INTERSECTION COHOMOLOGY OF IGUSA STACKS
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ABSTRACT. We study the intersection cohomology of minimally compactified Shimura varieties of
PEL type AC using Igusa stacks and the work of Fargues—Scholze. More precisely, we construct a
sheaf on the moduli stack of G-bundles on the Fargues—Fontaine curve, which recovers this inter-
section cohomology after applying a Hecke operator in the sense of geometric Langlands. We show
that this sheaf has several desirable properties; for example, it is Verdier self-dual and perverse.
This leads to several applications to intersection cohomology, including a version of the Mantovan
product formula, as well as torsion-vanishing and Eichler—Shimura relations. Along the way, we in-
vestigate the interaction between Baily—Borel and Newton stratifications on minimally compactified
Igusa stacks, and we study perverse t-structures on stratified v-stacks.
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1. INTRODUCTION

A large amount of literature has been devoted to studying the intersection cohomology of Shimura
varieties in the context of the Langlands program. In the more classical setup, the starting point
is Borel-Casselman’s generalization of Matsushima’s formula [BC83|, which describes a clean de-
composition of the L?-cohomology of a noncompact locally symmetric space in terms of spectral
data. In contrast to the results for the usual or compactly supported Betti cohomology, only the
discrete automorphic representations contribute. See Section 2 of for a beautiful account of
this picture.

In the case when the locally symmetric space arises from a Shimura variety, Zucker’s conjecture
(proven by Looijenga, Saper—Stern) implies that the L?-cohomology identifies canonically with the
intersection cohomology of its Baily—Borel compactification, compatibly with the Hecke action and
Hodge-Lefschetz structures, see |[Loo88|, [SS90|, [Loo25|. This brings the intersection cohomology
into play. When compared with the L?-cohomology, the intersection cohomology has several ad-
vantages. For example, intersection cohomology can be defined in the setting of /-adic sheaves, and
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consequently it carries a Galois action. Moreover, unlike L2-cohomology, it can also be defined in
the torsion setting.

In recent years, a number of new tools have been introduced to study the cohomology of Shimura
varieties. Igusa stacks, introduced in |[Zha23; DHKZ24; Kim25; DHKZ25|, are one such tool. They
connect Shimura varieties with the categorical local Langlands program over p-adic fields, as de-
veloped by Fargues—Scholze [FS24] and Zhu [Zhu25|. Until now, novel applications such as the
torsion-vanishing results of [Kos21b; HL26; |YZ25| and the Eichler-Shimura relations of [Kos21aj
DHKZ24; DHKZ25|, have concerned the usual or compactly-supported cohomology of Shimura va-
rieties. Our goal in this paper is to provide a framework for also understanding the intersection
cohomology of Shimura varieties using techniques from the categorical local Langlands program.

To achieve this goal, we construct a version of the intersection complex in the setting of Igusa
Stacksﬂ We study the resulting relative intersection cohomology complex over Bung, the moduli
stack of G-bundles on the Fargues—Fontaine curve, and show that it has a number of desirable
properties. See Theorem for the precise statement. In particular, we show that this relative in-
tersection cohomology recovers the f-adic intersection cohomology of the minimal compactification
of Shimura varieties after applying a Hecke operator in the sense of geometric Langlands. Further-
more, by computing the stalks of this complex, we prove a version of the Mantovan product formula,
cf. [Man04; [Man05a], for the intersection cohomology of Shimura varieties, see Theorem .

We also show that the relative intersection cohomology of the Igusa stack gives rise to a perverse
sheaf for the natural perverse t-structure on Bung. As additional applications of this framework,
we establish torsion-vanishing (Theorem and Eichler-Shimura relations (Theorem for the
intersection cohomology of Shimura varieties.

Motivated by torsion-vanishing, the recent paper of Koshikawa and Shin [KS25| formulates pre-
cisely a number of conjectures about the degrees in which the intersection cohomology of Shimura
varieties with both rational and torsion coefficients can be concentrated. For example, Koshikawa
and Shin conjecture that certain local conditions can determine the range of degrees to which an
automorphic representation can contribute to the spectral decomposition of intersection cohomol-
ogy. There is a similar expectation for modulo ¢ systems of Hecke eigenvalues, which points towards
a torsion analog of Arthur’s conjectures. The main result in our current paper makes it possible to
apply results from [FS24; Zhu25| to study local aspects of the intersection cohomology of Shimura
varieties, which, we believe, will eventually be helpful in proving results along these lines.

