F) for F € Shvi(U).

(8) In the situation of (2), if f is cohomologically pro-unipotent (not just essentially pro-
unipotent), then we have that Shv.(X) ~ Shv'(X)«.

We also need the following statement on the existence of f* (the left-adjoint of fy).

Lemma 5.2.12. Let f : X — Y € SchStkgf’pl be a morphism of quasicompact placid stacks.

Suppose that f is in Eﬁf’rep, then fi has a left-adjoint f*.

Proof. This follows from the proof of [Zhu25b, Proposition 10.145] and the paragraph above
it. O

A useful consequence of this is the following.

Corollary 5.2.13. Let f: X — Y be a pfp closed immersion of quasicompact placid stacks. If
Shv'(Y) is compactly generated, then Shv'(X) is also compactly generated.

Proof. If {a;}ics is a family of compact generators for Shv'(Y), then {f*a;}ic; C Shv'(X) is a
family of compact generators for Shv!(X ). Indeed, f* preserves compact objects since f, admits
a further right adjoint, and since f, is conservative (even fully faithful by Proposition 5.1.21 (2))
the family {f*a;}icr generates. O

5.2.2. Ind-placid and sind-placid stacks. In this section we discuss ind-placid and sind-placid
stacks. Intuitively speaking, these categories are obtained from the categories of quasi-placid
stacks by formally adding filtered and sifted colimits along proper maps. As mentioned before,
the schematic local Langlands category is the category of co-sheaves on the Kottwitz stack
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which is a sind-very placid stack. In this sense, sind-placid stacks also play a key role in our
considerations.

The following statement, which can be deduced from applying the universal property of the
category of presheaves and [HTT, Theorem 5.1.5.6], is the main reason one can control the
category of co-sheaves for sind-placid stacks.

Lemma 5.2.14. Let X = colim;c; X; be a colimit in PreStk then we have an identification
Shv'(X) ~ lim Shv'(X;)
i€ 1°P
f!

of categories where the transition maps on the right-hand side are formed with respect to !-pullback
internal to the Shv'(—)-theory.

Combining Lemma 5.2.14 above with [HTT, Theorem 5.5.3.18, Corollary 5.5.3.4], we deduce
the following.

Proposition 5.2.15. Let X = colim;c; X; be a colimit of prestacks with transition maps repre-
sentable in pfp proper algebraic spaces, then we have an equivalence

Shv'(X) ~ lim Shv'(X;)
i€l

*

in LinCaty, where the transition maps on the right-hand side are formed with respect to *-
pushforward internal to the Shv'(—)-theory.

This motivates the following definition.

Definition 5.2.16 (|Zhu25b, Definition 10.93]). A morphism of prestacks f : X — Y is called
ind-pfp proper if, for all S € AlgSp9°®, with a map S — Y the pullback fg: Xg — S admits a
presentation as a colimit colim;e; X; with transition maps X; — X being pfp closed immersions

of algebraic spaces such that X; — S is pfp proper (i.e., [X; — S] € Pﬁflljg).
The left adjoint to L' , for an ind-pfp proper map f, behaves as expected.

Lemma 5.2.17 ([Zhu25b, Lemma 10.100]). Let f: X — Y be an ind-pfp proper morphism of
prestacks. Then fy is the left adjoint to L'

We thus obtain an analogue of Proposition 5.2.15, by the exact same line of reasoning.

Lemma 5.2.18. Let X = colim;c; X; be a colimit of prestacks with ind-pfp proper transition
maps, then we have an equivalence

Shv'(X) = lim Shv'(X;).
i}g[

Ind-proper surjective maps satisfy descent. More precisely, we have the following.

Proposition 5.2.19 ([Zhu25b, Proposition 10.106]). Let f: X — Y be a ind-pfp proper and
surjective morphism of prestacks. Then f is of universal homological descent in the sense of

Definition 5.2.4.
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Remark 5.2.20. In Proposition 5.2.19, the precise meaning of the representable map f being
surjective is that, for any map S — Y for any qcgs scheme S, the base-change morphism
fs + X xy S — S is surjective as a map of algebraic spaces (i.e a surjection at the level of
topological spaces). The argument of [Zhu25b, Proposition 10.106] shows that such a surjective
ind-pfp proper has the property that the base-change fg : X Xy S — S is surjective for the
h-topology (See [Zhu25b, Remark 10.107]).

Definition 5.2.21 (|Zhu25b, Definition 10.153, 10.157]). Let X € SchStke.
(1) We say X is quasicompact Ind-quasi-placid (resp. quasicompact Ind-placid, quasicompact
Ind-very-placid) if X = colim;e; X; is a filtered colimit of quasicompact quasi-placid
(resp. quasicompact placid, quasicompact very placid) stacks X; along representable pfp
closed immersions. We let

IndStkI"™ ¢ IndStkI? ¢ IndStkd“%®! ¢ PreStk

denote the corresponding full subcategories of objects in SchStke.

(2) We say X € SchStkg is a quasicompact sind-placid stack (resp. quasicompact sind-
very placid) if it admits an étale-surjective ind-pfp proper morphism in the sense of
Definition 5.2.16 from a quasicompact Ind-placid stack (resp. quasicompact Ind-very-
placid stack) V' — X. We call such a V- — X a sind-placid (resp. sind-very placid)
atlas. We let SImdStkgltC VPl - sIndStk;}tC Pl SchStke; denote the categories of qc sind-
very placid and qc sind-placid stacks.

Remark 5.2.22. We warn the reader that, despite the terminology, quasicompact Ind-quasi-
placid and quasicompact sind-quasi-placid stacks are not quasicompact as étale stacks. Since
we only work with quasicompact Ind-quasi-placid and quasicompact sind-quasi-placid stacks, we
will often drop the word “quasicompact” from the terminology.

Let X € IndStkgf Pl he an Ind-quasi-placid stack X with presentation hgnie I X;, where

each X; € SchStk“9%! and each transition map X; — X, is a pfp closed immersion. By
Proposition 5.2.15, we obtain a natural equivalence

Shv'(X) = lim Shv' (X5).
el

e
Similarly, by Proposition 5.2.19 for X € sIndStk%P! and V — X a sind-placid atlas we have
Shv!(X) = lim Shv'(V") =~ lim Shv'(V"),
neA neA°P
i I
where V™ denotes the n-fold product of V over X.
We have the following analogue of Lemma 5.2.12 for ind-placid stacks.
Proposition 5.2.23. Let X € IndStkgtC’p1 with ind-presentation X ~ lim,_ X; with X; €
SchStk;}f’pI. Let f; : X; — X denote the pfp closed immersion. Then, f; . has a left-adjoint ﬁ
Moreover, Shv'(X) is compactly generated if and only if every Shv'(X;) is compactly generated.

Proof. The existence of the left-adjoint follows from Lemma 5.2.12 and from [BKV22, Proposi-
tion 5.1.8.(c)]. If each Shv'(X;) is compactly generated, it follows from Proposition 5.3.14 below



ON THE SCHEMATIC AND ANALYTIC CONSTRUCTIONS OF THE LOCAL LANGLANDS CATEGORY 105

that Shv'(X) is also compactly generated. Conversely, if Shv'(X) is compactly generated we
may argue as in Corollary 5.2.13 to show that each ShV!(XZ') is also compactly generated. [J

We also have the following more refined result on excision for these particular types of stacks.

Proposition 5.2.24 (|Zhu25b, Proposition 10.177]). Let Y be a sind-very placid stack and let
7:U =Y be a qcgs open embedding with a closed complement ¢ : Z — Y. Then U and Z are
sind- very placid and i is pfp. In particular, by Proposition 5.1.21, we have that.
(1) iy =is, joix~0, i'oj, ~0, andi* o j ~0.
(2) The functor iy (Tesp. E, resp. ji) is fully faithful, with essential image consisting of
those F € Shv'(X) satisfying 7' F = 0 (resp. i'F =0, resp. i*F =0).
(3) For every F € Shv(Y), we have the following canonical fiber sequences:

iy 0 il F — F — juoj*F,

and
ﬂoﬁf—)f%iioﬁ]:.

5.3. Cosheaves and analytification. We start this subsection, by offering some informal
explanations and perspectives of the difficulties related to reconciling the cosheaf formalism of
Zhu introduced in the previous sections and Scholze’s analytification functor ¢* introduced in
§2. We do this to guide the reader in the discussion that follows.

The first observation is that Scholze’s functor is more directly related to Shv*(X) and that
unfortunately, for a general prestacks X € PreStk it is hard to understand the relation between
Shv*(X) and Shv'(X). When X € AlgSpa®, the categories are canonically equivalent through
ind-extending Verdier duality on constructible sheaves. When X is quasi-placid the categories
Shv*(X) and Shv.(X) are still equivalent, but the equivalence will usually rely on additional
data ([Zhu25b, Lemma 10.129, Proposition 10.130]). For more general prestacks, it is hard to
understand if there is a relation at all.

Question 5.3.1. Does there exist an equivalence between Shv*(B(G)) and Shv'(B(G))? Or
equivalently, are Shv*(B(G)) and Shv'(B(G)) dual to each other?

Since the analytification functors ¢* are naturally defined for the Shv*-theory, two possibilities
come to mind:
e Develop a cosheaf theory in the analytic setup over which an analytification functor ¢
is naturally defined.
e Study the precise relation between Shv'(X) and Shv*(X) for enough geometric objects.
The first option would take us too far afield, and would require us to overcome substantial
technical problems. However, it would be interesting if such a theory became available. We will
take the second approach. Let us recall the following statement.

Proposition 5.3.2 ([Zhu25b, Proposition 10.148]). Suppose that X = U/H where U is a stan-
dard placid algebraic space and H is an affine group scheme over k fitting in an exact sequence
of the form

e—~Hy—H—>H —e
such that Hy is coh. pro-unipotent over k and H' is pfp over k. The following statements hold.

(1) X is very placid.
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(2) The canonical identification Shvl(X) ~ (Shv*(X))°P induces an identification
(Shv'(X))* ~ (Shv*(X)¥)°P.
(8) There exist an identification
id” : Shv'(X) ~ Shv*(X),

relying on the choice of a generalized constant sheaf A € Shv'.(X) (see [Zhu25b, Defi-
nition 10.63, Definition 10.128]) and the discussion on [Zhu25b, §10.4.2]).

Using Proposition 5.3.2, one can easily define an analytification functor
¢ - Shv'(X) — DL (X) ~ D3 (X9)
by composing id” : Shv'(X) — Shv*(X) with the natural maps
Shv*(X) — DEN(X) — DY (X)
from Theorem 3.3.9, Proposition 3.1.18, and Proposition 5.1.10.

As the reader might have noticed, the analytification functor proposed 057 will bring hell and
tempest to the poor soul that attempts to make it functorial, since it clearly depends on the
choice of A.

An alternative approach, is to combine Proposition 5.3.2 with Lemma 5.2.11 to observe that,
whenever X = U/H is very placid, then Shv'(X) and Shv*(X) are canonically dual. In other
words,

Shv*(X) ~ Shv'(X)". (5.7)
We will take a version of this approach that will work for more general stacks. This will require

us to study deeper the work of Zhu. More precisely, we recall the ind-finitely generated sheaves
of Zhu. We begin by recalling the following definition.

Definition 5.3.3. [Zhu25b, §10.5.4] Amap f: X —» Y € SchStkgf’qpl is in V', if the following
conditions hold:
e f is l-able for the 3-functor formalism Shv' (i.e., f. is well-defined) in the sense of the
extension procedure of Construction 2.2.34 appliec? to (5.5).
e ForallY Y € SchStkcéltC’qp1 the pullback X xyY’ € SChStkgs’qpl, andif f/: X xyY’' —
Y’ denotes the base change, then f, preserves constructible sheaves.

Analogously, a map f: X — Y € SchStky; Pl g in V? if the following conditions hold:
e f is l-able for the 3-functor formalism Shv* (i.e., f is well-defined).

e Forall Y/ — Y € SchStkI®®! the pullback X xyY" € SchStk“® and if f': X xy Y’ —
Y’ denotes the base change, then f] preserves constructible sheaves.

Remark 5.3.4. We note that (SchStky, Py (resp. (SchStkdy Pl V) is a geometric setup
that might not have finite limits, since fiber products of quasi-placid stacks might not remain
quasi-placid. This is an instance where the notion of geometric setup discussed in Definition 2.2.1
does not suffice and one really needs the more general notion defined in [HM24, Definition 2.1.1].
We also note that Eﬁff’rep - V!C NV}, and that (SchStkey, Eﬁff’mp) is already a geometric setup
in the stricter sense of Definition 2.2.1. Working with this geometric setup will suffice for our

purposes.
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Almost by definition, the co-sheaf 3-functor formalism on PreStk and Shv'-l-able maps re-
stricts to a 3-functor formalism

Shv!, : Corr(SchStki“®! V') — LinCat§®,
we can ind-extend it to obtain a presentable 3-functor formalism
IndShvi, : Corr(SchStki %, V1) — LinCat$¢ — LinCaty. (5.8)

These are so-called ind-finitely generated sheaves (see [Zhu25b, Equation (10.55)]).
Analogously, we get

IndShvi, : Corr(SChStkcélf’qpl,VZ) — LinCatjy. (5.9)

For X € SchStky, ‘P! the natural inclusion Shv’,(X) C Shv'(X) gives rise to a natural trans-
formation of 6-functor formalisms on Corr(SchStky P!y ) (see [Zhu25h, Equation (10.56)])

¥ : IndShvi, = Shv'
given by formally taking the colimit. Similarly, we have a natural transformation

IndShvi, = Shv* (5.10)
given by the natural inclusion Shv.(X) C Shv*(X) for X € SchStkg P! and formally taking
colimits.

Assume now that Shv!(X ) is compactly generated (e.g if X is very placid, by Lemma 5.2.11).
Then it follows that ¥ admits a fully faithful left-adjoint

¥l : Shv!(X) — IndShvj, (X), (5.11)
which can be obtained by Ind-extending the inclusion Shv'(X)® C Shv.(X) granted by Lemma 5.2.11
(1).

Construction 5.3.5. Assume that X € SchStkgf’qpl and Shv'(X) is compactly generated. The
map W above admits a conjugate map

(T")°: Shv'(X)" — IndShvi , (X)Y,

which can be obtained by ind-extending the inclusion (Shv'(X)“)°P C (Shvi(X))°P. Note that,
by Ind-extending the identification in Remark 5.1.7 for X € SchStkegf’qpl, we have an equivalence

IndShv, (X)" ~ IndShv}, (X),

and that IndShvg, (—) =~ Ind(Shvy)(—) as functors over (SChStkgtC’qpl)"p. In particular, this
allows us to define the composition

Lyo
Shv!(X)Y "5 mdShvt, (X)¥ ~ IndShv, (X) — Shv*(X),

where the last map is as in (5.10).

The map from Construction 5.3.5 can now be composed with the natural transformation of
Proposition 3.1.18 (2) and the analytification map of Theorem 3.3.9. We summarize the situation
as follows.
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Proposition 5.3.6. If X € SchStkgf’qpl then there is a well-defined analytification map
¢ty : TndShvt, (X)¥ — DY(X).
Furthermore, if Shv'(X) is compactly generated, then the composition of (¥1)° with c;’g gives a
well-defined analytification map
¢V Shv! (X)Y — DY (X).
Remark 5.3.7. Evidently, whenever Shv’(X) = Shv'(X)* and Shv’(X) = Shv*(X)“ hold,
then Shv'(X )Y ~ Shv*(X) and under this identification ¢* and ¢* agree.

In particular, we see that even when Shv*(X) does not necessarily agree with Shv'(X)Y, one
can still define an analytification functor for objects in Shv'(X)Y, whenever X & SchStkd’ apl
and Shv!(X ) is compactly generated. We set some notation.

Definition 5.3.8. We let SchStk, aples SchStkg’ P qenote the subcategory of quasicompact
quasi-placid étale stacks X for which Shv' (X) is compactly generated.

Remark 5.3.9. We warn the reader that the naturality of the analytification functor
¢V Shv! (X)) — DY(X),

is subtle. Indeed, given a map of stacks f : X — Y € SchStkg APLCB it ig not clear if L' will
preserve compact objects. If it does, one obtains a commutative diagram

Lyo
Shv! (V)Y 05 ndShvi, (v)¥

l(f*!)o llnd(f*)
Shv'(X)Y 2% IndShvE, (X)V
v'(X)Y — IndShvi, (X)".

As we pointed out in Remark 5.3.9, it is better to analytify ind-finitely generated cosheaves.
Indeed, for those we can formulate a version of Proposition 5.3.6 that is functorial in the category
of correspondences. Recall that we have an involution

()Y : LinCat}® — LinCat}¥,
given by taking the dual category, which may be identified with C¥ = Ind(C*°P), as in [DG15,
Section 1.5.3|. Moreover, given any 3-functor formalism we can consider the result of composing
it with (—)V. This allow us to define a 3-functor formalism

(IndShv,, )" : Corr(SchStkd™ ™, V') — LinCatE.
Remark 5.3.10. Given amap f: X — Y € (SChStkét)?/C!’qpl we obtain a functor

(IndShv;, )Y ([X = X — Y]) : (IndShv;, )" (X) — (IndShv;, )" (Y),
which we denote by T'x_,y. The functor Tx_,y is the ind-extension of
(f+)°P : Shv,(X)°P — Shv!(Y)°P.

One could hope that if f € V! N V¥, then one would be able to rewrite Tx_,y simply as the
ind-extension of

fi: Shvi(X) — Shvi(Y)
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via the natural equivalence IndShv!f.g.(—)V ~ Ind(Shv(—)°P). When

[f : X = Y] € (SchStk, E55™P)

this holds, since in this case by definition f, := (/fi)°? on constructible categories. Nevertheless,
outside of this case, the identification becomes much more subtle and it is not at all clear in
which generality this should hold. Indeed, although for f € VC' NV the functor f, is defined and
preserves constructible categories, it is defined through extensions procedures and, in general,
its behavior might be hard to control.

For us, the following will suffice, which follows from the above discussion.

Proposition 5.3.11. The following statements hold.
(1) We have an equivalence of 6-functor formalisms on Corr(SchStk;}f’qpl, Esflf’rep) with val-
ues in LinCat}®
IndShvi, () =~ IndShV!f_g.(—)V.

(2) The functors c;’g fit in a natural transformation of 6-functor formalisms defined over

Corr(SchStkgs’QPl, Eﬁff;,rep)

c;’; : IndShV!f.g'(—)V = DXPrOét(—).
(3) The functors ¢*V fit in a natural transformation of functors

c,qpl,c . [¢
(SChStkgt ap g)P;%ng,rep — LlnCatAg

VSt (—)Y = DY ().

Proof. The first two items were dealt with in the discussion preceding this statement, so we only
provide the argument for the third. Note that we have a natural transformation of 6-functor

formalisms on (SchStke, E?f;g’rep), of the form

U : IndShvi, = Shv'.

phissen < Corr(SchStke, E5p8™P), this

pfp

When we restrict this to the subcategory (SchStki® <)

natural transformation takes the form

IndShv}, (X) 2 Shv'(X)

|z i&

IndShv}, () —2 Shv'(Y)

on an arrow f : X =Y € (SchStkgf’QPLCg)PA
pf]

discussed above, the hypothesis X, Y € (SchStkd ’qpl’cg) ensure that each ¥y, and Uy admit
fully faithful left-adjoint functors W%, and WL respectively, and the hypothesis f € Plff;g’rep
ensures that f, preserves constructibility. Since passing to adjoints along adjointable squares is

functorial, we get a natural transformation

¥ : Shv! = IndShvy,

1grep, and this square is adjointable. Indeed, as
P
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of functors on (SchStkg aplcg) pAlzrep. Passing to conjugate functors and composing with c;’gv
pfp ©

we obtain the desired natural transformation. O

5.3.1. Finitely generated sheaves for sind stacks. We now extend the discussion of analytification
in the previous context to the context of ind-finitely generated sheaves on ind-placid and sind-
placid stacks. This will in particular give rise to the desired analytification operation in the
relevant context of B(G). We have the following which essentially follows directly from the
construciton of IndShv!f'g'.

Definition 5.3.12 (|Zhu25b, Definition 10.160]). Let X be a quasicompact ind-quasi-placid
stack. An object A € Shv!(X ) is called finitely generated if it is of the form i, B for some
pfp closed immersion i : Z — X such that Z € SchStkféltC’qp1 and B € Shvi(Z). We de-
note Shv!f.g.(X) C Shv'(X) the full subcategory of finitely generated sheaves. We denote by
IndShv!f.g.(X ) its ind-completion, and we let

U : IndShvy, (X) — Shv'(X)
be the ind-extension of the natural inclusion.

Proposition 5.3.13 (|Zhu25b, Lemma 10.161]). Let X be a quasicompact ind-quasi-placid stack
with presentation X ~ colim;cr X;, then the x-pushforward defines an equivalence in LinCat\™

ling Shv',(X;) ~ Shv!f.g.(X).
icl

In other words, we have an equivalence in LinCatj’xg

lim IndShvi, (X;) = IndShvi,, (X).
el
Ind(f.)
We wish to have control of IndShV!f.g. (X)Y for X € IndStky Pl Recall the following state-
ment.

Proposition 5.3.14. If we have a filtered colimit C' = liglie]
gories for which the transition maps preserve compact objects, then C is compactly generated
and CV ~ lim, CY, where the transition morphisms Ff; : C;/ — C} are given by the conjugate
functors to the transition functors Fy; : C; — Cj.

C; of compactly generated cate-

Proof. This follows from [HTT, Proposition 5.5.7.10, 5.5.7.11] and [GR 17, Proposition 7.3.2]. O

Proposition 5.3.15. If X € IndStkgtC’qpl and we have a presentation X = h—n)liel X, with each
X, quasicompact quasi-placid and transition morphisms being pfp closed immersions, then the
following is true

(1) We have an identification

TndShvi, (X)Y =~ lim IndShvf, (X,).
el
Ind(f1)
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(2) If each Shv'(X;) is compactly generated, then Shv'(X) is compactly generated, the tran-
sition. morphisms f. preserve compact objects and therefore gives rise to a conjugate
map

(UE)° : Shv'(X)Y — IndShvi, (X)".

Proof. This follows from Proposition 5.3.13, Proposition 5.3.14, Proposition 5.3.11(1) and the
fact that in this setup the transition maps f. admit a colimit-preserving right-adjoint (i.e., ji ).
Indeed, the transition maps are pfp closed immersions. O

For sind-placid stacks there is also a theory of finitely generated sheaves together with its
ind-extension [Zhu25b, §10.6.5].

Definition 5.3.16 (|Zhu25b, Equation (10.63) and the paragraph below|). For a sind-placid
stack X, we let
IndShvi, (X) := lim IndShvi, (V)

Ind(fx)
V=X

as V — X ranges over the ind-pfp morphisms with V placid.
By |Zhu25b, Equation (10.64)], for all X € sIndStkI“P' we still have a functor
¥ : IndShvj, (X) — Shv'(X).

A difficulty of working with finitely generated sheaves on general sind-placid stacks is that one
might not be able to access all finitely generated sheaves of X via a single atlas V' — X. Indeed,
in general we only have a fully faithful embedding (see |Zhu25b, Proposition 10.181, Remark
10.182])

| IndShv, (V*)| < IndShv , (X).

For this reason, it is hard to construct analytification of ind-finitely generated cosheaves for
general sind-placid stacks. In contrast, the actual category of sheaves can still be accessed by
an atlas. Indeed we have formulas (see [Zhu25b, Equation (10.61)])

Shv'(X) ~ Tot(Shv(V*®)) ~ |Shv(V*)|.

Since we have only defined analytification for Shv' (X)V (and quasicompact quasi-placid stacks)

7qp11Cg)

when this category is compactly generated (i.e., when X € SchStkgf , this restriction will

naturally carry to the sind-placid stacks that we will be able to consider.

5.3.2. Sind-t-correspondences. The sheaf theory that Zhu works with in [Zhu25b] is designed
to interact nicely with respect to ind and sind constructions. This is not the case for the
analytic sheaf theory of [Sch22|. For this reason, to discuss analytification in the ind-placid and
sind-placid context, it will work better to consider functors that one should think of as being
the composition of an analytification with a correspondence. The subtlety is that we want to
consider correspondences that might not be !-able for all analytic sheaves, but become !-able
once we restrict to sheaves that come from analytification.

Definition 5.3.17. (1) A f-correspondence consists of a tuple (X,Y, «) with Y € AnStk,,
X € 1esSchStkI®®! and o : Xt — Y a D™ l-able map.
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We let Corr?c’qp1 denote the category of {-correspondences, which we can formally define
as the pullback

COI‘I‘?C’qpl — Fun(A', (AnStky) Bpan )

J &

Y
(1esSChStKI“M) v —— 1 AnStk,,
pfp
where s* is induced by the inclusion {0} — A!. Informally, a map of f-correspondences
O :(X1,Y1,01) — (X2,Ys, a2) consists of maps f: X1 — Xo, g: Y] — Ys together with
commutation data for the following diagram

(03

xP o X! 2y

lfo lff lg (5.12)
«

X5 X5 225 v,

2

Note that the left hand square automatically commutes (i.e., comes with canonical com-
mutation data), where as for the right hand square one needs to provide additional
data.

With the notation as above, we say that a map of f-correspondences © is in PT, if the
map f: X7 = Xoisin Pgllf’rep. We will write Corr(}f{qpl’cg C Corr?c’qpl for the (non-full)
subcategory of f-correspondences (X,Y, «) such that Shv!(X ) is compactly generated,
and whose morphisms lie in Pf. Note that in this case the left hand square of the
commutative diagram (5.12) will be Cartesian in light of Lemma 4.2.3 and Lemma 4.2.5.
Given (X,Y,a) € Corr?c’qp1 we define the functor

e IndShv!f'g'(X)v — DY)

as the composition ay o b% o c’fkg CIf Shv!(X ) is compactly generated, then we define

¢ Shv!(X)Y — DY)
as the composition ¢*% := c;’g o (whye,

We note that these constructions are natural on P! and give rise to functors

0, ac,aplicg Lys
Cply : Corrpy — Fun(A*, LinCat, ).

and

o, c,qpl,c 1 .
¢ Corr 5 — Fun(A*, LinCat,y ).

Indeed, this follows from proper base-change applied to the left hand square of (5.12)
(which is cartesian since © € PT) together with Lemma 4.2.3, Lemma 4.2.5 and Propo-
sition 5.3.11.

Remark 5.3.18. Informally, Definition 5.3.17.(5) says that for any map o : XT — Y we get a

functor

Shv!(X)Y <5 pan(y),
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and for every commutative diagram

X 2y

b
X) 25y,

with f € Pﬁll)g’rep and ay, a9, € E%nin | we also get a commutative diagram

Shv'(X,)Y <25 Dan(yy)

l@ﬂ Jg!

Shv' (Xo)Y <22 Dan(Ya).
An important special case of this is when Y7 = Y5

Before we define analytification for sind-placid stacks, we need the following definition.

Definition 5.3.19. Let X € SIndStk(é‘tC’pl. By a bounded piece of X we mean amap g:V — X
that is ind-pfp proper with V € SchStkgtC Pl

We wish to define analytification functors on X by descending analytification functors defined
on its bounded pieces. The following statement will help us achieve this.

Lemma 5.3.20. Suppose that X € sIndStk;}f’pl and that we have a commutative diagram

Va
V l92
Vi o X
where each g1 and go are bounded pieces of X. The following statements hold.
(1) The formula ViT ~ Vi<> X o XT holds.
Alg,rep
(2) f e Pplfp . |
(8) If Shv'(Vi) and Shv'(Va) are compactly generated and Vy € ,e5SchStky, then Vi €
resdchStks and there is a natural commutative diagram

*

*,V b
Shv'(V1)Y —“ DY (Vi) — D\ (V1)
(£)° lf? ifﬁ
*,V b*
Shv' (V)Y —= DR (V2) —= D} (Va).

Proof. For the first point, consider a totally disconnected perfectoid Huber pair (R, RT). Tt
suffices to show that V;(Spec R°) = V;(Spec R) x x(ry X (Spec RR°) since this will show the formula
we want when we pass to the v-sheafification. If V; — X is pfp proper on the nose (i.e., in
Pﬁf;)g’rep), the claim follows from Lemma 4.2.3 and Lemma 4.2.5. In general, one can write
Vi xx Spec R° = colim W; where each W; — Spec R° is pfp proper. Any map Spec R —
Vi x x Spec R° factors through a W; for some j by [Zhu25b, Lemma 10.154], so the existence of
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the unique lift Spec R° — V; X x Spec R° extending Spec R — V; X x Spec R° follows from the
pfp proper case.

For the second point, consider W = V; xx Va. The first projection map exhibits W as
ind-pfp proper over Vi. By [Zhu25b, Lemma 10.155], we may write W = ligj W1 as filtered
colimit along closed immersions where each W; 1 — V7 is pfp proper. In particular, each Wj; €
SChStkEltC Pl We have a similar presentation, W = h_ngk Wi.2 as a filtered colimit along closed

immersions where each Wy, o — V5 is pfp proper and Wy 5 € SchStkg‘f’pl. By [Zhu25b, Lemma
10.154], these families are cofinal, from which we deduce that for either family the two projection
maps to V7 and to V, are both pfp proper. By assumption, there is a section Vi — W which
factors through Wj, o for some k. This exhibits V7 as a closed substack of Wy o which is pfp
proper over Va. Consequently, the map f : V43 — V5 is also pfp proper.

For the last point, the first part follows from Proposition 5.1.13 (2). Also, note that the
map (¥5)°: Shv'(X)Y — IndShv!f.g.(X)v is natural in those X such that Shv'(X) is compactly

generated and those morphisms g: X — Y € Vc' for which g, preserve compact objects. In our
case, since f is proper, fi preserves compact objects, by Lemma 5.2.17. Indeed, it is left-adjoint

to L' which is colimit-preserving. To prove our claim, it suffices to show that the diagrams

IdShvl (Vi)Y 2 pO(v, DOV L Dt (1
n Vf.g.( )" —— DZ(Vh) A (Vi) —— Dy(W1)
llnd@" if? if? lfﬁ

C=»<,\/ b*
IndShv , (V2)Y —=5 DY (V) DY (Vo) — 2 D} (Vh).

commute, but these follow from Proposition 5.3.11 and Lemma 4.2.5, respectively, as in Re-
mark 5.3.18. Here we have implicitly used Theorem 3.3.12 and the assumed resilience of V; and
V4 to identify the arrows with their D3"-versions as opposed to their D} *'-versions. O

Definition 5.3.21. (1) A sind-t-diagram is a triple (X,Y, ) where
o X € slndStki“P,
e Y € AnStk,
e a: X" =Y is a map in AnStk,.
(2) Given a sind-f-diagram and a bounded piece g : V' — X, we let ay : VT = Y be the
map induced by «. In other, words ay = v o g (see also Lemma 5.3.20).
(3) We say that a bounded piece g : V' — X is a-compatible if all of the following statements
hold.
(a) V € 1esSchStky; (i.e., V' is resilient).
(b) V € SchStkd“Ph® (i.e. Shv'(V) is compactly generated)
(c) ay is Dy™-!-able.
For a sind-f-diagram (X,Y,a), we let C, C (SchStke;) x denote the full subcategory
spanned by maps V' — X that are a-compatible bounded pieces of X.
(4) We say that a sind-f-diagram (X, Y, ) is a sind-{-correspondence if the following natural
map

colimpy_, xjec, V — X

is an equivalence of étale stacks.
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In what follows, we will define an analytification map
¢ Shv!(X)Y — DY)

whenever (X,Y, «) is a sind-{-correspondence.
Fix (X,Y,a) to be a sind-f-correspondence. By the previous constructions, for any «-
compatible piece V' — X there is a analytification functor

Yyt Shv! (V)Y — DY), (5.13)
that has formula c;‘,"iVX = ay, o by, o c*V. We want to extend this construction to X. To

make things functorial, we will define such an analytification functor for all étale stacks over X,
although for most objects the result of this construction will be of no interest to us.

By definition, Cy is the full subcategory of (SchStke;),x spanned by a-compatible pieces. By
Lemma 5.3.20, we have a functor

qc,qpl,cg
C, — Corr P

described informally as
Vs [VO v 25y
We can compose this functor with the map 001r1r(}f{olpl’Cg — Fun(A!, LinCat, ) of Definition 5.3.17.(5).

This construction gives a functor c? a): Co — (LinCaty) /DR (Y)- We define

C?’_Oé) . (SChStkét)/X — (LinCatA)/Dirl(y)
as the left Kan extension of this functor along the inclusion C, C (SchStket )/ x-

Lemma 5.3.22. If (X,Y,«) is a sind-T-correspondence, then the evaluation

*,Q

C(X*)X) S (LlncatA)/'D;z\n(Y)
is an arrow of the form Shv'(X) — D (Y).

(x_x) takes the form A — D{"(Y') and the content is in showing that A ~
Shv!(X ). Recall the general fact that for a slice category C/. the forgetful functor C,. — C

Proof. A priori, ¢

reflects and preserves colimits. In particular, it suffices to compute hﬂVE c ShV!(V) € LinCaty.
By definition of sind-f-correspondence, ligqvE c V =~ X in SchStke. The claim now follows from

Lemma 5.2.14, Proposition 5.2.15 and the fact that Shv' is a sheaf for the étale topology (see
[Zhu25b, Proposition 10.74.(2)]). O

If the context is clear, we abbreviate the terminology and write
¢ Shv'(X)Y — DY) (5.14)

for the map attached to the sind-f-correspondence (X,Y,«) that we just constructed. It can
explicitly be described as the colimit of maps

limg [Shv! (V)Y <5 DR (Y)),

(f+)°
VX

where V' — X ranges over a cofinal subset of the a-compatible bounded pieces and the maps
are defined as in Equation (5.13).
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Remark 5.3.23. If Vi — X and V5, — X are a-compatible bounded pieces, then any map
Vi — Va is proper by Lemma 5.3.20(2). In particular, f, preserves compact objects, and its

right adjoint is L' . It follows from [HTT, Lemma 5.5.7.6] that Shv'(X) is compactly generated

whenever X forms part of a sind-f-correspondence (X,Y,a). Indeed, by assumption, Shv'(V})
is compactly generated whenever V) is a-compatible, and as [HTT, Lemma 5.5.7.6] explains,
limits of compactly generated categories along right adjoint functors still gives rise to compactly
generated categories.

By construction, analytification for a sind-f-correspondence is computed as a colimit over all
a-compatible bounded pieces. Often, this colimit can be simplified.

Proposition 5.3.24. If X € reSSchStkglf’qpl’cg and (X,Y,«) is a t-correspondence, then it is a
sind-T-correspondence and the two functors ¢*% defined in (5.14) and Definition 5.3.17 agree.

Proof. Under the assumptions, id: X — X is an a-bounded piece, and the colimit computing
(5.14) is taken over a diagram with a final object. O

Remark 5.3.25. For a given sind-f-correspondence (XY, «), morally,

(1% N7

Y = Ob} OC*,V”

and this is indeed true in the setup of Proposition 5.3.24. Nevertheless, we are defining ¢** even
in situations where ay might not exist.

Notice that even if X € resSchStkg,f apleg o sind-f-correspondence (X, Y, a) might not come
from f-correspondence (i.e., ay might not exist). This could happen in circumstances where
V — X is an a-compatible bounded piece which is a surjection for the étale topology, but
VT — X1 is not a D*-!-cover. However, this type of example will not really show up for us in
practice.

Proposition 5.3.26. Let X € IndStkgtc’pl, with an ind-presentation X ~ lim X;, and let
(X,Y, ) be a sind-t-diagram. Suppose that each X; is a-compatible and o; ‘= ax,, then the
triple (X,Y, ) is a sind-T-correspondence and in this case, we have the following formula for
analytification
% ~ lim ¢,
el

Proof. By construction, the functor cr’_a) : (SchStkgt) / x — (LinCatA)/DZn(y) is a colimit over the
a-bounded pieces V' € C,. By [Zhu25b, Lemma 10.154], the family {X;};cs is cofinal in C,. In
particular,
colimyec, V >~ colim;er X; >~ X,
this shows that (XY, «) is a sind-{-correspondence and that the analytification formula holds.
O

Proposition 5.3.27. Let (X,Y,a) be sind-t-diagram. Let f : 'V — X be a ind-pfp proper
atlas with V € IndStkgtC’pl. Suppose that V' admits an ind-presentation V ~ hﬂie[ Vi such that
each V; is a-compatible. Suppose that for every a-compatible bounded piece W € C, we have
that Shv'(V xx W) is compactly generated. Then (X,Y,q) is a sind-t-correspondence, each
(V™ Y, ayn) is a sind-f-correspondence and we have a colimit formula

*,Q *, 0y n

c :ligc

neA°pP
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Here, V™ denotes the n-fold fiber product of V over X, and the colimit is taken in (LinCatA)/Din(y),

Proof. By Proposition 5.3.26, (V, Y, ay) is a sind-f-correspondence, let us check that (V™ Y, ayn)
is also sind-f-correspondences for all n. Note that every V™ admits an ind-presentation of the
form V" = ligje I Wj” where each Wj” — V factors through a pfp proper map W]Tl — V; for some
i (see [Zhu25b, Lemma 10.155]). In particular, by Proposition 5.1.13.(2), W} € resSchStkg;. We
show, inductively, that each Shv!(W]”) and Shv' (V") are compactly generated for all n € N, and
that the W} are a-compatible bounded pieces. Indeed, for n =1 this is part of the hypothesis.
For the inductive step, we see that V"t = colimje s, W' xx V. The inductive hypothesis states
that each W' is a-compatible and by our assumptions it then follows that Shv!(I/V;I xx V) is

compactly generated. By Proposition 5.3.14, Shv!(V”H) is compactly generated and applying
Proposition 5.2.23, we see that the categories Shv!(WjﬂH) are all compactly generated.

Since W' — V; is pip, it follows from [Zhu25b, Lemma 10.119] that Wit e SchStkacp!
which shows that each W is a bounded piece of X. By Theorem 3.3.12, Lemma 4.2.3, and

Lemma 4.2.5, the map (W]“)T — V;r is l-able. This, combined with the hypothesis that V; is
a-compatible, shows that W' is ayn-compatible (or equivalently, a-compatible). In particular,
each V"™ is the colimit over its ayn-compatible pieces. Consequently, we can conclude that each
(V™ Y, apn) is a sind-f-correspondence.

Finally, let us show that (X,Y,«) is a sind-f-correspondence. Note that since SchStkg; is a
topos and since V' — X is, by definition, a surjection for the étale topology, we have the identity
in SchStkg;

colimpepor V" =~ X. (5.15)
This is not enough, we should also show that the identity
colimpyee, W ~ X, (5.16)

holds. Let CJ denote the category obtained from C, by formally adding a final object which we
denote with x. There is a tautological functor CJ — (SchStkg;)x with

W — W and * — X.

To show that (5.16) holds is equivalent to showing that the above functor is the left Kan extension
of its restriction to C,, which is what we will show. Let UY the sieve (in CJ) over * generated
by V. For all W € C,, we let UV‘I/, be the sieve over W obtained from Z/{)‘é by pulling it back along
W — X. Notice that, since C, does not necessarily have fiber products, it is not necessarily true
that Z/lv‘(, is generated by V x x W. Nevertheless, we claim that V' x x W has an ind-presentation
Vxx W ~ hglz‘el Wy, such that Wy; € C,. Indeed, using [Zhu25b, Lemma 10.155] we may
write V xx W ~ hﬂie[ Wy.; where Wy; — W is pfp proper. Arguing as in the above, we see
that each Wy,; € C, since by assumption Shv'(V x x W) is compactly generated. Another use
of [Zhu25b, Lemma 10.155] allows us to conclude that the sieve Z/IV“/, is generated by the Wy ;.
Since SchStkg; is a topos, colimits in this category are universal. It follows from (5.15) that, for
all W € C,, we have

X XX W ~ COlimnerp vn XX W ~ Colimn€A7(i17”.7in)€I’n WV,io XWwW = XWwW WV,in~ (5.17)
We also have that

COlimUeu‘\/‘// U~ COhmneA,(il,...,in)EI" WV,io Xx - Xx WV,in- (5.18)
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Indeed, as in the proof of [HM24, Lemma A.4.6], one shows that the index category on the right
is cofinal within the index category on the left. Overall, this gives

W ~ COtheuV‘{, U.

This shows that the tautological functor C, — SchStky is the left Kan extension of its restriction
to UY C C,. We claim that the tautological functor on CJ is the left Kan extension of its
restriction Ll)‘é, which would show our original claim since Kan extensions compose. The only
thing left to prove is the formula

X ~ COtheu}‘g U.

By cofinality, this reduces to (5.15) which we know holds. This finishes the proof that (X,Y, «)
is a sind-f-correspondence.
To show the colimit formula, recall that c( ) was defined as a left Kan extension. In particular,

*,Q0
~ colimy,caop c(

Cxox) ™~ )
Now, each term C(Vn—>X) is of the form
C(\’/"HX lﬁ” (W"ax ~ lim awp, o bW” oc™Y
Jj€Jn j€Jn

which we may regroup as

li awnuobwnoc’ lim ¢ v ") ~ c*
ﬂ 3 (Wir=v
JjE€Jn j€JIn

by Proposition 5.3.26. O

ayn

In the very placid case, our assumptions can be simplified.

Lemma 5.3.28. Let (X,Y, ) a sind-t-diagram, suppose that X € sIndStkgf’Vpl and that V — X
1s a sind-very placid atlas with V' € IndStkngpl. IfW — X is ind-pfp proper, then Shv!(WXXV)

is compactly generated. Consequently, for all W € C,, we have that ShV!(V X x W) is compactly
generated.

Proof. Write V' =~ lim, Vi with each V; € SchStkdP! By Proposition 5.3.15(2), it suffices

to show that Shv'(V; xx W) is compactly generated. By [Zhu25b, Lemma 10.155], we have
an ind-presentation V; x x W =~ mkeK Wi 1 where each W; j, is pfp proper over V;. Again, by
Proposition 5.3.15(2) it suffices to show that the ShV!(WZ',k) are compactly generated. But by

[Zhu25b, Lemma 10.119], the W} ;, are quasicompact very placid stacks (i.e. Wy € SchStkac:vPly,
so the claim follows by Lemma 5.2.11 (2). O

Corollary 5.3.29. Let (X,Y,«) be sind-t-diagram. Let f : V — X be a ind-pfp proper atlas
with V € IndStk(élgJ VPl Suppose that V' admits an ind-presentation V ~ hﬂz’e I Vi with each V;
a-compatible. Then each (X,Y,«) is a sind-T-correspondence, each (V™ Y,ayn) is a sind-1-
correspondence and we have a colimit formula
o~ lim ¢ AR
neA°P

m (LlncatA)/'Din(Y) .
Proof. This follows from Lemma 5.3.28 and Proposition 5.3.27. (]
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Unfortunately, the classifying stacks BK of locally profinite groups K are not always sind-
very placid and only sind placid [Zhu25b, Lemma 3.50]. This will force us to consider cases
of Proposition 5.3.27 that are not covered by Corollary 5.3.29. Fortunately, BK still has good
enough ind-atlas to apply Proposition 5.3.27.

Lemma 5.3.30. Let (X,Y,«) a sind-t-diagram. Suppose that f :V — X is an ind-pfp proper
atlas and that fy is universally conservative. Then, for all W € Cq, we still have that ShV!(V X x
W) is compactly generated. In particular, if V additionally admits an ind-presentation V ~
ligiel Vi such that each V; € Cq, then (X,Y,a) is a sind-T-correspondence, each (V™" Y, ayn) is
a sind-t-correspondence and we have a colimit formula

~ 11 *,oyn
c _hgc"’,

neA°pP

m (LlncatA)/Din(Y) .

Proof. The second part follows from the first part and Proposition 5.3.27. For the first part
we argue as above. Namely, we use [Zhu25b, Lemma 10.155] to write V xx W as liﬂie[ WiV

where each f; : WY — W is pfp proper. To show that Shv'(V x x W) is compactly generated, it
suffices to show that Shv'(W}) is compactly generated (Proposition 5.3.15(2)). By assumption,
@ is conservative, and by Lemma 5.2.12, this functor admits a left adjoint ﬁ I {Ok ke is

a family of compact generators for Shv'(1W), then { 17 Ok}rek is a family of compact generators
for Shv!(W}). 0

5.3.3. An important special case. There is an important class of sind-placid stacks for which the
definition of analytification simplifies significantly.

We fix the setup. Suppose that X is a sind-very-placid stack, that V — X is an ind-pfp-
proper atlas and that V' = U/H with U an ind-standard-placid algebraic space and H an affine
algebraic group as in Proposition 5.3.2.

Proposition 5.3.31. Let the setup be as above. Then Shv' (X)) is compactly generated and there
1 a natural equivalence
Shv'(X)Y =~ lim Shv*(W)
W—=X

as W — X ranges over the bounded pieces of X that factor as the composition of a closed
immersion W — V" and the natural map V" — X, and f : Wi — Wy denotes a transition
map.

Proof. We have that
Shv!(X) =~ lim Shv'(W),
W—X
D)

by Lemma 5.2.14 so it follows from [DG 15, Proposition 1.8.3] and Lemma 5.2.11 (2) that Shv'(X)
is dualizable and that
Shv'(X)¥ = lim (Shv'(W))" = lim (Shv'(W)"). (5.19)

W—-X W—X
(MY (£2)°
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Here, the last identity follows from the identification ( L')V ~ (f+)° which follows from the

adjunction f, - L' guaranteed by the properness of the transition maps. The hypothesis and
Proposition 5.3.2 give rise to the commutative diagram

Shv! (W)Y ——=—— Shv*(W)
l(‘I’L)O “colim” HcolimT
IndShvi , (W)Y —=— IndShv;, (W).

This diagram is functorial in f as long as f. preserves compact objects (which is the case for
proper morphisms). More precisely, if we have maps Wi — Wy over X, then we get commutative
diagrams

Shv' (1) — L g (1)

| |

TndShvi , (W) 2% IndShvi, (Ws)

\L“ colim ”+>colim l“ colim ”—colim
Shv* (W) —2— Shv*(Wh).
Indeed, this follows from the definition of the maps involved, Proposition 5.3.11 and the fact
that f, preserves compact objects. This allows us to rewrite (5.19) as

lim (Shv'(W)Y) =~ lim (Shv*(W))

as we wanted to show. O

Remark 5.3.32. For a sind-{-correspondence (X, Y, ) where X is as in Proposition 5.3.31, the
formula for ¢*¢ simplifies to be
lim vy © by
W—=X
i

5.4. Some computations. Carefully developing the functoriality of sind-f-correspondences
would also take us too far afield. Nevertheless, we will still need some basic functoriality to per-
form our computations. Indeed, this will be particularly useful to study how the semi-orthogonal
decomposition of B(G) interacts with our functor.

Lemma 5.4.1. Let (X,Y,«) be a sind-t-correspondence. Suppose that V. — X is a sind-very
placid atlas with V € IndStk9YP! and such that V admits an ind-presentation of the form
V = ligVi with V; € Cq. Suppose that i : Z — X (resp. j : U — X) is a pfp closed
immersion (resp. a pfp open immersion), then (Z,Y,a oit) (resp. (U,Y,a o 1)) is also a
sind-t-correspondence.

Proof. We use the criterion Corollary 5.3.29 for a triple to be a sind-{-correspondence to deduce
the claim. The proofs for Z and U are analogous, so we only provide the details for one of the
arguments. Let a¥ := aojf. Then V x xU — U is a sind-very placid atlas with ind-presentation
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VxxU= hgﬂ/; xx U. It suffices to show that V; xx U € C,uv. The hypothesis imply that

Vi X x U € 1esSchStk9Pl and consequently Shv!(V; x x U) is compactly generated, by Lemma
5.2.11 (2). Let f; : V; xx U — U denote the evident map. We must show that the morphism

Vol (VixxU)f Y

is 1-able. This map fits in the following commutative diagram in AnStk,

(Vi xx U)T > ViT Y

| |

Ut s X1

with Cartesian square. This reduces us to showing that Ut — X1 is l-able. However, one now
observes that this is a proper monomorphism and consequently it is a closed immersion. Indeed,
it is clearly a monomorphism, it is partially proper by definition of (=)' and it is qcqs in light
of Lemma 4.4.12, so proper by [Sch22, Proposition 18.3|. Since closed immersions are in E;gsss,
they are !-able with respect to D{".

Lemma 5.4.2. Let (X,Y,«a) be a sind-t-correspondence. Let h : V. — X be an a-compatible
bounded piece. Let f : W — V be a pfp map and let g = ho f. Suppose that Shv!(W) is compactly
generated and that f. preserves compact objects, then g, also preserves compact objects and we
have a commutativeidmgmm o

by x

Shv! (W)Y~ DY(W) L5 Dan(Wo x o XT)
l(ggo (5.20)

aw,

Shv'(X)Y == Dan(y).

Here by x : we Xyo XT = W< is the natural projection.

Proof. Since g, = hy o fs, to show that g, preserves compact objects, it suffices to show that h.
and f, do. This holds for f, by hypothesis, that this holds for hy follows from Lemma 5.2.17.
Indeed, by assumption h is ind-pfp proper, and any functor that admits a colimit-preserving
right-adjoint necessarily preserves compact objects.

Now we construct the diagram (5.20). Note that, by Proposition 5.1.13, the map W v

is in Egb  and any pullback of it is !-able. Consequently, ayy is !-able. Also, since the map
f:W —=Visin Esfl}f;, f« is well defined and preserves constructible objects. This gives rise to
the following commutative diagram

*,V

c by,
IndShv} , (W)Y —55 DY (W) — DINW x yo XT)

l(lndff*)" lf!o J (5.21)
*,V b*

IndShv}, (V)Y —25 DY(V) —25 DIn(Vo x v X7),
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as in the discussion in Remark 5.3.18. From our assumption on Shv'(W) and f, we also have
the following commutative diagram

Shv!(W)¥ —~ IndShv}, (W)Y
J(ﬁ)" J/Ind( oP) (5.22)
Shv! (V)Y —¥ IndShv}, (V).

The definition of a-compatible piece, and of ¢*“ provides the following commutative diagram

*,V

Y by
Shv!(V)¥ —25 IndShv}, (V)Y —25 D(V) —25 DRV x o XT)

\(h*)i (5.23)
ay,

Shv'(X)Y —<2 Dan(y)
The diagram of (5.20) is obtained by combining the diagrams in (5.21), (5.22) and (5.23). O

The following two statements will be crucial to compute the analytification of sheaves on the
stacks of shtukas, and it is one of the key inputs in the proof of Proposition 11.3.1.

Definition 5.4.3. We say that a map of étale stacks Z — Y is strongly essentially pro-unipotent
if there is a factorization Z — Y’ — Y such that Y’ — Y is She-suave and Z — Y has a
presentation Z ~ lim Z; where each Z; — Y is Shv-unipotent and each transition map Z; — Z;
is in E;?g , affine and Shv-unipotent.

Lemma 5.4.4. Let g:Y — Yy be a map SchStky; such that there exists surjective map f : Z —
Y of étale stacks satisfying that both h = go f and f are strongly essentially pro-unipotent as in
Definition 5.4.3. Then ¢g° : Y°® = Yy satisfies base-change with respect to *-pushforward.

Proof. Fix m : X — Y a map in AnStk, and we form the commutative diagram with Cartesian
squares

W, —s 70
ol
W ye
[+ ]
X " vy,
and set b’ = ¢’ o f’. We wish to show that, for all A € D{"(X), the base-change map
¢ m A S mlg* A

is an isomorphism. Since the map Z¢ — Y° is v-surjective by Proposition 4.2.11, f** is conser-
vative. So it suffices to show the analogous base-change formulas

Re*my A = m'W* A and fo*mlA = m! f* A,
In other words, we are reduced to show base-change formulas for arbitrary strongly essentially
pro-unipotent maps Z — Y. Choose a factorization Z — Y’ — Y} into a Shv-suave part and
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a pro-unipotent part as in Definition 5.4.3. The DXmét—Version of these base change formulas
follow from Lemma 4.3.1 for the smooth part (i.e., Y’ — Yp), and from Lemma 4.4.12 and
Lemma 4.5.3 for the pro-unipotent part (i.e., Z — Y’). Arguing as in Proposition 3.3.14, we
may use the Dimét—version to conclude the Dj{"-version. O

Proposition 5.4.5. Let f : X — Y be a map in reSSchStkgtC’Vpl. Suppose that f comes via base
change from a map fy: Xg — Yy in (PreStkArt, E;‘;E), and that the projection map gy : Y — Yy
satisfies the hypothesis of Lemma 5.4.4. Let gx : X — Xg denote the base change map. Suppose

that A = g Ag for some Ay € Shvi(Xo). Let V.= X xyo YT and let o : V — Y1 and
n:V — X denote the projection maps. Then

b?/nv*f*A ~ p.n'cxA  and b*;,n’*f,A ~ o cx A

Proof. Consider the following commutative diagram with Cartesian squares

One of the equations follows from proper base change and the fact that the analytification
functor ¢* is a natural transformation of 6-functor formalisms. Indeed,

by HA ~ bycy fiA (5.24)
~ by f'cx A (5.25)
~ pin*c A. 5.26

X

For the other, we argue as follows



124 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

by *f* bycy f«A (1)
= Ych*gXAO (2)
=~ by-cy gy fo« Ao (3)
~ by gy " ¢y, fox Ao (4)
~ by g0 £ iy Ao (5)
~ ay.ay by gy 3.0k, Ao (6)
~ ayP«€ Cx, Ao (7)
~ p.0.€"Cy, Ao (8)
~ 0.6.(" 9% ") e, Ao (9)
~ g% ¢, Ao (10)
~ @ cx gx Ao (11)
~ e A (12)

The steps (1), (2), (4), (8),(9), (11), (12) are completely formal. Step (3) follows from schematic
pro-unipotent base change [Zhu25b, Proposition 10.124(1)]. Strictly speaking, [Zhu25b, Propo-
sition 10.124(1)] is formulated for Shv!, and functors of the form #; and t'. Nevertheless, a similar
(dual) statement with identical proof holds for Shv and functors of the form ¢, and ¢*. To show
step (3) we apply [Zhu25b, Proposition 10.124(1)] twice, one time for the map Z — Y and
another time for the map Z — Yy where Z — Y is an auxiliary map as in Lemma 5.4.4.

Step (5) follows from Proposition 4.1.4. Since X € resSchStkIVPl it is in particular gegs.
Then step (6) and (10) follow from overconvergent replacement (i.e., Corollary 4.4.13 and Corol-
lary 4.4.14). Finally, step (7) follows from pro-unipotent base change. More precisely, we have
a commutative diagram

ye 2, ye

N o

and the pullback of £ along f(? is precisely e. By Proposition 4.3.2.(1) dy; is DRrOét—suave and
dy, satisfies base-change against *-pushforward, by Proposition 3.3.14. By Lemma 5.4.4, gy- also
satisfies base change against *-pushforward. O

6. SEMI-ORTHOGONAL DECOMPOSITIONS

Soft preamble to the section: In this section, we formulate and prove an inductive criterion
to detect when a functor between two categories that are endowed with a semi-orthogonal de-
composition is an equivalence. We also show that any such equivalence automatically upgrades
to a semi-orthogonal equivalence. Later in §11, we will verify this criterion for the functor W
constructed in §7 using the theory of kimberlites (see §10). Our discussion is lean, and relatively
self-contained once [HA, Appendix A.8| is taken as a given. Nevertheless, we refer the interested
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reader to [AMR23] where a more thorough treatment, with a different goal than ours, is given.

Technical preamble to the section:

§6.1 Recalls recollement as discussed by Lurie in [HA, Appendix A.8|.

§6.2 Defines our working notion of semi-orthogonal decomposition as particular instances of
2-functor formalisms (as in [DK24, Definition 2.15|). We find this language convenient
since our semi-orthgonal decompositions all come from either a 6-functor formalism, or
by passing to adjoints. We also find it convenient to appeal to the Nagata perspective,
discussed in [DK24], to obtain uniqueness statements with minimal effort.

§6.3 Provides the main examples of semi-orthogonal decomposition that we use in the body
of the article.

§6.4 Provides the inductive criterion that shows when a functor is an equivalence by exploiting
the semi-orthogonal decomposition structure. It is an easy inductive argument taking
[HA, Proposition A.8.14] as the base case.

86.5 In this section we benefit from the Nagata perspective in order to show that an equiva-
lence respecting the semi-orthogonal decomposition in a weak sense automatically pro-
motes to a morphism in the category of semi-orthogonal decompositions. This part is
purely formal, and it is a more sophisticated version of the fact that for any category C
and any object X € C, the full subcategory Cﬁ)f( of C;x whose objects consist of those
fully faithful maps Y — X is a posetal category.

6.1. Recollement. In this subsection, we review the theory of recollements on a presentable
stable category, following mostly [HA, Appendix A.8|. Before defining recollements, we introduce
the following notation. We recall that, since the category Cat admits all small limits by [HTT,
Corollary 4.2.4.8|, we may form Ker(f) for any exact functor f: C — D of stable categories as
the pullback of f along 0 — D, the inclusion of the 0 object inside D.

Definition 6.1.1. Let X € Cat be a stable category. We say that a recollement of X is a pair
of stable categories (U, Z) together with fully faithful functors j, : U — X and i, : £ < X such
that j, and i, admit left adjoints j* and i*, and Ker(j*) = Im(i,). When the context is clear,
we say that (Z,U) is a recollement of X', and omit i, and j, from the notation.

Remark 6.1.2. The equality Ker(5*) = Im(i,) is to be interpreted as asking that the natural
map Ker(j*) — & factors through the full subcategory Im(i*) via an equivalence.

Remark 6.1.3. Recall that the Verdier quotient of a fully faithful functor f: D — C of small
stable categories is defined as the Dwyer—Kan localization of C along the class of arrows whose
cone lies in D, compare with [NS18, Theorem 1.3.3]. In the presentable case, the Verdier quotient
is the defined as the cofiber in category of presentable stable categories, see [BGT13, Definition
5.4] and [NS18, Theorem 1.3.5]. In particular, j* realizes U as the Verdier quotient of X' by the
full subcategory Z embedded along i, compare with [BGT13, Proposition 5.6].

Remark 6.1.4. We note that X' € Cat being a recollement in the above sense implies that it is
a recollement in the sense of Lurie [HA, Definition A.8.1|. In fact, since all categories are stable,
the categories X', U, and Z have all finite limits, and the left adjoints j* and ¢* automatically
commute with them, which implies assumptions [HA, Definition A.8.1 (a)-(c)]. Moreover, the
assumption Ker(j*) = Im(i,) clearly implies [HA, Definition A.8.1 (d)-(e)]. In light of this, we
will freely cite results from [HA, Appendix A.8| throughout this section.
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Remark 6.1.5. Given a recollement (Z,U) of a stable X, it follows by [HA, Remark A.8.5| that
the functor i, automatically admits a right adjoint denoted i'. Similarly, [FIA, Corollary A.8.13]
states that the functor j* has a fully faithful colimit-preserving left adjoint denoted ji. By
Yoneda, we note that the identity Ker(5*) = Im(i,) implies that Im(j;) = Ker(7*) by passing to
adjoints. In particular, the map * identifies Z with the Verdier quotient X' /Im(j;). Moreover,
for all M € X, the recollement gives rise to a fiber sequence

i M — M — i,3" M.

Indeed if F' denotes the fiber of M — i,i*M, then F' ~ 5 A for some A, from the identity
Im(j) = Ker(i*). Then it follows that j*F ~ j*jiA ~ A, but also j*F ~ j*M since Ker(j*) =
Im(iy).

In particular, the previous remark yields a diagram of adjoints
\/i'\ VRN
Ze s x L sy
N~ ~__“
it Jx
in 68?5, where (Z,U) is a recollement of a stable X.
Next, we will show how the datum of a recollement on X can be reconstructed from the datum

of the subcategory i, : Z — X subject to certain axioms. To this end, we need to define left
and right orthogonals.

Definition 6.1.6. Let i, : Z — X be a fully faithful embedding of stable categories. The left
orthogonal +* Z is the full subcategory whose objects A € X satisfy Hom(A,i.(B)) = 0 for
all B € Z. Similarly, the right orthogonal Z1% is the full subcategory whose objects A € X
satisfies Hom(i«(B), A) = 0 for all B € Z, respectively.

When it is clear from the context, we will often omit the subscript X. The fully faithful
embeddings j) and j, of U into Z can be reinterpreted via orthogonality as follows.

Lemma 6.1.7. Let X be a stable category with a recollement (Z,U). Then the maps j. and j
define natural equivalences U Szt andu S Lz, respectively.

Proof. Note that, for all Ay € U and Az € Z, we have
Hom(ix(Az),j«(Ay)) = Hom(j* i, Az, Ay) =0,

so in particular j,: U — X has essential image equal to Z1 thanks to the identity Ker(j*) =
Im(i,). Similarly, the embedding ji: U — X has essential image equal to -2 due to the identity
Im(j) = Ker(i*) described in Remark 6.1.5. O

From this point forward, our categories will lie in LinCat, i.e., they will be presentable and
stable, but we will still consider diagrams in (/jaTt, i.e., not every functor that we consider be-
tween them is necessarily colimit-preserving and exact. We now isolate our definition of closed
subcategory.

Definition 6.1.8. For X € LinCat, we say that a full subcategory i,: Z2 — X (with i, a
morphism in LinCat) is closed if i, admits a left adjoint 7*.
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Lemma 6.1.9. Let i,: Z — X be a closed subcategory. Then, the functor i, : Z — X fits in
a recollement (Z,U) of X. Moreover, we have natural identifications U ~ Z+ and U ~ X/Z
where X /Z denotes the Verdier quotient.

Proof. The existence of U (and j.) and its identification with Z+ follows directly from [HTT,
Proposition A.8.20]. Indeed, by hypothesis i, admits a left adjoint since i, is closed, and also
i, admits a right adjoint by the adjoint functor theorem (see [HTT, Corollary 5.5.2.9]). We
consider the natural fully faithful functor j,: Z+ — X (which is often not colimit-preserving).
There is a natural Verdier quotient map j*: X — X' /Z with kernel given by Z. Now, [BGT13,
Proposition 5.6] implies that the composition j*j, : Z+ — X/Z is an equivalence, i.e., the
Verdier quotient admits a description via a Bousfield localization on Z-local morphisms (i.e.,

morphism with whose cofiber lies in Z). This is precisely the identification we were looking
for. (]

In summary, given a closed subcategory Z — X of a presentable stable X, we obtain a
recollement (Z, X /Z) of X by identifying the right and left orthogonals of Z with X'/Z.

6.2. Semi-orthogonal decompositions as 2-functor formalisms. The way we want to gen-
eralize recollements to more general posets is via Nagata 2-functor formalisms in the sensg\of
[DKK24]. Recall that a 2-functor formalism is another name for a functor Corr(C, E) — Cat,
where (C, F) is a geometric setup: they send a correspondence [X < Z — Y] to fig* and en-
code base change formulas. However, in contrast to 3-functor formalisms (see Definition 2.2.2),
a 2-functor formalism does not provide a lax symmetric monoidal structure. In particular,
this means that there is no projection formula, and concepts like cohomologically proper and
cohomologically étale become more subtle since the stability of these properties is no longer
automatically guaranteed.

Recall the notions of a suitable decomposition and a Nagata setup, that we discussed in Defini-
tion 2.2.19 and Definition 2.2.24. Just as one can define what it meant for a 3-functor formalism
to be Nagata with respect to a Nagata setup, one has a similar concept in the 2-functor formal-
ism context (see [DK24, Definition 2.15]).

Before we define semi-orthogonal decompositions, we set some notation related to posets.
Throughout this section we will assume that our posets are finite. Given a poset K, we endow it
with the natural order topology with basis given by the open subsets U, := {y € Ply > z}. We
use K°P to denote the poset with its order reversed. We write Closed g for the category of closed
subsets of K with morphisms given by inclusion of closed subsets. We say that a subset V C K
is convez if it can be written as the difference V' = Z; \ Za of two closed subsets 71, Zo C K.
Note that if K is finite then, for each k € K, the subset {k} C K is convex. Again, the collection
of convex subsets V' C P forms a category Convexy with morphisms given by inclusion. Note
that this carries a natural suitable decomposition (P, I) (in the sense of Definition 2.2.19) with P
(resp. I) being closed (resp. open) embeddings V3 — V5 for the subspace topologies. Moreover,
(Convexp, All, P, I) is a Nagata setup (in the sense of Definition 2.2.24.(1)).

Definition 6.2.1. Let K be a poset. A semi-orthogonal decomposition of X € LinCat with
respect to K is a presentable 2-functor formalism

D: Corr(Convexg, All) — LinCat
such that
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(1) D(K) = X.

(2) Tt is Nagata (in the sense of [DK24, Definition 2.15]) with respect to the suitable decom-
position (P, I) defined above.

(3) Forany i: Z — V in P, let j: U :=V \ Z — V be the complementary open immersion
in I, then we have excision with respect to the pair (j,4). More precisely, for any object
M € D(V), the adjunction maps give rise to a fiber sequence

G M — M — 3" M.
Given such a semi-orthogonal K-decomposition D on X, we write Xy := D(V).

Remark 6.2.2. A convex subset V C K is also a poset, and the corresponding topology agrees
with the subspace topology on V. We note that we obtain a natural morphism of geomet-
ric setups (Convexy, All) — (Convexg, All) such that pulling back D along the induced map
Corr(Convexy, All) — Corr(Convex, All) gives rise to a semi-orthogonal decomposition Dy
with respect to the poset V on Ay, by design.

As a first sanity check, we have the following observation.

Lemma 6.2.3. A semi-orthogonal decomposition D of X with respect to {0 < 1} is equivalent
to the data of a recollement on X. More precisely, the closed subcategory pinning down the
recollement attached to D via Lemma 6.1.9 is given by Z = D({0}) with embedding i, =

D0} <L {0} = {0,1}): Z — X.

Proof. Let (Z,U) be a recollement for X. We claim that this upgrades to a semi-orthogonal
decomposition with respect to the poset K := {0 < 1}. Note that Convexx = {0,0,1,{0,1}}.
First, we define Dy: Convexyx — LinCat via Dy() = 0, Dy(0) = Z, Do({0,1}) = X, and
Do(1) = U with maps between them given by j* and ¢*. This is Nagata with respect to
the open-closed suitable decomposition because ¢ and j are monomorphisms such that i) = i,
and j' = j* such that we have an identity Im(j;) = Ker(i*) guaranteeing excision, as already
explained in Remark 6.1.5.

Conversely, such a 2-functor formalism allows us to recover the categories Z and U by reversing
the previous steps, together with the triple (by the Nagata condition) adjoint functors (ji, 5%, 7«)
and (i*,ix,i'). Excision implies that Ker(j*) = Im(i,). O

In particular, we deduce the following consequence of this.

Corollary 6.2.4. Let X € LinCat be a category equipped with a semi-orthogonal decomposition
D with respect to K. For a convex subset V', we set Xy := D(V). Fori: Z — V a closed
embedding with complementary open U, the category Xy admits a recollement into (Xz, Xy)

where D(Z Moz V') defines the embedding Xz <— Xy of the closed subcategory characterizing
the recollement via Lemma 6.1.9.

Proof. We consider the obvious functor Convexgy<;}; — Convexy sending {0} to Z, {1} to U,
{0,1} to V, and ) to (. This defines a map of geometric setups

(Convexyo<qy, All) = (Convexy, All)

and precomposing D with the induced map Corr(Convexg<i}, All) — Corr(Convex, All) im-
plies the desired claim, by combining with Lemma 6.2.3. (]
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Remark 6.2.5. If we drop the first axiom from Definition 6.2.1, one can form the category
of semi-orthogonal decompositions with respect to K as a full subcategory of the category of
presentable 2-functor formalisms, that we will denote by Semix. When the poset is clear from
the context, we will omit it from the notation. We will write evg: Semix — LinCat for the
forgetful functor given by evaluating on K € Convexy.

6.3. An example. Let’s exhibit some examples of how semi-orthogonal decompositions will
arise for us. Fix X € AnStk,, a poset K, and a continuous map

f:1X|— K.

Given k € K, we let Tj, = f~'(k). We say that X is weakly-stratified'® by K if for all k € K,
T} is a weakly generalizing subset of X (as in [AGLR22, Definition 2.3]). In this circumstance,
Ty ~ | Xk| for a unique (see [AGLR22, Lemma 2.7|) locally closed immersion X} — X, which
can be defined by the formula

Xk ::XX\XJE'

We set Xy 1= X x|x f~Y(V), where V C K is an arbitrary convex subset. Below, we discuss
how to promote this to a semi-orthogonal decomposition.

Proposition 6.3.1. Let X € AnStk, be weakly-stratified by a poset K. The following hold:
(1) There is a semi-orthogonal K-decomposition mapping V to Dy™(Xy) and [U <~V — W]
to iVW! o ’L';}V.
(2) Assume that for all convex subsets V.C W C K, the map iyw (resp. ij,y ) has an addi-
tional left adjoint iI{/W (resp. iywy). Then there is a semi-orthogonal K°P-decomposition

mapping V to D" (Xv) and [U <V — W] to iywy o z'bUV.

Proof. The preimage of any set along |X| — K is weakly generalizing in the sense of [AGLR22].
In particular, it follows that Xy, — Xy, can be written as the composition of an open and a
closed immersion. These classes of maps are both in E;j" = and consequently !-shriekable for the
6-functor formalism D{".

It’s not hard to construct a functor

Corr(Convexy, All) — Corr(AnStk,, EEESSS)

with the rules
V= XV

and
U+ V —=>W— Xy <+ Xy — Xwl.

Indeed, this follows from functoriality of fiber products and of the construction (—) + (—) that
takes topological space to a (not-necessarily small) v-sheaf. Composing with D" gives us a
presentable 2-functor formalism on Corr(Convexg). To show that it is Nagata, we observe that
closed immersions are D{"-proper and open immersions are D3"-¢tale. In order to prove excision,
we follow [HM24, Proposition 4.8.6]: it is enough to show that, for a pair of complementary
immersions (7, j), the family of functors (i*,j*) is conservative. But this is clear, as they cover
the underlying topological space.

13We do not ask that the closure relationships among the T} agree with K.
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For the second part, we use part (1) and pass to left adjoint functors to obtain a presentable
2-functor formalism D : Corr(Convexg ) — LinCat sending V' to D3"(Xy ) and the correspon-
dence [U <V — W] to iywy o i%]V, passing to adjoints via the equivalence LinCat ~ LinCat®,
see [HTT, Corollary 5.5.3.4].

We still need to verify that this is a semi-orthogonal decomposition with respect to the opposite
category. We identify Convexy with Convexpop, which exchanges closed and open immersions.
If V. — W is an open immersion in K, then z'!VW = i}y, SO passing to left adjoints yields
ivwg = tywi, which shows that elements in I are D®-proper, as desired (because the semi-
orthogonal decomposition is now indexed by K°P). Similarly, if V' — W is a closed immersion
in Convexg, then vy = iyws yields iy = i'{/W by passing to left adjoints. This shows
that closed immersons in Convexy are D*-étale, as desired. Finally, the excision sequence can
be deduced as well by part (1) and by passing to left adjoints. Indeed, as above it suffices
to show that (i?/w, j{b/V\V’W) is conservative, where V' — W is a closed immersion in Convexy

with complementary open W\ V. If i?/WA ~ iy A = 0 then A =~ jyn\y iy B, for some B and
j‘b,V\MWA ~ B, since jy\y,w1 is fully-faithful. O

The second semi-orthogonal decomposition obtained by passing to left-adjoints will be very
useful for our purposes.

6.4. An inductive criterion. In what follows, we provide an inductive criterion showing that
if a functor F': X — ) between two categories that admit a semi-orthogonal K-decomposition
respects enough of the structure, then the equivalence can be tested on filtered pieces. We start
by recalling the case of recollement. If (Xp, A1) is a recollement of X', we let (A1) C X and
(X1)x € X denote the images of j; and j. respectively. For notational coherence, we also let
(Xo)« = (Xo) denote the essential image of i, : Xy — X.

Lemma 6.4.1. Let X and Y be presentable stable categories equipped with recollements (Xy, X1)
and (Yo, V1). Suppose that we have a functor F: X — Y and a commutative diagram

j2
Xo —— Mo

x .y

Then there is a unique (up to contractible choice) functor F : X1 — Yy fitting in a commutative
diagram

XL)J/

Jj* lj*
F
Xl E— yl.
In particular, if F(X1) C Y1, then we can construct a commutative square

Xy —E—

lzhj* l,:hj*

X —E5

Similarly, if F(X14) C Vix, then we can construct a commutative square
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F
Xl* — yl*

\L:)J* \L:h?*

X —E-»

Remark 6.4.2. As we will discuss in §6.5, the Fy in Lemma 6.4.1, if it exists, it is unique up
to contractible choice.

Proof. The first statement follows directly from the universal property of Verdier quotients (see
[BGT13, Definition 5.4]), and the fact that the pair (X7, j*) is a model for the Verdier quotient
(see Remark 6.1.3). Indeed, our assumptions imply that the essential image of j* o F' applied to
Xpis0e V.

The second and third statement follows from concatenating the commutative diagram just
obtained with

X —Es

b

XL)y

with 7 € {!,*}.
O

Proposition 6.4.3 (|[HA, Proposition A.8.14|). Let X and Y be presentable stable categories
equipped with recollements (Xo, X1) and (Yo, V1). Suppose F': X — Y is an exact functor such
that

(1) F(Xy) C Vi fori=0,1 and the restricted functors are equivalences.

(2) F(Xz*) C Vis fO’I“i =0,1.
Then F' is an equivalence.

Proof. Condition (1) and (3) in [HA, Proposition A.8.14] hold by hypothesis. As for condition
(2) in [HA, Proposition A.8.14|, we have assumed that F' maps X to Vix for i = 0,1 and we
just need to verify that this happens via an equivalence. For ¢ = 0, this is already given, since
Xor = Xps, and in the ¢ = 1 case, we just remark that the restricted functor on !-embedded
categories agrees with the one on x-embedded ones by Lemma 6.4.1. In particular, since we are
assuming one of them is an equivalence, the other one is also an equivalence.
Finally, we must show condition (4) in [HA, Proposition A.8.14]. This amounts to showing

that the adjunction map

F(A) — F(ifi% A)
is isomorphic to the adjunction map

F(A) — i3 F(A),

for all A of the form A = j* B and B € X;. But this is clear since, by hypothesis, F(j!XB) ~ j!yD
for some D, and we have a fiber sequence

¥ D — F(A) = F(ifi%A).
In particular, maps of the form F(A) — YT factor uniquely through F(i¥i% A), which is
precisely the universal property of Y iy F'(A). O
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Now, we generalize Proposition 6.4.3 for a finite poset K. Suppose that X is a category in
LinCat endowed with a semi-orthogonal K-decomposition. Given two convex subsets V C K
and W C K with V .C W, we let Xy C Xy (resp. Xyws C Xyw) denote the essential image
of the functor iyy,y (resp. iyws) provided by the 2-functor formalism. If W = K we simply
write, Xy C X and Ay, C X.

Proposition 6.4.4. Let K be a finite poset. Let X and Y be presentable stable categories
equipped with semi-orthogonal K -decompositions. Suppose F: X — Y is a functor in LinCat
such that the following holds.

(1) F(Xy1) C Yy for all convex subsets V C K.

(2) For any open subset U C K and any k € K that is a closed point of U, the map
Fy : Xy — Vu (furnished by Lemma 6.4.1) satisfies Fu (X (ryv+) S Yo\ (ryus-

(8) The functor F maps Xy to Vi1 via an equivalence for all k € K.

Then F' is an equivalence.

Proof. By (1), Lemma 6.4.1, and Corollary 6.2.4, we may consider for every open U C K with
complement Z = K \ U a functor

FU : XU —)yU.

We prove by induction on the cardinality of U C K that Fy is an equivalence. We note
that it is a functor between categories with semi-orthogonal decompositions with respect to the
poset U, by Remark 6.2.2. We first show that the first and third conditions on F pass to Fy.
That Fy(Xyyr) € Yy whenever V- C U follows easily from the commutative diagram from
Lemma 6.4.1

XL))

la'z; i
F,
Xy —% V.