1.1. The main theorem. We let (G, X) be a Shimura datum with reflex field E C Q. For a neat
compact open subgroup K C G(Ay), we denote by Shy := Sh(G, X) g the attached Shimura variety
over E, a smooth quasi-projective variety of dimension d. We denote by Shj- its minimal (Baily—
Borel) compactification. Fix a prime ¢ and let A be a finite self-injective ring over Zﬂ On each
Sh}, we have an intersection complex, denoted ICgp; , obtained by taking the middle extension
of A[d] towards the minimal compactification. We are interested in studying the étale cohomology
groups

(1) Hi (Sh*KE,ICSh;() .

Fix a prime p # ¢ and set G := Gg, to be the local group at p. We choose an isomorphism
t:C ~ @p, which induces a p-adic place of E. Let E be the completion of E at this place and C
be its completed algebraic closure. We can analytify the previous construction over C. For a neat
K C G(Ay), we write Sk for the diamond over Spd C attached to Shg, and Sy for the minimal

IFor technical reasons, we restrict ourselves to the PEL setting of |Zha23| in this paper, but we expect that our
geometric constructions will carry over to much more general Shimura varieties. See Remark for more details.

2For most of our results, we also allow for coefficients in an extension of Q¢ or its ring of integers, see Remark
as well as coefficients in a local system obtained from an algebraic representation of G.
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compactification. Fixing the tame level KP C G(AI}), we also have the inverse limits

Skr = @1 Skri, and Sk, = l&n S}k(pr,
Kp—{1} Kp—{1}
where K, C G(Q,) runs over compact open subgroups. Over each S}, we have a complex ICs:
obtained by analytifying ICgyx. (see ﬁ) Pulling these back to Sy, and passing to the colimit, we
get the infinite-level intersection complex, which we denote by ICS;@. The intersection cohomology
complex
1C(6,X)krn = lim BT (Sierr, ICs, . )
Kp—{1}

is equipped with a prime-to-p Hecke action, a smooth G(Qp)-action, and a continuous action by the
Weil group Wg. Via a series of comparison theorems, its cohomology groups agree with the colimit
of the intersection cohomology groups in after restricting the Galois action on the latter to Wg.

We aim to reconstruct the complex IC(G, X) gr o with its additional structures using Igusa stacks
and the action of Hecke operators on Bung. In order to appeal to the results of [Zha23| on the
existence of the minimal compactification of the Igusa stack, we impose the following assumption
throughout this paper.

Assumption 1.1. The Shimura datum (G, X) is of PEL type, and the absolute root system of G is
of type AC. The group G := Gq, is unramified. The boundary of the minimal compactification of
the attached Shimura variety has codimension at least 2 in the minimal compactification.

Under this assumption, we have a cartesian diagram of v-stacks over Spd F, (|Zha23, Theorem 9.40])

Sty — s F

(2) i |r
Igs™ LN Bung.

Here Bung is the moduli stack parameterizing G-bundles on the Fargues—Fontaine curve, /¢ is the
analytification of a flag variety attached to the Hodge cocharacter of (G, X), and Igs* = Igsj, is
the minimally compactified Igusa stack attached to (G, X) at level KP. The top horizontal arrow is
the Hodge—Tate period morphism introduced by Scholze. The right vertical arrow is the Beauville—
Laszlo map introduced in [F'S24].

To state our main result, we describe the geometry of the cartesian diagram in a little
more detail, following [F'S24; [Zha23|. The v-stack Bung admits a Newton / Harder—-Narasimhan
stratification, by locally closed strata

ip - Buan — Bung
indexed by elements b of the Kottwitz set B(G). This induces a semi-orthogonal decomposition on
the category of sheaves D¢ (Bung, A) by excision with respect to this stratification. Furthermore,
there is an equivalence of categories D(Bun’, A) ~ D(J,(Q,),A), where J, is an inner form of a
Levi subgroup of G and D(J,(Qyp), A) is the derived category of smooth representations of J,(Q))
with A-coefficients. For example, if b = 1 is the neutral element of B(G), then J, is G.