Indeed, the 2-functor formalisms on X and )Y give commutative diagrams

Xy VK| X Yy VK Y
[ I
Xy —5 Xy Yy 2 Yy

Similarly, from Lemma 6.4.1, we have a commutative diagram

(X)) —— (Ap)h —— &y

[

(V) —— Qv —— Ju,

which shows that the restriction of Fyy to Xy induces an equivalence

Fy : X — Vi
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In the case where kpyax € K is the maximal element, by hypothesis (3) (and Lemma 6.4.1 and
Corollary 6.2.4) we have an equivalence

kaax : kaax ;> yk/'max'

If U C K is a general open and k € U is closed, then we have two recollement (X%, Xin\;) and
(Ve Venk). By the inductive hypothesis, Finy is an equivalence, by (3) F is an equivalence,
and by (2) the functor Fy; satisfies the hypothesis of Proposition 6.4.3. This shows that Fy is
an equivalence. O

Proposition 6.4.5. In the context of Proposition 6.4.4, it suffices to show that for k € K
F(Xk) C Vit to conclude that F(Xy) C Yy for every convex subset V C K.

Proof. Observe that Xy, is generated under colimits by the Xy for k € V. The claim follows
since Yy is stable under colimits for every convex subset V and F' commutes with colimits
(being a functor in LinCat). O

We can give a final reformulation of the inductive criterion. For any k € K, we let U denote
the open subset of elements greater or equal than k.

Proposition 6.4.6. Let K be a finite poset. Let X and Y be presentable stable categories
equipped with semi-orthogonal K -decompositions. Suppose F': X — Y is a functor such that the
following holds.

(1) The functor F maps Xy to Vi1 via an equivalence for all k € K.
(2) For all ky < ko the functor

Y ! X ~
(ZklUkl) © FUkl © ZkQUkl* - O?
(i.e., (zklUkl) o Fy, o Ul identically vanishes).
Then F is an equivalence.

Proof. This follows from Proposition 6.4.4 and Proposition 6.4.5. Indeed, the condition
. ! X
(Z%Ukl) o Py, 0 igyu,« =0

is, up to simple combinatorics, a rephrasing of condition (2) in Proposition 6.4.4. O

6.5. From plain functors to semi-orthogonal maps. In this subsection we explain why
equivalences of semi-orthogonal K-decomposed categories that respect the K-structure in a
weak sense automatically promote uniquely (up to contractible choice) to an equivalence in the
category of semi-orthogonal K-decompositions. For this, we will need to understand evaluations
from functor categories, since the forgetful functor Semix — LinCat’ is essentially an evaluation
functor.

Lemma 6.5.1. Let T be a category with terminal object x, let C be any category admitting finite
limits. Then

evy: Fun(Z,C) = C

is a Cartesian fibration.
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Proof. To show it is a Cartesian fibration we must provide ev,-Cartesian lifts for every edge
x — y in C, and every functor F': Z — C with F(x) = y. Evaluation at the terminal object has
a right adjoint given by the constant functor. More precisely, we have that

Map(ev.(F'), z) ~ Map(F, const,).
By adjunction, for every F' € Fun(Z,C) we have a map
F — constp(y) -

If we are given a morphism x — F'(x), then we can form the Cartesian diagram in Fun(Z,C)

Fospy — F

! |

consty; ——— constp(y)

It is not hard to verify from its construction that F, ,p) — F is a ev.-Cartesian lift of

x — F(%). g
Let K be a finite poset. Let X be a category in LinCat endowed with a semi-orthogonal
K-decompositions X(_). Let
Dy s : Convexg — LinCat®

be the functor described by the rule
Dx (V) := Xy

and
DX’*(V — W) = [f* Xy — Xw]

Formally, this functor is obtained by restricting X(_) along the inclusion Convexy < Corr(Convex, All),
and passing to right-adjoint functors.

Proposition 6.5.2. Let K be a finite poset. Let X and Y be two categories in LinCat endowed
with a semi-orthogonal K -decompositions. Let F : X — Y be a functor in LinCat™. The
following statements are equivalent.

(1) For all V € Convexg, we have F(Xy.) C Yyx.

(2) There exists a natural transformation F(_y: Dy «(—) = Dy .(—) with Fix ~ F.

Moreover, whenever these statements hold, F s unique (up to contractible choice).

Proof. Suppose that we have such a natural transformation F'. Then, for all V € Convexg, we
have a commutative square
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which readily shows that F'(Xy.) C Vy.. Conversely, assume that F(Xy,) C Yy, holds for all
V. We want to find a lift of F': X — ) along the map

evk : Fun(Convexy, LinCat®) — LinCat?,

and also show that it is unique. By Lemma 6.5.1, and the universal property of Cartesian edges,
the anima of lifts of F' agrees with the anima of maps

~

FU_Il('DX,*, ['Dy7* X consty COIlSt/\/])

After this replacement, we may assume that X = ), and we can now interpret both Dy , and

Dy  as taking values in LinCath. Moreover, since Dy « and Dy , come from a semi-orthogonal

decomposition, they take values in the full subcategory (LinCatR)%(‘, where the superscript

specifies that these are the objects whose structure map Z — X is fully faithful. Since the
category (LinCatR)f/'f\; is a poset, maps from Dy . to Dy , are unique when they exist, and they
exist if and only if for all V' € Convex, the map

AV XV — X
factors through the map
i* : yv Xy X — X.
Moreover, this happens if and only if F o z‘)f* factors through 25* which is precisely the condition
F(Xy) C Vv =

Lemma 6.5.3. Let K be a finite poset. Let X and Y be two categories in LinCat endowed with
a semi-orthogonal K-decompositions. Let F : X — Y be an equivalence in LinCat. Suppose
that, for all V € Convexy, we have that F(Xyy) C Yy, then for all V € Convexyx we also have
that F(Xy.) = Vv« (i.e., the essential image of F restricted to Xy is Yy« ).

Proof. Tt suffices to show this when Z € Convexy is closed, and when U € Convexg is open.
Indeed, the hypothesis will pass to the Verdier quotient functors. If Z is closed, then by hy-
pothesis FI(Xz.) C Vz.. Let A € Yz, and B € X with F(B) ~ A. We claim that B € Xz,.
Indeed, if U is the open complement of Z in K, and we denote by ¢ : Z C K and j : U C K the
inclusions, then we have a fiber sequence

§15*B — B — i,i*B, (6.1)
from which we deduce a fiber sequence

JT — F(B) — i,S

for some S and T' by applying F' to Eq. (6.1) and observing that it preserves !-included subcat-
egories. Since F(B) € Yz, it follows that T € Yz, or in other words 57 ~ 0. Since F' is an
equivalence we must have 7,j*B ~ 0 from which we deduce that B € X,.

Similarly, if i : U — K is open, then one can verify that F'(Xy.) C Vy«, by observing that

Map(F (i B), F(j, A)) ~ 0.

forall Be X K\U- That F restricted to Xy, essentially surjects onto Yy, follows a similar proof
to the one for closed immersions, using the sequence

iviiB— B — j,j*B
instead. O
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Proposition 6.5.4. Let K be a finite poset. Let X and Y be presentable stable categories
equipped with semi-orthogonal K-decompositions. Suppose F: X — Y is an equivalence in
LinCat such that the F(Xyy) C Yyi for all conver subsets V. C K. Then it lifts uniquely
(up to contractible choice) to an equivalence of semi-orthogonal K -decompositions.

Proof. Since F(Xyy) € Yyi, we may use Lemma 6.5.3 and Proposition 6.5.2 to construct an
equivalence (with inverse F'~1) of functors

F 1Dy, = Dy.,

with notation as in Proposition 6.5.2. Passing to left-adjoints, gives rise to an equivalence of
functors

F:xX=)Y
of functors defined on Convex}? with values in LinCat. But, since both X and Y are Nagata, by
[DK24, Theorem 3.3], this functor promotes uniquely to an equivalence of 2-functor formalisms
as we wanted to show. (]

PART II. THE ARGUMENT
7. CONSTRUCTING THE FUNCTOR

In this section we explain the construction of the functor, but before doing this we carefully
explain the key simpler example of classifying stacks.

For a group object G over k, and a topology 7 on PSch*® (resp. Perf*) we write B,G €
SchStk, (resp. [*/G]; € AnStk;) for the classifying 7-stack of G. We omit 7 from notation if it
is clear from the context.

7.1. Sheaves on classifying stacks. Let H be a locally profinite group. We write H for the
scheme (resp. adic space) representing the functor S — C°(|S|, H) on PSch®? (resp. on Perf°P)
sending S to the set of continuous functions on the underlying topological space of the scheme
(resp. adic space) S. In this subsection, we only use the fpqc-topology on PSch and the v-
topology on the analytic side. By abuse of notation, we write BH for By,q.H, the fpgc quotient
by H in the category of perfect fpqc-stacks, and [«/H]| for [«/H],, the v-stack quotient by H
in the category of perfectoid v-stacks. We apply the above (co)sheaf formalisms to the stacks
BH and [*/H] and show that the analytification maps constructed in §5 are equivalences in this
situation. We assume that [Zhu25b, Assumption 3.48] holds for H throughout §7.1. I.e., we
assume that

e H admits a A-valued left Haar measure dh, that is, an H-equivariant map
f »—>/ fdh: C°(H,A) — A, (7.1)
H

such that there exists a compact open subgroup K C H with vol(K) := fK dh € A*.

We call an open compact subgroup K C H good, if | 5 Ldh € A* for one (equivalently, any) left
Haar measure on H. Thus, our assumption on H guarantees that H contains a good subgroup
K C H. Moreover, note that if p € A* and H contains an open compact pro-p-subgroup, then
H satisfies the above assumption.

We denote by Rep(H ) the derived (oo-)category of the abelian category of smooth H-representations
on A-modules. It is shown in [Zhu25b, Lemma 9.14, Example 3.47| that, under our assump-
tions, the category Rep(H) is left-complete and compactly generated. If H is profinite, let
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Rep.(H) C Rep(H) denote the full subcategory of those objects, whose underlying complex of
A-modules is perfect.
For profinite groups we have the following.

Proposition 7.1.1 ([Zhu25b, Prop. 10.110, Cor. 10.111, Exmpl. 10.123, and p.95|). Assume
that H = K is profinite and good, then the following statements hold.

(1) BK is a placid in the sense of Definition 5.2.6 (2). (i.e., BK € SchStkgtc’pl).
(2) There is a canonical t-exact, symmetric monoidal equivalence

Shv ) (BK) ~ Rep(,(K)

such that -pullback along the natural map Speck — BK identifies with the forgetful
functor from Rep(K) to A-modules.

(3) Shv'(BK) is compactly generated and Shv'(BK)* = Shv.(BK).

(4) There is a canonical t-exact, symmetric monoidal equivalence

Shv()(BK) ~ Rep(,) (K)

such that x-pullback along the natural map Speck — BK identifies with the forgetful
functor from Rep. (K) to A-modules.
(5) Shv*(BK) is compactly generated and Shv*(BK)¥ = Shv(BK).

Remark 7.1.2. We note that, even though Shv' (BK) is compactly generated when K is profinite
and good as in Lemma 5.2.11 (2), often BK is in general placid and not very placid.

Remark 7.1.3 (Very placid case). Suppose that H = G(E) for a connected linear algebraic
group G over E, and K = G(Op) for a smooth Og-model G of G with connected special fiber.
Then BK is very placid, BH is sind-very-placid and BK — BH is an (ind-)very placid atlas.
Indeed, L*G is connected and hence BK = LTG/Ad,L"G by the Lang-Steinberg theorem.
As ker(L*G — L{G) (the first congruence subgroup) is coh. pro-unipotent, it follows from
Proposition 5.3.2 that BK is very placid. Here our loop group notation is described in §7.2
below.

Remark 7.1.4. Although the references provided in Proposition 7.1.1 only deal with the case
of Shv'(BK) (i.e., (2) and (3)) the analogous statements for Shv*(BK) (i.e., (4) and (5)) have
identical proofs. Indeed, one first shows that the map Speck — BK satisfies descent for the
Shv* functor as in [Zhu25b, Proposition 10.110]'*, then one uses the explicit descent data to
compare Shv*(BK') to QCoh(BK ,) as in [Zhu25b, Corollary 10.111 and Example 10.123], and
one can use this description to identify the compact objects with the constructible ones.

Now let H be arbitrary with a good compact open subgroup K C H. The fibers H/K of the
projection BK — BH are discrete and in Zhu’s formalism we may treat this map as an ind-pfp
finite morphism. In particular, it is ind-pfp proper.

Proposition 7.1.5 (|Zhu25b, Lemma 3.50, Proposition 3.51|). Let K C H be a good compact
open subgroup. Then the following statements hold.

10One should use here that f : Speck — BK is cohomologically proper for the Shv* functor as discussed in
[FIM24, Remark 5.3.1], and descendability of fiA is done following the same argument as in [Zhu25b, Proposition
10.110].
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(1) The morphism BK — BH is ind-pfp finite. In particular, BH is sind-placid with sind-
placid atlas BK — BH.
(2) Let Hk*(BK) denote the Cech nerve of BK — BH. Then HK"(BK) is ind-placid for
each n >0, and
Shv'(BH) = lim Shv'(Hk"(BK)).

neA°P

IA

(8) The category Shv' (BH) is compactly generated and there is a t-ezact symmetric monoidal
equivalence
Shv'(BH) = Rep(H).
(4) Under the equivalence of (3), L' and fi along f: BK — BH identify with the forgetful
functor and with C—Indg compact induction from K to H, respectively.

Recall from Construction 5.3.5 that, for a placid stack X, we have natural functors

Lyo
Shv'(X)Y 2" mdShvt, (X)¥ ~ IndShvi, (X) — Shv*(X).
Proposition 7.1.6. Let K be a good subgroup of the locally profinite group H. Then, for
X € {BK,BH}, we have a sequence of equivalences

Shv'(X)Y = Shv*(X) = D5 (X).

Proof. We first consider the case X = BK with K good. By Proposition 7.1.1.(3) and Proposi-
tion 7.1.1.(5) (see also Remark 7.1.4) we have identifications

Shv'(BK) < IndShv;, (BK) and IndShvi, (BK) = Shv*(BK).
Overall, this gives an identification
Shv'(BK)Y = Shv*(BK).

The identification Shv*(BK) = Dg (BK) follows from descent. More precisely, consider the
Cech nerve (Xn)n>o0 of the map Spec k — BK. Then each X, is a profinite set, and in particular,
a qcqs scheme. By inspection, one can see that the natural maps Shv*(X,) — Dg(X,) =
Di\ch(Xn) are isomorphisms. Indeed, one can use Theorem 3.1.12 and Proposition 5.1.10 and
that each X, is of finite expansion over Spec k. Since Spec k — BK satisfies descent with respect
to Shv* by Remark 7.1.4 and descent with respect to foh by Theorem 3.1.9, we also get the
desired identification

Shv*(BK) = DSM(BK).
Let us deal with the case X = BH where H is a locally profinite group containing an open
subgroup K C H that is good. In this case, we have to first construct a functor

Shv'(BH)" — Shv*(BH).

Indeed, BH is only sind-placid, so its category IndShv!f.g.(IB%ﬂ ) is more intricately defined, we
will not rely on this category. 5
We consider the map f : BK — BH which is ind-finite. Let {Y},},ea denote the Cech nerve
of f. We have an identification
Shv'(BH) ~ lim Shv'(Yy). (7.2)

neA°P

fe
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Applying [DG15, Proposition 1.8.3] to (7.2) we get an identification
Shv!(BH)" =~ lim Shv'(Y)", (7.3)

ncA°P
(fo.x)°
where we have implicitly used the identification (fe ) >~ ( ]i)v In particular, there is a unique

map Shv'(BH)Y — Shv*(BH) that lies over the following commutative square

liny,e acr Shv! (¥;,)Y —=— limy,enor Shv*(Y,)
g(f-,*)" = |

l@a: lf.,!

To show the map
Shv'(BH)" — Shv*(BH) (7.4)

that we just constructed is an equivalence, it suffices to show that

lim Shv*(Y,,) — Shv*(BH)
neA°P
fc,!
is an equivalence, since the vertical left hand arrow is an equivalence by (5.19). Equivalently,
using [HT'T, Corollary 5.5.3.4], it suffices to show that

Shv*(BH) — @ Shv*(Y,,) (7.5)
neA
fe
is an equivalence. Since f is cohomologically étale for the Shv* formalism, we may replace (7.5)
for
Shv*(BH) — Jim Shv*(Y,,). (7.6)
ncA
fe
But this is an equivalence since Shv* is an étale sheaf and BK — BH is surjective for the étale
topology. This finishes the proof that (7.4) is an equivalence.
To show the equivalence

Shv*(BK) — DR (BK) (7.7)

we may argue by descent as above. Indeed, each of the Y,, are (disjoint unions of) classifying
stacks of good compact open subgroups (note that a open subgroup of a good subgroup is again
good). This reduces (7.7) to the case H is profinite good, which we have dealt with above.
Alternatively, we can appeal to [HM24, Proposition 5.3.10]. O

7.1.1. Bernstein—Zelevinsky duality. Now we discuss duality following [Zhu25b, §3.3.2]. Let H
be a locally profinite group satisfying assumption (7.1). Then Bernstein—Zelevinsky duality on
H, which we will call cohomological duality

Dcoh,H5 Rep(H)Op — Rep(H)
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is induced by a Frobenius structure on Rep(H) over Mod, in the sense of [HA, Definition 4.6.5.1],
which is given by the evaluation map

coh: Rep(H) — Mody, V= (V& A H, (7.8)
where (-)g is the functor of derived H-coinvariants and Ay is the modulus character, given

by Ag(h) = %KK}L;) for a (any) good subgroup K C H, see [Zhu25b, Remark 3.49]. More

precisely, this means that the composition
Rep(H ) ®mod, Rep(H) -8, Rep(H) <ohy Mod,
is a perfect pairing that defines for us an equivalence
Deon, i : Rep(H)" = Rep(H). (7.9)

Or in other words, a self-duality on Rep(H).
Since Rep(H) is compactly generated, this means that given a compact object A € Rep(H)
then, we may describe Dgop (A) as the unique compact object for which the formula

w

HomRep(H) (Dcoh,H(A)v B) = (A ®B® Aﬁl)Ha

holds for all B € Rep(H) (see the discussion in [Zhu25b, Remark 7.55] to see why this identity
comes from the Frobenius algebra structure). We emphasize here that Hom is the external Hom
(i.e., the usual bifunctor Rep(H )P x Rep(H) — Mody,). If we substitute in B = H(H) :=
CS°(H, A) to be the compactly supported smooth Hecke algebra then this degenerates into the
relationship

Hompep () (Deon, 11 (A), H(H)) = (A H(H) @ Ay )i ~ A, (7.10)

where the last map is the isomorphism in [Zhu25a, Proof of Proposition 3.53, Equation 3.40)].
Using that Dcop g is involutive, we obtain an identification

Dcoh,H(A) = HomRep(H) (A7 H(H)) (711>

for all A € Rep(H)%. A priori, (7.10) and (7.11) are identities that only hold in Mody, but we
note that we can regard H(H) as a bi-module. After taking external Hom with respect to the
left action, the complex still carries a remaining right action. This gives rise to the involutive
equivalence considered first by Bernstein

Homgep(my(—, H(H)) : Rep(H )P = Rep(H)®, (7.12)

see |Miel4, §2| and [Far06, §2|. The duality (7.9) can then be more concretely realized as the
Ind-extension of the equivalence in (7.12), via the identification Rep(H)" ~ Ind(Rep(H )“°P) of
the dual category.

We now discuss how the equivalence Do}, is incarnated in the geometry of classifying stacks.
Let K C H be a good subgroup. Under the equivalence ShV!(BK ) ~ Rep(K) from Proposi-
tion 7.1.1, the tensor unit wx matches Ax. Moreover, wk is a generalized constant sheaf on
BK in the sense of [Zhu25b, Definition 10.128], which we will denote A", As in [Zhu25b, Page
98], this choice of generalized constant sheaf induces a duality

idX, : Shv'(BK) = Shv'(BK)",
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which upon restricting to Shv.(BK) and identifying Shv',(BK) with Rep, K, becomes the usual
duality sending a K-representation on a perfect A-module V' to its linear dual V*. If K is a
good subgroup of the locally profinite group H we may descend to a duality

idZ, . Shv'(BH) & Shv'(BH)", (7.13)

by applying these considerations to the Cech nerve of BK — BH as in [Zhu25b, Proposition
3.56]. As explained in [Zhu25b, Proposition 3.56] the duality of (7.13) corresponds to the duality
of (7.9) under the identification of Proposition 7.1.5.

7.1.2. W for classifying stacks. Let H be as above and let K be a good subgroup. Recall from
|G1Z26, Proposition 2.20| that the natural maps give identifications

(BH)* ~ (BH)" ~ (BH)" ~ [+/H].

Moreover, recall that when H admits an embedding into GL,(E) for some n and some non-
Archimedean local field E of residue characteristic p, then [«/H] is an Artin v-stack by [F'524,
Example IV.1.9]. From Proposition 4.2.7 and the above isomorphisms of stacks, we deduce
canonical equivalences

DY (BH) ~ DY ((BH)®) ~ DY ([+/H)). (7.14)

Whenever K is profinite and good, BK € SchStch’p (see Proposition 7.1.1) and Shv'(BK) is
compactly generated. In particular, we have an analytlﬁcation functor

¢y Shv(BK)Y — DY (BK) ~ DR ([+/K]),
as defined in Proposition 5.3.6.
Lemma 7.1.7. Let K be profinite and good. The analytification functor
¢ SV (BK)Y — DY (BK) ~ D} ([+/K]),
is an equivalence. Moreover, we have the commutative diagram of equivalences

Rep(K)
Zhu FS
K V,*®

Shv! (BK) 0y Shv!(BE)Y 2 Dan([/K])

where the left diagonal map is the equivalence of Proposition 7.1.1 and the right diagonal map
is the equivalence constructed in [FS2/, Theorem V.1.1].

Proof. We have a sequence of maps

id% et
Shv!(BK) ~2% Shv'(BK)" — Shv*(BK) — D" (BK) <> D(BK) = DY ([+/K])  (7.15)

and all but ¢* have been shown to be equivalences (see Proposition 7.1.6). Note that cfé’lv{ is the

composition of these maps. Consider the fpqc-cover (resp. v-cover) f : SpecF, — BK (resp.
f % = [x/K]) and let {X,}neca be the Cech nerve. The maps in (7.15) fit into a diagram
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Shv!(BK) ——— Shv'(BK)Y ————— Shv*(BK) ———— DS (BK) ——— D{(BK)

J J | | |

lim Shv'(X,,) ——— lim Shv'(X,,)¥ ——— lim Shv*(X,,) —— lim Di*(X,,) ——— lim DY (X,,),
neA neA neA neA neA

fe (fo° fe Ie fi
where here the vertical maps are all equivalences, as in the proof of Proposition 7.1.6, where
for DX(—) this follows from the fact that D}"(—) satisfies v-descent. One easily verifies that
DS (X,) — D3(X,,) is an equivalence, since X, is a profinite set, which shows that ¢* is an
equivalence giving the first part of the claim.

For the second part, if we write Rep(K) = limpea QCoh(X;, o), then the identifications

fe

Rep(K) — Shv'(BK) and Rep(K) — D3*([*/K]) of Zhu and Fargues-Scholze respectively, are
induced by taking limits of diagrams of the form

QCoh(X; )

— T

Shv'(X,,) » DY (Xn)

for all n, and it suffices to show that these diagrams commute.
We claim that this is true for any space of the form S = SpecF, x T" where T' is a profinite
set. Writing S = @Si with each S; = SpeclF,, x T; with T; finite we have formulas

QCoh(Sy) = hﬂ QCoh(Spec ATt)

T

Shv'(S) = linghv!(Si) DX(S) — thX(Sz)
which can be further rewritten as
lim QCoh(Spec A)®IT
lim Shv' (Spec ) #/7! » 1im DY ()T,

The whole computation reduces to the commutativity of the diagram

QCoh(SpecA)

_— \ N

Shv'(SpecT,)) T ().

Since the maps are Modp-linear, it suffices to show that each of the maps preserves the tensor
unit, but this can be done by a direct computation. O
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We move on to study the case where H is a locally profinite group admitting a compact open
subgroup K C H that is good.

Lemma 7.1.8. The triple (BH, [x/H|, ay :=id},/g)) s a sind-{-correspondence in the sense of
Definition 5.3.21.(4).

Proof. Indeed, let ay = id[, /g, this is indeed a map
idpm : (BH)T = [+/H),
that gives rise to a sind-t-diagram. Let K C H be an open compact good subgroup of H. Then

f:BK — BH is a sind-placid atlas (see Proposition 7.1.5 (1)), with BK € resSchStkacP! (see
Lemma 3.3.13). Note that (BK)T X (BH)® (BH)' ~ [*/K]. Moreover,

(/K] = [+/H]

is étale and in particular D{"-!-able. This shows that BK — BH is an ay-compatible bounded
piece as in Definition 5.3.21.(3). By Lemma 5.3.30, it suffices to show that

f+ : Shv'(BK) — Shv'(BH)

is universally conservative to conclude that (BH, [*/H], oy := id|,/p) is a sind-{-correspondence.
Let X — BH be amap, let Y = X xpy BK, and let fx : Y — X be the base change map. We
wish to show that fx . is conservative. ‘We may easily reduce to the case in which X € PScha°%,
so that Y € PSch and Y — X is ind-finite. If A € Shv'(Y) and A # 0, then there exists a
geometric point ¥ : Spec C' — Y with @!A # 0 in Shv'(Spec C') ~ Mod,. Let T : Spec C — X be
the induced geometric point. Then z'o f x,«A # 0 since one can show, using proper base change,

that yi!A is a direct summand of z' o fx«A. In particular, fx A # 0. O

As one should expect, the analytification functor constructed in Lemma 7.1.8 using a sind-{-
correspondence admits an easier description.

Theorem 7.1.9. Consider the sind-t-correspondence (BH, [+/H], ap := id}, g]) as above. The
following statements hold.

(1) The analytification functor
¢ Shyv' (BH)Y — DY (BH)
factors as Shv'(BH)Y — Shv*(BH) < DX(BE) and in particular it is an equiva-

lence. Here, the map Shv' (BH)Y — Shv*(BH) is the equivalence constructed in Propo-
sitton 7.1.6.

(2) If K C H is compact and good, then we have a commutative diagram
Shv!(BK)" <% Dy ([+/K])
| |5
Shv!(BH)Y <2 Dan([«/H)).

(3) After precomposing with the identification idIB(Z and idgz that come from duality, we get
a commutative diagram
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Rep(K) —=— Shv'(BK) —=— D3([+/K])

lc—Indﬁ l(fi ) J fi

Rep(H) —=— Shv'(BH) —— D{([x/H]).
(4) Finally, we have a commutative diagram of equivalences

Rep(H)
Zhu FS

s H

Shv! (BH) =t Sh'(BH)Y <% D ([x/H]).

Proof. Let us explicate the Cech nerve appearing in Proposition 7.1.5. As in [Zhu25b, Page 95|
we have

HK"(BK) = [K\H xX H <& ... xE H/KJ$ = [H\(H/K)"ie. = I B,
heH\(H/K)"+1

(7.16)
where H acts diagonally on (H/K)""! via left multiplication, and where the stabilizer is Hj, =
Hp, M-+~ N Hy, for h = (ho,...,hy) € (H/K)""'. Note that Hj, is good since it is a subgroup
of hoKhy 1 and K is good. To make the notation compatible with Proposition 7.1.6, we let
Y, = HK"(BK), and we let ay, : A [*/H], be the map induced by oy and the map Y =
(BH)!. On the analytic side the Cech nerve Hk®([x/K]) of the v-cover [*/K] — [*/H] admits
a completely analogous explicit description, and we have Y,¥ = Y = Hk"([x/K]), by |GIZ26,
Proposition 2.20].

By the second part of Lemma 5.3.30, justified by Lemma 7.1.8 and its proof, each triple
(Yo, [*/H], o) is a sind-f-correspondence and

¢ = colimy,ecaop 7.

Since Shv!(BH )Y = colim,eaer Shv'(Y,,)Y and Shv*(BH) = colim,caer Shv*(Y;,) (see Proposi-
(£2)° bjl

tion 7.1.6), it suffices to factor each ¢*®» through the natural map Shv'(Y;)Y — Shv*(Y;). In

other words, we want to show that the following diagram

Shv'(Yy,)Y ————— Shv*(Y;,)

lc*,an \LC*

DY ([+/H]) +— DY (HK"([+/K]))

is commutative. To this end, we unfold ¢*“" using Proposition 5.3.26. Let
T, = {p: pn C H\(H/K)""! finite subset}
For each pu € Z,, we have the closed substack

Hk, (BK)<, = [ [ BHx C Hk,(BK)
hep
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defined in terms of the right hand side of (7.16). This gives an ind-presentation (resp. a colimit
formula)
Y, = colim,ez, Hk,,(BK)<, (resp. Shv'(V,,)Y ~ colimye7, Shv'(Hk,, (BK)<u)Y).

By Proposition 5.3.26, to produce the factorization of ¢**» it suffices to show that for all u € 7,
the map
Shv' (Hky (BK) <,.) " — DR ([+/H])

factors through Shv*(Y;,). But this is the case, since we have the commutative diagram

Shv' (Hk,, (BK)<,,)" » Shv*(Y;,)Y

Shv*(Hk% (BK)<,) Shv*l (Yn)

Di“(Hkn(l[*/K])w) o Di“(Hknl([*/K]))
\Di“([*/H])

Now (2) follows from the defintion of ¢**# and the functoriality in Remark 5.3.18 and (3) follows
from (2) and Proposition 7.1.5(4). Finally, (4) follows from (3) and Lemma 7.1.7 as we range
over deeper good subgroups K C H which produce compact generators for Rep(H). U

7.2. Loop groups and Grassmannians. For R € CAlgP®" let W(R) be the ring of p-typical
Witt vectors of R. We put W(R) = W(R)®z, Og if char(E) = 0, resp. W(R) = R[] otherwise.
We let ¢ : W(R) — W(R) denote the automorphism of W(R) induced from Frob.

Let G be a reductive group over F and let G be a smooth affine model of G over Og. We
define the jet group (or positive loop group) of G resp. the truncated jet group of G, resp. the
loop group of G as prestacks with formula

LTG: Spec R+ G(W(R))
LG: Spec R — G(W(R)/n"W(R))
1
LG: SpecR+— G(W(R)[—])
™

For n > 1, L;*G is a pfp perfect affine group scheme over k. For 1 < m < n the transition maps
sz_ g — L;;g are unipotent and LG = lim,, L;{g is a perfect affine group scheme. For n > 1 let

LYG™ = ker(LYG — LT G).

Assume that G is a parahoric model of G. The quotient GrSgCh = LG/L*G is the affine
Grassmannian of G and the stack quotient HksgCh = L*g\LG / L1G is the local Hecke stack. If
Z is an Iwahori model of G with Z(Op) contained in G(Og), and W denotes the Iwahori-Weyl
group of G with respect to Z, then the LT Z-orbits in GrSICh are parametized by W. Similarly,

the LT G-orbits in GrSgCh are parametrized by WQ\W/ Wg. In geometric terms, this gives rise to
an identification
[HKG™| = Wo\W /W
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There is an evident quotient map Grg™ — HkZ™. For each w € Wg\W /Wg, we have a stratum
Hksgc?u and its pullback gives rise to an orbit Grsg% which is the perfection of a smooth affine

scheme. We let Hksgfhgw and GrsgC’h<w denote the closures. We thus have the inclusions
Hkgh, € HkE'L,, C HkE" and Grl, C Grgh,, C Grg™.
Let LGy, LG<,, denote the preimages of Grsg‘i}qfv, Grséihgw in LG. Then one has the presentations

LG <y = lim, Grsgdzgﬁ) and LG, = lim, Grsgd;;("), where

Gy = LGew/L7G™  (resp. Grgn™ = LG/L*G)

are again perfections of normal projective schemes (resp. affine schemes), and transition maps
are unipotent for n > 1. From these presentations we have the following.

Lemma 7.2.1 (|Zhu25b, §3.1.3|). LG<y, LG, are standard placid over k. The loop group LG
15 an ind-placid scheme. The Hecke stack HkSQCh 15 ind-very-placud.

7.3. Isocrystals and shtukas. Let G be a parahoric model of G. We consider
B(G) = [LG/Ad, LG4

Shti" = [LG/Ad, LG,
where by the quotient we mean the étale sheafification of the prestack quotients. The first is
called the stack of isocrystals and the second is the stack of schematic shtukas. Note that for
R € CAlgP*!, B(G)(R) is the groupoid of pairs (£, ) where £ is a G-torsor on W(R), trivial
étale locally on Spec R, and ¢ is an isomorphism of £ with its Frobenius pullback.

The natural map

Nt = Ntg: Shti™ — B(G). (7.17)

is called the Newton map.

Lemma 7.3.1 (|Zhu25b, Lemma 3.28|). The map Nt is ind-pfp proper (as in Definition 5.2.16)
and all of its geometric fibers are isomorphic to Grg.

Remark 7.3.2. We emphasize that Lemma 7.3.1 only claims ind-representability of Nt in
Alg,re
E g,rep

s and that it doesn’t claim its ind-representability in F

pfp”
There is also an evident map Shtg — Hk?;ch which allow us to pullback the stratification on
HKE". Let w € Wo\W /Wg = |HkE"|. We have the substacks
Sht¥" = LG, /Ad,L*G
Shtg™,, = LG<w/AdyLTG
of ShtZCh.

Recall from [Zhu25b, §3.1.4-3.1.5], that the Cech nerve of the Newton map gives rise to
the simplicial stack {Hk"(Sht3™)},>0, that B(G) = colimpeacr Hk"(Sht§"), and that each

Hk”(ShthCh) is ind-very placid. We summarize what we need in the following theorem.
Theorem 7.3.3 ([Zhu25b, Example 3.13, Lemma 3.28|). The following statements hold.
(1) The stacks Shtfjhgw and Shtsg‘ilfu are very placid with very placid atlas LG <y, — Sht?j}%w
and LG, — Shtsgcg) respectively. In other words, Shtsgfhgw, Shtsg% € SchStkdeVPl,



ON THE SCHEMATIC AND ANALYTIC CONSTRUCTIONS OF THE LOCAL LANGLANDS CATEGORY 147

(2) The stack ShthCh is ind-very-placid with ind-presentation

sch __ : N sch
Shtg™ = COhmweWg\W/Wg Shtg %, -

In other words, ShthCh € IndStkac VP!,
(8) The stack B(QG) is sind-very-placid with sind-very-placid atlas

Nt = Ntg: Shti™ — B(q).
In other words, B(G) € sIndStk4®VPL,

7.4. Analytic stacks of local shtukas. Let us recall the perfectoid v-stack of local shtukas.
Given S = Spa(R, R"), we can form a space Vs := SpaW(R™) \ V([w]) as in [FS24, §IL.1.1].

Definition 7.4.1. We let Shtg" € AnStk, denote the moduli stack with formula
ShiE (R, ) = {(€, )}
where £ is a G-bundle on Vg and
b:pE--¢&
is an isomorphism defined over Js \ V(m) that is meromorphic along V(7)) C Vg (see [SW20,
Definition 5.3.5]).

Recall that S = V(7w) C Vg and that completion along this closed immersion gives rise to a
map of locally ringed spaces

(5, W(0Os)) = (Vs, Oyg).
Restriction along this map gives rise to morphism
Sht&" — (Shtg™)® — (Hk§")?,
which on points (and before sheafification), can be described as
(£,@) = (&1 = ¢ Ew(r), €2 = Ew(r), P)-

We may pull back along the closed immersion (Hksgcyhgw)<> C (Hk§™)® to obtain closed substacks
Shtg'<,, € Shtg".

It is natural to wonder what the actual relationship is between these stacks of analytic shtukas
and the previously introduced scheme-theoretic ones. In fact, there is an isomorphism

(Shtg™)T ~ Shta (7.18)
preserving the corresponding closed substacks given as the union of those Bruhat strata that are

bounded by w (see [G1Z26, Theorem 7.13]).

7.5. Construction of the functor. Recall that in §5.3.2 we constructed analytification func-
tors for sind-f-correspondences. In this subsection, we explain how to fit B(G) and Bung in a
sind-t-correspondence. In other words, we need to provide a well-behaved map

o : B(G)" — Bung. (7.19)

In rough terms, this map is obtained, before sheafification, by pulling back ¢-G-torsors along
the map of locally ringed spaces

V(0,00),5 — Spec W(Og)[1/7],
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where the left-hand side is the usual Frobenius cover of the adic Fargues-Fontaine curve attached
to S. There is an alternative way of thinking about this map. In [GIZ26] two of us, together
with Zillinger, introduced a stack Bun@® fitting in a correspondence of the form (see [GIZ26,
Theorem 1.1])

Bung® —%— Bung

f’ (7.20)
B(G).

Moreover, the following identifications were constructed in loc. cit. (see [GIZ26, Theorems 1.4,
7.13])

B(G) ~ Bun" (7.21)
together with a Cartesian diagram (see [G1Z26, Theorem 6.6|)

Shta ~ (Shts)t N ()1 ~ Bunmer
lbsmsgch J(’Yzb%(c) (7.22)
(Sheg™) ¢ — N 3(@)°.

Remark 7.5.1. For the purpose of this article one can take the identities of (7.18), resp. (7.21)
as the definition of Shtg" and of Bung®, but we want to point out that there are more natural
presentations of these objects.

We want to use Proposition 5.3.27 (or more precisely Corollary 5.3.29) to show that the
sind-f-diagram (8(G), Bung, o) is a sind-f-correspondence. Since ShthCh — B(G) is a sind-

very-placid atlas (see Theorem 7.3.3), it suffices to show, by Corollary 5.3.29, that the bounded

pieces Shtsgc;hgw of the ind-presentation ShthCh ~ hnghtsgthw are o-compatible in the sense of

Definition 5.3.21.(3). That ShV!(Sht?i}%w) is compactly generated follows from Lemma 5.2.11

(2), since Shtsg‘ihgw is quasi-compact very placid. We have to check that if o<, denotes the
following composition

T o
ocw : (ShEEL )T = (Shtg™) E5 3(@)T & Bung,

then, the map o<, is D}"-l-able. This was proved by one of us (G.). Indeed, the following
statement is a variant of the main theorem of [Gle26, Theorem 1.1].

Theorem 7.5.2. [Gle26, Theorem 1.1/ The map
O<w : (Shtsgc’hgw)Jf — Bung
is fdess. In particular, it is D"-!-able.

To show that Shtsgflléw is o-compatible, all that remains to show is the following.
Lemma 7.5.3. For allw € W, Shtsg";hsw is resilient.

Proof. By [SW20, Corollary 17.1.9], (Shtsg‘i}%w)oﬁ’fe is already a v-sheaf, and consequently the
map

(Sht'L, ) Vpoe = (Shtg™,,)©
is already an equivalence. O
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We can summarize the above discussion as follows.
Corollary 7.5.4. (B(G),Bung,0) is a sind-{-correspondence.

We are finally able to define the comparison functor. Its definition involves the canonical
self-duality idpz: Shv'(B(G)) — Shv'(B(G))Y of Shv'(B(G)) constructed by Zhu in [Zhu25b,
Theorem 1.3]. We will review idpy in detail later on (see Proposition 8.3.6).

Definition 7.5.5. We let ¥V := ¢*° denote the comparison functor
WY Shv'(B(G))Y — DI (Bung)
defined by the sind-f-correspondence (*8(G), Bung, o). We let
Y : Shv'(B(G)) — D" (Bung)
denote the composition of Zhu’s duality identification
idpz : Shv'(B(G)) — Shv' (B(G))
followed by WV.

Remark 7.5.6. In summer of 2023, one of us (G.) gave a talk in Bonn predicting the exis-
tence of the equivalence W satisfying some key compatibilities, and explaining the evidence for
the existence of this functor that the work [GIZ26] provided. Partially inspired by these key
compatibilities discussed, Hansen constructed (independently of the existence of W) an excep-
tional t-structure on D" (Bung) which would match the perverse t-structure defined by Zhu on
Shv'(B(G)). Hansen calls it the hadal'® t-structure (see Remark 12.5.5 and Theorem 12.6.1, for
the precise realization of this vision in terms of our functor). Although the first author’s original
intention was to write W on the blackboard (due to a vague connection to nearby-cycles), Hansen
commented privately that it ended up looking like a trident'® (¥). To not overload the usage
of ¥, and to allude to the hadal t-structure of Hansen, we have opted to use ¥ to denote our
functor.

8. LocAL LANGLANDS CATEGORIES

In order to show that the functor W constructed in Definition 7.5.5 is an equivalence, one
first studies the the local Langlands categories Shv'(B(G)) and D§*(Bung) individually. In
this section, we recall the theory of sheaves on the stack B(G) of G-isocrystals and on the stack
Bung of G-bundles on the Fargues—Fontaine curve, as well as their formal properties. Both these
objects are geometrizations of a certain explicit combinatorial object known as the Kottwitz set
of GG. Before discussing the Kottwitz set, we recall our group theoretic notation.

Recall that, for us, G is a quasi-split reductive group over E and that we have fixed a rationally
defined maximal torus and Borel subgroups T' C B C G as in the introduction. We let A C T
be the maximal split subtorus. Recall that we have fixed an Iwahori model Z of G defined over
Og. Moreover, we will assume that 7(O) (the Ner6n model) is contained in Z(O}). In terms
of the building, Z corresponds to a @-invariant alcove in the apartment defined by A (or T).

15The etymology of this adjective stems from Hades (the underworld), and was first coined by marine biologists
to describe the deepest oceanic trenches.

16We note however that Hades carries a bident, and it is Neptune who carries a trident. Though, despite our
best efforts, the symbol W really resembles more a pitchfork than a trident, so perhaps we cannot escape the
satanic nature of its construction.
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8.1. The Kottwitz set. In this subsection, we discuss the combinatorial properties of the set
B(G) := G(E)/ Ad<p(G(Ev)) of p-conjugacy classes in G(E), originally introduced by Kottwitz
[Kot&85a]. The first main invariant of elements in the set B(G) is its Newton point vg(b) €
X*(TE)&FE, see [Kot85a, §4], where I'p denotes the absolute Galois group of E acting on
rationalized dominant geometric coweights X, (TE)6

The second crucial combinatorial invariant of B(G) is the Kottwitz point kg(b) € m1(G)ry.
Indeed, following Kottwitz, one defines a group homomorphism G(E) — 71 (G);, towards inertia
coinvariants'”, and one can pass to a @-conjugacy classes to obtain the map (see [Kot97, §7]
and [PROS, €2.a.2]). Alternatively, one has an isomorphism 7 (G)r, ~ X*(Z(G)'#), where
Z(@) is the center of the Langlands dual group of G, and one can view kg as a map B(G) —
X*(Z(@)'E), as in [Kot85a, § 5.

Following [RR96], one can use vg and k¢ to define a partial order < on B(G) as follows: we
say that by < by if and only if vg(b1) < vg(be) for the usual rational Bruhat order (i.e., the
difference vg(b2) — v (1) is a non-negative rational linear combination of positive simple coroots
of G) and kg(b1) = Kkg(b2). This is clearly transitive and its anti-symmetry is a consequence
of the injectivity of (vg, kg), see [Kot97, €4.13]. A key finiteness property of this order is the
following:

Lemma 8.1.1. The poset (B(G), <) is down-finite, i.e., for allb € B(G) the set {b' € B(Q) |
b < b} is finite.

Proof. This is [RR96, Proposition 2.4.(iii)]. O

The partial order on B(G) allow us to define a natural topology on the set B(G). At the same
time, there is also the opposite partial order to which we will also attach a topological space.
For later reference, we record our conventions concerning B(G) regarded as a topological space.

Definition 8.1.2. We endow B(G) with the topology in which open subsets are up-closed for the
partial order <, i.e., they are arbitrary unions of the sets of the form Uy, := {x € B(G): b < z}
where b € B(G). Moreover, we denote by B(G)° the topological space whose underlying set is
the Kottwitz set of GG, but whose open subsets are down-closed, i.e., they are arbitrary unions of
sets that have the form {x € B(G): b > z} for b € B(G). We recall that the minimal elements in
this partial ordering are denoted by B(G)pasic € B(G) and are referred to as the basic elements.

We have the following reductive groups attached to elements b € B(G).

Definition 8.1.3 ([Kot97|, §3.3 and Appendix A; [RZ96], 1.12). Let b € B(G), and fix a

representative b € G (E) We define the smooth affine connected E-group G as representing the
functor:

Gy(R) :={g € G(E®E R): g 'bp(g) = b} (8.1)

for any FE-algebra R.
Note that if b; = fy_lbgga(fy), then G; =~ G; via y-conjugation. For this reason, we will
at times abuse notation and denote G a representative of this isomorphism class of reductive

groups. Also recall, from [RZ96, Cororllary 1.14| (or [F'S24, Proposition II1.4.2]), that Gy is
always an inner form of a Levi subgroup of the quasi-split inner form of G. The locally pro-finite

1TNote that m (@)1 can be shown to identify with the geometric connected components of LG.
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groups Gp(E) naturally arise as the automorphism of the G-isocrystals associated with b.

We now recall an alternative way of understanding the set B(G) coming from the combina-
torics of affine Weyl groups through the so-called o-straight o-conjugacy classes in the Iwahori-
Weyl group W = Ng(T)(E)/T(Op) of G (see [Hel4]). Recall that W fits into a short exact
sequence

1 = X (T5)1p S W = Wy — 1, (8.2)
where Wy := Ng(T)(E)/T(E) denotes the relative Weyl group of G (see [Zhu25b, § 3.1.1]).
Recall that W is a quasi-Coxeter group, equipped with a length function ¢: W — L, see
[HRO8] and (for example) [HN14, §4.4|. Since we have fixed an alcove in the reduced Bruhat—
Tits building of G over E (the one corresponding to Z), the stabilizer in W of that alcove is
naturally identified with the set of length zero elements. Let ¢ denote the automorphism of W
induced by . More precisely, An element w € W is called o-straight if, for all n > 0, one has
Uwo(w)...o" L (w)) = nl(w), see [Held, §2.4]. A o-conjugacy class in W is called o-straight
if it contains a o-straight element. Let B(W) denote the set of o-conjugacy classes in W and
let B(W )st: be the subset of straight classes. The inclusion Ng(T)(E) € G(E) induces a map
B(W) — B(G) and the composition

B(W)gr = B(W) — B(G)
is a bijection, by [Hel4, Theorem 3.7]. This gives rise to a combinatorial parametrization
B(W)sw = B(G), (8.3)
which allows us to define the following.

Definition 8.1.4. For each b € B(G) we define the following.

(1) We let wy, € B(W)gt, denote the preimage of b € B(G) under the isomorphism (8.3).
(2) For any fixed lift wy, € Ng(T)(E) of wy, we consider

Ly, = {g € L"I(Fp) = Z(Op): g~ tinp(g) =y}
As it turns out, this group is an Iwahori subgroup of Gy, (E) ~ G;(F), where Gy, is

the algebraic group considered in Definition 8.1.3 (see [Zhu25b, Remark 3.19]). We will
occasionally abuse notation and denote this simply by I;.

8.2. The analytic LLC category. In this section, we review the geometric structure of the
perfectoid v-stack Bung, and the structure of the category D3"(Bung).

Let Bung be the v-stack of G-bundles on X7, the relative Fargues-Fontaine curve over T (see
[['S24, Definition I11.0.1]). We have the following basic facts on its geometric structure.

Theorem 8.2.1. The following is true.

(1) The v-stack Bung is an £-cohomologically smooth Artin v-stack of pure (-dimension 0.
(2) There is a natural homeomorphism

|Bung| ~ B(G)P,

where |Bung| denotes the underlying topological space of Bung and the right-hand side
is the topology described in Definition 8.1.2.
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(3) For all b € B(G), the locally closed substacks j, : Bun% — Bung (referred to as the
Harder-Narasimhan (abbv. HN) stratification) furnished by point (2) are isomorphic to
[%/Gy]. Here Gy is a group v-sheaf admitting a split surjection

Gy — Gy(E).

Moreover, the kernel of this surjection is a spatial kimberlite which is an iterated fibration
of absolute positive Banach-Colmez spaces. Here Gy denotes the p-centralizer of the
element b € B(G), as in Definition 8.1.3.

(4) The map py : [x/Gy] = [*/Gy(E)] admits a section sy : [x/Gy(E)] — [*/Gp] whose fibers
are, again, iterated fibrations of positive Banach-Colmez spaces.

Proof. The first point is precisely [F'S24, Theorem IV.1.19|. The second point is the main result
of [Vie23], the third and fourth points follows from [F'S24, Proposition I11.5.1, Proposition I11.5.3]
(see also [Gle26, Theorem 5.4]). O

For any subset S C B(G), we write jg : Bung — Bung for the substack parametrizing
G-bundles whose pullback to each geometric point has isomorphism class lying in the subset
S C B(G) via the isomorphism of sets in Theorem 8.2.1 (2). Given a pair of subsets S; C Sy C
B(G), we get a map of stacks that we denote by

JS1,85 Bung1 — Bun%.
If So = B(G) we omit it from the notation. Moreover, for b € B(G), we use the notation
Jb: Bunl& — Bung  j<p: Bunéb — Bung, Jj<p: Bunéb — Bung
to abbreviate S1 = {b} resp. S1 = {b' | b/ < b}, resp. S1 = {b' | ¥’ < b}. The category of sheaves
on these strata is built from the following categories of smooth representations.

Proposition 8.2.2. For all b € B(G), we have equivalences of categories
D" (Bung) = DY ([/Gy(E)]) = Rep(Gy(E)).

The first equivalence is induced by the pullback py along the natural map py : Bung ~ [*/éb] —
[*/Gy(E)], and the second equivalence is the one appearing in Theorem 7.1.9.(4) (see [FS24,
Theorem V.1.1]).

Proof. This is precisely [FS24, Proposition VIL.7.1] and [FS24, Theorem V.1.1]. O

Remark 8.2.3. The notation Gy and the identification Buan ~ [%/Gy] described above is a
slight abuse, as both G} and the identification Bun% = [x/G}] really depend on a choice of
representative b of the p-conjugacy class b € B (G), as mentioned in Definition 8.1.3.

More precisely, if we fix a representative b € G(E) of b € B(@), then this determines for us
an isocrystal with G-structure and a map Spd F, — Bung whose isomorphism class is uniquely
determined by b € B(G). While we will want to suppress the choice of representative from
our notation in what follows, there will be indeed certain ambiguities that will be introduced
if one completely ignores that a choice is implicitly involved. Therefore, for certain arguments,
it works better to fix once and for all a choice of representative b € G(E) of b € B(G). For
most abstract purposes, any representative works equally well, but for concrete computations
it becomes important to choose b wisely. In §8.5, we discuss some conventions that makes the
choice of b convenient for computational purposes.
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Once b is fixed, the identification
DY ([+/ Gy (E)]) ~™* Rep(G(E))

is canonical. For this reason, we will often omit it from the notation, although implicitly it plays
a role in our considerations.

We now turn our attention to describing D3"(Bung)¥ (i.e., the subcategory of compact objects
inside D§"(Bung)). For any b € B(G) and a pro-p compact open subgroup K C G(E), we
consider

RBunG = Dy C—Indf(b(E) (A). (8.4)

Recall the following statement.

Theorem 8.2.4 ([F'S524, Proposition VIL.7.4]). The category D3 (Bung) is compactly generated.
An object A € D3*(Bung) lies in D" (Bung)® if and only if the following is true.

(1) The object A is supported on only finitely many Harder-Narasimhan strata (i.e., j;A # 0

for finitely many b € B(Q)).

(2) For allb € B(G), the restriction j;i(A) € D*(Bun)“.
Remark 8.2.5. Recall that if H is a locally profinite group containing a good compact open
subgroup K C H, then Rep(H) is compactly generated by 7.1.5 (3). Moreover, recall that
{c-Ind®2(A)} kg is a family of compact generators when we range K C H along the compact
open good subgroups of H (see Proposition 7.1.5 and Proposition 7.1.1). For the p-adic reductive
group H over E (for example H = G}), any pro-p subgroup K C H(FE) is good. It follows from
Proposition 8.2.2 that {JlgR](%:;C):}Kng(E)a as we range over K C Gy(E) open compact pro-p
subgroups, is a family of compact generators for Din(Bunlé).

Combining Remark 8.2.5 with Theorem 8.2.4, one obtains the following statement thanks to
excision.

Proposition 8.2.6. The family {RBUHG}Z;{Gf((;G () Tanging over b € B(G) and K C Gu(FE)
open compact pro-p subgroups, is a famzly of compact generators for Dy*(Bung). Similarly, the
family {RBUHG}I’GV is a set of compact generators for Din(Bung) and any convex subset

KCGy(E)
V C B(G)

We now describe how these compact generators behave under duality. To do this, we recall
that, for each b € B(G), there is an ¢-cohomologically smooth chart

op : Mp = Bung.

It comes with a canonical map ~, : My — %(G)l?. Moreover, after fixing a choice of rep-
resentative as in Convention 8.5.1, we may rewrite it as v, : My — [%/Gy(E)] (see [F'S24,

Proposition V.3.5, Theorem V.3.7]).!® Recall from [[FS24, Proposition V.3.5, Proposition V.2.1]
that the map ~; is unipotent, it follows that

'71!)A > VWA,
for a unique line bundle wpy, € DY*([*/Gy(E)]) with formula
!
WM > Vor VoA

18Note that in the reference provided oy is denoted by 7, and v, by g¢s.
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After fixing a representative b of b (see Remark 8.2.3), we may abuse the notation to obtain
functors
s; : DR (Bun) — Rep(Gy(F))
and
Y : Rep(Go(E)) — DR (Mp).
We have the following fact.
Proposition 8.2.7 (|'S24, Proposition VIL.7.2]). The functor
spds : DR’ (Bung) — Rep(Gy(E))
admits a left adjoint functor with formula
oYy : Rep(Gy(E)) — DR (Bung),
where oy 1s the left adjoint to oy. We can rewrite this as
oY =2 on Y (— @ wag,)-
Moreover, after fixing b as in Convention 8.5.1, we may further write it as
Tby Yy 2 ouY, (— © 0)[2(2pa, 1))

where Oy is the character Gy(E) — A* of [HI25, Definition 3.14] defined with respect to the
datum fized in Convention 8.5.1.

Proof. The first statement is [F'S24, Proposition VII.7.2]. For the second statement, recall the
formula for /-cohomologically smooth maps

oy(—) =~ oy (— ® o' A).
We need to show that we have an identification

(M) = 75 (wm,) = 75 (65)[2(206, b))
However, by [HI25, Proposition 1.1] the dualizing complex on Bung is the constant sheaf, from
this it follows that
TpA = YA = Y,
That we can write the dualizing complex on My, explicitly as v; (d)[2(2pq, )] follows from
[HI25, Corollary 1.6]. O

Remark 8.2.8. Using Proposition 8.2.7, we can define a functor jp; : D3*(Bun%) — D3*(Bung)
that is left adjoint to j; and has formula

Jot = 00158y
or equivalently, it satisfies
JotPh = Tv s -
From the above description of jy, it follows that this functor naturally factors through the fully

faithful functor
J<b - Din(Bunéb) — D" (Bung).

Indeed, we note that the image of the map o} lies inside Bungb, as easily follows from simple
Harder—Narasimhan polygon considerations (see [['S24, Theorem V.3.7] and [Ham25, Lemma 8.3]).
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Similarly to (8.4), we define

ﬁf”}l(nc = JuaDs C—Indf(b(E) (A) ~ oppyy c-Ind Go(E )(A) (8.5)

The existence of the left adjoint jp; naturally leads to a dual description of the compact
generators described in Proposition 8.2.6. We have the following statement.

Proposition 8.2.9. The family {EBunG}I;ffG ) as we range over b € B(G) and K C Gy(E)
open compact pro-p subgroups, is a famzly of compact generators for D" (Bung).

Proof. This is simply a reformulation of the second part of [F'S24, Proposition VII.7.4]. O

Let us recall Fargues—Scholze’s Bernstein—Zelevinsky duality functor ([FS24, § V.5])
Dpz : D (Bung) = D (Bung)”.

Recall that, for A € D{*(Bung)®, by [F524, Proposition VII.7.6], there exists a unique compact
object Dpz(A) € D" (Bung)® characterized by the property that

Hom(Dpz(A), B) ~ my(A® B) ~ m(A® B),

for all B € D{"(Bung), where 7 : Bung — * is the natural projection and my ~ m is the left
adjoint of 7* (equivalently 7).

Theorem 8.2.10. The mapping A — Dpz(A) described above restricts to an equivalence
Dz : D (Bung)” — Di*(Bung)“°P,

which satisfies the following.

(1) The equivalence Dy is involutive (i.e., D, o Dpy ~id).
(2) If A is supported on a quasicompact open subset U C Bung then so is DpzA (c¢f. Re-
mark 8.2.8). In particular, there is a unique equivalence

Dpz.v : Df{n(Bung)w — Din(Bung)w’Op,
fitting in a commutative diagram

D
DA (Bun%)® —=% D3 (BunY,)«op

lj U lj o

DA (Bung)® —22, Dan(Bung)“°P.

Proof. This is [F524, Proposition VIL.7.6]. O

In §9, we will interpret Theorem 8.2.10.(2) as saying that Dpy promotes to an equivalence
in the category of semi-orthogonal decompositions as in Definition 6.2.1 and Remark 6.2.5.
Formally from the theory of semi-orthogonal decompositions, we obtain for all b € B(G) a
natural equivalence

Dpzp : D (Bunk) — D" (Buns,)Y,



156 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

sitting in a natural commutative diagram

D
D3 (Bunk)® —2% D3 (Bunk)~ P
l]'b! ljz(;? (8.6)
D (Bung)¥ —2% D3"(Bung)®oP

(see Corollary 9.0.8 for details).
The functor Dpz is intimately related to the cohomological duality functor

Deon Gy () * Rep(Gy(E)) — Rep(Gy(E))”

A HOH’le(E) (A, H(Gb))

described in Section 7.1.1. Indeed, the duality Dgyz on Bung comes from the Frobenius algebra
structure ([HA, Definition 4.6.5.1]) given by

m =Ty 'Din(Bunt) — 1\/10(1‘/\7
together with the standard symmetric monoidal structure on D}"(Bung) (i.e., ®). Similarly,
Dz is induced from ® and
Tp! - Din(Bung) — Mod,.

Where 7, = 7 o jp is the structure map Bung — %,
For basic strata, and under the standard identification

Rep(Gy(E)) =~ DR ([+/Go(E))),

the Frobenius algebra induced by (1, ®) naturally identifies with the one discussed in §7.1.1.
In contrast, when b is not basic, when we compare Dpzp and Deop g, (z) under a choice of

identification D3 (Bun%) ~ Rep(Gy(E)), these functor differ by a line bundle twist. We explain
this line bundle now.

Proposition 8.2.11. Let 7y, : Buan — * denote the structure morphism. We have an identifi-
cation

oA ~ SETEA ~ w/_vtlb
or equivalently
! -1
T\ pZ(wa).
Moreover, after fizing b as in Convention 8.5.1, we may further write it as
! _
Ty = py (8, 1) [~ 2dy),

where dy := (2pa, ), and 0y : G(E) — A is the character described in [HI125, Definition 3.14/
defined with respect to the datum fixed in Convention 8.5.1.

Proof. This is [[125, Corollary 1.7]'°. For the convenience of the reader we recall a sketch of the
argument. Recall that from the Harder-Narasimhan formalism we have a Cartesian diagram

19Compare Remark 8.5.2 with [HI25, Definition 3.14] and [HI25, Theorem 1.6]).
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[*/Gy(E)] —— Bun;

b b

M, —2— Bung.

By [HI25, Proposition 1.1], the dualizing complex on Bung is the constant sheaf. Since the
map M — Bung is Di"-smooth, it follows from smooth base change that siﬂéA ~ iéA. By
definition of w4, , the formula

| — * — ! * = *
'yg,(leb) =~ ’waMlb ® A ~ 'waMlb & Ypwam, = A

holds. Since, i is a section to vy, : My — [*/Gy(E)], we obtain the desired formula

| .l —
spmA ~ iy A ~ leb.

For the second part, we can appeal to the formula for w4, in terms of §, appearing in Proposi-
tion 8.2.7. 0

Under the identification Rep(Gy(E)) ~ D" ([*/Gs(E)]), the Frobenius structure correspond-
ing to Deon gy () 18
Le([#/Go(E)], =) : DR ([*/Gp(E)]) = Moda.

In contrast, after transfer of structure via sy, the Frobenius structure inducing Dgyz is

Le(Bung, py(—)) = Te([+/Go(E)], poph—).

In other words, the two structures differ by precomposing the following automorphism

(=) ®puA : DR ([+/Go(E)]) — DR ([*/Gh(E)]).

This formally leads to the formula
PoDBz,6P; ~ Deoncy () (—) @ (pud) ™"

Moreover, the identities
A~ pypu A ~ pipuA ® pyA,
together with Proposition 8.2.11 give the formula
pb!A = WM, -
And if b is chosen as in Convention 8.5.3, then we also have
pb!A ~ 5b[2db]'

Let us summarize this discussion.

Proposition 8.2.12. We have equivalences
PoxDBZpDp == Deon,y(B) (—) ® wfv(lb
and
* * ! * !
Dz,6pp =2 Py Deon,c, (2) (—) @ oA = PpDeon,ay, (£)(—) @ mA.

Moreover, after fizing b as in Convention 8.5.1, we may further write it as

PoeDB2,5D5 = Deon iy () (—) © 8 ' [~2ds).
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8.3. The schematic LLC category. In this subsection we recall the geometric properties
of B(G) and the structure of Zhu’s local Langlands category Shv'(B(G)). First, recall that
isomorphism classes of G-isocrystals over an algebraically closed extension of IF, are parametrized
by the Kottwitz set B(G), see [Kot8&85a, §3|.

We set some notation. Given a subset S C B(G), we let B(G)g denote the substacks
parametrizing those pairs (&, ¢), whose restriction to any geometric point corresponds to b € S.
As in the previous section, given a pair of subsets S; C Sy C B(G), we get a map of stacks that
we denote by

Z’SLS2 : %(G)Sl — %(G)SZ
If So = B(G) we omit it from the notation. Moreover, for b € B(G), we use the notation
ip: %(G)b - %(G)a iSb: %(G)gb - %(G)a b %(G)<b - %(G)

to abbreviate S; = {b} resp. S1 = {b' | ¥’ < b}, resp. S1 = {b' | ¥’ < b}. We have the natural
inclusion i, <p: B(G), — B(G),, with i, = i<p 0 i <p. The following theorem has a very
rich history, Zhu obtains it by combining several references (see the discussion after [Zhu25b,
Theorem 3.31| and Footnote 3 above [F'S24, Theorem 1.2.1] for brief historical remarks).

Theorem 8.3.1. Fiz an element b € B(G), then the following hold

(1) i<p is a pfp closed embedding.
(2) ib_,gb is an affine open embedding.

(3) The closure of B(G), in B(G) is B(G) .
(4) We have B(G), = Bprost Gy (E). -
(5) The natural map is a homeomorphism

B(G)

12

B(G)].

Here |'B(G)| denotes the underlying topological space of B(G), and B(G) is the topological
space described in Definition 8.1.2.

Remark 8.3.2. Asin §8.2, the identification BpostGp(£) = B(G), of Theorem 8.3.1(4) depends

on a choice of representative b € G(E) of the element b € B(G), as it is really the element b
that gives rise to an isocrystal whose isomorphism class is determined by b and in turn a map
* — B(G) factoring through B(G), — B(G). As in the previous section, for most abstract
purposes any choice b of b would be equally useful, but as we already remarked, for computational
purposes it works better to choose b wisely as in §8.5.

Once a representative b for b € B(G) has been fixed we obtain an equivalence B(G),
Bproct Gy (E). Moreover, using Proposition 7.1.5 (3), we get identifications

>~

Rep(Gb(E)) = ShV!(Bproéth(E)) = ShV!(SB(G)b)'

We will often omit these identifications from the notation. In situations where it is important
to emphasize the precise equivalence we denote them by

n“M : Rep(Gy(E)) = Shv'(B(G),) or M : Shv'(BG,(E)) = Shv'(B(G),).

Now we consider the category of sheaves on B(G).
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Theorem 8.3.3. (1) The functor iy (Tesp. in) preserves compact objects and identifies
Shv'(B(G),) with the full subcategory of Shv'(B(G)) of all objects F for which i}, F =~ 0
(resp. iy F ~0) for allb' # b in B(G). B
(2) The category Shv'(B(G)) is compactly generated and an object F € Shv'(B(G)) is com-
pact if and only if iy F € Shv'(B(G),) = Rep(Gy(E)) is compact and zero for almost all
b.

Proof. This follows from [Zhu25b, Propositions 3.66, 3.68, 3.69, 3.70]. O

As in §8.2, we see using Theorem 8.3.3 that a natural set of compact generators of the
category Shv'(B(Q)) is given by iﬂnZhu(c-Indgb(E) (A)) for K C G(F) a varying pro-p compact
open subgroup. Similarly, we have a set of compact generators zﬁnZhu(c—Ind%(E) (A)), and these
two set of generators are related to each other under duality.

In §11, we will need a better way of computing i, and 4. Recall that we have the category

Shv!(ShtsgCh) of sheaves on the stack of shtukas for a parahoric G/Op, as introduced in §7.3. It

is also compactly generated and the Newton map Nt : ShtsgCh — B(G) induces adjoint functors

Nt, : Shv'(Sht§") = Shv'(B(G)): Nt/

by [Zhu25b, Lemma 10.100|, since the map Nt is ind-pfp proper [Zhu25b, Lemma 3.39|. For
b € B(G), we denote by w, € B(W)g, its unique o-straight representative, as in Definition 8.1.4
(1). Recall that we have fixed an Iwahori group scheme of Z of G, we let G = Z. Then, as in
Definition 8.1.4 (2), for any lift w, € G(E) of wy, we obtain an Iwahori subgroup I, C G,(E).
The choice of wy gives rise to a map wy : Spec ]Fp — Shtsg‘ilfub, which induces an isomorphism
Bprotet Lu, = Shtsgcﬁvb. Moreover, by [Zhu25b, Lemma 3.39], the restriction of Nt: Sht§" — B(G)
to Shtsgflzub induces an ind-finite surjective morphism
IB3p1rofét£ = ShtSCh — sB(C;)b = Bproéth(E)'

g,’LUb

Similarly, we may consider Shtsg‘ihgwb which is closed inside ShthCh. It follows from [Zhu25b,

Lemma 3.38| that the induced map Nt<,, : Shtsg‘i}%wb — Shtg" factors through the inclusion
i<p : B(G), — B(G). We record this discussion for future use.

Lemma 8.3.4. For b € B(G) with associated o-straight element wy, we have the following
commutative diagram

[m ,<w igw
Shtgh, =% Shtg <u, — Sht§"

\LNt’“’b (A) thwa | th (8.7)

B(G), = B(G) oy —r B(G)

of perfect stacks, in which the square (A) is Cartesian. This satisfies the following properties.

sch

(1) If we fix a choice of representative wy of wy in G(E) then the natural map 1y — Shtg,,

induces an isomorphism

IBgprofét% = Shtzc,}ilub
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such that, under the natural identification B(G), ~ Bprost Gy (E) induced by Theorem 8.5.1
(4), the left vertical arrow of (8.7) identifies with the map of classifying stacks Bproges L, —
Bproct Go(E) induced by the inclusion Iy, C Gy(E). o

(2) The map Nty, is ind-pfp finite and surjective. More precisely, under the identifications
of (1) and the identifications of Proposition 7.1.1, the Cartesian square in diagram (8.7)
induces commutative diagrams

Rep(Ls,) ——2 Shv!(Shts™)
lc-lnd?wb;E) | l& (8.8)
Rep(Gy(E)) —— Shv(B(G))

and

7:wb!

Rep(ly,) —— Shv'(Shtg™)

lc-lndGF’(E) l& (89>

IU} b

Rep(Gy(E)) —+ Shv(%B(G))
after applying Shv'(—).

Proof. Let us deal with the first statement. Most of it was explained in the paragraph above, that
the square (A) is Cartesian follows from [Zhu25b, Proposition 3.29|. For the second statement,
the claim that Nt,, is ind-pfp finite and surjective in Part (2) follows from [Zhu25b, Lemma 3.39],
as explained above. To see that the induced commutative square (8.8) holds, we pass to the
lower- functors on (8.7) and apply Proposition 7.1.5 (4). To see that (8.9) holds, we observe
that 4y, <ws« ™ fw,<w, and that Nt,, « ~ Nt,, 1. Indeed, these observations follow from [Zhu25b,

Proposition 10.73 (1)], [Zhu25b, Lemma 10.100] and [Zhu25b, Lemma 3.8|. O

To formulate Lemma 8.3.4 a choice of w; was involved. For many purposes, any choice works
equally well, we spell our preferred choice of iy in Convention 8.5.3 below.

Just as we have seen in the analytic context and in the case of the classifying stack in §7.1.1,
Shv'(B(G)) carries a Frobenius structure inducing a self-duality which is an involutive anti-
equivalence on the subcategory of compact objects. Zhu constructs the duality on Shv'(B(G))
by bootstrapping Verdier duality on pfp schemes along a sind-presentation of B(G). To explain
this, we let G = 7 be our chosen Iwahori model for G and we may form the simplicial resolution
along the Newton map from (7.17)

B(G) = colim,eper HK"(ShtF™). (8.10)

Here all the Hk"(Sht?fh) are ind-very-placid stacks, and the colimit formula holds in SchStke;.
Moreover, these admit ind-presentations of the form

HK"™ (Shtg™) := colim,, (Sht%S,, 5),

where each (Shtsgcg)hg) - Hk”(ShthCh) is a very placid stack, and the transition maps are closed
immersions. Here w, ranges over appropriate tuples we = (wpo, ..., wy,) such that each of the

entries is an element in the affine Weyl group i.e., w; € W (see [Zhu25b, §3.4.2| for details).
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Using this presentation of Hk"(Shtg:h), Zhu defines a compatible system of generalized constant
sheaves A", in the sense of [Zhu25b, Definition 10.165], which is denoted as

n __ Acan
AT = Shtgw.‘

We refer the reader to [Zhu25b, §3.4.2, Page 107-109] for the precise definition of the family A".
After fixing A", the n-global sections functor defines a Frobenius structure

RT, ¢ o (HK"(Sht§"), —) : IndShvy , (HK"(Sht§™)) — Mod,

from the Ind-completion of finitely generated sheaves to the category of A-modules (as in Defi-
nition 5.3.12). Moreover, precomposing with the functor

U’ : Shv'! (HK™ (Shtg™")) — IndShvi , (Hk™(Shtz™"))
of (5.11) defines a Frobenius structure
RT,(Hk"(ShtZ™), —) : Shv' (HK"(Sht§™)) — Mod,.

The compatibilities of this family of generalized constant sheaves gives rise to a simplicial functor,
which overall give rise to a Frobenius structure in Shv'(B(G)),

RTcan(B(G), —) : Shv' (B(G)) — Mody (8.11)

via the presentation Shv'(B(G) ) = colim,caop Shv' (Hk"(ShtsgCh) induced by (8.10) and Propo-
sition 5.2.15.

Definition 8.3.5. We let
idgy : Shv'(B(G)) ~ Shv' (B(G))Y
denote the duality that the Frobenius structure Rl can(B(G), —) defines.

As in §8.2, this is intimately related with the cohomological duality functor Den g, (k) :

Rep(Gy(E)) = Rep(Gy(E))Y discussed in Section 7.1.1 under an identification Rep(Gy(E)) ~
Shv!(%(G)b), as in 8.3.2. Now we have the following.

Proposition 8.3.6. The duality
idpz : Shv'(B(G)) = Shv'(B(G))Y
enjoys the following properties:
(1) The functor restricts to an involutive equivalence
idgy : Shv'(B(G))“ = Shv'(B(G))~P
on subcategories of compact objects.

(2) For any parahoric group scheme G of G we have a commutative diagram

Shv! (Shtg)® — = Shv!(B(G))“

lidghtg lidgz

! w,0 (Nt.)°P ! w,0
Shv!(Shtg)“*P = Gh! (B ()P

(3) If A is supported on a finite closed subset Z C B(G) (i.e., isA =0 ifb ¢ Z), then so is
idpz(A). n
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Proof. The first part is formal, and the second part is precisely [Zhu25b, Proposition 3.82]. The
third part follows the proof of [Zhu25b, Proposition 3.84], which we sketch in what follows. The
full subcategory

iz« : Shv'(B(G),) — Shv'(B(G))
has compact generators of the form Nt,F, with F € ShV!(ShtsgCh)“’ of the form F ~ iy, «A where

iw, * ShtFh, — Shtg"

denotes the immersion, and b € Z. Then
i (NGF) = Nbai B

for some B € Shv!(Shth‘i};b)“. Since the image of Sht?jhgwb under Nt is B(G),, and by assump-
tion Z is closed, the claim follows. B O

As in §8.2, we will interpret Proposition 8.3.6.(3) as saying that Zhu’s canonical duality idpy is
an equivalence in the category of semi-orthogonal decompositions (in the sense of Definition 6.2.1
and Remark 6.2.5). As a consequence of this interpretation, we obtain a natural duality

idpz, : Shv' (B(G),) = Shv'(B(G),)",

fitting in a commutative diagram analogous to (8.6),

idpz,p
—

Shv'(B(G),)* Shv' (B(G),) =P
lib** l(il)op (8.12)
Shv!(B(G))* —4; Shv'(B(G))=°P

(see Corollary 9.0.3, for details). It follows that idpy; comes from a Frobenius structure on the
symmetric monoidal category

(Shv'(B(G),), ®') = (Rep(Gy(E)), ®),

for all b € B(G). In particular, by the relationship between the cohomological duality Deon ¢, (E)
and Frobenius structure on Shv'(BG(F)) explained in §7.1.1, we have an identification

idpz,pn™™ (=) 22 ("™ Deon,y (1) (—)) © AF™,
of functors
Rep(Gy(E))* — Shv'(B(G))=*,
where the first identification is as in Remark 8.3.2, and A§*" € Shv'(B(G),) an invertible sheaf.
Moreover, from the proof of [Zhu25b, Proposition 3.84| one knows that Aj*" is concentrated in
degrees in 2dy, where dj, := (2pg, 13). Under the identification Shv'(B(G),) U Rep(Gy(E))
discussed in 8.3.2, it follows that Aj*" ~ T]Zhuél; %hu[—2db] for some character

Ob,zhu : Go(E) — A,

Unfortunately, the precise form of this character has not been computed in the current version
of [Zhu25b|. However, after private communication with Zhu, the following assumption seems
justified.
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Assumption/Conjecture 8.3.7. After fixing b as in Convention 8.5.1, we have an equality

Ob,7hu = Op,

of characters Gy(E) — A*, where 0 is the character in [HI25, Definition 3.14| defined with
respect to the datum fixed in 8.5.1.

For our purposes, we will need the following weaker version of Assumption/Conjecture 8.3.7.

Proposition 8.3.8. The character & zn, is weakly unramified in the sense of [Hail4b, § 3.8.1],
that is, it factors through the Kottwitz map kg, : Gp(E) — m1(Gp)ry -

Proof. We first claim that it suffices to show that the character & zn, has trivial restriction to
an Iwahori I,, C Gyp(E). Indeed, by [KP21, Proposition 11.5.4], ker(kg,) = Gu(E)?, where
Gy(E) is as in [KP21, Definition 2.6.23]. However, by [KP21, Theorem 7.5.3] and the fact that
parabolic subgroups in a Tits system generate the ambient group, it follows that the parahoric
subgroups of Gy(F) generate G(E)?. Moreover, any parahoric is clearly generated by all Iwahori
subgroups contained in it. Thus the claim follows from the fact that all Iwahori subgroups of
Gp(E) are conjugate.

Let G = 7 be an Iwahori model of G. Let wp denote the o-straight element lifting b. Recall
that Shtsg(ihgwb has BI,, ~ Shtsg‘i};b as an open substack, and that I,,, € Gy(E) is an Iwahori
subgroup. To show that dp 7z, has trivial restriction to the Iwahori I,,,, in turn translates to
finding an isomorphism

cInd* ) (=) © 8y 70 ~ nd 7" (= @ 6y 21, ) ~ e nd PP (=),

w

Indeed,

Gy(E)

c—Indeb (1) ~ C—Ind%b(E)((sb,Zhu‘Iwb)

already implies that d zny| Ty, 1 by adjunction, and since we always have a non-zero map
e-Ind" (1) = 1.
Using Lemma 8.3.4 (2), we reduce to constructing a natural equivalence
Nt (=) @ AF*™ o Nty o (= ®' Ny, (AF™)) 2 Nty o (=) [~2d5].
By the projection formula, it suffices to find an identification of line bundles
Nt',, (Ap) = W, [—2ds),
where w,, denotes the tensor unit on BI,, ~ Shtsgflzub.