Both 7Tyt and h factor through the open substack i,-1 : Bung ,-1 — Bung, corresponding to
the p-admissible locus B(G,u~!') € B(G), where u denotes the Hodge cocharacter of the Shimura
datum transported under the fixed isomorphism @p ~ C. For b € B(G, 1), the pullback of Igs* to
Bunlg; can be identified (up to canonical compactification) with the stack quotient [Ig®*°/7,], for
a partially minimally compactified perfect Igusa variety IgP* appropriately analytified (see ,
and a certain unipotent thickening J;, of J,(Q,) that acts on Igh*.

Our main theorem shows that the intersection cohomology complex IC(G, X)xr interacts with
Diagram in the best possible way.
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Theorem 1.2. (Theorem Theorem Let u denote the Hodge cocharacter attached to (G, X).
There erxists a complex Fica € De(Bung ,-1,A), defined as the pushforward under the proper
morphism Tut of an intersection complex ICyze+ on Igs*, which satisfies the following properties:

(1) (Verdier self-duality) It is self-dual with respect to Verdier duality on Bung ,—1. If A is
moreover a reqular ring, then Fic s is universally locally acyclic over SpdF,, in the sense of

|FS24), Section IV.2].

(2) (Perversity) It is a perverse sheaf with respect to the natural perverse t-structure on Bung 1

(see Definition[7.9).

(3) (Hecke operator) Let T,, be the Hecke operator attached to pu (see and i1 the inclusion
of the neutral stratum into Bung, we have an isomorphism

(3) Z.ITM‘FIC,A ~ IC(G, X)KP,A
of G(Qp) x Wg-representations, which is also Hecke-equivariant away from p.
(4) (Stalks) There is a Jy(Qp) and away-from-p Hecke-equivariant isomorphism
iy Fic,a = Vieas[—db)
where Vic ap 15 the intersection cohomology of the partially minimally compactified Igusa
variety Ig¥* with A-coefficients and dp = dimeIgb’*. (More precisely, it is the colimit of the
intersection cohomologies of the finite level Igusa varieties, see Equation )

Remark 1.3. In fact, we can also work with étale local systems coming from algebraic representations
of G and allow for coefficients in a algebraic extension F'/Qy or its ring of integers, see Assumption
[[.17]and Theorem[7.7] However, in the case of non-self-injective coefficients, we do not have Verdier
self-duality of Fic a, since, like in the case of schemes, the perverse t-structure is not preserved
under Verdier duality (See |Jut09, Section 2.1]). Moreover, we also establish analogous results for
various boundary cohomology groups of the minimal compactification, see §7.2.2]

Remark 1.4. We establish Theorem under Assumption [1.1] primarily because this is the setting
in which the minimal compactification Igs* of the Igusa stack has been constructed. We also rely
on the identification of the fibers of myyr with partial minimal compactifications of Igusa varieties, a
result known in the unramified, PEL type AC setting by [CS24] and [San23|. Once these geometric
ingredients are in place for more general Shimura varieties, one should be able to construct Fic,a
more generally and prove that it has analogous properties, following the outline of the present paper.
One key ingredient for both the construction of Igs* and the computation of the fibers of 7wy is the
construction and affineness of the partial minimal compactifications Ig®*. This has been established
recently for Shimura varieties of Hodge type in [Mao25|.

In the rest of this introduction, we first state some applications of Theorem [I.2] and then explain
the proof ideas for our main geometric results. We conclude with a brief discussion of future
directions for the study of Fic a.

1.2. Applications.

1.2.1. The Mantovan product formula. As our first application, we establish a version of the Manto-
van product formula for intersection cohomology. The first version of the Mantovan product formula
was implicit in [HTO01| for Harris-Taylor Shimura varieties and established in [Man04}; |Man0ba] for
more general compact Shimura varieties of PEL type. This was subsequently extended to the non-
compact case and beyond the PEL setting, for both usual and compactly-supported cohomology.
See |[Kos21b, Theorem 7.1|, [HL26, Theorem 1.15] and |[DHKZ24, Theorem 8.5.7| for state of the
art results.

Roughly speaking, the cohomological version of the Mantovan product formula gives a G(Q,) X
Wg-equivariant filtration (in the derived sense) on the cohomology of a global Shimura variety,
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indexed by Newton strata and with graded pieces isomorphic to a product of the cohomology of
a local Shimura variety, or Rapoport—Zink space, and an Igusa variety. This product formula has
played a fundamental role in computing the cohomology of Shimura varieties over the past few
decades, providing a viable alternative to the Langlands—Kottwitz method, often better suited than
the latter to understanding places of bad reduction. For example, the product formula was used in
landmark results such as the proof of local Langlands for GL,, over p-adic fields in [HTO01] and the
construction of Galois representations in the conjugate self-dual, regular algebraic setting in [Shill].