From formal yoga on Frobenius algebras, and since the Frobenius algebra on B(G) is by
definition compatible with the Frobenius algebra on Shtg, the line bundle Ntiub(Aian) identifies

with the sheaf igwb <wyNgpsen  Where iy, <u, is the open immersion Shtsg‘{‘vb — Shtsgd;wb. The
p— g,gw k) p—

precise description of the sheaf A;?:tlsch is given in [Zhu25b, §3.4.2, Page 107-109] and we recall
G,<wy

this now. We set F(g" := [LGy, /L G] and }ng” := [LG<y,/L"G] to be Schubert cell (resp.
Schubert variety) attached to wy in the affine flag variety, where notation is as in §7.2.

can : : !
Then AShtsch is obtained as BA[ng\ﬂéwb} for the map

G,wy,
Shtg™,, & [L™G\F5""]
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for a suitably truncated version of the loop group L™G with m sufficiently large with respect
to wy so that the kernel of LTG — L™G acts trivially on ]_-@éwb. We claim that, on the open
substack [L,},G\Fg"], we have an identification

WiLho\Fgh] = A[L;g\fegb][%(wb)]a

and we recall that by [Hel4, §2.4] £(wp) = dp. This claim implies our desired statement. In-
deed, the identification of A[L;tL o\ Hgb][%(wb)] with the ®'-tensor unit produces, after applying
(p 0 iw,<w)', an identification of N—t!wb (Ap)[2dp] with the ®@'-tensor unit as we wanted to construct.

Finally, to prove our claim we note that [L%g\}"ﬂgb] is a perfect Artin stack with pfp atlas
]:Eg” — [L,‘tlg\]:ﬁlgub] given by quotienting out by a connected group scheme. Thus, by [Zhul7,
Lemma A.1.2.], the category of local systems on [L;},G\F¥5"] is a full subcategory of the category
of local systems on ]-"Egb via *-pullback. In particular, the claim is reduced to showing that .7-"6’5”

is perfeclty finitely presented smooth of dimension ¢(wj) over k which follows from [Zhul7,
Remark 2.1.22]. O

8.4. Renormalized functors. For computational purposes, it is useful to renormalize the func-
tors jp and jpy in the analytic setup, or i« and iy in the schematic setup. In the analytic setup,

this is done as follows. Recall that 7, : Bun% — * denotes the structure morphism. We can then
consider a sheaf ICBUH% = y/m A € D3*(Bunk), if it exists. It follows from Proposition 8.2.11
and the explicit formula for ¢, computed in [HI25], that ICBUH% exists if and only if A contains

a square root of ¢g. After fixing \/g € A, which we do for the rest of the section, any choice of

ICBunz& is necessarily given by the formula

1

ICBun’(’; = pZ(éJi)[—db].

By construction, ICE? , ~ 7 A and this sheaf is Verdier self-dual in D" (BunZ,). This motivates
Bun?, — 7b A G
the following.

Definition 8.4.1. For b € B(G) and 7 € {!,1}, we consider the functor
jien . DAY (BunY) — D3 (Bung)
with the formula ji5" (=) = jpr(— ® ICBunz&).

Theorem 8.4.2. (1) For all b € B(G) and B € D(Bun%)®, we have natural identifica-
tions

DpzjnB =~ jpDpz.pB
and
Dpzjw B ~ jnDpz,B.
(2) For allb € B(G) and A € Rep(Gp(E))¥, we have natural identifications
Dpzjp " py A = jpg" Py Deon, G, (2) A
and
Dz Py A = 35" P Deon,cy () A-
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(8) For all b € B(G) and K C Gy(E) compact open pro-p-group, there exists (non-natural)
identifications

Doz .55 [-db] = R3S [~

and

Dz R (RS [=db] = L3S [~ ).

Proof. The first claim follows from diagram (8.6). The second claim follows from the first and
from Proposition 8.2.12. Indeed,

Dyzjby ppA ~ Dizjns (Ph A @ ICg 1. )
=~ joDpzp(PpA © ICgype.)
~ jp(Dpzp(ppA) @ IC};}IHE)
~ (0§ Deon Gy (A) © mA) @ TCL L, )
=~ ot (PpDeon, G, () (A) @ IC )
=~ Joi (P Deoh,cy () A)-

The third claim follows from the first and the from the (non-canonical) formulas

L5 ) o ji"pf e-Indf(A) and RIS [~dy] =~ jif"p c-Ind (4).

which are a consequence of (dp)|,, being the trivial character, since d; is weakly-unramified. [

We now discuss renormalization in the schematic setup. We now make the following definition.

Definition 8.4.3. Suppose that A contains all square roots of &, zn, (Gp(E)) C€ A*.2° We fix a

1 1
square root 07, = 6. This allows us to define the following.

(1) We define ICsq(q), € Shv'(B(G),) to be nZhuél:é}/li[—db} where 7”M is the identification
from Remark 8.3.2.
(2) For ? € {!, %}, we consider

(=) £ Sh (B(G),) — Shv!(B(G).
via the formula iy (— ® ICq(g), )-

As in Theorem 8.4.2, this formally leads to the following commutative diagram deduced from
(8.12),

Deon,cy (B)

Rep(Gy(E)) Rep(Gy(E))"
l@nZhu lizi“,onzhu,o (8 13)

Shv!(B(G)) — 22, Shv'(B(G))V.

20Under assumption 8.3.7, it suffices that A contains a square root of q.
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8.5. Conventions on b. In order to make the character
(5{, : Gb(E) — A~
explicit, we use the following convention for the representatives b of an element b € B (Q).

Convention 8.5.1. [HI25] We recall that we are assuming the group G is quasi-split. In the
introduction, we recall that we have fixed the following data.
e A Borel pair (7, B) of G.

Consider an element b € B(G), we consider the standard Levi factor M}, with respect to the Borel
pair given by the centralizer of . We recall that there is a (unique) reduction bys € B(Mp)pasic
of b € B(@) along the map B(Mp) — B(G) such that the slope homomorphism applied to by
is G-dominant. In particular, we may arrange that b lies in M;,(F), after conjugating by an
appropriate element of the Weyl group N¢(T)(E)/T(E). We fix such a representative of b with
respect to the data fixed above.

Remark 8.5.2. The identification [*/éb] ~ Bun% fixed by such a representative b will by
construction satisfy the following compatibilities. We write P, for the standard parabolic with
respect to the fixed Borel B with Levi factor given by M, and let P~ denote its opposite. The
natural maps M < P~ — G induce a diagram

Pp
b
BunPI: —— Bung

o

Bunyy,

of v-stacks. We let i)M S Mb(E) be the associated element representing by, for a choice of b as
in Convention 8.5.1. This determines an isomorphism

[*/Gi(E)] ~ Bun%.

We write Bung‘f — Bunpl: for the open substack given by the pullback of the open immer-

b
sion Bunl]’\%) — Bunyy,. The splitting of the Harder-Narasimhan filtration then determines an

isomorphism
b, .
BunP];f ~ [x/G],
which in turn induces an identification
[+/Gy) ~ Bun" = Buny, (8.14)
b
via the morphism p P This in turn gives the isomorphism determined by the representative b

of b, as in |[F'S24, Example V.3.4]. We note that the appearance of the opposite parabolic comes
from the fact that the HN-slopes of the G-bundle &, attached to b are normalized to be the
negatives of the associated isocrystal slopes.

Now we specify our convention for our choice of representative for the sigma straight element.
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Convention 8.5.3. For each b € B(G) and a choice of Iwahori Z C G with associated o-
straight representative w, € B (W)str, we note that, after replacing wy, by a conjugate by an
element in the relative Weyl group of G as in the short exact sequence (8.2), we may arrange
that the representative wy, € Ng(T)(E) € G(E) of wy is of the form described in Convention
8.5.1. We will fix such a choice and normalize the isomorphisms Shtg ., =~ Bproretdu, and
B(G), ~ Bprost Gy(F) in Lemma 8.3.4 (1) with respect to this choice. o

9. SEMI-ORTHOGONAL DECOMPOSITIONS IN PRACTICE

We now want to describe a semi-orthogonal decomposition, on Shv'(B(G)) and D{*(Bung),
with respect to the partially ordered set B(G). Recall that we write simply B(G) for the set
equipped with the topology generated by the opens Uy, := {z € B(G)|z > b} for b € B(G),
and we write B(G)°P for the set B(G) equipped with the natural topology given by the opens
{z € B(G)|b > x} for b € B(G) (see Definition 8.1.2). We recall that we have homeomorphisms

B(G)| =~ B(G) (9-1)

and
|Bung| ~ B(G)°P, (9.2)
by Theorem 8.2.1 (2) and Theorem 8.3.1 (5). Recall that, for any subset S C B(G), we have
substacks ig : B(G)g — B(G) and jg : BunZ — Bung, and that if we have inclusion of subsets
S € 8" C B(@), we obtain monomorphisms iggs : B(G)g — B(G)g and jsg : BunZ — Bun.
In particular, by (9.1), whenever we have an inclusion V' C V' C B(G) of convex subsets, we
obtain a natural locally closed immersion iy 1y : B(G),,, — B(G),,. This is an open (resp. closed)
immersion if and only if V/ C V is an open (resp. closed) subset. Similarly, by (9.2), for
the same inclusion of convex subsets V' C V C B(G) we obtain an locally closed immersion
NAVATEE Bung — Bung. On the other hand jyy is an open (resp. closed) immersion if and
only if i,y is a closed (resp. open) immersion. Indeed, V' C V' C B(G)°P carries the opposite
topology.

9.0.1. Semi-orthogonal decompositions on Shv'(%B(G)). We want to construct a semi-orthogonal

decomposition on the category Shv'(B(G)) with respect to the partially ordered set B(G). To

avoid technicalities, we only consider a semi-orthogonal decomposition of the category Shv'(B(G) x)

with respect to the partially ordered set B(G)x when X C B(G) is a finite convex subset.
Consider the map

Corr(Convex () , All) — Corr(PreStk, Ep, ).

with formula
V= B(G)y,
and
VW = Ul [B(G)y « B(G)y — B(G)yl,
which is well-defined by Theorem 8.3.1 and Lemma 8.1.1. We may compose it with
Shv' : Corr(PreStk, Epg,) — LinCaty

to obtain a functor
SB(@), Corr(Convexp(q) ., All) — LinCat,. (9.3)
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This functor encodes on a correspondence V' Yy WU 17 the functor WU, © Z'WV

Remark 9.0.1. We observe that S is a semi-orthogonal decomposition on Shv'(B(G) ) with
respect to X°P C B(G)°P. We call this the exceptional semi-orthogonal decomposition for this
reason, as the natural topology on B(G) is given by B(G). Observe that the right adjoint
functors of i, and i' are i* and i, respectively. In particular, if i¥ : U — B(G)y and i : Z —
B(G) y are complementary open and closed immersions in SchStke; the natural triangles arising
from this semi-orthogonal decomposition are

. . | . .
Z*ZZZ"A — A - Z*U’LU’*A

and
iVi% A — A — iZi%' A

We will find it more convenient to work with the semi-orthogonal decomposition with respect
to X C B(G), which is the natural topology [B(G)|. For this, we may pass to left adjoints (which
exist by Proposition 5.2.24). Using that Corr(Convexpq) ., All)°P == Corr(Convexg (g, All) we
obtain a functor

Sw(q), : Corr(Convexp(q), , All) — LinCaty,

which encodes the rule that on a correspondence V' WYy WU gy produces the functor iy 0

iy~ By Proposition 5.2.24, this functor is a semi-orthogonal decompositions of Shv'(B(G) x)-

Remark 9.0.2. As we mentioned S%(G)x is Nagata with respect to X C B(G). In particular,
if iV : U = B(G)y and iZ : Z — B(G)y are complementary open and closed immersions in
SchStkg; the natural triangles are the standard ones

7. | . .
Z*ZZZ"A — A - zgzU’*A

and
i i"* A — A—ili?* A

Informally, S%(G)x captures the following data. For every finite convex set V' C X we obtain
a category Shv'(B(G),,). Moreover, every inclusion of finite convex subsets V C V/ we obtain
pairs of adjoint functors

iVV’! - i!‘/V/ and i*VV/ . 'L'VV’*,
that satisfy the usual base change formulas and the usual identifications i!X/V’ ~ 1y, in the case
of open immersions, and 7y, = iy in the case of closed immersions.

From Theorem 8.3.3, it follows that ¢y, and i!X/V/ preserve compact objects, and we may

pass to conjugate functors to define a semi-orthogonal B(G)x-decomposition on Shv'(B(G) )Y
of the form
S%(G)x : Corr(Convexp(q) ., All) — LinCat,.
This functor encodes on a correspondence V < W % U the functor (i) 0 ( L' )°.
It follows from Proposition 8.3.6 and Proposition 6.5.4 that the duality operation promotes
uniquely to an equivalence of presentable 2-functor formalisms
idpz,x : Sw(a), — S

We summarize the above discussion with the following.
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Corollary 9.0.3. Fiz X C B(G) a finite convex subset. The following statements hold.

(1) The category Shvl(iB(G)X) is compactly generated with compact generators as in Theo-
rem 8.3.3 (2). Moreover, the duality idpz, induces a duality

idpz,y : Shv'(B(G)y) = Shv!(B(G) )"

which is an involutive contravariant equivalence on the subcategory of compact objects.
(2) For any inclusion of finite convex subsets V. C V' of B(G), we then have a natural
equivalence
idpz vrivyn = (ivyrs)’idezv
and
. . .l .
ldey’f‘}V/ ~ ('L'VV/)OldBZ,V/-

9.0.2. Semi-orthogonal decompositions on D3"(Bung). We first turn to the classical semi-orthogonal
decomposition on D" (Bung). As in the previous section, we restrict to study D3*(Bung ) for a
fixed convex subset X C B(G).

The natural topology of Bun)G( endows through Proposition 6.3.1.(1) with a semi-orthogonal
X°P-decomposition (i.e., Nagata with respect to X°P), which we denote

S x Corr(Convex xop, All) — LinCat,.

Bun
This functor encodes the rule
V — D3 (Buny)
and
V& W I U] s G o Gty
Remark 9.0.4. If j% : Z — Bun)G( and jU : U — Buné denote complementary closed an open
immersions in AnStk,, then the excision triangles with respect to SBung are

i A A= jlj0rA

and
i A~ A jEiA.

Now we wish to apply Proposition 6.3.1.(2) to the above setup, in order to obtain a semi-

orthogonal decomposition with respect to X. For this, we justify that jy 1 and ngV admit left
adjoint functors.

Proposition 9.0.5. Let W C V C B(G) denote two finite convex subsets then jyy admits a
left adjoint j{b,vv and jy admits a left adjoint jyrvy.

Proof. We only argue that jj;,,, admits a left adjoint since the argument for the other functor
is analogous. We divide our analysis to the cases in which W C V is closed or open. In the
first case, the map of stacks jyv : Bun‘év — Bung is open (by the reversal of topologies) and
in particular jyvy := jwvn is already a left adjoint to jj;,. In the second case, jwv is a closed
immersion and we construct jyryy as the ind-extension of the functor which on compacts takes
the form

Jwvi(A) == Dpzv o jypy, o Dzw (A).
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We compute on compacts
Hompan gny)e (DBz,v dyy Dez,w A, B) ~Hompan g,y oo (v Dez,w A, Dez,y B)
~Hompan gy ye.or (J11'y DBz, A, Dpz,v B)
~Hompan (3, .00 (DBz,w A, iy DBz,v B)
~Hompan (g (A Dezw iy Doz, B)
~Hompan gyt (4, Jivy B),
The identification Dpz w jij o Dez,yv B =~ jiyyB follows from Yoneda, the Frobenius algebra

interpretation of Dz and Dpz 1, and from the projection formula. This upgrade to arbitrary
objects by Ind-extending. O

Remark 9.0.6. The formation of le)/VV and jyvy is compatible with varying V', thus we also
obtain a left adjoint j{b,V for jwy and a left adjoint jyy for jy .

As we have discussed, using Proposition 6.3.1.(2) and Proposition 9.0.5 we obtain an excep-
tional semi-orthogonal decomposition of D3*(Bung) of the form

Sg:,x ¢ Corr(Convexy, All) — LinCatx.
G

This encodes, for a correspondence V' VY YU 17 the functor Jwuyg © j{b,vv. As before, for
every pair of finite convex subsets V' C V/ C X we automatically get pairs of adjoint functors

Jvvr A iy and Gy A Gy,
such that if V' — W is closed, resp. open, with the subspace topology of B(G) (i.e., open,
resp. closed, with respect to the subspace topology of B(G)°P), then jy vy > jyyi, 1€sp. jir, =~
b
Jvvr-
Remark 9.0.7. If jzx : Buné — Bung and jyx : Bung — Buné denote complementary
closed and open immersions in AnStk,, then the excision triangles with respect to S%Xun x are

G

Jzxiiyx A — A= juxijiyA
and
Jux\juxA — A= juzjizA.

Reasoning as in the previous subsection (using Theorem 8.2.4), we can obtain from S, x a

Bung
semi-orthogonal X-decomposition on the dual category Df‘\n(Bung )

SIVSunX : Corr(Convexx, All) — LinCat,.
G

This encodes, for a correspondence V WYy IWUL T the functor Jwin © j;’/ov. Using The-
orem 8.2.10 and Proposition 6.5.4, we get a duality identification of presentable 2-functor for-
malisms

D = S
BZ,Z * SgunX

We summarize this with the following statement

Corollary 9.0.8. Let X C B(G) denote a finite convezr subset. The following statements hold.
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(1) The categories Din(Bun)G() is compactly generated with compact generators as in Theo-
rem 8.2.4. Moreover, the duality Dpz induces a duality

Dpz.x : D (Buny) — D" (Bung )Y

which is an involutive contravariant equivalence on the subcategory of compact objects.
(2) For any inclusion of finite convex subsets V. C V' we have identities

Dpzvijvve =~ (Jvvn)’Dezv
and
Doz.vivy: ~ (i) Doz,

For the convenience of the reader, we explain in more detail a specific part of this semi-
orthogonal decomposition.

Example 9.0.9. If we consider the open immersion j.p : Bunéb — Bunéb with its closed
complement jj, : BunZ, < Bunéb we see that the functor j; : Df{n(Bunéb) — D3 (BunY,) admits
an exceptional left adjoint. This is precisely the functor jy; described in Proposition 8.2.7, which
will satisfy the identity that Dy <4j5 DBz ~ jp (Theorem 8.2.10). Analogously, we have the
identity jb<b ~ Dz, <)z, DBz, <p for the left adjoint of jp. In particular, in general we note that,
for an inclusion of closed subsets Z' C Z C B(G) with Z finite and U = Z \ Z’, the full diagram
of adjoints attached to the recollement given by the closed subcategory jz 7 : Dj“\“(Bun(Z;/) —
D3 (Bun) is given by

= /ﬂw\
/ Jo
D3 (Bunf ) o DY (BunZ) —%— D3*(Bunf),
-1 \/
1212 Juz

which will match up, under our desired equivalence W : Shv'(B(G)) = Di*(Bung), with the
standard recollement

it ;
zz" uz!
Yz« vz

Shv'(B(G) ;) < Shv'(B(G),) —— Shv'(B(G),)

D N

i Wz«

coming from the semi-orthogonal decomposition described in §9.0.1.
9.0.3. B(G)-semi-orthogonal functors. We can now specialize Proposition 6.5.4 and Proposi-

tion 6.4.4 to the context we will be interested in. For any finite convex subset V' C B(G), we
consider the functors

iv1: Shv'(B(G)y,) — Shv'(B(Q)).
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and
ive : Shv'(B(@),,) — Shv'(B(Q)).
We let (B(G)y ) and (B(G)y, )« denote respectively the essential image of these functors. If

V C W for another finite convex subset of B(G), we denote by (B(G)y )1 and (B(G)yyy )« the
essential images of the functors iy and iy .. We employ the same notational conventions for

(Bung,); and (Bung); and (Bung"); and (Bung"),.

Proposition 9.0.10. Let F : Shv'(B(G)) — D3™(Bung) be a functor in LinCaty satisfying the
following:
(1) For any finite convexr subset V- C B(G), we have that

F((B(G)y)) C (Bung);

as subcategories of D" (Bung).

(2) For any finite convex subset V, fix a presentation V.= Z \ Z' as the difference of two
finite closed subsets Z' C Z. If b € V is a closed point and W = V \ {b} its open
complement, we have that Fyy((B(G)y)«) C (Bunty V). Here, Fyy denotes the functor
induced by F through the Verdier quotient identification as in Lemma 6.4.1.

(8) For any b € B(G), the induced map

Fb : (‘B(G)b)' — (Buan’)ﬁ

18 an equivalence.

Then F is an equivalence. Moreover, for every finite closed Z C B(QG), the functor F' promotes
uniquely to an equivalence of presentable 2-functor formalisms
Fz :Sw@), = Spunz-

Writing Fz for the restriction of F to Z, we have F = colimgzcyp(q) Fz, equivalently F' =
limzc-p(q) Fz and it promotes to an equivalence of presentable 2-functor formalisms

F : Syc) = Shiune-

Proof. Write B(G) = Uzcp@)Z, where Z ranges over finite closed subsets of B(G) using
Lemma 8.1.1 as before. This allows us to write

B(G) = colimycp(a) B(G) 4,
where the transition maps are given by closed immersions, and
Bung = colimzcp(a) Buné,

where the transition maps are given by open immersions.
We see that by Proposition 5.2.15

Shv'(B(G)) ~ colimyp(q) Shv'(B(G) ,),

where the transition maps are given by izz/, along the closed immersions B(G), — B(G) .
Similarly,

D} (Bung) ~ colimyc p(q) D3 (Bun),
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where the transition maps are given by jzzn along the open immersions Bung — Bung. Indeed,
by construction of D{"(Bung), we have an isomorphism
D¥(Bung) ~ lim D3*(BunZ
A( G) ZCB(G) A( G):
Where, the limit is given by j7,, : Din(Bung) — D (BunZ) for the open immersions Bung —
BunZ . By [Sch25, Lemma 7.17 (i)], we can rewrite this as a colimit over the left adjoint functors

colimzcp(a) D3 (Bunf)

given by !-pushforward.
The above considerations and the first hypothesis allow us to write

F~ COlimZgB(G) Fz.

In particular, it suffices to show F is an equivalence. But this follows directly from Propo-
sition 6.4.4, then Proposition 6.5.4 shows that Fz is an equivalence of presentable 2-functor
formalisms.

For the last point, the colimit presentation is true by construction. By the formula for
colimits in LinCatp, we also obtain that F' = limyzcpg) Fz. This presentation allows us to
show that F' is even an equivalence of presentable 2-functor formalisms. To wit, observe that
Fun(Corr(Convexpg gy, All), LinCaty ) is identified with the limit

chig(lG) Fun(Corr(Convexp(q),, All), LinCat, )
as colim () Corr(Convexp(g),, All) = Corr(Convex gy, All), using that this is just exhaust-
ing Corr(Convexpg gy, All) by full subcategories. The collection of Fz for Z C B(G) defines an
arrow in this limit and thus we see that F' promotes to an equivalence of presentable 2-functor
formalisms. U

In practice, the inclusions in the first condition of Proposition 9.0.10 will be checked on
individual strata, as follows:

Lemma 9.0.11. In the context of Proposition 9.0.10, if F : Shv'(B(G)) — D*(Bung) is a
functor in LinCaty such that inclusion

F((B(G)y)) € (Bung) (9.4)
holds when V' = {b} is a singleton, then it also holds more generally when V is an arbitrary

convex subset of B(G).

Proof. For any convex V' C B(G), the category (28(G)y, )1 is generated under colimits by objects
in the full subcategories {(B(G),)i}pev. In particular, if F((B(G),)) C (Bun%); for all b € V,
it follows that F(B(G)y )1 C (Bunk)y, since (Bunf)y contains the stratawise -included category
(Bun%);. This finishes the proof that the first condition holds. O

10. KIMBERLITES AND HENSELIANITY

The purpose of this section is to recall the theory of kimberlites as developed in [Gle24; Gle26].
This theory is an attempt to answer the question: What is the analogue of a formal scheme in the
context of v-sheaves? The upshot is that spatial kimberlites (just like formal schemes) satisfy a
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henselian property along their non-analytic locus. This will play a key role in our computations.
We approach the question in steps,
{Small v-sheaves} D {Specializing v-sheaves}
D {Prekimberlites}
D {Valuative Prekimberlites}
2 {Kimberlites}
D {Locally Spatial Kimberlites}.

Each of these categories is a full subcategory of the category of small v-sheaves [Sch22, Definition
12.1] obtained by adding axioms at each stage.

We recall some of the terminology following [Gle24]. Note that the analytification functor ¢
described in §4.2 admits a right adjoint functor

red : AnStk, — SchStk,, (10.1)

compare with [CGle24, Definition 3.12]. We write XRed = (XTed)* for simplicity, which carries
a canonical counit map X®d — X. A map Y — X is formally adic in the sense of [Gle24,
Definition 3.20] if it preserves reductions under pullback, i.e., the diagram

YRed Y

l l (10.2)

XRed X

is Cartesian. This allows us to define formally separated v-sheaves as in [Gle24, Definition 3.27]
by requiring their diagonal to be a formally adic closed immersion. Since kimberlites are meant
to be formal integral models of diamonds, their building blocks should be Spd(R™) instead of
Spa(R, RT). Following |Gle24, Definition 4.6], we say that a map f : Spa(R,R") — X of v-
sheaves is formalizable (equiv., X formalizes f) if there exists a dashed arrow completing the
commutative diagram below

Spa(R,R") —— X
l (10.3)
Spd RT.

Any such arrow is called a formalization of f and it is unique if X is formally separated by
[Gle24, Proposition 4.9]. We say X is v-formalizing if, for any f as above, there is a v-cover
g : Spa(S,St) — Spa(R, R") such that X formalizes go f. If X is moreover formally separated
then it is called specializing, compare with [Gle24, Definition 4.11]. Specializing v-sheaves carry
a topological specialization map |Gle24, Proposition 4.14]

sp : [ X[ — | X7
and a v-sheaf theoretic specialization map (or Heuer specialization map) [Gle24, §4.4]

Sp: X — X1
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Here XH := (X red)o/ ° where, for X € SchStk,, we let X°/° denote the v-sheafification of the
functor
X©/vre(R, RT) = {Spec(Rt /R*°) — X}.
We may finally introduce the notion of a kimberlite, as in [Gle24, Definitions 4.15, 4.30 and
4.35).

Definition 10.0.1. A specializing v-sheaf X is a prekimberlite if X**d € SchStk, is representable
by a scheme, and XT®°d — X is a closed immersion. We set X® := X \ X®ed and call it the
analytic locus of X. A prekimberlite X is valuative if Sp : X — X is partially proper. Finally,
a valuative prekimberlite X is called a kimberlite if, for all affine open subsets Spec A C X",
the open U := sp~!(Spec A) N X?® is a spatial diamond.

We have the following key concepts [Gle24, Definition 4.18, 4.38].

Definition 10.0.2. Given a prekimberlite X and a locally closed immersion U < X™4_ we let
the formal neighborhood of X along U denote the v-sheaf

X/U =X X xH UO/O.
With the setup as above, we let the tubular neighborhood of X along U denote the v-sheaf

X5y = Xy 0 X,

Remark 10.0.3. Reinterpreting Definition 10.0.1 in terms of Definition 10.0.2, a valuative
prekimberlite X is a kimberlite if and only if X;@U is a spatial diamond for all U C X™4 open
affine subsets.

The specialization map for kimberlites is particularly nice [Gle24, Theorem 4.40|. Unfortu-
nately, it is not clear if the property of being a kimberlite is stable under some natural construc-
tions like passage to formal neighborhoods under closed immersions (i.e., X iz for Z C X red o
closed immersion). For this reason, it is better to work with the stronger notion of locally spatial
kimberlites introduced in [Gle26].

Definition 10.0.4. We say that an affine kimberlite X is spatial if the following conditions
hold.

(1) X formalizes geometric points.
(2) There is a qcgs formally adic v-cover f : Y — X, for Y = Spd(B, B) where B is an
I-adic ring for I C B a finitely generated ideal.

We say that a kimberlite is locally spatial, if X v is spatial for all U C X red open affine subsets.

Example 10.0.5. It is not hard to see that, for any I-adic ring B with I C B a finitely generated
ideal, the v-sheaf Spd(B, B) is an affine spatial kimberlite. Moreover, the category of spatial
kimberlites is stable under finite limits (see |Gle26, Proposition 4.16]). In particular, (Spd Z,)"
is an example of a spatial kimberlite.

Besides Example 10.0.5 there are plenty of examples (see |Gle26, §5]) of locally spatial kimber-
lites that do not come directly from a formal scheme. Important instances of this are the local
models Mg ,, studied in [AGLR22] (see [Gle26, Theorem 5.7]), and, as we will discuss later, the
integral models of moduli spaces of local shtukas are also locally spatial kimberlites (see [Gle26,
Theorem 7.1.(3)]).
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For our purposes, the most important property of locally spatial kimberlites is that they are
henselian along their non-analytic locus. Let us make this precise.

Let X be a spatial kimberlite let Y = X2, Z = XRed and denote by j : ¥ — X and
i : Z — X the complementary open and closed immersions. We let mx : X — * denote the
structure morphism to *, similarly for 7y and 7. One of us (G.) proved the following statement
that shows that X satisfies two henselianity properties along Z — X.

Theorem 10.0.6 (|Gle26, Theorem 1.4]). Let the notation be as above, and assume that the
following hold

(1) [mied s Xred — 4] € PSchp . (i.e., it is locally of perfectly finite presentation over Speck
and proper).
(2) dim. trgmy < oo (see [Sch22, Definition 21.7]).
Then, for all F € Dg(Y') the following vanishing statements hold:

(1) T(X, jiF) =0.
(2) To(X,§,F) = 0.

We wish to apply a version of Theorem 10.0.6 to the map
Shtg'<,, » == Shtg'<,, xBunGBunl’G — Bunl&.

For this, we will need the following version whose proof is almost identical, but with the
additional complexity of carrying a K-action.

Theorem 10.0.7. Let X be a spatial kimberlite, let Y = X?® and Z = X®d with immersions
7:Y > X and i : Z — X respectively. Let K be a profinite group of pro-order coprime to ¢
acting on X such that the action on'Y is free. Let mx i : X/K — [*/K] denote the structure
map and denote the natural immersions ji : Y/K — X/K and i : Z/K — X /K respectively.
Suppose the following hold.

(1) The reduced special fiber X™4 is pfp proper over x.
(2) One can find a free action of K on a spatial diamond © such that the structure map
D — x is fdcs and DY"-smooth.

Then, for all A € Dg(Y/K), we have the following vanishing statement
Tx KK« A = 0.

Remark 10.0.8. Let K be a profinite group that admits a closed embedding into GL,,(E) for
some n. Without loss of generality, we may assume that if factors through GL,,(Og) by fixing
a lattice stabilized by K. We consider a space that we denote GL% 5, Which is given by sending
a perfectoid Huber pair (R, RT) € Perf* to the isomorphism classes of pairs ((R*, R**),4) of
untilts of (R, R*) over E together with a Rff-point of GL, o,. It is not hard to verify that
GLZ’E is a spatial diamond and that its structure map to Spd E is fdcss and Dj{"-smooth.
Moreover, the action of GL,(Og) (and consequently of K) on GLj g is free. In particular, we
see that assumption (2) of Theorem 10.0.7 is satisfied in this case (see [['S24, Example IV.1.9

(iv)]).

Remark 10.0.9. Consider the following Cartesian diagram.
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X — 5«

| l

X/K — [+/K]

If the map * — [*/K] was smooth Theorem 10.0.7 could easily be reduced to Theorem 10.0.6
using smooth and proper base change. Since this map is not smooth, we have to work around
this issue.

Proof. Let X§, Yk and Zi denote the quotients of X, Y and Z by K respectively. We wish to
show that 7x g 1jK « : DY (Y) = D{*([*/K]) is the 0-functor.

Let S = ©/K and s : S — [x/K] be the structure map. Observe that S is a locally spatial
diamond Dj"-smooth over x by [Sch22, Proposition 24.2]. As ® is qcgs, S = D /K is also qcgs.
Being qcgs and locally spatial, S is spatial.

Furthermore, s is also D{"-smooth and s* is conservative. It suffices to show that s*mx x 17k «
is the O-functor. Let py, : Yk X[/ S — Yk denote the base change of s along Y — [*/K].
By smooth and proper base change, it suffices to show that 7 1 0 js, K7*p>1k’1< 2 ( for the natural
maps Js K : Yi X[x/K] S C Xk X1x/K] S and Ts K ° X X[x/K] S — 5. We also consider the maps
Js Y XD - X x® and 75 : X x® — ©. Note that, by Theorem 10.0.6, we also have that
Ts,! © js,*p;K ~ 0.

By hypothesis, Y is a spatial diamond since X is a spatial kimberlite, and since the action of
K onY is free, Y is also a spatial diamond by the same reasoning as for S above. Also, Y x ®
is a locally spatial diamond and, since Y X[, k7.5 is a quotient of Y X ® by K, we also get that
Y X[+ k) S is a locally spatial diamond. Note that Y x ® — Yk X[, k] S is universally open.

Let T — Y and Q@ — © be universally open quasi-proé¢tale covers with T = Spa(R, RT)
and @ = Spa(L, L") totally disconnected perfectoid spaces. Being spatial diamonds Y, D,
they are qcgs; also T and @) are qcqs. As any map between qcgs objects is qcgs, the maps
T — Y and Q — ® are automatically qcgs. Fix a wr € R and wy, € L pseudo-uniformizers.
There is a continuous map & : |(Spd RT x Spd L™)**| — [0, co] meassuring the relative value
of wy, against wp and for every interval I C [0, 00] we let Uz g 1 denote the open subspace of
(Spd R x Spd LT)2", associated with the interior of x~!(I). For example,

T xSpdL* = Ur,q,j0,00) = (Spd R* x Spd L") &, 20-

Now, for all I C (0,00), we let UFX C Yk X[«/k] S denote the image of Ur g1 — Yk X[/k] S-
We let Uy C Y x D denote the preimage of UX in Y x ®. We note that if I C (0, 00) is compact
then Uy and U IK are spatial diamonds.

We claim that ]U{fm)\ UIZ X4/k) S| € |X X[/k) S| defines a quasicompact open subset and
in particular it gives rise to a spatial diamond that we denote U[f’ 0] C X X[, k]S with preimage
a spatial diamond U, o) C Y x D. We argue as follows, we have a map of spatial diamonds

Ur.g.0.0q = (SPd R x Spd LT)™ — (X x Spd L*)™

coming from the formally adic map of spatial kimberlites Spd RT™ x Spd LT — X x Spd L™. We
restrict this map to obtain a sequence of qcgs maps of locally spatial diamonds

UT,Q,(O,oo] = (SdeJr X Q) — X X Q - X XD —)XK X[*/K] S
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Let f denote this composition. In general, f : |Ur,q (0,00]| = [ XK X[x/K]S] is not necessarily an
open map, but it is still a quotient map since it is qcgs surjective. The locus |U [{f 00) U ZK X /15|
corresponds precisely to the image of Uz g [4,00) Which is quasicompact. Moreover, we have
that f‘l(f(UT’Q{a’oo])) = |Ur,q,ja,xc]| U f_l(f(UTQ,[a’OO)) which is open. This implies that

U[{f o] C Xk X[4/K] S is open quasicompact. Since U}, o) € X x D is simply the preimage of
U [2( o] it is also open quasicompact.

In what follows we show that 7, i1 0 js i« can be expressed in terms of the U[{i oo and U, [a,00]

to ease notation we only do one case the other one being analogous. Let U[I;OO] denote the
closure of U[{; 0] inside of U (](i o0] = XK X[x/k)S- We define several maps.

Let kg oo : U [ff 0] U[Iioo] and Eam : U[I;OO] — U{éoo} denote the open and closed immersions
respectively. We let k, : U[[;’ ) U[{ioo) and k, : U[I;Oo) — U(Ig’oo) denote the open and closed
immersions respectively obtained by restriction along U(Igpo) cU (IO(,oo]' We also let j, : U[{i )
U [f o0 and j, U[I;oo) — U[I;OO] denote the open immersion. For the convenience of the reader
we organize it in a commutative diagrams.

K ka,co —K Ea,oo K o Ts, K
Unoo) = Ulaoe) = U o) = XK Xy § —— 8
jaT jaT js,KT

ka —K ka
Ul o) = Ulaoe) = U o) = Y& X[u/k] S

For any A € DY (X X[x/k] S), we may compute 7, g1 A € DF(S) as

hgl WS,K,*Ea,oo,*ka,oo,!A\UK . (104)
a—0 [a,00]

Indeed, this follows from the fact that Xy X [+/K] S — S is a map of locally spatial diamond,
from the fact that the map 7, x oanoo : U[a,oo} — S'is proper, and from the fact that the family
U[fi o 18 cofinal among quasicompact open subset of U(I&OO] = Xk X[+/k] S [Sch22, Definition
22.13, Definition 22.4].

When A = j, i« B we may rewrite this as

hg’l 7"'s,K,*ka,oo,*ka,oo,!"4|UK = hﬂ 7Ts,K,*ka,oo,*ka,oo,!ja,*B|UK (105>
a—0 [a,00] a—0 [a,00)
o hﬂ 7r57K7*ka7007*ja7*ka,gB‘UK (10.6)
a—0 [a,00)
= 1 7 ks s pRa ka1 B e (10.7)
a—0 [a,00)

Here the only subtle step of the computation is to justify

ka,oo,!ja,*B|UK = ja,*ka,!B\UK
[

la,00) a,00)



ON THE SCHEMATIC AND ANALYTIC CONSTRUCTIONS OF THE LOCAL LANGLANDS CATEGORY 179

We argue as follows. Note that i;7ska7m7;ja7*B|UK = 0 for the inclusion 45 : Zi X[+/K] S —
[a,00) X
la,00]

U[I;OO}. Indeed, we have a factorization i, s : Zx X [+/K] S — U[{ioo] U

Applying excision
to ka7m7!ja7*B|U[a -’ we obtain the desired isomorphism.

We let gE = s, K Js, ik and tf =kq o0 kg
ﬂf : U(I(ioo) = YK X[*/K] S — S

th  Ub oy = Yic Xpuyi) S
and define a functor
B DY (Y X /i) S) — DRN(S)
with formula
BB =lim Bt B

in analogy to the functors of constructed in [F'S24, Definition IV.5.2|. Note that our setup
is slightly different so B!{i_ is not literally one of the functors considered in loc. cit. The
computation (10.5)-(10.7) and Equation (10.4) show that, for all B € D{*(Yk X[,/ S), we have
an isomorphism

s, K, Js, Kx B ~ IB{{’_B
Let us go back to studying 75 : X x © — ®. We define maps
B: Y XD =D
and maps
tq : U[a,oo) —-Y x®
by pulling back 3% and t& along ® — S. We consider the functor

Bt : DY x D) — DY(D)
with formula
B+ B = lim Byt,) B.
% a
This agrees with the functor constructed in [F'S24, Definition IV.5.2]. In a completely analogous
way with identical proof we obtain a formula
Ws,!jS,*B = /8!,+B-

Moreover, since Y is a spatial diamond that is fdes and partially proper over x by [F524,
Theorem 1V.5.3] B 1 B vanishes whenever B = pj A for py : Y x ® — Y the projection map.
In other words, 7, 1js+«py A =~ 0 for any A € D3"(Y). In contrast, our goal is to show that
7T57K7!js,K7*p*YKA ~ ( for and any A € D" (Yk).

We consider the pair of Cartesian diagrams

Y x® L) YK X[*/K] S
lPY leK
vy — 2 vk

and
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U[Q7M)L>YX©L>@

(S } I

U[{;OO) L) Yi X[*/K] S —— S

By quasicompact and proper base change it follows that

K
Y BL =~ By
Moreover, the functor v* is conservative. We can finish the proof by computing

Vs K s KDY A 2 Y Bl Y, A
=~ ﬁ!,+7;p>}k/KA
~ B pyay A
~0

O

In the next section, we will exploit the fact that Shtg <, (b) := Shtg’c,, , X Bunt, * 15 @ locally
spatial kimberlite to study W. Here we recall that the map

Shtg'<,, — Bung

is given as the composition of the map Nt' from (7.22) and from o from (7.20). As we discussed
above, locally spatial kimberlites are special instances of prekimberlites (Definition 10.0.2), and
in particular we can define a reduced locus

(Shtg <4 (b)) C Shtg <, (b),
which is a closed immersion
(Shtg,<w ()" ~ [(Shtg, <. (b))"]°.

Now, (Shtg <,(b))*? has a more familiar expression. Indeed, recall from [Gle21, Proposition
2.61| that the following holds.

Proposition 10.0.10. There is a canonical identification
(Shtg,<u (0))™! =~ X<u(b)

where X<.,(b) denotes the affine Deligne-Lusztig variety (i.e X<y (b) := Shtg <w Xp(q)*, where
x — B(G) is given by b). In particular, (Shtg <., (b))*? is a locally perfectly finitely presented
scheme over Speck, and each of its irreducible components are pfp proper over Speck (see
[HV20, Theorem 1.2] and [Gle21, Proposition 2.61]).

Remark 10.0.11. Strictly speaking the reference [Gle21, Proposition 2.61] has a different setup
and only shows the formula (Shtg <, (b))"¢ ~ X<, (b) where the bound ranges over dominant
cocharacters. Nevertheless, the argument goes through in our setup with only superficial modi-
fications.
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Recall the generic Newton polygon map 7 of (7.20) and (7.22). As it turns out, one can use
~ to understand the closed subsheaf

(Shtg,<uw(b)) C Shtg <u(b).
Indeed, we have the following.
Proposition 10.0.12. The reduced locus
(Shtg,<w(b))"
s always contained in the pullback of
(yo Nth) 1 (B(G);)

along * — Bun%, as closed subsheaves of Shtg, <, (D).

Proof. Recall that (R, RT) points of Shtg <, (b) are equivalence classes of data (€, ®, p). Here
b p*E — & is a shtuka defined over yﬁw) with leg at m = 0 and meromorphy bounded by w,
and p is a p-equivariant isomorphism £ ~ &, defined over y{gm) (see [Gle21, Definition 2.45]).
The proof of [Gle21, Proposition 2.61] shows that (Shtg <, (b))% is the locus in which p is

meromorphic along 7 = 0. Since p is meromorphic, one can consider the restriction of p to a
formal neighborhood of m = 0 which gives an isomorphism

1
(Ew(ry: Pyw(ry2)) =p (Esw(r), Powir)—)-

In other words, pyy(g)1) exhibits that o Ntf (€, @) is isomorphic to (&, ®;) in B(G)? (R, RT),
or equivalently, v o Nt(E, ®) € %(G)I?(R, R™) as we wanted to see. O

For g € B(G), we let
Sht} 2, € Shtg,<u

denote the locus of the form (fyoNtT)_l(%(G)g), and after pullback along * — Bun% we denote
it as
Shtg 2, (b) C Shtg,<u (D).

Here the maps are as in (7.22). The following consequence will be crucial for our study of ¥ in
the next section.

Corollary 10.0.13. Let b, € B(G) with b # 3. Then Shtgzﬂw(b) is contained in the analytic
locus of Shtg <4,(b). In other words,

Shtg 2, (b) C (Shtg,<u(b))™.
Proof. This follows from Proposition 10.0.12. Indeed, it suffices to show that
Shtg 2, (b) N Shtg, <y (b)**
is empty. But since b # 3, Shtgzﬂw(b) N Shtgzbw(b) is already empty. O

Since Shtg <, (b) is only a locally spatial kimberlite and not a spatial kimberlite, one cannot
use Theorem 10.0.7 directly. To address this, we formulate the following statement.
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Proposition 10.0.14. Let K C Gy(E), be a pro-p open compact subgroup. Then Shtg <., (b)
admits a colimit presentation of the form

Shtg <y (b) ~ colim;er X
such that the following statements hold:

(1) The index category is cofiltered.

(2) Each X; is a spatial kimberlite with proper reduced special fiber.

(3) The maps X; — Shtg <, (b) and the transitions maps X; — X; are open immersions.
(4) Each X; is K -stable.

Proof. By Proposition 10.0.10, Shtg <,,(b)*? is the affine Deligne-Lusztig variety X<, (b). Let
C denote the set of K-orbits of irreducible components of X<, (b). Our index set I is simply
the set of finite subsets of C, and for every i € I of the form i = {¢y,...,c,} we form the closed
subset

Z; = U?:16¢ - ng(b).

This is a perfectly finitely presented proper scheme over Spec k. We let X; := Sht?é\w (b) 17 We
now verify all of our claims. The indexing category is cofiltered by construction. That each X; is
a spatial kimberlite follows from [Gle26, Proposition 4.12|, the definition [Gle26, Definition 4.4]
and the fact that Z; is qcgs since it is a pfp proper scheme over Spec k. That X; — Shtg <., (b)
is an open immersion follows from |Gle24, Proposition 4.22]. That each X; is K-stable follows
from the functoriality of the specialization map [Gle24, Proposition 4.14]. O

11. PROOF OF THE EQUIVALENCE

We are finally ready to show that the functor W of §7 is an equivalence. We will do this
by verifying F' = W satisfies the assumptions of Proposition 9.0.10 with respect to the semi-
orthogonal decomposition Sg() on Shv'(B(G)) and Sing on Dy (Bung) defined in §9.0.1 and
§9.0.2, respectively.

The first step of the proof is to show that condition Proposition 9.0.10 (1) holds for the functor
Y, see Lemma 9.0.11 and Proposition 11.1.2. The calculation itself relies on the behavior of the
Fargues—Scholze charts Mj and the locally closed substack Shtz ., of the shtuka stack for o-
straight elements wy. The calculation is also key to show that W restricts to an equivalence
strata by strata, see Corollary 11.2.4 and Remark 11.2.5.

The next step will be to consider analogues

Wy : Shv!(B(G),,) — D" (Bung),

of our functor W that range over finite convex subsets V' C B(G). We use the geometry of
Bung® to study the behavior of these functors. Moreover, if V = Z; \ Zy with Z1, Zy C B(G)
for two finite closed subsets, then the functor Wy will give a computable expression for the
Verdier quotient map

Shv'(B(G) 5, )1/Shv' (B(G) 5, ) — D" (BunZ! )y /D3" (Bung ).

Using our criterion Proposition 9.0.10, we are left to show that condition Proposition 9.0.10 (2)
holds for V'\{b} in V for a closed point b € V and an arbitrary finite convex V' C B(G). This last
orthogonality, is obtained using the henselianity for the locally spatial kimberlite Shtg <4, (b) to
control the removed locus, see Proposition 11.3.1.
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11.1. Left semi-orthogonality and BunZ®. By construction ¥ (or more precisely ¥") arises
from the sind-f-correspondence of the form

B(G)" ~ Bun%* —2— Bung

I
B(G)°,
described in Corollary 7.5.4.
A key geometric input is the following result that two of us proved with Zillinger. Let M
denote the moduli of filtered bundles with G-structure introduced in [F'S24, Definition V.3.2].

We colloquially refer to it as the Fargues—Scholze chart of Bung, since there is a fdcs smooth
surjective map [F'S24, Theorem V.3.7|

7 : M — Bung.

Recall that M admits a decomposition into connected components indexed by b € B(G), and
that we have a map
L] w: [ Mo— | ] [+/Ge(E)]
beB(G)  beB(G) beB(G)
that sends a filtered bundle with G-structure to the corresponding semi-stable graded bundle
with Gjp-structure (see discussion below [F'S24, Definition V.3.2]). The corresponding diagram

My, —2— Bung
l’)’b
[+ /Go(E)]

is precisely the diagram described in §8.2. One has an isomorphism ’B(G)l? ~ [x/Gp(E)], by
[G1Z26, Proposition 2.20| and Theorem 8.3.1. This allows us to make sense of the following.

Theorem 11.1.1 ([GIZ26, Theorem 1.1]). We have a commutative diagram

T

M ———— Bung® —>— Bung.
I b
Ube ey BG)y — B(G)?,
where the square is Cartesian.
This has the following consequence for our functor.

Proposition 11.1.2. The following statements hold.
(1) For all b € B(G)
W((B(G),)1) S (Bungy)s.
(2) For oll Z C B(G), a finite closed subset,

W(Shv'(B(G) )) C DR (Bung)):
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holds.
(8) W satisfies condition (1) of Proposition 9.0.10 with respect to the semi-orthogonal decom-
positions Sg(c) and Sgy;,,, -

Proof. The second and third claim follow from Lemma 9.0.11 and from the first claim. In
turn, the first claim ultimately follows from the definitions, from Theorem 11.1.1 and from
the Cartesian square (7.22), we expand the argument below. For the rest of the proof, we fix
b € B(G), we put ourselves in the situation of Lemma 8.3.4. In particular, we recall there is a
o-straight element w;, attached to b € B(G) and we have open and closed immersions

Shtgh, — Shtg,, — Shtg™,

together with the Newton map
Nt : Shtg™ — B(G).
By Lemma 8.3.4, the map
Sht&h - B(@)

G,wp

factors through B(G), and we have an identification Sht?fll% >~ Bprofet Lw, over Bprost Go(E),
where we recall I,,, C Gp(E) is the Iwahori subgroup attached to some lift wj, of wp, as in
Definition 8.1.4. In particular, the category Shv!(‘B(G)b) is generated under colimits by objects

of the form Nt,, A with A € Shv!(Shtsngb). For our purposes, it suffices to show that for all
A € Shv'(Sht¥h )

G,wp

LIJ(’L'bV!Ntwb’*A) € (Bung)ﬁ.

Indeed, W o i, commutes with colimits, and (BunZ,); is stable under colimits.
Recall that ¥ = WY o idgy. We first observe that

idBz (1,1 N, +A) ~ (ibi)o(Ntwh*)oB (11.1)
for some B € Shv!(Sht?j};Ub)V. Indeed, this follows from the commutative diagram

Ntwb,*

Shv!(Shtgh ) =25 Shy!(B(Q),) — 2 Shv'(B(G))

G,wp

lidgzywb lidBZ,b Jide

(Nt 2)° (ip.0)°
Shv!(Shti™ )V =25 Shv!(B(G),)" —— Shv!(B(G))".

G,wp

Here we recall that the commutativity of the left square follows from Lemma 8.3.4 (cf. Propo-
sition 8.3.6 (2)), and the commutativity of the right most square follows from (8.12). We note
that Sht¥" is a placid stack, and that the map

G,wp

ibONtwb

Sht¥h b 9B3(@)

g,’lUb

factors through Shtsg‘i}%wb which is a o-compatible bounded piece of B(G) (see Definition 5.3.21
and §7.5). Indeed, that Sht¥™  is o-compatible is the content of Theorem 7.5.2 and Lemma 7.5.3.
g,_’LUb
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From this, and since Shtsg‘i};b — Shtsgf}%wb is pfp representable (see Theorem 8.3.1 and Lemma 8.3.4),
we may use Lemma 5.4.2 to write

W (i, Ntu, « A) 1= ¢"idpz (ip Ntw, » A) 2 ¢ (iy 0 Nt )°B

~ (0 oNtL, Yok, o Dz, soncy®” (B)-
»Wh

Here ¢*V is the analytification functor from Proposition 5.3.6, and the rest of the maps fit in
the commutative diagram with Cartesian squares

O’wa

T

— k w
[My/Ly,] —— Sht&<,, =, Bung® —=— Bung

ibsmsgc’l;b /B(@) lehtSSCL‘)b lW (11.2)
(Shtgh, )¢ —— (Shtgh )¢ —— B(G)?,

obtained from Theorem 11.1.1 and (7.22). The map [My/I,] — Bung factors through M; —
Bung and this factorization fits in the following commutative diagram with Cartesian squares

Ob

TN

[va/lwb] Mb > Bllnréler -7 BunG

[

Nty i
(Shtgh YO —2 B(G)Y —— B(G)Y.

G,wp

By proper base change, and since oy, is D{"-!-able, we may rewrite

(oo NtTgwb)! okpyyo b;htsgf};ub /%(G)c*’vB ~ oy, thb,! c*VB.

If we let D = thb , ¢V B, then we have

oD € (Bunl,);.
by Proposition 8.2.7 (see also Remark 8.2.8). O
11.2. Understanding W, and W,. Since we wish to apply Proposition 9.0.10 to ¥, we will
need to be able to describe, for any finite convex subsets V' C B(G) (including, in particular,
single points b € B(QG)), all of the functors
Wy : Shv'(B(G)y,) — DI (Bung)

that a map of semi-orthogonal decompositions specify. Here we note that these functors can be
defined through Lemma 6.4.1. More precisely, one can use the Verdier quotient presentation

Shv'(B(G)y,) =~ Shv'(B(G) ,)/Shv' (B(G) 1)
to construct the maps, where Z and Z’ are any two finite closed subsets Z/ C Z C B(G)
with V.= Z \ Z’. In this subsection, we study a different presentation of the Wy via sind-f-

correspondences. This other presentation will allow us to exploit the geometry of kimberlites to
finish showing that W satisfies the hypothesis in Proposition 9.0.10.
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In what follows, we fix Z C B(G) a closed subset and U C Z an open subset. We get maps
B(G)y — B(G), = B(G)

which are an open and pfp closed immersion respectively by Theorem 8.3.1. It follows from
Lemma 5.4.1 and Corollary 7.5.4, that the triples

(B(G), Bung, 0 0il;) and (B(G) ,, Bung, o o ily)
are sind-f-correspondences.
Lemma 11.2.1. With the setup as above, let X € {Z,U}, and consider the map
oo ZJB( : %(G)} — Bung.
Then there is a factorization of the form
%(G)E{ X Bund
"

kb

Bun®® —%— Bung.

Proof. Tt suffices to argue on topological spaces, i.e., we wish to show that |o o z}\(!%(G)TX\) -
|Bung |. This in turn can be done at the level of geometric points. Fix a map x : Spa(C, CT) —
B(G)'. Let k = Oc/C°°. By [G1726, Proposition 7.4(4)], this corresponds to a map

Z : Spec O¢c — B(G).

Indeed, B(G) P (Spa(C, C)) is by definition B(G)(Spec O¢). Moreover, Z lifts to %(G)E( if
and only if the map Spec Oc — B(G) lifts to B(G) y, and this happens if and only if the image
of Spec C' and of Speck in B(G) lie in X, but o(x) € |Bung| matches the image of Speck in
|B(G)| under the (non-continuous) bijection

|Bung| ~ |B(G)]. O
Lemma 11.2.2. With the setup as above, we have a Cartesian diagram
%(G)J{] —— Bunf,
’B(G)TZ —— Bunf.
of v-stacks.

Proof. Asin the proof of Lemma 11.2.1, we may argue on geometric points. In this case, it suffices
to know that if we have a factorization Spec Oc — B(G), C B(G) and the induced closed point
Speck factors through B(G),;, then all of Spec O¢ factors through B(G),;;. However, this is
clear, since U is open in Z. U

The above considerations give rise to maps of sind-f-correspondences
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B(Q)G —— B(A)], 2% Bunf,

| | ow

B(G)S +—— B(Q), 2% Bung

Lo | ]

B(G)Y ¢—— Bung;” —"— Bung

in which the squares (A) and (B) are Cartesian. Indeed, the fact that (A) is Cartesian is
Lemma 11.2.2. That (B) is a Cartesian follows from Lemma 4.2.3.2!

Recall that we have an identification idgz : Shv'(B(G)) ~ Shv'(B(G))" respecting the semi-
orthogonal decomposition on both categories, and that we have commutative diagrams

Shv! (B(G)y,) 224 Shv!(%B(G)y) Shv' (B(G)y;) 224 Shy! (B(G),,)
i |t Jie J[C5E
Shv!(B(G)) —2%, Shv'(B(G))Y Shv!(B(G)) 2, Shv'(B(G))Y,

as discussed in Corollary 9.0.3.

Proposition 11.2.3. For all Z C B(G) a finite closed subset, and, all U C Z open, we have
an identification of functors

Yy ~ ¢ o (idpzv),

where the right-hand side is the analytification map (5.14) attached to the sind-t- correspondence
(B(G)y, Bund, ory) described above.

Proof. By Lemma 6.4.1, we may use the Verdier quotient presentation of Wy to write
Yy ~ji; Wiy

From this presentation, we see that Wy = j;¢"7(iy«)°(idpz,y). The o-compatible bounded

piece Shtsgfl;w. — B(G) defines a opy-compatible bounded piece

Nt<w,v : Shtg'k,, v — B(G),-

Fix B = Nt<y, v+A for A € Shv!(Shththw.,U). We also let D4 denote the unique object in
Shv!(Shtsgcthw.vU) such that (idpz,y)B ~ (Nt<y, v«)°Da. The construction of Dy is functorial
in A since its the dual in Shv!(Shththth) is induced by the natural Frobenius algebra structure
on Shv!(ShtZ‘i}%w.’U) which is compatible with idpz, 7. We write i<, 7 for the inclusion

i<we, + ShtEL,,, v — ShtFh,,. .
Now, we may compute Wy;(B) as follows
2INote that the other squares are typically never Cartesian: indeed, the map YT — Y does not pullback

under open immersions, since an O¢-point of B(G) with induced k-point in Z might induce a C-point that misses
Z.
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Wu(B) ~ ji;¢™ (ivy)°(idBz,v ) B
=~ jir e (ivs)* (Nb<w, Ux) "D
>~ jir¢™ (Nt<w, ) (i<we Ux)°Da

o aF * *V (s o
—JUUSw.JbShtg";w ¢ (i<wy,Ux)"Da
. v
~ J;}(Uﬁw.,!)b;htgh (Z<<>w o)e Da
We get a diagram

O<we,U
(Shtsg‘ihgw.,u)ﬁ*% (Shtg,, o)! == Bung

/ [ S N l\

120 (SHEFL . )¢ (Shtgh,. )F =% Bunf

AT Y

(Shtg )¢ s (Shtg'c,,) =t Bung
Shtsgc<w

where the square (A) and the square (B) are Cartesian, as in (11.2). An elementary, but lengthy,
diagram chase using that all vertical arrows are locally closed immersions gives the formula

-k * -
JU(USM.,!)bSht%c’h " e Y lwe, U = U<w.,U'bShtsgch<w v

We continue computing

W (Nt 00 4) = 55 (0<waVbgygeen(i2,, 1) Da
N0<w.7Ubehthh< U &VDy
~ c" U(thw.,U,*) DA

This gives the following commutative diagram

Shv!(Shtg™ . 1) 2774 Shv! (Shtg,,, )"

thgw.,U,* l(thw.,U,*)o

Shv'(B(Q)y) MU Gy (B(G)yy)Y

L"JUONtS’me:* /

Din(BunG)

Passing to the colimit as we vary among the bounded pieces of B(G),; (i.e., we vary w,) we
obtain the desired commutative diagram.
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Shv! (B(G)y,) 2% Shv! (3B(G)y)
\LwU c*oU
D3 (Bun).
0

We can easily specialize the discussion to W;, by taking Z = { € B(G) | § < b} and by taking
U = {b}.

Corollary 11.2.4. For all b € B(G), the functor
W, : Shv'(B(@),) — DI (Bun)
is an equivalence. In particular, the last condition in Proposition 9.0.10 holds.
Proof. This follows from Proposition 11.2.3 and Theorem 7.1.9 (1). O

Remark 11.2.5. It will be convenient to spell out precisely the functor W,,. Recall that we have
fixed standard identifications

Shv! (B(G),)

Vv
Dcohmy \ St
c*id O]D)coh,Gb(

Shv!(B(@),) a D20 ([x/Gy(E)))

=

Rep(Gy(E))

D3P (Bur)

Here all the identifications are normalized with respect to the same choice of representative
be G(E) of b, which we may choose to be as in Convention 8.5.1. We note that we have abused
the notation and we have written Doy, g, (z) for the equivalence Shv'(B(@),) = Shv'(B(Q),)"
induced by %M and Deon,c, () + Rep(Gy(E)) = Rep(Gy(E))Y. In the following diagram, we
fix these standard identifications which we will simply denote with std. With all the identifi-
cations fixed, the functor W, can be computed as the only map making the following diagram
commutative

®5?hu[2db} ®5;1 [—de]

Rep(Gy(E)) Rep(Gy(E)) ——— Rep(Gy(E))

lstd J/std J/std

Shv!(B(G),) 2% Shv (B(G),)¥ s DR([%/Gy(E)]) —2 D3 (Bunky),
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where the commutativity of the left-hand square follows from the discussion following (8.12)
and Theorem 7.1.9 (4), and the commutativity of the right-hand square follows from [HI25,
Corollary 1.8], where the notation is as in 8.5.1 This tells us that the composition

Zhu sy
Rep(Gh(E)) 25 Shv! (B(G),) 22 DI (Bunls) 5 Rep(Gy(E))
is equivalent to the functor
(=) @6, ' @ 6EM[2dy — 2dy) ~ (—) @ FM @ 5, .

We set xp := 620 @6, . In particular, we see that if we choose the identifications Shv'(B(G),) =~
Rep(Gy(FE)) and D§"(Bunl) =~ Rep(Gy(E)) with respect to the same choice of representa-
tive b of b € B(G), it that follows Wy, ~ idgey(q, (k) if and only if x, ~ 1 (i.e., Assump-
tion/Conjecture 8.3.7 holds).

11.3. Henselianity and right-orthogonality of W. In this section, we finish showing that ¥
is an equivalence.

Proposition 11.3.1. Let Z C B(G) be a finite closed subset, let U C Z be an open subset and
let b € U be a closed point. Then

Wy (Shv!(B(G),)+) € D (Bung, ),

in DP(Bun¥). In particular, we deduce that W satisfies condition of Proposition 9.0.10 (2)
with respect to the semi-orthogonal decomposition Spy(c) on Shvl(%(G)) and the semi-orthogonal

decomposition Sg,, . on Di*(Bung).

Proof. For the last assertion, note that we have identified Wy with the Verdier quotient map
induced by W.

By definition, Shv'(3B(G) 0\p)+ is generated under colimits by objects of the form i5y,+ A with
B € U\ {b}. Since W is colimit-preserving, it suffices to show that

Wy (igu.A) € (DR (Bunk ).
For now, we fix B = idpz 3(4) € Shv!(‘B(G)B)V. We have that
inﬂU,*A ~ C*’gUidBZ,Ui5U7*A (11.3)

~ U (Z'IBU’I)OB

by Corollary 9.0.3, and we wish to show that ¢*?V(igy)°B € (Din(Bung\b))g for all B €
Shv'(B(G)4)".

As in Definition 8.1.4, for € B(G) we can attach a straight element wg € B(W) and an
Iwahori subgroup Iz C Gz. Moreover, recall from Lemma 8.3.4 and Theorem 7.1.9 (2), that if
K C I is a pro-p subgroup, then we have an isomorphism

(i502)° c-Ind’s? A = (Nt<yy 174)° © (iuyyy,)° -IndjE A
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Recall the maps o<y, and kg i from (11.2). We will compute as follows and justify the steps
below,

. G . I
U (igyy)° c-Ind " A =~ ¢V (Nbcuyy U)° © (i) c-Ind A (11.4)
* *,V . o Ig

~ O UL O b5 seh Col e Twayt)C c-Ind > A 11.5
Swyp,U, Shtgwb,U Shtggjb,U( wg ,) K ( )

~ * * . I
N O <y, U O bShﬁ?ﬂb,UCShticﬁb,UlwﬁU’* c-Indy A (11.6)

I

~ Uwa,U,!k,B,IwB,* C—Indlg A. (11.7)

The first step was discussed above. The second step is the definition of ¢V in (5.14) since
ShtSSCB%U is a oy-compatible bounded piece. The third step comes from the equivalence
Shv'(Shts, 7)Y = Shv*(ShtsSy,, )

(see Proposition 5.3.2), the definition of ¢*V (see Proposition 5.3.6) and the by-hand verification

o

that C—Indﬁf A is a compact in Shv' (BIg). Indeed, by definition of the conjugate functor, (iy,,)

may be computed by (iwﬂvg)OP on compact objects. Moreover, we have an adjoint pair

(f15) % A ()
of functors between the categories Shv!(ShtsngUb)w’OP and ShV!(ShtsgC,hwa)‘“. Indeed, both iiﬂ and
iy, admit continuous right adjoints (since iy, is an open immersion Theorem 8.3.1 (2)), so they
preserve compact objects. Under the identifications (see Proposition 5.3.2)

Shv'(Shtgh,, )P ~ Shv*(Shtg®,, ) and Shv'(Shtg™,, )P ~ Shv*(Shtg™,, )*,

g, wp

the functors (i}, 5

finishes justifying the third step. The fourth step follows from Proposition 5.4.5.
In what follows, we show that

)°P and @, , are intertwined, so their right adjoints are also intertwined. This

O <ws UKB 14 % C—Indﬁf Ae (Din(Bun(U;\b))!
for all 8 € U \ {b}. Equivalently, since Bun% C Bun¥ is open it suffices to show that
- I
]bO'Swﬂ7U71k/37]ﬁ7* C—Indlg A ~0.

Our argument will show that

Jb 0 <ws UkB.15.2D = 0

L
holds, for arbitrary D. In particular, it will hold for D = c-Ind Kﬁ A. Consider the following
diagram with Cartesian squares
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Shtg " (b) —— [Sht " (b)/ K| s [Mus/Is)

J lkg,fg lkﬁ’lﬁ

Shtg <uy (b) —— [Shtg <uw, (b)/Kp] — Sht o, —— Sht&'c, 1

j [

* y [#/Kp] ————— Bun¥ — Bun¥.

\/

JK,

Here K}, C Gy(FE) is any auxiliary pro-p compact open subgroup. Observe that the map BK, —
Bung is D{"-smooth, and that pullback along the map [+/Kp] — Buan is conservative. For all
K C Gy and all D we have that
Jie,O<un kg 150D = i kG 1
for some E by smooth and proper base change. Recall from Corollary 10.0.13 that
Sht ;7 (b) € Shtg <u, v (b)™
since 8 € U \ {b}, so we may apply Theorem 10.0.7 to conclude
ﬂ-Kb:!kg,Iﬁ,*E ~ 0.

Indeed although, as explained in §10, Shtg <y, v (b) is not a spatial kimberlite with proper
reduced locus, it is a locally spatial kimberlite whose reduced locus is an ind-proper scheme
which is locally pfp (see Proposition 10.0.14). Writing

Shtg <uw,v(b) = colim X;
as in Proposition 10.0.14, we can apply Theorem 10.0.7 to each piece of cohomology corre-

sponding to Shtg <y, (V) /g With S an suitable union of irreducible components of the affine
Deligne—Lusztig variety (i.e., we apply Theorem 10.0.7 to each X;). Since the total compactly
supported cohomology is the colimit as S increases, and term by term on .S the complex vanishes
we get a total vanishing. O
Theorem 11.3.2. The following statements hold.
(1) The functor W is an equivalence.
(2) For every finite convex subset V. C B(G) we have an equivalence
Wy : Shv'(B(G)y,) — D (Bun).
(8) For every pair of convex subsets Vi C Vo we get intertwining formulas
(a) $uoifhy, = 30 Wn
(b) Wyvyivives =~ jviva Wy,
(c) Witgv, = dhar, Wi
(d) Wyyiviva! = jvivasWv
(6) lJJV2Z.!V1V2 = jikﬁVgL'JVl
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(f) LIJVQM = leVQ*LIJVI :

(4) For every b € B(G), we fix a choice of representative b of b as in Convention 8.5.1 and
consider the associated identifications as in 8.5.1 and 8.3.2, we let xp := 0pzhu @ (5;1 be
as i Remark 11.2.5, then we have that:

a) For every A € Rep(Gy(E)) the identity W(ip.n"™(A)) =~ jp1p; (A ® xp) holds.
b) For every A € Rep(Gy(E)) the identity W (i, m*™(A)) ~ jp4p;(A @ xp) holds.
Moreover, these identifications are functorial in A.
(5) There is a unique equivalence of presentable 2-functor formalisms

ex

Ws - S%(G) = SBung'

Moreover, the equivalence W can be rewritten as
W~ colimycp(q) Wz

where Z C B(G) ranges over finite closed subsets of B(G) and Wy.
(6) There is an equivalence of presentable 2-functor formalisms

LIJSex . S%((G) i) SBul’lg'

Proof. The fact that W is an equivalence was proven in several steps by means of Proposi-
tion 9.0.10. Indeed, by construction W is a functor in LinCaty, and the first condition in Propo-
sition 9.0.10 was shown in Proposition 11.1.2. The third condition was shown in Corollary 11.2.4.
Finally, the second condition of Proposition 9.0.10 is the content of Proposition 11.3.1. This
finishes the proof of the first claim.

For the fifth claim, note that Proposition 9.0.10 already provides an equivalence of 2-functor
formalisms

lIJ : S%(G) i) S%Xung’

Evaluating it on V, i.e., Wy : Sg(q) (V) =, gex

Bung (V') gives rise to the equivalence

Wy : Shv!(B(G),,) — D" (Bung),

and shows the second claim. The last claim follows from the fifth claim by passing to right
adjoint functors.

The intertwining in the third claim follow directly from fifth claim by virtue of having an
equivalence of 2-functor formalisms. Indeed, the fifth claim itself provides the intertwining of
(a) and (d), and passing (once or twice) to right adjoints provides the rest of the intertwining
formulas.

The fourth claim follows from the third. Indeed, for each b € B(G) we get formulas

W (ip,«n™™ (A))) = oy Wy (™ (A)) and W (i ™™ (A))) = jig Wy ("™ (A)),
and the formula from the statement then follows from the identity
Wo(n™™(A)) =~ py(A @ xp)
deduced in Remark 11.2.5. O

Remark 11.3.3. For the convenience of the reader, we make the following table of adjunctions
that are intertwined by W.
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12. PROPERTIES AND APPLICATIONS OF THE EQUIVALENCE

Throughout this section, we will fix representatives for b € B(G) and implicitly identify
Shv'(B(G),, A) =~z Rep(Gy(E)) and D3 (Buny) ~s: Rep(Gp(E)) with the category of smooth
represenations of Gy(E) on A-modules, as in Remark 8.3.2 and Convention 8.5.1. Moreover, we
will from now on omit n%"™ and s; from the notation. We now combine Theorem 11.3.2 with
the results of [Zhu25b] on the tame categorical local Langlands conjecture. We first review the
precise statement of this result.

12.1. The Tame Categorical Local Langlands Conjecture. We now discuss the tame
version of the CLLC proven by Zhu [Zhu25b|. It relates Ind-coherent sheaves on the stack of
tame Langlands parameters to the subcategory of Shv'(B(G)) consisting of tame sheaves. We
first describe both sides of this equivalence, and then compare them with analogous constructions
for D3"(Bung). Since some of what we discuss holds for arbitrary Z,-algebras, we will depart
from our usual convention of assuming that A/Zy is a torsion algebra and also allow for the case
where A = Op, L for L/Qy an algebraic extension throughout this subsection. Nevertheless, all
of our new results will only be formulated and shown in the torsion case since they depend on
Theorem 11.3.2. We first discuss the spectral side.

12.1.1. The Stack of Langlands Parameters. As before, E is a non-Archimedean local field with
Weil group Wg. Given a Zg-algebra A, we can endow it with a topology (or the structure of
a condensed ring) by writing A = colimg-4 A’, where A’ is a finitely generated Z,-module
equipped with its f-adic topology. We follow [F'S24, §VIII|, and consider the moduli space,
denoted Z'(Wg, G), whose A-points are the continuous 1-cocycles Wy — G(A) with respect to
the natural action of Wg on G (A), where we regard G /Zy, the split reductive group with root
datum dual to the absolute root datum of G as a reductive group over Z;.

This defines a scheme considered in [DHKM24b; Zhu25a; FS24] over Z; which, by [FS24,
Theorem 1.8.1, Theorem VIIL.0.1], can be written as a union of open and closed affine sub-
schemes Z'(Wg/P,G) as P runs through the (sufficiently deep) finite index subgroups of the
wild inertia of Wg. For a fixed P, ZY(Wg/P,G) is a flat local complete intersection over Zg
of dimension dim(G) (see [FS24, Theorem VIIL1.3]). Concretely, Z'(Wg/P,G) is the affine
subscheme parametrizes the cocyles Wi — G(A) which factor through Wg/P. We may then
consider the stack quotient [Z1(Wp, C’) / G], where G acts on such cocycles via conjugation. We
denote this stack quotient by Parg g and refer to it as the stack of Langlands parameters.

We now wish to further decompose these stacks into connected components. To do this, we

consider the ma g : Parg g — Pary3°, from the stacky quotient to the coarse quotient of
P q , G.E y q

ZY Wg, G‘) by G. More precisely,
Parg 5™ = Spf(HO(RF(Parg, OparG,E)))

is the formal scheme attached to the ring of global functions (where we regard H( RT'(Parg, Opar..))
as a pro-object, as in the discussion proceeding [Zhu25b, Theorem 2.3|).
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coarse

The A-valued points of Pargs™ for A an algebraically closed field are given by G—conjugacy
classes of continuous semisimple (in the sense of [FS24, Definition VIIL.3.1]) maps Wg — “G(A)
(see [F'524, Proposition VIII.3.2|), and we may think of the map gg as the semi-simplification
map in terms of this moduli interpretation.

We write E for the completion of the maximal unramified extension of E. We have an
analogous stack Para i which parameterizes G’-conjugacy classes of continuous cocycles from

the inertia subgroup Ig of Wg to @, and an analogous coarse quotient

Parg™ = Spf(H°(RT(Parc, Opar, ).

we refer the reader to [Zhu25b, §2.1.3|.

If we fix a representative of Frobenius ¢ € Wpg, then we can check that conjugation by o
defines an automorphism

¢ : ParG’E — ParavE,
as in [Zhu25b, Equation 2.19]. We write (Parg)vaErseW C Pargy®®® for the (classical) ¢-fixed points;
in other words, the formal scheme Spf(HO(RF(Parg,OparGE))‘ﬁ). By [Zhu25b, Lemma 2.10],
every connected component of (Pargagse)d’ is finite over Z;.

When A/Z; is an algebraically closed field then we call a A-point of (Pargjagse)‘i’ an inertial
type as in |[Zhu25b, Definition 2.12]. 7

By [Zhu25b, Lemma 2.13|, an inertial type is the same as the datum of a semi-simple ho-
momorphism 7% : I — PG(A) with finite image, that can be extended to a homomorphism
7: Wpg — EG(A). When A = Qy, these will be the natural L-parameters attached to the families
of smooth irreducible representations living in the Bernstein blocks of Rep(Gy(E), A) under any
reasonable form of the semi-simplified local Langlands, justifying the terminology (However, we
note that of course multiple Bernstein blocks could give rise to the same inertial type in this
sense, due to the existence of a non-singleton L-packets).

We now consider the composition

res 95 coarse
Parg p — Parg p — ParGE , (12.1)

where the first map is given by restriction to inertia and ¢ is defined analogously to gg. Since
Parg g is given by the ¢-fixed points of Parq 5 as explained above, it is easy to see that the
map (12.1) factors through the subspace (Parg)‘gse)‘z’ C Parg"*. This allows us to define the
following.

Definition 12.1.1. For an inertial type ¢ € (Parg)aérse)‘ﬁ(A) defined over an algebraically closed

field A, we define Paré g C Parg g ®z, A to be the base-change of Parg g along the morphism

(12.1) to the formal neighborhood of the closed point attached to ¢ inside (Parg’agsf\)(f’.

By [Zhu25b, Lemma 2.15], this is a finite union of connected components of Parg rp ® A;
in particular, it is a classical algebraic stack over Spec(A). One easily sees that this gives a
decomposition

Pargp ® A = | |Parg, 5 (12.2)
¢
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for an algebraically closed field A, where ¢ runs over inertial types. We now focus on a specific
part of Parg g; namely, the tame locus.

12.1.2. The Tame and Unipotent Stack of Langlands Parameters. We assume for the rest of this
subsection that G is a connected reductive group which is tame; in other words, its splitting
field, denoted E/FE, is a tame extension. We consider the inclusions

PpCclgCcWg

given by the inclusion of the wild inertia and inertia subgroup. We consider the open and closed
(by the discussion at the beginning of §12.1.1) substack

Par i = [Z2Y(Wg/Pg,G)/G] C Parg, (12.3)

defined by parameters that factor through W := Wg/Pg, the tame Weil group. Here we note
that the moduli space of cocycles Z}(Wg/Pg, ) is well-defined by virtue of the fact that the
action of Wg on G factors through the quotient map to the tame Weil group by our assumption
on G.

Asin §12.1.1, we can analogously define spaces Pargm; such that Partame is the ¢-fixed points

of Parg‘%e We then define PalrtGmge %% by looking at the ring of global functions on Parys’s

and let (Par?rge’coarSGW be its fixed points. As before, we have a map

)

tame,coarse
P rtame P I,tame Par
a — Parg 2 — o5 ,

which factors through (Parz;anée’coarse)‘ﬁ C Par?mﬁe’coarse. For A an algebraically closed field,

we say an inertial type (, as defined in Section 12.1.1, is tame if it comes from a A-point of

(P tgrge’coarseW. We then have a map

tame,coarse
P I,tame P rtame Partdmes
a —rarg g bars g ’

tame,coarse

@
CParGE

tame coarse)

which factors through (Par , the subspace given by the ¢ fixed points.

This leads to a decomposfmon

Pard'y’ @ A = |_| ParG B (12.4)
¢
where ¢ runs over tame inertial types, which is the base-change of the decomposition (12.2)
along the natural map Par“’“me ® A — Parg g ® A.

We let 7 be a choice of generator of the tame inertia It % = Ig/Pg, and write T for the image
of 7 under the natural homomorphism Wg — Wg/W g, where we recall that E is the splitting
field of G. In particular, we note the element 7 acts on G and its maximal torus 7' via the
Galois action on the absolute root datum of G. We let S := T/ (1-— T)T denote the torus given
by coinvariants with respect to this action. Set W to be the absolute Weyl group of G, and
let Wy := W7 denote its T-invariants. This will act on the torus S. Now, we note, by [Zhu25b,
Lemma 2.36|, that there is a correspondence between the set of tame inertial types and pairs
(w,0), where 6 : I, — S (A) is a homomorphism with finite image up to Wy-conjugacy, and
w € Wy is some element such that wo(f) = 69, where ¢ is the order of the residue field of E.

We consider now the special case of the tame inertial type where ¢ = triv corresponds to the
trivial homomorphism 6 : I, — S(A) and 7 = 1. In particular, we assume now that G splits
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over an unramified extension of E. Then, for every algebraically closed field A, the element (
defines a set of connected components of Parg p ® A. However, as explained in [Zhu25b, § 2.2.2],
this actually comes from a closed substack

Pary'? < Parg g, (12.5)

over Zy, which is an ind-algebraic stack whose base-change to any algebraically closed field is
just a regular algebraic stack. We refer to this as the stack of unipotent Langalnds parameters.

Remark 12.1.2. We note that, in Zhu’s work [Zhu25b], in order to make the tame local Lang-
lands correspondence extracted from his categorical equivalence independent of a choice of iso-
morphism Q, ~ C, he works with the stack of Langlands parameters defined with respect to the
C-group, while here we have chosen to work with the L-group instead in order to make it more
compatible with the constructions of ['S24]. However, if we consider the extension Zy[\/q]/Zy,
where we have adjoined a square root of the residue characteristic ¢, then we will obtain that

the base-change of Parg, Pargﬂp , and Parté?me to Z[y/q], and under this identification we will
obtain the stacks considered in [Zhu25b] (see [Zhu25b, Remark 2.4]).

12.1.3. Coherent Sheaves on the Stack of Parameters. We now fix our notation for categories
of coherent sheaves on the stack of Langlands parameters introduced in Section 12.1.1 and
Section 12.1.2.

Definition 12.1.3. [Zhu25b, Section 9.1, Definition 9.19] For X an ind-algebraic stack, we
consider the following categories.

(1) We write Perf(X) (resp. QCoh(X)) for the idempotent complete stable co-category of
perfect complexes with quasicompact support on X (resp. quasi-coherent sheaves on
X).

(2) We write Coh(X) for the idempotent complete stable oo-category category of quasi-
coherent sheaves with bounded coherent cohomology and quasicompact support.

(3) We write IndPerf(X) (resp. IndCoh (X)) for the Ind-category of Perf(X) (resp. Coh(X)).
We note that since Perf(X) (resp. Coh(X)) are idempotent complete, we have that
IndPerf(X)“ = Perf(X) (resp. IndCoh(X)“ = Coh(X)) form a set of compact genera-
tors.

For X an ind-algebraic stack, we recall that there is a natural action

Perf(X) x Coh(X) — Coh(X) (12.6)
given by tensor product. Ind-extending this functor defines for us a natural map
IndPerf(X) x IndCoh(X) — IndCoh(X). (12.7)

We note that the decomposition in Equation (12.2) (resp. Equation (12.4)) induces the
following decomposition on these categories of coherent sheaves

IndCoh(Parg g ® A) ~ @ IndCoh(ParéE) (12.8)
¢
(resp.
IndCoh(Pari 3 ® A) ~ @ IndCoh(ParCG,E), (12.9)
¢

for A an algebraically closed field.
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Here the direct sum runs over all inertial types (resp tame inertial types). Similarly, we recall
that Z (G)FE will act trivially on the space Zl(WE, G). In particular, the quotient Parg g of

ZY(Wg, G) by G naturally has the structure of a Z(G) B-gerbe over [21(Wg, G)/(G/Z(G) F)].
As explained in [Zhu25b, Remark 2.74] and [Zhu25a, §3.2], this induces a decomposition

IndCoh(Parg g) ~ @ IndCoh(Parg g)”, (12.10)

veX=(Z(C)TE)
running over cocharacters (i.e., irreducible representations) of Z(G)'E. This will refine the
decompositions (12.8) and (12.9) after base-changing to an algebraically closed field, and we use

the analogous notations for further projection to this direct summand on this subcategory.
We will now study the automorphic incarnation of the direct sum decomposition (12.9).

12.1.4. The Schematic Tame Local Langlands Category. We will now introduce some variants
of the schematic category Shv'($B(G))?2. We first introduce their representation theoretic ana-
logues.
Definition 12.1.4 ([Zhu25b]). For H/E a connected reductive group, we define the following.
(1) We write Rep™™¢(H(E),A) C Rep(H(FE), A) for the presentable stable category gener-
ated by C—Indg((g;)u (A) under colimits, where G(Og)" is the pro-p radical of a parahoric
subgroup G(Op) C H(E).
(2) We define Reps, (H(E),A) C Rep(H(E), A) to be the idempotent complete full subcat-
egory generated by c—Ind%(A) for K C H(F) any open compact subgroup.
(3) We define Rep(H (E), A)A9™ c Rep(H(E), A) to be the idempotent complete (see [Zhu25b

Lemma 7.36]) stable category of objects A such that the invariants A% := RHom(c—Indg(E) (A),A)
is a perfect complex of A-modules for K C H(F) any pro-p compact open subgroup.

(4) We write Rep‘;‘i\p(H(E), A) C Rep(H(E), A) for the presentable A-linear stable category
generated by C—Indg(((;EE))(ﬂ), where 7 is a representation of the Levi factor Lg of a
parahoric G(Op) C H(E) which is a unipotent representation in the sense of [Zhu25b,
Definition 4.86]. We write Repump (H(E),A) C Repg g (H(E),A) for the full idempotent

complete subcategory generated by the compact inductions C—Indg((g;)(ﬂ') inside the
category of finitely generated H (F)-representations.

We will now use these representation categories to define some variants of the schematic
category Shv'(B(G)). We first start with the one coming from finitely generated representations,
which we recall has an independent geometric meaning.

For H/E a connected reductive group, we recall (Proposition 7.1.5 (1)) that BH(E) is a
sind-placid stack, and therefore we have a natural map

Shv}, (BH(E)) — Shv'(BH(E)), (12.11)

which a priori may not be fully faithful. By Proposition 7.1.5 (3), we have an identification
Shv'(BH(E)) ~ Rep(H (E), A) with the category of smooth representations. It then follows, by
[Zhu25b, Proposition 3.57], that the map (12.11) is actually fully faithful and its essential image
can be identified with Repg , (H(E), A), as defined above.

22\When A is not a torsion algebra the construction of this in [Zhu25b] is very similar to §5.1
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Similarly, we can use this to see that the analogous map ShV!f.g.(%(G)) — Shv'(B(@)) for
B(G) is also fully faithful with essential image given by the smallest full stable idempotent
complete subcategory generated by the ip.(Ap) for A € Repg, (Gy(E), A) for b € B(G) varying
([Zhu25b, Proposition 3.96]).

It follows by definition that we have a fully faithful embedding Rep(Gy(E), A)¥ < Repy o (Go(E), A)
and in turn we obtain a fully faithful embedding

Shv'(B(G))* < Shvi, (B(G)) (12.12)
of idempotent complete categories, which is in fact an equivalence if A = Q, by [Zhu25b,
Corollary 3.58]. By Ind-extension, this gives rise to a fully faithful functor

Shv'(B(G)) = IndShvy, (B(G)). (12.13)

We now define the remaining important variants of Shv'(B(G)).

Definition 12.1.5. (1) We let Shv'*#m¢(3(3)) C Shv'(B(G)) be the full subcategory of
objects A € Shv'(B(Q)) satistying the condition that i}(A) € Rep'®™(Gy(E), A) for all
b€ B(G). B
(2) We let Shv'(B(G))A9™ < Shv'(B(G)) be the idempotent complete full subcategory of
objects A € Shv'(B(G)) which satisfy the condition that if A € Rep(Gy(E), A)A4m2,

(3) We write Shv!’u/ni\p(‘B(G)) (resp. Rep;rglilp(%(G),A)) for the full subcategory of objects

A € Shv'(B(Q)) satisfying the condition that é(A) € Repu/ni\p(Gb(E),A) (resp. é(A) €

Rep P (Gy(E), A)) for all b € B(G). We write IndShvy""?(B(G)) C IndShvi, (B(G))
for its Ind-completion.

In light of (12.9), we expect that Shv''®m¢(B(G)) should decompose as a direct sum over
tame inertial types ¢ = (w,0) if A is an algebraically closed field. In order to make this
expectation precise, we now describe the category that should correspond to the direct summand
IndCoh(Paré’ ) under categorical Langlands.

For the rest of the subsection, we assume that G is tamely ramified and that A is algebraically
closed. We fix a choice of Iwahori G of G and consider an element w € W in the Iwahori-Weyl
group.

We recall that this defines for us a locally closed subspace i, : Shtsg‘ilzu — ShthCh which we can
postcompose with the Newton map Nt : Sh‘csgCh — B(G) to obtain a map Nt : Shtsg‘ilgu — B(G).

We write Sy, for the Levi factor of the Iwahori G, which is a torus over k. This is the dual
torus of the torus S := T'/(1 — 7)T considered in §12.1.2. We recall that this has an action by
Wo = WZ. We consider the image w of w € W inside Wy given by the reduction map. Then we
have an induced map

¢w : Sk — Sk

s+ s PAd(W) (0 (s)),
23We note that the notion of admissible objects makes sense in any dualizable category (see [Zhu25b, § 7.2.3]).

However, the definition here agrees with this abstract categorical definition in this particular case, by [Zhu25b,
Theorem 1.3 (1)].



200 I. GLEASON, L. HAMANN, A. IVANOV, J. LOURENCO, K. ZOU

where o denotes the Frobenius on k. We set S,?" to be the kernel of ¢, as in |[Zhu25b,
Equation (4.37)]. There is a natural map

pry, Sht?jlllu — BSPe
towards the classifying stack attached to this finite group. In particular, if we are given a

character 6 : SjP — A* of this finite group then we may regard it as a sheaf on BS}"?, This
allows us, for ? € {!, x}, to define sheaves

Ry, = Ntw.pryy (0[£(w)]) € Shv'(B(G)),

where ¢ : W — N>( denotes the natural length function. In the case where 0 is the trivial
character we simply denote this by R .

We can say a pair of elements (w,6) and (w',6") for w,w’ € W and 6 (resp. ') a pair of
characters of S (resp. S,?/U) are geometrically conjugate if the reductions (w, 6) and (W', §’)
are geometrically conjugate in the sense of Deligne-Lusztig. We write [(w, 0)] for the equivalence
class defined by taking (w, €) up to geometric conjugacy. It follows from [Zhu25b, Lemma 4.61]
that there is a natural correspondence between the conjugacy classes [(w, )] and tame inertial
types ( in the sense defined in §12.1.2. This allows us to define the following.

Definition 12.1.6. For a tame inertial type ¢ with associated geometric conjugacy class [(w, )]
as described above, we define the subcategory

Shv'$(%B(@)) € Shy“tame(5(q))

to be the presentable stable full subcategory of Shv"*3M¢(%8((G)) generated by the R, g, for all
(w',0") lying in the equivalence class [(w, 0)].

We now have the following consequence of [Zhu25b, Proposition 4.60|, which provides the
geometric mirror to the decomposition (12.9).

Proposition 12.1.7. [Zhu?25b, Proposition 4.60] For A an algebraically closed field, there is a
decomposition

P Shv'¢ (B(G)) ~ Shv 2" (B(@)),
¢

where the direct sum ranges over tame inertial types.

Remark 12.1.8. We note that, by the same argument as in [Zhu25b, Lemma 4.57|, the stalk of
iéR:‘v’g for all b € B(G) can be computed in terms of the G (E)-representation CEM (X, (b), 0[—£(w)]),
the Borel-Moore homology of the affine Deligne-Lusztig variety attached to b and w with coeffi-

cients in the local system determined by 6 (e.g X, (b) := Shtsg‘ilfu X (@)%, where the fiber product

is formed using * — B(G), — B(G) and the Newton map Nt,, : Shtsgc,lfv — B(G)).

This concludes our discussion of the schematic tame local Langlands category. We can now
state Zhu’s version of the tame categorical local Langlands correspondence.

12.1.5. Statement of the Schematic Tame Categorical Equivalence. With all the basic notations
explained, we recall the salient aspects of the main theorem of [Zhu25b|. First, we recall that
the usual statement of the tame categorical Langlands equivalence. As in all instances of the
Langlands conjecture, this depends on some choice of auxiliary data. Namely, for us the relevant
notion will be the following. Recall that we denote by F, the residue field of F.
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Definition 12.1.9. We fix a choice ¢ : F; = A of non-degenerate additive character, and
a choice of Iwahori Z/Op. We denote its pro-p radical by Z" and write U(F,) for its mod
m-reduction. Consider the composition

e i T = U(Fy) S Fy 2 A,

where the first map is the map given by mod w-reduction and the second map is given by
U(F,) — U/UU|F,) ~ @r,F, = F,. With respect to the pair (Z,¢), we define the
Iwahori-Whittaker sheaf

-IndS7) (o) =: TW .

We fix such a choice from now on. Similarly, we fiz a choice of square root of q in our
coefficients A from now on and implicitly pass between the C-group and L-group with respect
to this choice, as in Remark 12.1.2. We have the following.

Theorem 12.1.10. [Zhu25b, Theorem 1.6, 1.7] Assume that G/E is an unramified connected
reductive group.

(1) If A = Qy, then there is a natural equivalence of categories
LE™ : Shv "¢ (B(G)) =» IndCoh(Par's @ A),
which, for each tame inertial type (, restricts to an equivalence

LS, : Shv'(B(G)) = TndCoh(Pars, ).

The equivalence Ltc?me is Ind-extended from an equivalence
L™ Shv'me(98(G))* = Coh(Par@'y’ @ A),

on compact generators. We have that
L& (IW ) ~ Opyrtameg- (12.14)

(2) If A = Fy and ¢ satisfies Assumption 12.1.11 below then there is a fully faithful embedding

Lunlp - IndShv ,unlp(%(G)) s IndCOh(Parér’l/i\Ep &® A))

whose image is stable under the action ofIndPerf(Parunlp®A) described in (12.7). More-
over, this is Ind-extended from a fully faithful embeddmg

—

ng}?g’{“ : Shv’f»_g‘ip(%(a) ) = Coh(Par £ ® A)

with image stable under the action of Perf(Parump ® A) described in (12.6). The functor

I[%ng)g. restricts to a fully faithful embedding

LA™ : Shv' P (9(G)) < ndCoh(Parl™® @ A),

whose image is stable under the action of Perf(Parump ®A).
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(3) Both the functor LE™® and Lg}lfg. match up the decomposition of (12.10) indexed by
v e X*Z(G)'E) with the decomposition induced by B(G) = UVGX*(Z(G)FE)’B(G)(”)

into the connected components up to a minus sign, where we recall that mo(|B(G)|) ~"

X*(Z(G)'E) via Theorem 8.3.1 (5) and [Kot85b, § 5].
Here the assumption needed in the /-modular case is as follows.

Assumption 12.1.11. We assume that the prime £ is greater than the Coxeter number of any
simple factor of G and ¢ # 19 (resp. £ # 31) if G has a simple factor of type E7 (resp. Eg).

We now transport this result to the analytic category via our functor W. To do this, we first
introduce the analogous sheaf categories on Bung.

12.1.6. The Analytic Tame Local Langlands Category. We consider the category Djs(Bung, A) of
lisse-¢tale sheaves on Bung, as defined in ['S24, Definition VII.6.1]. We recall that this is (non-
obviously with non-torsion coefficients) equipped with a semi-orthogonal decomposition (see
[Ima23, § 3] for details) such that the graded pieces identify with Dys(Bun%, A) ~ Rep(Gy(E), A),
the unbounded derived category of smooth representations.

In particular, for the inclusion jp : Buan < Bung, we have the full six operations, as well
as an exceptional left adjoint jys to the *-pullback functor j; (by [FS24, Proposition VII.7.2]).
Moreover, when A is a torsion ring, we have an equivalence Djs(Bung,A) ~ D3"(Bung) by
[F'S24, Proposition VII.6.6] combined with [F'S24, Proposition V.3.5] and [F'S24, Theorem V.3.7],
and in this case it recovers the semi-orthogonal decomposition discussed in §8.2. This allows us
to define the following.

Definition 12.1.12. (1) We define Dj2™¢(Bung, A) C Dyis(Bung, A) to be the full subcat-
egory of objects A € D(Bung, A) such that jfA € Rep™(Gy(E), A).

(2) We define Diis ¢ (Bung, A) C Dyjs(Bung, A) to be the idempotent complete subcategory
of objects A such that j;(A) € Reps, (Gy(E), A), and we write IndDyis f.. (Bung, A) for
its associated Ind-completion.

(3) We define DJLA(Bung, A) C Dys(Bung, A) to be the idempotent complete subcategory
of objects A such that j; (A) € Rep(Gy(E), A)Adm24,

(4) For G/E tamely ramified, if A is an algebraically closed field and ¢ a tame inertial
type with associated geometric conjugacy class [(w,6)] for w € W and 6 : S — A*

as described in Definition 12.1.1, we define Dﬁs(Bung, A) C DE™e(Bung, A) to be the

lis
presentable stable subcategory generated by W(R;, o) for all (w',0) € [(w,0)].

(5) We define D™ (Bung, A) C Dys(Bung, A) (resp. Dﬁ;ifl_’g_(Bung/,iX)) to be the full
subcategory of objects satisfying the condition that ji(A) € D"P(Gy(E),A) (resp.
Ji(A) € Rep{aP(Gy(E),A)). We set IndDF, (Bung, A) C IndDys g (Bung, A) to
be its Ind-completion.

We now deduce the following consequence of our main Theorem.

24The superscript ULA stands for universally locally acyclic in the sense of being ULA with respect to the
structure morphism Bung — * ([FS24, Definition VIL7.7]). By Proposition [F'S24, Proposition VIIL.7.9], this
agrees with the definition given here.
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Corollary 12.1.13. For A/Zy a torsion ring, the following is true.

(1) The functor W restricts to a A-linear equivalence

ptame . Shyhtame93(@), A) = DE™C(Bung, A).

lis

or A an algebraically closed field and ¢ a tame inertia e, the restriction wes
(2) For A lgebraically closed field and ¢ a t inertial type, th triction WM g
rise to a A-linear equivalence

W ShvtS(B(G), A) S5 D (Bung, A)

such that Yme .= D WS, In particular, by combining with Proposition 12.1.7, we have
a direct sum decomposition

D™ (Bung, A EBDhs (Bung, A (12.15)

(3) The functor W restricts to a A-linear equwalence
We g : Shv, (B(G), A) = Digrg. (Bung, A),
which, by Ind-extension, gives rise to a A-linear equivalence
Ind(W¢,.) : IndShvy , (B(G),A) = IndDiis 1.4 (Bung, A).
(4) The functor W (resp. Ind(Ws4.)) restricts to equivalences

WP ShyTR(B (), A) S DI (B(G), A)

lis
(resp.
nip !,Tli\ ni
Ind(u—'ﬁg.p) : IndSth;. P(B(G),A) = IndDﬁs fpg (Bung, A))
(5) The functor W restricts to a A-linear equivalence

W . Shy' (B(G), A)¥ = Dys(Bung, A)*

and

~

WAdm . Shyl(B(@), A)AM™ = Dy (Bung, A)VHA.

Proof. Parts (1), (3) and (5) follow from the definitions and Theorem 11.3.2. Parts (2) and
(4) follow by the same logic. However, as we do not know that Assumption 8.3.7 is true, we
need to take account for the fact that the tensor action on Rep(Gy(E),A) by the character
Xb i= 0p ® 0y, %hu appearing in Theorem 11.3.2 (4) may not preserve the different subcategories

used to define Shvl’é(‘B(G)), Shv!"gli\p(%(G)), and their analogues on Bung. However, this
cannot happen in light of the following Lemma.

Lemma 12.1.14. Let b € B(G) and let I, C Gy(E) be an Iwahori subgroup. Then xp :=
0p ® 5;%}“1 is weakly unramified in the sense of [Hailjb, § 3.3.1].

Proof. This follows by combining Proposition 8.3.8 together with the fact that the character ¢y
defined in [HI25] satisfies the stronger condition of being unramified in the sense of [Hail4b,
§ 3.3.1]. O

O
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Remark 12.1.15. We note that the existence of the direct sum decomposition (12.15) is already
very interesting. Indeed, we note that it follows by combining Theorem 11.3.2 and Remark 12.1.8
that we have that

i W (Reg) = CPM(X, (8), 01— E(w).
In particular, if one takes w = wy, the a—straight element attached to b, then, if G is the Iwahori,
we have an identification Shtg ,, ~ BI,,, as in Lemma 8.3.4 (1). This implies that we have that

Ry, 5 = ip(cInd; b( )(0)) and in turn that W(R;, 5) ~ jp(cInd;’ Co(B )(6)), by Theorem 11.3.2 and

Lemma 12.1.14, where here we have inflated the character 6 along the mod w-reduction map
I, — S?a. We now look at two distinct geometric conjugacy classes [(w, #)] and [(w’, 6)] such
that [(w,8)] # [(w',0")] and consider two elements b, b’ € B(G). Suppose that 7, (resp. 7y ) are
smooth irreducible representations of Gy(E) (resp. Gy (E)) which occur as subquotients of a co-
homology sheaf of CEM(X,,(b),0) (resp. CEM(X,(8),6")). Then the direct sum decomposition
(12.15) tells us that we have

RAom(jpy (), ju1 (m)) = 0.

In particular, we have that
RAom(jy (cInd;* ™ (9)), jy(cInd; b'<E>(9'))) —0

if [(wp, 0)] # [(wy, @")]. This would for example be an immediate consequence of showing that the
Fargues-Scholze parameter of jy(m,) and jy(my) are distinet (which would follow from a tame
variant of Conjecture 12.2.2 below); however, this result shows this consequence immediately and
can be made more explicit by combining with the calculations of the Borel-Moore homology of
X (V) and X, (D) (cf. [Held, §5], resp. [Ival3; Zba09] for some special cases) and is completely
unconditional.

We now combine these variants of W with the schematic categorical Langlands equivalence
described in Section 12.1.5.

12.2. The Analytic Tame Categorical Langlands Equivalence. We now want to combine
some of our discussion with Theorem 12.1.10. In particular, we have the following immediate
consequence of Corollary 12.1.13 and Theorem 12.1.10.

Theorem 12.2. 1 For G/E unmmzﬁed if A =Ty and ¢ satisfies Assumption 12.1.11 then we

set Laanump = ]Lén;p oInd(W);} oo where Ind(Wrg ) is the equivalence of Corollary 12.1.13 (4).
This znduces a fully fazthful embeddmg

— —

LepelP : Ind D P, (Bung, A) < IndCoh(Pargf @ A) (12.16)

with tmage stable under the action of IndPerf(Parg%3 ® A). More specifically, there is a fully
faithful embedding

DIP (Bung, A) = Coh(Parli® ® A)

with image stable under the action of Perf(Parunlp ® A) and the functor (12. 16) s obtained by
Ind- eﬂctendmg Moreover, the restriction of I[fm ump to the full subcategory Dump(Bung,A) C

IndDﬁ?fpg (Bung, A) is stable under the action of Perf(Pargjg ® A). We denote this restriction

an,unip
by L.
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We assume that { satisfies Assumption 12.1.11 for the rest of the subsection. We will now
draw the readers attention to one of the most important pieces of structure that comes from

Theorem 12.2.1. Namely, we note that the tensor product action of Perf (Pargng’) on the image

—

of Dﬁgip(Bung, A) under Lgl’unip induces a spectral action. Namely, a monoidal functor
Perf(Parg; ;@ Fy) — End(Dp™P (Bung, Fy)) (12.17)
A (— — A*Zhu —).

Concretely, given V' € Rep(G) an algebraic representation of the dual group of G, the under-
lying G-representation gives rise to a vector bundle on BG which pulls back along the natural

map Parg’p — BG to a vector bundle C;"" on Pary'F, and the endomorphism C"* x — on

Dﬁsip(Bung,E) coming from the spectral action is given by the convolution action of the cen-
tral sheaf attached to V on Shv'(Z\LG/Z) under the affine Deligne-Lusztig induction functor
ChleGif’d) after passing through the equivalence W (see the proof of [Y7Z25, Proposition 3.12]| for
details).

On the other hand, assuming that £ { |7o(Z(G))|, the category Dys(Bung, Fy) is also equipped
with an action Perf(Parg ), of perfect complexes on the full stack of L-parameters by [F'524,
Theorem 1.10.1]. Concretely, a vector bundle V' € Rep(G) defines an object of Perf(BG), which,
by pulling back along the natural morphism Parg g @ F, — BG@ to the classifying stack of G
over Fy, defines a vector bundle Cy € Perf (Parg, kg ®TF;). Then the action of Cy, € Perf (Parg k)

on Djis(Bung, Fy) is given by the endofunctor
TV : 'D]is(Bung,FZ) — ’Dhs(Bung,Fg) (12.18)

defined by geometric Satake for the IBIR—grassmannian and the Hecke correspondence attached
to V, as described in [FS24, Chapter IX]. This Hecke action upgrades using [F'S24, Theorem
1.10.1.] to a monoidal functor

Perf(Parg g ® F;) — End(Dys(Bung, F)) (12.19)
A (—— Axps —),

which sends the canonical vector bundle Cy defined by pulling back along Parg g ®F, — B G to
the endofunctor Ty,. We now have what we consider to be one of the most important conjectures
concerning our functor Y.

Conjecture 12.2.2. If ¢ satisfies Assumption 12.1.11 and £ 1 |7o(Z(Q))| and G/ E is unramified
then the following should hold.

(1) The spectral action functor of Farques-Scholze defined by (12.19) preserves the full sub-

category (in fact, direct summand by (12.15)) Dﬁsip(Bung,E) C Dyis(Bung, Fy).
(2) The monoidal functor induced by (12.19) and point (1)

Perf(Parg g @ Fr) — End(Dlui;lip(Bung,Fg))

—

actors through the projection map Perf(Parg g @ F;) — Perf ParP ®@[Fy,) to the direct
) G,E
summand, as in (12.8).
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(3) The functor

Perf(Pargjg) ®@Fy) — End(Dﬁ:ip(Bung, Fy))
induced by point (1) and (2) is naturally equivalent to the spectral action functor of Zhu
described in (12.17) as monoidal functors. In other words, the functor W™P is linear
with respect to the spectral actions of (12.17) and points (1)-(2).

Remark 12.2.3. Point (1) is essentially saying that the Hecke operators on Dyg(Bung, F)
preserve the unipotent subcategory. Given (1), it should be possible to verify (2). Indeed, it
essentially reduces to showing that any unipotent representation is in fact given by the semi-
simplification of a unipotent L-parameter (via the relationship between the spectral action of
Fargues-Scholze and the excursion algebra (see [Zou24, Theorem 5.2.1])). For the *-stalks of the
generators ip (cIndgb(E) (A)) where Gy is quasi-split, this can be routinely verified using com-
patability of the Fargues-Scholze correspondence with parabolic induction and local Langlands
for tori [F'S24, Theorem 1.9.6. (i), (viii)]. However, one also needs to account for the generators

s (cIndIbe(E) (A)) where Gy, is not quasi-split as well as the case of the generators coming from
arbitrary parahorics of GG and general unipotent representations on their Levi factors. Using
(1), this should be approachable by combining [HKW22, Theorem 1.0.2] with analogous argu-
ments using compatability of Fargues-Scholze with parabolic induction for general parabolics.
For a more detailed discussion of how to approach (1) and (2) using geometric Eisenstein series,
see Remark 12.4.4. Point (3) tells us that there is a precise relationship between the convolu-
tion action of central sheaves described above under the affine Deligne-Lusztig induction functor

ChleGipd) and the Hecke operators of Fargues-Scholze (see [YZ25, § 3.1.4] and the proof of [YZ25,

Proposition 3.12]) which is the deepest part of the conjecture.

Remark 12.2.4. When A = Qy, one should of course be able to formulate analogues for the
tame subcategory, as well as the categories attached to each tame inertial type. However, this
is not within the scope of this paper, as the functor ¥ has not been properly defined with
rational coefficients. We leave it as a (very hard) exercise to the reader to determine the precise
formulation of Conjecture 12.2.2 in this level of generality.

Remark 12.2.5. With {-modular coefficients, it would be interesting to consider a variant of

this statement where one works with Dy, (Bung, A) together with its spectral action induced
by Theorem 12.2.1. However, here there is an additional subtlety. Namely, we do not know
that the spectral action of Fargues-Scholze preserves the full subcategory Dy (Bung, A) C
Diis(Bung, A) of finitely generated sheaves beyond the case where one has an equality Dyis ¢ o (Bung, A) =
Dys(Bung, A)“ (e.g if £ is banal with respect to G} for all b € B(G)) in which case it follows
from [FS24, Theorem IX.2.2|. In particular, we have the following precise question, which seems

interesting in modular characteristic.
Question 12.2.6. ForV € RepA(LGl), does the associated Hecke operator
Ty : Dyjs(Bung, A) — Dyjs(Bung, A)

on Bung constructed in [FS2/, § IX.2], where we have forgotten the Weil group action, pre-
serve the full subcategory Diis s (Bung, A) C Dys(Bung, A) of finitely-generated sheaves, as in
Definition 12.1.12 (2)?
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We will want to discuss an application of this conjecture to the cohomology of local Shimura
varieties at the end of this paper, by combining it with the work of Yang-Zhu [YZ25] on the
perverse t-exactness of the spectral action of (12.17). To explain this properly, we will need
to localize the statement of Conjecture 12.2.2 around different parameters. For the rest of the
section, we assume that G/E is unramified, and consider the natural map

— — —

q%nip : Pargng; — Parg)aErse’unip
given by restricting the map (12.1) to the unipotent locus, where Parccoagse’unip = Spec( gmp)
for Zump H°(Par gng, O amn)- The closed A-points of Peurcoarse junip correspond to conjugacy
Parg

classes of unﬁmlﬁed L—paramefers ¢. We abusively write ¢ to denote the associated closed point

coarse,unip
of Parq B :

We want now pass to the formal completion around the closed substack (¢h'®)~'(¢) <

Pargg’, which we denote by V;. We recall, as described in [Y725, § 3.2.3], that there is a fully
faithful embedding

4 1 IndCoh (V) — IndCoh(Pargng ® Fy),

whose essential image we denote by IndCoh(Pargng) ® Fg)m By projection formula, the full
subcategory IndCoh(Pargng ® IFg) is stable under the action of Perf (Parén}_f; R Fy).

Similarly, on the geometric side, we may consider Shy' ’ump(%(G),A) and the action by
Perf (Pargg) induced by the embedding L™ of Theorem 12.1.10. The action of ngp via

endomorphisms of the category Perf (Parglg)) by scaling of global sections induces an action of

QCoh(Zgnip) on the category Shv!’u/ni\p(%(G), A). We can then form the Lurie tensor product

Shv P (%(G), Fy) ; := Shv""P(B(G), Fy) @ QCoh(Spec(Z2™));,  (12.20)

QCoh(Spec(Zgi\p)) ¢’

— —

where QCoh(Spec(Z ump))A — QCoh(Spec( ump)) is the full subcategory corresponding to

the formal completion Spec(Z np) around the closed point corresponding to ¢. The natural

G
map Shv"“mp(‘B(G) Fg) — Shv"ump(%(G),E) defines the inclusion of a full subcategory (see
[YZ25, § 3.2.3] for more details), which is stable under the action of Perf(Parg?iEp) by [Y7Z25,
Lemma 3.24]. Moreover, the natural map

z;) : IndCoh(Pargg ® Fp) — IndCoh(Vq;)

induces a right adjoint functor

(—); : Shv"™P(%(G), Fy) — Shv'""P(B(G), Fy)

5 (12.21)

which we refer to as the ¢-completed localization functor.
We now have the following variant of the schematic unipotent equivalence.
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Theorem 12.2.7. [Y725, Proposition 3.12] For G/E unramified, ¢ a conjugacy class of un-

ramified L-parameters, and £ satisfying Assumption 12.1.11, the functor Lgmp mduces a fully
faithful embedding

—_—

Le'® : Syt (%(G), Fy) ; — IndCoh (V)

with image stable under the action of Perf(PargjiEp ® Fy).

We now would like to transport this to Dys(Bung, Fy). We assume that £ { |70(Z(Q))|.
Then the spectral action of Perf(Parg,g) (12.19) induces an action of Z; := H°(Parg g, O) on
Diis(Bung, Fy) and in turn an action of QCoh(Spec(Z)).

Given any semisimple L-parameter ¢, we may form the analogue of (12.20); namely, we have
that

Diis(Bung, Fe) 5 := Diis(Bung, Fr) ®@qooh(spec(2,)) QCoh(Spec(Z4)) 4,

which will be a full subcategory of Dys(Bung, Fy), is easily checked to be preserved under the ac-
tion of Perf(Parg, g®Fy) described in (12.19). As before, QCoh(Spec(Z4)) 5 — QCoh(Spec(Z4))
is the full sub-category corresponding to the formal completion around the closed point corre-
sponding to ¢. We refer to this subcategory as the set of gg—completed sheaves. For the canonical

N

vector bundles Cy attached to V' € Rep(G), we denote the induced operator by Tj, 3 and refer
to it as the q?)—completed Hecke operator.

Remark 12.2.8. Asis explained in [Y725, Remark 3.28], there is also the category Dj;s(Bung, Fy) 4,
which was constructed in [HL25, Appendix A]. This corresponds to simply the localization (i.e.,
the stalk) over the closed point in Spec(Z) corresponding to ¢ instead of passing to the formal
completion. There is a natural map

Dyis(Bung, Fy)y — Diis(Bung, E)qg

corresponding to formal completion, which will induce an equivalence after passing to the sub-
categories of ULA objects.

We now have the following formal consequence of Conjecture 12.2.2.

Proposition 12.2.9. Let G/E be unramified. Assume Conjecture 12.2.2 and Assumption

12.1.11 on L. Then, for all conjugacy classes of unramified L-parameters ¢, the functor Y™P
restricts to an equivalence of categories

lis

l-pqg : ShV"lml\p(’B(G),?g)qg i) ’Dunip(Bung,ﬁg)d;,

—=
unip

which is linear (as in Conjecture 12.2.2 (3)) with respect to the spectral action of Perf(Par,  ®
Fy) given by Theorem 12.2.7 of Zhu and to the spectral action of Perf(PargniEp ®TFy) of Fargues-
Scholze given by Conjecture 12.2.2 (1)-(2) and tensoring by ®Qcoh(spec(gé))QCoh(Spec(Zé))é)

We now explain another unconditional application of our main theorem pertaining to these
localizations.
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12.3. Splitting of the semi-orthogonal decomposition for generic parameters. We as-
sume that A = I, for the rest of this subsection. We consider an unramified semi-simple
L-parameter ¢ : Wg — “G(A) and the localization
Shv'"™P(3B(G), A) ; = Shv""™P(%B(G), A) = Shv(B(G), A)
introduced in the previous section.

As explained in [Y725, § 3.2.3], the semi-orthogonal decomposition on Shv'(B(G), A) (in the

sense of §9.0.1) restricts to a semi-orthogonal decomposition on the full subcategory Shv'""P (B (@), A)(i5
with graded denoted by Rep‘mi\p(Gb(E), A)g. We write

—

: Rep™P(Gy(E),A) ;

5~ Shv""™P(%(G), A),

b, B10 L, ¢

for the associated !- and *-pushforward, and

z;) PP Shv' "™ P(B(G), A) — Rep"™P(Gy(E), A)

for their right adjoint functors. These functors are the restrictions of the functors iy, ip«, ié, iy,
respectively.

We have the set of unramified elements B(G)yn = Im(B(T') — B(G)). In this section, we
will be interested in the following result of Yang-Zhu.

Proposition 12.3.1. [VZ25, Corollary 3.32, Proposition 3.36] Let G/E be unramified and ¢ be
a prime satisfying Assumption 12.1.11. Consider an unramified L-parameter ¢ : W — YG(Fy),
which is of Langlands-Shahidi type in the terminology of [HL25, Definition 6.2] or equivalently
strongly generic in the sense of [Y725, Definition 1.1]. Then the following is true.

(1) For all b € B(G)un \ B(G), the functors

: Shy" P (B(G), A)g — Rep"™P (Gy(E), Mg

|
", b 6
vanish.
(2) For all b € B(G)un, the natural transformations

¢_>Zb¢

and
Zb,({)! - Zb,(;g*
are equivalences.

(3) In particular, by (1) and (2), the semi-orthogonal decomposition on ShV|’ump(sB(G),1Fg)$
splits, and we have an induced direct sum decomposition

beB(G)un

We now define Dump(Bung, A, = ll—’(ShV"‘”“p(‘B(G), A)

¢ 3
Remark 12.3.2. We note we have used the superscript (—)’, as we do not know that this agrees

with Dﬁsip(Bung,A) 4 8s defined in the previous section using the Fargues-Scholze spectral
action. Indeed, this would follow from Conjecture 12.2.2 (cf. Proposition 12.2.9).
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The category Dluigip(Bung,A);; is also a full subcategory, and, using Theorem 11.3.2, we de-
duce that the semi-orthogonal decomposition described in §9.0.2 restricts to a semi-orthogonal

decomposition on Dﬁ:ip(Bung,A); with graded isomorphic to Rep"™P(Gy(E),A) 3O X6 <=

Rep"™P(Gy(E), A) ® xp = Rep"™P(Gy(E), A), where we recall that this is not the natural semi-
orthogonal decomposition coming from Bung as an object in AnStk, equipped with the D3"
6-functor formalism. Here for the last equality we have used Lemma 12.1.14. In particular, we
have functors

jb,q@ﬁ’jb,q@! : Repunip(Gb(E)a A)q; @ Xp — Dlljl;lip(BunGa A);@
with right adjoint functors

Iy dp 5 Di " (Bung, A); = Rep™P(Gy(E), A) ® x-
These are the restrictions of the functors jys, ju1, j;, and j; to the subcategory Dﬁ:ip (Bung, E):{b'
In particular, we may deduce the following consequence of Theorem 11.3.2 and Proposition 12.3.1.

Corollary 12.3.3. Let G be unramified and consider an unramified L-parameter ¢ : Wg —
LG(N), which is of Langlands-Shahidi type in the terminology of [HL25, Definition 6.2] or equiva-
lently strongly generic in these sense of [YZ25, Definition 1.1] and ¢ satisfies assumption 12.1.11.
Then the following is true.

(1) For allb € B(G) \ B(G)un, the functors
Jrgrdns Dt (Bung, A = Rep(Gy(E), A)y @ xy
vanish.
(2) For all b € B(G)un, the natural transformations

b .
Tob 7 od
and
Jods = Jod
are equivalences.

(3) In particular, by (1) and (2), the exceptional semi-orthogonal decomposition on Dys(Bung, A);)

induced by §9.0.2 splits, and we have an induced direct sum decomposition

Dhs(Bung,A);; o~ @ Repunip(Gb(E),A)J) ® Xb-
beB(G)un

This is an analogue of [HL25, Corollary 4.29], using Remark 12.2.8. However, in order to
make this precise, one actually needs to describe the structure of the categories, which, since
Rep"P(Gy(E), A)dg was defined in terms of the embedding provided by Theorem 12.1.10, is in
turn defined in terms of taking categorical traces. However, now one is faced with the problem
of explicating these categories Rep"™P(Gy(E), A) 3 ® Xp- To this aim, we recall that, for all

b € B(G)un, there is an associated Borel B, C J, as in [HL25, § 4.2.1], which we assume is
standard with respect to our fixed choice of Borel.
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Lemma 12.3.4. (Proof of [Y725, Corollary 3.35]) Let ¢ : Wg — LG(A) be an unramified
parameter induced from a toral parameter ¢ : Wg — LT(A). For fized b € B(G)un, suppose

that mp € Repunip(Gb(E),A)dﬂ) is a smooth irreducible representation. Then it is an unramified

principal series. More precisely, it is a subquotient of the normalized parabolic induction iﬁ’b(\ 1%,
where | - |* : T(Qp) — A* denotes an unramified character.

In particular, this tells us that such a m, € Rep‘mip(Gb(E)7 A) 3 should be given by a subquo-
tient of certain parabolic induction zg:(] -|*) for some s. The specific unramified twist appearing

here should of course be completely specified by the parameter <2> However, it is unclear (to us)
which precise unramified twist should be occurring here, at least using results in the existing
literature. In particular, we have the following question/assumption, which is motivated by the
description of the analogous ¢-localized category in [HL25, Proposition 4.6].

Assumption/Question 12.3.5. For b € B(G), we let M}, C G be the standard Levi determined
by the centralizer of the slope homomorphism and set W}, := Wg /Wy, to be the associated cosets
of Weyl group. We fix a choice of representatives of minimal length in W. For all b € B(G), do
we have that

_1 —
Redy(¢)w =it (x) @8, 2 [~dy] € Rep™P(Go(E))5 @ x5?
Here x denotes the character attached to the toral parameter ¢ inducing ¢ under the geometric

normalization of class field theory. We recall that dy, := (2pg, ), where pg is the half sum of
all positive roots.

Remark 12.3.6. We note that, for the stratum corresponding to the trivial element, this
should reduce to compatibility between the usual action of the spherical Hecke algebra on

c-Ind%(A) and the Hecke operators on Shv!";;p(%(G), A) which are induced by the endofunctors

e

of Shv'UiP(9B(G), A) coming from convolution and geometric Satake via taking categorical trace
(See [YZ25, Propositions 4.42, 4.43|) Similarly, for general b € B(G), one has to show a similar
compatibility between the action of Hecke operators on the neutral stratum of Shv"P(B(.J,), A)
coming from geometric Satake and the one induced on the strata of Shv"™P(B(G), A). This
should ultimately be done via some geometric constant terms on the affine Grassmannian. We
recall that these geometric constant terms naturally carry Tate twists and these should give rise
to the modulus character twists appearing in Assumption 12.3.5, as in [F524, § IX.7.1].

More conceptually, this would follow for example from Proposition 12.2.9 and the fact that we
can compute the Fargues-Scholze-parameter of the smooth irreducible representations ocuring

_1
in jp (ié”b (X")[—dp] ® 6, *) directly and show that it always agrees with ¢.
Admitting this for now, we deduce the following corollary.

Corollary 12.3.7. Assume that Question 12.53.5 has a positive answer and that Assumption
8.3.7 is true. Then for all b € B(G)un the natural transformations

Jog = Jols
and
gy = s
are isomorphisms when evaluated on the representations Redy(d)y for all w € Wy,
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Proof. This follows from Corollary 12.3.3 and Assumption/Question 12.3.5, where we note that
X5 is trivial in light of Assumption 8.3.7. (]

Remark 12.3.8. We note that Corollary 12.3.7 is very much related to [Ham25, Theorem 8.1],
by using the identification

nEisH () = jos (12 (") @ 8, *[=db]) = G ik ().

for by a dominant reduction of b € B(G)un to B(T) ~ X*(T'), which follows from combining
[HHS24, Corollary 2.2.5 (5)] with [HI25, Theorem 4.28| and arguing similarly to the beginning
of the proof of [HI25, Theorem 4.28]. Here nEisp denotes the normalized geometric Eisenstein
functor (see Section 12.4 below). Indeed, this result generalizes part of [Ham25, Theorem 8.1]
to hold for a general unramified G and an unramified toral parameter ¢ under the assumptions
on ¢. However, [Ham25, Theorem 8.1] also allows for general toral parameters ¢ of Langlands-
Shahidi type (L.S.-type), but is contingent on compatibility of Fargues-Scholze with endoscopic
classifications.

As one might expect from the previous remark, our functor W should explain a connection
between the tame categorical Langlands of Zhu and the geometric Eisenstein series functors
studied in [Ham25; HI25; HHS24]. We formulate this compatability precisely now and check it
in some examples.

12.4. Compatibility of ¥ with Eisenstein Functors. We assume G/FE is unramified through-

out this section. We now formulate a compatibility of the functor L™ introduced in Theorem
12.1.10 with the geometric Eisenstein functors introduced in [Ham25; HHS24; HI25]. We will
assume that A = F, and also implicitly pass through the identification Dyg(X,A) ~ DM (X)
for suitably nice Artin v-stacks using [F'S24, Proposition VIL.6.6.]. We fix a parabolic P C G
with Levi factor M and induced diagram M < P — G. This allows to define the normalized
Eisenstein functor

nEiSp<—) : DHS(BunM, A) — 'D]is(Bung, A), (12.22)
as in [HHS24, Definition 2.1.7], which is defined via the correspondence Bunjy; <— Bunp — Bung
and tensoring via a Verdier self-dual invertible sheaf, denoted ICpyn,, defined in terms of a
square root?® of the modulus character of P. Analogously, on the spectral side, we have the
correspondence

spec spec

Pary, a Parp ., Parq,
and we get a well-defined functor
nEisF (=) 1= pspecsd* (=) : Coh(Parys) — Coh(Parg) (12.23)

by [Zhu25a, Proposition 2.3.9]*. We may then Ind-extend this functor to get a well defined
functor
nEis}*(—) : IndCoh(Pary;) — IndCoh(Parg).

We expect the functors (12.22) and (12.23) to be compatible under the conjectural categorical
equivalence (see |[Han24, Conjecture 1.4.7]). We note however that the functors nEisp(—) are

25We fix this choice of square root to be compatible with the one fixed in §12.1.5
26Strictly speaking, this result is for q°*°*® and not q*. However, this does not make a meaningful difference

by virtue of the fact that the map q is quasi-smooth (see the remarks after [Han24, Conjecture 1.4.7])
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currently only describable in terms of the category Djis(Bung, A) and not in terms of the category
Shv(B(G), A). However, we can resolve this issue using Theorem 12.2.1. In particular, we have
the following.

Conjecture 12.4.1. Let G/E be unramified and suppose that A = Fy for { satisfying assumption
12.1.11. Let P C G be a parabolic with Levi factor M.

(1) We have an inclusion nEisp(Dy® (Bunys, A)) € DiP(Bung, A).
(2) Assuming Part (1), the induced diagram

—_— an,unip i

D™P(Bung, A) ——s IndCoh(Pargjg) ®A)

lis

nEisFT EisjfeCT

— an,unip —

Djie P (Bunyy, A) — IndCoh(Pary;® @ A).

lis
commutes. Here P denotes the opposite parabolic (cf. [Hel21, Conjecture 3.2 (ii)]).

Remark 12.4.2. The first part of the conjecture is not difficult to verify, so the real content
is the second part. Indeed, by virtue of the fact that the functor nEisp commute with colimits
(since it is a left adjoint), one may reduce to checking the claim on a set of compact generators of

Dﬁ:ip(BunM, A), which will be the form of iy (Ap), where A, € Repu/ni\p(Gb(E), A) is a compact
object (see the discussion after [YZ25, Definition 3.3]). From here, one can argue as in the proof
of [HHS24, Claim 3.14|, where it reduces to the analogous claim for parabolic induction, and

here it is easily verified (e.g using [Dat09, Corollary 3.6]).

Remark 12.4.3. Analogous to Question 12.2.6, one can ask whether the Eisenstein functors
have the property that nEisp(Dijs ¢ (Bunas, A)) C Diis g.o. (Bung, A). This would then allow one
to define a functor nEisps e : IndDijs e (Bunps, A) — IndDyg e (Bung, A) by Ind-extending,

and one can formulate a similar compatability with LG’fu; P Unlike the case of Hecke operators,

this is true. In particular, one can apply the exact argument of [HHS24, Claim 3.14] to formally
reduce this to the claim that parabolic induction preserves finitely generated representations,
which is true in any coefficient system over Z[%] by [DHKM24a, Corollary 1.5]. We have chosen
not to formulate things in this extra level of generality for simplicity.

Remark 12.4.4. We note that if one combines Conjecture 12.4.1 (1) (which should be fairly rou-
tine as described in Remark 12.4.2) with [Han24, Conjecture 1.5.2] that one can reduce checking

12.2.2 (1)-(2) for the Eisenstein part of P"P(Bung, Fy) (as in the semi-orthogonal decomposi-

tion of [HHS24, Theorem 1.3.2 (2)]) to thehievi subgroup M. In particular, this kind of analysis
reduces one to checking Conjecture 12.2.2 (1)-(2) for the cuspidal part of Dj;.'P (Bung, Fy) (which
in particular should be trivial, as there are no unipotent representations with supercuspidal L-
parameter). The conjecture [Han24, Conjecture 1.5.2] is a theorem when M = T is the maximal
torus by [Ham25, Theorem 1.7], and the general case will appear in forthcoming work of the
second author (H.) with Hansen and Scholze. Similar reduction steps should also apply to
Conjecture 12.2.2 (3). In particular, one should be able to reduce it to the cuspidal part of

Dpi"P (Bung, Fy); however, this is much more involved.
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We now check this conjecture in some easy special cases. To this aim, we recall that both func-
tors admit a grading indexed by X*(Z(G)'E) ~ B(G)pasic- In particular, the Eisenstein functor
nEisp admits a decomposition into functors nEis% indexed by cocharacters v € X*(Z(M)'?)
coming from taking the preimage of the connected component in Bunys corresponding to v €
X*(Z(M)T'E) ~% B(@)pasic via Theorem 8.2.1 (2). Similarly, the spectral Eisenstein functors
admit a grading

nEis P (—) = @ nEis 3 (—)
veX*(Z(M)FE)
induced by the decomposition (12.10). These two gradings should match under the categorical
conjecture, as in Theorem 12.1.10 (4). In particular, we now have the following slight refinement
of Conjecture 12.4.1, which is equivalent to Conjecture 12.4.1 using Theorem 12.1.10 (4) and
the fact that our functor W clearly matches up the decomposition into connected components of
Bung and B(G) in an obvious way is as follows.

Conjecture 12.4.5. Suppose that G is unramified, A = Fy, and ¢ satisfies assumption 12.1.11.
Then assuming part (1) of 12.4.1 and combining it with 12.1.10 (4), the induced diagram

— an,unip

Dunip(BunG7 A) SN IndCoh(Parg g ® A)

lis

g .
HEISF T EIS?SPCCT

an,unip

Dunip(BunMvA) M IndCoh(Pary; g ® A).

lis
commutes, for all v € X*(Z(M)).

We verify this conjecture in some simple cases. To this aim, we recall that we have a natural
map Pary g — BT and pullback induces a natural map

Rep(T') — Perf(Parr, ),

as in the definition of the canonical vector bundles in §12.1.6. Therefore, for each \ € X*(T),
we obtain a bundle which we denote by Oparf()\), which will lie in IndCoh(Parr, g)* under
the direct sum decomposition described in (12.10). For a general sheaf £ € IndCoh(Parr ), we
write L(A) := £®OparT . Opar;, , (A). For each X € X*(T'), we write bl € B(T) for the associated

element under the isomorphism B(T) ~"7 X*(TTE) induced by the s-invariant. We now have
the following.

Proposition 12.4.6. Suppose that ¢ does not divide the pro-order of any (equivalently some)
Twahori I, C Gy, for all b € B(G) (so that IndShv!f’.?ip(‘B(G),A) = Shvh"P(B(G),A) (cf.
Remark 12.4.3)) and that G is unramified over E. Conjecture 12.4.1 (2) is true when M =T,

and we evaluate on the compact objects ika!(C-Ind;EgL)(A)) of Shv'""iP(B(T), A) for X\ either
dominant or anti-dominant with respect to the Borel B. In particular, we have an isomorphism

— —

an,uni . . T(E . _specy an,uni
L& (nBisg(iyr y(c-Indpp) ) (A)))) =~ BisiF L™ P (O(N))

in IndCoh(Parg?g) C IndCoh(Parg g) for A dominant or anti-dominant with respect to B.
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Proof. We assume without loss of generality that the Borel B is the one we fixed. For an element
A € X*(T), we write A for the induced element in X*(TT#). We let by 7 be the corresponding
element in B(T) ~"7 X*(TTF) associated with X, and write by € B(G)u, for the image under
the map B(T) — B(G). We write I, C G, (E) for the Iwahori attached to our fixed choice of
Z/Og, as in Convention 8.5.3. We let wy € W denote the element of longest length and assume

that A € X*(T') is dominant with respect to the Borel B. We have the following, by [Zhu25b,
Corollary 5.7].

(1) There is an isomorphism

mip ; T(E
Li™Piyr ((e-Indz(g) ) (A)) = Op i ()
recalling the minus sign appearing in Theorem 12.1.10 (4).
(2) There is an isomorphism

nip Go_, (E)

LU (5, y(c-Ind (A)[=ds])) = EisE(O, (V) = BisENO, i (V)-

Ib,)\ uAnip rlinip

(3) There is an isomorphism

it Gb?)\(E)

L™ (e (e Indy > (W) =db])) = BisE™ (O, (w0(V)) = BisE™* (O, (wo(N))

b_y 7 Paur]%nip
Here I, is the opposite Iwahori, and we recall that we have normalized our identifications
of Rep(Gy(E), A) ~ Shv! (B(G),, A) with respect to the fixed choice of Borel B.

We also know, by Theorem 11.3.2 and Lemma 12.1.14, that the following is true for all A € X*(7T").

(1) There is an isomorphism

Wr (i (c-Ind i) (M) = Gyr (e-Indy (o) (A)),

(2) There is an isomorphism

Gy, (E)
Ib)\

We (i (c-Ind ;7 (M) =) = Giyg(cInd ™ (4) [ ).

(3) There is an isomorphism

Gy, (E)

. E
We (ipys (c-Ind; )

(A=) = s eIy (M) ).

by
In particular, for A dominant with respect to B, this reduces us to showing that we have an
isomorphism
L T(E) ) Go_, (E)
Bisgy(iyr (c-IndT(5) () = i (e-Ind;, " (A) [,

and an isomorphism:

. T(E) . Go_, (E)
DEISB(%TWO(A)!<C_IndT(OE)(A))) = jb*A!(C_IndT,,_A

(A)[=d])-

We note that the slopes of b_y are dominant with respect to B while the slopes of b_wo(n) are
anti-dominant with respect to B. To explicate the Eisenstein functors, we recall, for b € B(G)un
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unramified, the fixed Borel B C G determines a Borel B, C Gy, and it follows by [HI25,
Theorem 4.28], that we have a natural equivalence

. G _ -1 . Go_
(=) & ol (=) @ 8,7 =) = G570 ().

Moreover, it follows, by [HHS24, Corollary 2.2.5 (iv)|, [HI25, Theorem 4.28|, and [HI25, Lemma 4.19],
that we have an isomorphism

Eiswi,r
B b*wo(k)!

Gv_,

. ) Gh_ -1 )
WBisgiyr (<) = o sl (2) @ 8, 4 (i) = i (),

Now note that we may absorb the modulus character twist in the normalized parabolic in-

duction into c—Indggg)E)(A) and that we may absorb the modulus character twist by 5;}( % into

c-IndIbe(E) (A). In particular, we see that the claim is reduced to the identity

Indg: o C-Indgﬁa)(/\) ~ c—IndIbe(E)(A),

and similarly for the opposites, which is a straightforward calculation (see [HKP10, Lemma 1.6.1]
for rational coefficients and [Dat09, Corollaire 3.6] for an even more general claim with modular
coefficients). O

Now we explain how to combine Proposition 12.2.9 with some t-exactness properties of the
functor W to deduce some interesting consequences for the cohomology of local Shimura varieties.
We discuss this now.

12.5. t-exactness of W. The categories Djs(Bung,A) and Shv(B(G), A) related under our
functor W, carry a wide variety of t-structures. We recall the definitions of these t-structures
in both contexts and then show that our functor is actually t-exact with respect to these ¢-
structures.

12.5.1. t-structures in the schematic context. We recall that, since Shv'(B(G), A) is stratified by
the gerbes BG(E) for b € B(G), there is an obvious candidate for a perverse t-structure given

by insisting that * and -pullbacks along the map 7, : Shv'(B(Q),, A) < Shv'(B(G), A) sit in
appropriate degrees determined by Verdier duality, where the role of Verdier duality is played
by the canonical duality functor idgyz.

However, we need to be a bit careful. On the stack BGy(E) Verdier duality in the Shv'-will
behave as if BGy(FE) is of dimension 0. This might lead one to believe that BG,(E) should be
treated as a smooth space of dimension 0 when defining a perverse t-structure. However, this
is too naive. Indeed, idgz will intertwine ¢; and ié only up to a shift by 2d;, (as in 8.13), where
we recall that we set dy := (2pg,1p). With this in mind, the obvious definition becomes the
following.

Definition 12.5.1. We consider the pair of full subcategories Shv'(B(G), A)»"<0 (resp. Shv'(B(G), A)»=9)
of Shv'(B(@), A). Here Shv'(B(G), A)P=0 is the full subcategory generated under small colim-

its by ib!(c—Indf(b(E)(A) [n — dp]) for K a compact open pro-p subgroup and n € Nsq, and
Shv'(B(G), A)P=0 is the full subcategory of sheaves satisfying if(A) € Rep=%(B(G),,A)) for

all b € B(G). By [Zhu25b, Proposition 3.105] specialized to the case of x = 2p¢, these give rise

to a well-defined t-structure on Shv'(B(G), A) which we refer to as the perverse t-structure.
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On the other hand, the exceptional pullback ig which is the right adjoint of 43, which ends
up being intertwined with ié under what is known as admissible duality on the set of objects
Shv'(B(G), A) aqm again up to a shift by dy. Using this, one can define the following exotic kind
of t-structure.

Definition 12.5.2. We consider the pair of full subcategories Shv'(B(G), A)>=0 (resp. Shv'(B(G), A)>=0)
of Shv'(B(G), A) satisfying that i} (A) € Shv'(B(G),, A)=% (resp. ii(A) € Shv'(B(G),, A)>%)
for all b € B(G). By |Zhu25b, Proposition 3.110] specialized to the case of x = 2pg, these give
rise to a well-defined t-structure on Shv'(%B(G), A), which we refer to as the exotic t-structure.

We now turn our attention to the mirrors of these t-structures on Djs(Bung, A).

12.5.2. t-structures in the analytic context. As before, since the moduli stack Bung is stratified
by the gerbes [x/ éb], there is a natural candidate for a perverse t-structure on this derived
category, where we note that unlike the previous case of B(G), it is completely clear that [x/ éb]
is ¢-cohomologically smooth of dimension —d; (due to the appearance of the unipotent part of
Gb) and therefore such a definition should involve a shift by d,. However, unlike the case of
B(G), Verdier duality on the Artin v-stack Bung naturally incarnates as smooth duality under
the equivalence Dys(Bun%, A) =~ Rep(Gy(E), A) not BZ-duality as was the case for B(G). As
we will see, this is due to the fact that the natural perverse t-structure on Dys(Bung, A) will
match up with the exotic t-structure on Shv(B(G), A) introduced in the previous section.

Definition 12.5.3. We consider the full subcategory DP="(Bung, A) (resp. DI~°(Bung,A))
defined by the condition that j;(A) € Dl?sdb(Bunlé,A) (resp. jj(A) € Dl?sdb(Bunlé,A)). This
gives rise to a well-defined t-structure by [DHIKZ24, Proposition 8.1.5|, which we refer to as the
perverse t-structure on Djs(Bung, A).

Now we are tasked with defining what matches up with the actual perverse t-structure on
Shv'(B(G), A). Analogous to the case of B(G), this should be given by some exotic t-structure
defined in terms of certain exceptional pullback functors. Indeed, we have the following.

Definition 12.5.4. We consider the full subcategories DE="(Bung, A) (resp. D=’ (Bung, A)).

lis lis
Here DE’SSO(Bung,A) is the full subcategory is generated by jbﬁ(c—Ind?((E) (A)[n — dp)]) for K C
Gp(F) a compact open pro-p subgroup and n > N>, and Dﬁ’szo(Bung, A) is the full subcategory
of objects A € Djjs(Bung, A) such that j;(A) € Dl?sd” (Buan7 A) for all b € B(G). This gives rise
to a well-defined t-structure by the exact same argument as [Zhu25b, Proposition 3.105], and
we refer to it as the exotic t-structure on D" (Bung).

Remark 12.5.5. The ¢-structure introduced here is very much related to the hadal ¢-structure
defined in [Han24, Theorem 1.2.3]. However, there actually a somewhat stronger claim is shown.
Indeed, in loc.cit a t-structure is only constructed in the case that A = Q, on the subcategory of
compact objects Djjs(Bung, A)¥ C Dys(Bung, A). This is a stronger statement since one needs
to check that compact objects on individual HN-strata are preserved under standard truncation
in order to see that this is well-defined, which requires the assumption that A = Q, together
with a non-trivial result of Bernstein (see [Han24, Remark 1.1.3]). One can easily see however
that the restriction of DE’SZO (Bung, A) (resp. DE’SSO(Bung, A)) to the full subcategory of compact
objects agrees with Hansen’s construction when A = Q, (However, as just mentioned it is not
clear that this restriction is still a ¢-structure).
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12.6. t-exactness of the equivalence. We now have the following t-exactness properties of
the functor Y.

Theorem 12.6.1. For A/Zy a torsion ring, the following is true.

(1) The functor ¥ is t-exact for the perverse t-structure on Shv'(B(G), A) defined in 12.5.1,
and the exotic t-structure on Dys(Bung, A) defined in 12.5.4.

(2) The functor W is t-ezact for the exotic t-structure on Shv'(B(G),A) defined in 12.5.2
and the perverse t-structure on Dys(Bung, A) as defined in 12.5.3.

Proof. This follows immediately from Theorem 11.3.2 (3)-(4). O

We now conclude our applications section by showcasing the power of Conjecture 12.2.2,
by combining Theorem 12.6.1 with the work of Yang-Zhu [YZ25]. To explain this, we write

~ ~

Tilt(G) C Rep(G) for the subcategory of tilting modules (see [Ham25, § 9.1] for a discussion of

~

this). For V' € Tilt(G), we consider the attached Hecke operator
TV : DliS(BunG7 A) — DliS(BunG7 A)a

as in (12.18). If p € X.(T)" is a geometric dominant cocharacter of G and V =T, € Tilt(G)
is the associated highest weight tilting module then we will denote this operator by 7, We recall
that this corresponds to the spectral action of the canonical vector bundle C'y, attached to V', and
given a parameter ¢, the spectral action and in turn the Hecke operator preserves the full sub-
category Dys(Bung, A) P Diis(Bung, A) of ¢-complete sheaves. By a completely analogous ar-

gument to [YZ25, Lemma 3.26, 3.17, the perverse t-structure (D2~ (Bung, A), D27°(Bung, A))

lis

restricts to a well-defined perverse t-structure (D2~ (Bung, Ay, DP=%(Bung, A) ;) on Dy (Bung, A)

lis ¢ ¢A)

We now have the following.

Theorem 12.6.2. For G/E unramified, we let ngS be an unramified semisimple L-parameter
which is of weakly Langlands-Shahidi type (in the sense of [HL25, Definition 6.2]) or equivalently
generic (in the sense of [YZ25, Definition 1.1]). Assume that  t |mo(Z(G))| satisfies assumption
12.1.11 and that Conjecture 12.2.2 s true then the ¢-completed Hecke operator

T4 Diis(Bung, Fe) 5 — Dys(Bung, Fy) 5
induced by Ty, on the category of ¢-completed sheaves is perverse t-exact.
Proof. This is a formal consequence of Theorem 12.6.1 (2) and Proposition 12.2.9. O

Remark 12.6.3. We note that, in light of Remark 12.2.8 this recovers (modulo some differences
in the assumptions on ¢) [HL25, Corollary 4.29] after restricting to the full subcategory of ULA
objects.

It is natural to ask what the point of this claim is given that the analogous claim also holds
in the B(G) setting by the work of [YZ25]. One reason to care is that, unlike the spectral action

induced by the embedding Lgmp which involves a categorical trace construction and is difficult
to make explicit, the Hecke operator Ty is readily related to the cohomology of local Shtuka
spaces and Shimura varieties. We explain this now.

We recall that a local shtuka datum is a triple (G, b, u) for u a geometric dominant cocharacter
of G/E and b € B(G, ) an element of the u-admissible locus of the Kottwtiz set of G. We let
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E, /E be the reflex field of u. The triple (G,b, u) defines a diamond
Sht(G, b, t)oe — Spd(E,)

parameterizing modifications &, — 58 with meromorphy bounded by p on the Fargues-Fontaine
curve X, where EM = @pEM. Here &, is the G-bundle on X attached to £ and Eg is the trivial
G-bundle. The space carries an action of G(Q),) x G,(Q,) and a (non-effective) descent datum
from EH down to E,. This allows us to consider the tower of quotients

[Sht(G, b, 1t)ee /K] =: Sht(G, b, 1)

for varying open compact subgroups K C G(Qp). We write S, for the A-valued sheaf attached
to the highest weight tilting module 7, of Wg x G as defined in [Ham?25, § 10.1]. This is given by
pulling back the sheaf on Hckg g defined by 7, and using geometric Satake for ]B%IR—grassmannian
along the natural map Sht(G,b, u) — Hckg g. In particular, the sheaf S, is equivariant with
respect to the actions of G(Q,) and Gy(Q,) by construction. Letting Sht(G,b, u) k¢, denote
the base-change of these spaces to C,, we can now define the complex

RU.(G,b, p) = colimp_, 11y RU(Sht(G, b, 1) i ¢,y Spi)

of G(Qp) x Jp(Qp) x Wg-modules. We now want to disentangle the G(Q,) and G4(Q),) action.
To do this, for m (resp. p) a smooth irreducible representation of G(Q)) (resp. G4(Qp)) on
A-modules, we define the 7 (resp. p)-isotypic part. I.e we define the complexes

Rrbc(Gv b, :U’) [P] = Home(Qp) (RFC(Gv b, :U’)v P),

where the above denotes external (derived) Hom in the category of smooth G}(Q),)-representations.
It is complex of G(Qp)-representations with a continuous action of Wg, .

In particular, we spell out one concrete consequence of Theorem 12.6.2, which seems to difficult
to deduce directly on the geometry of B(G) without consideration of the functor W (or at the
very least nearby cycles) and Conjecture 12.2.2.

Corollary 12.6.4. Assume Conjecture 12.2.2 and that £t |7o(Z(G))| and it satisfies Assump-
tion 12.1.11. We let ¢ be an unramified L-parameter of weakly Langlands-Shahidi type, and let
p € Rep(Gy(E),Fy) be a smooth irreducible representation such that its Fargues-Scholze param-
eter qbgs agrees with ¢ under the twisted embedding Gy, — LG (as defined in [FS2/, § 1X.7.1]).
Then, for all geometric dominant cocharacters u, the complex

RI(G,b, p)lp] € Rep(G(E), A)

is concentrated in degrees > (2pq,vp). Moreover, if ¢ is of Langlands-Shahidi type then this
complez is concentrated in degrees (2pg, Vp).

Proof. We write Tu é for qg—completed Hecke operator attached to 7). We note, by [HI25,
Lemma 4.7], [HL25, Lemma 4.2 (1)] and Remark 12.2.8, that the assumption on p guar-

antees that jp.(p[dp]) € Dﬁ’SZO(Bung,E) 4 lies in the ¢-completed subcategory. It follows
that Ty,jbs(plda]) = T, 3jbs(plds]) € DE=°(Bung,Fy); by Theorem 12.6.2, which implies that

35 T,jvx(pldp]) € Rep=°(G(E), A). By invoking [[Tam25, Lemma 10.1] and moving over the shifts,
this implies the desired claim. Similarly, if ¢ is of Langlands-Shahidi type then we claim that

b (p) = Jur(p),
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so that jp«(p[dp]) is actually a perverse sheaf. Indeed, it follows by Corollary 12.3.7, Conjecture
12.2.2, and Remark 12.3.2 that we can rewrite jy(p) as jp(p). However, we easily see that
Jugva(p) is trivial for any b > b (see Remark 8.2.8), which implies that the natural map jy (p) ~
Jue(p) is an isomorphism. By the exact same reasoning as above, we conclude that the complex
is concentrated in degrees (2pg, ). O

Remark 12.6.5. One can of course deduce many different variations of this Corollary by us-
ing the various comparisons of isotypic components and Hecke operators spelled out in [Ham25,
Lemma 11.1], as well as consider variations for the cohomology of the space of shtukas parametriz-
ing modifications &, --+ & of meromorphy < p for any b,b’ € B(G). We note that this and
its variations prove special cases of an ¢-modular version of [KS25, Conjecture 6.21], where we
note that the quantities (¢n,|gp, —) appearing there will all be trivial by the weakly Langlands-
Shahidi type assumption (see [K525, Remark 5.2]). It is also consistent with the results of
[Ham25, Section 10].

Remark 12.6.6. We recall that the Hecke operator T}, actually factors through the forgetful
functor Djs(Bung, A)B Weu Diis(Bung, A) from E,-equivariant objects. Similarly, the canon-
ical vector bundle C7, attached to the highest weight tilting module 7, upgrades to a perfect
complex with F,-equivariant structure. Under the spectral action of (12.19), these two struc-
tures are identified; in particular, using Conjecture 12.2.2 one would be able to compute the Wg,
action on the complexes RI(G,b, u)[p] in terms of the categorical conjecture. For a flavor of
how this explicitly should look like in the Langlands-Shahidi type case, see for example [Ham25,
Conjecture 11.18].

APPENDIX A. A COUNTEREXAMPLE

Example A.0.1. The purpose of this example is to exhibit a )-cover which is not a v-cover.
For this we study a specific type of valuation ring. Let P be a total order and let I" = @pe'p’}/? .
We will write elements v € I' using multiplicative notation. We define a total order on I' as
follows. Given two elements of the form [[;_, 5" and [, 732 with p1 < pa < -+ < pn,
then [, v < [Tin, ’ygzﬁ if and only if (—ai,...,—a,) < (=b1...,—b,) in Z™ with its usual
lexicographic order. For example, ’yg < 7p since —2 < —1 and if p; < py < p3 in P then
Vor Yoy < Vpz * Vag» since (—1,0,—2) < (0,—1,-2). Let

K ={f:T — k| supp(f) is well ordered}

be the field of Hahn series with coeflicients in k£ and values in I'. We write expressions of the

form
F=> fn
vyel

for elements of K. We have a valuation map |-|: K — {0} UI which sends f to the smallest
element of the support of f, which is well defined since the support is well-ordered. We let
V C K denote the valuation ring defined by | - |.

For every element p € P the element ~y, € V generates a prime ideal p; C V. Concretely, the
prime ideal p,; consists of those elements in g € K such that |g| < |v,|. We also consider p, to
denote the largest ideal in V not containing 7,. Observe that the functions

p(-): P — SpecV with p — p;r and p — p,
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are order preserving in the sense that if p; < py then pf. C pf . Indeed, if p; < py implies that
Vo1 < Vp2 80 (Vp1) € (Vpo)-

Suppose that M € P is a maximum. Then pps € V' is the maximal ideal. Indeed, if f € V
and it is not a unit then |f| € T has the form |f| = 5! - (I[iLy757) with a1 > 1 and p; < p;.
Since M > py, then v5! - ([T 757) < var and f € pyr. Analogously, if m € P is a minimum
then p, =0 and p;m is the unique smallest non-empty prime ideal of V.

From now on, we assume that P has both a maximum and a minimum which we denote by
M and m, respectively. If we assume that P\ {M,m} # () then the map

f:X= SpecV/p:;HSpecV(pM — SpecV =Y

is an arc-cover that is not a v-cover. We claim that if we impose certain hypothesis on P then
this map is also a {-cover.

Let us spell out what it means to be a {-cover in this context. Since products of points are
basis for the v-topology and f¢ is partially proper by construction of (7)<> it suffices to show
that every map of the form Spa(R, R°) — Y lifts to X< where R° = [I;c; Oc; with O¢, € C;
the ring of integers of a non-archimedean field C;. A map as above is specified by a ring map
g : V — R, which further induces ring maps g; : V- — C;. The collection {g;}ic; determines g,
but not every collection arises from a map g : V" — R. We can partition the set I = Io [[ 119
according to whether ker(g;) € V is 0 or whether p;, C ker(g;), respectively. This partition
gives a topological splitting R = Ry, X R, and maps g : V — R are in bijection with pairs of
maps (g1, 9r,) : V — R, X Rr,. By construction g, factors through the quotient V/pt . and
in particular lifts to X¢. It suffices then to consider maps g : V' — R such that ker(g;) = 0 for
all i € I.

It is not in general true that such maps g : V — R always lift to X<. Our claim is that for

specific choices of P the lift always exist (necessarily through Spec V(f, ) — Y®). To summarize
M

the situation, our context is as follows. We are given a ring map ¢g : V — R with (R, R°) a
product of rank 1 points of index I, with the additional property that g; : V — C; factors
through Frac(V) — C;, and we must show that for specific choices of P the image of va; in R
is automatically a unit.

If the image of v,/ is not a unit then there is a connected component a of Spa(R, R°), for
which the map V' — C, factors through the residue field V' — k. We fix such an a. In particular,
for every element f € p;, and every n € N the set {|f| < |@|"} C Spa(R, RT) is a quasicompact
non-empty open subset for w € R a uniformizing element. We will show, assuming this happens
and under an additional assumption on P (in particular, that the cardinality is sufficiently large),
that there exists an element v € V such that the family of elements g;(v) € C; is not uniformly
bounded, contradicting that the family g; arose from a map g : V — R.

For an element t € P, we consider

In< ={i € Illgi(wle, < |w}le,}-

This gives rise to an open and closed subset of Spa(R, RT) which we denote by Uflg.

Observe that
teP neN

and that each finite intersection of the form J = n?:1 IfZ - gives rise to an infinite set J C I.
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Suppose that s < ¢t in P. We let Err(s,t) C N denote the subset of natural numbers n € N
for which If_ contains an element ¢ for which |g; (vA)le; < 1gi(vs)|o,- We claim that this set is
finite. Indeed, if this set was infinite then there is an infinite sequence of elements

{io,...,ij...}jeNgf,

and an increasing sequence of numbers n; such that
9 ,
19, ()1cs, < 19i;(vs)ley, and |gi; (w)le,, < ;)]

In particular, the element v, - 7; > € V and 9, (Vs - Ve 3)\(;1.3_ > \w; " |Cij‘ This shows that if
Err(s,t) is infinite then the family {g;(7vs-7; ?) Yies is not uniformly bounded and it cannot arise
from a map V — R in which case we would be done.

We let N,y be the smallest number such that, for all i € I, the inequality |gi(7s)|c, <
19i(77)lc; holds.

We define a partial order P, C P for all n € N. The elements of P,, are those elements of
t € P such that N, 1), N < n. Given s,t € P, we say that s <, t in Py if s <t in P and
N(st) < n. Equivalently, s <, ¢ if and only if s <? in P and, for all i € Iflwg, we have

l9i(rm)les < 19:(0)les < lg:(vi)les < lgitinle, < =™
We have that
P = UpenPhn.

Moreover, every totally ordered subset of P, is finite. Even more is true. For all n € N, we
can find a function f,, : P — NU{—1} such that f,(p) = —1if p & Py, fu(p) =0if p= M and
fn(p) = k if the largest chain starting in p and ending in M has length k. We claim that these
two properties already impose restrictions on P. Indeed, consider the function

0:P = (NU{-1}" with p — fo)(p)-
We claim that © is injective. Indeed, if n > N1y, Nty Nim,s)> Nie,ar)s Nes,ary then fr(s) #
fn(t) since s <, t. It follows that if we pick P with a cardinality larger than 2%° then Err(s,t)

must be infinite and by the above reasoning the family {g;(vsy; %) }ier would not be uniformly
bounded. As explained above, this then implies that V admits a {-cover that is not a v-cover.
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