Regarding the intersection cohomology of Shimura varieties, the work of Morel led to the compu-
tation of the alternating sum of these cohomology groups in the Grothendieck group in a number
of important cases, for example in [Mor10]. As she follows the Langlands-Kottwitz method, this
approach works primarily at places of good reduction. However, for applications to the conjectures
of Arthur and Kottwitz, it is desirable to also understand the places of bad reduction. This is where
the Mantovan product formula comes in.

To state our result precisely, we let RT'.(G, b, i1, A(dp)) denote the cohomology with A-coefficients
of the local Shimura variety determined by the triple (G,b, 1), in the sense of [SW13| twisted by
a suitable character if b is non-basic (See . This is a module over the smooth Hecke algebra
with A-coefficients, denoted #(J,). The intersection cohomology Vic ap of the partially minimally
compactified Igusa variety is also a module over H(J,) and the away from p Hecke algebra.

Theorem 1.5. (Corollary @) We have an away from p Hecke-equivariant and G(Qp) x Wg-
equivariant filtration on 1C(G,X) ke o indezed by b € B(G, u~1), with graded pieces isomorphic to

RT (G, b, i, A(dp))[d] @ | - |** @34(5,) Vie,apldb),
where | - | : Wg — A* denotes the norm character.

Theorem [1.5]is deduced by combining parts (3) and (4) of Theorem via the standard method
used in the proof of [HL26, Corollary 3.22| and |[DHKZ24, Theorem 8.5.7] for usual and compactly
supported cohomology. The idea is to apply excision with respect to the Newton stratification on
Bung to i7T,Fic,a and to rewrite the graded pieces using the cohomology with compact support
of local Shimura varieties and the computation of the stalks i; Fica-

Remark 1.6. We emphasize that the cohomology complex Vic ap has an explicit description as a
colimit of intersection cohomology groups of partial minimal compactifications of Igusa varieties that
are schemes of finite type over Fp. Therefore, setting A = Qy, the alternating sum of the cohomology
groups of VIC,@@,b in the Grothendieck group is, at least in theory, computable using the Lefschetz
counting point formula. Indeed, one should be able to use Morel’s weight truncation [Mor08|] to
describe the intersection complexes on these partial compactifications.

Together with progress (some on-going) on the local Kottwitz conjecture [HKW22| and the Harris—
Viehmann conjecture [HHS|, which concern the purely local contribution RI'.(G, b, i, Qy(dp)) to the
product formula, Theorem suggests a possible route to the global Kottwitz conjecture for the
intersection cohomology of Shimura varieties. By this, we mean computing the Galois action on
intersection cohomology, at least on the level of the Grothendieck group and then verifying that it
agrees with the general recipe given in |Kot90|E| Because intersection cohomology satisfies purity,
one should even be able to distinguish individual cohomological degrees.

1.2.2. Torsion-vanishing for intersection cohomology. For simplicity, set A := F, in this section.
The isomorphism in Equation decomposes the intersection cohomology of Shimura varieties into
a global part, namely Fica, and a purely local part, given by the Hecke operator 7). Together
with the perversity of Fica from part (2) of Theorem this means that the cohomological

3Scholze and Shin introduced another method to compute the Galois action in the case of bad reduction in [SS13],
based on a generalization of the Langlands—Kottwitz method and building on Scholze’s approach to local Langlands
for GL,. This has not been implemented for intersection cohomology at present.
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amplitude of IC(G, X) g» A is constrained by the perverse t-exactness properties of the Hecke operator
T,. Therefore, we can apply purely local methods to study the generic part of the intersection
cohomology with Fy-coefficients, as was done in [HL26} YZ25] for compactly supported and usual
cohomology.

For example, if K = K?K, with K, C G(Q,) hyperspecial, and m C Hg, is a maximal ideal
of the spherical Hecke algebra with F, coefficients, then, by arguing as |[HL26, Theorem 5.2|, cf.
IDHKZ24, Theorem 10.1.6], we may deduce the following.

Theorem 1.7 (Corollary [7.19)). For m generic in the sense of [HL26, Definition 1.1/, £ banal for
G(Qyp), p > 2, and G a product of groups in [HL26, Table (1)] or of those in [Pen?25, Theorem 8.2.1],
the localization

RI (St g, 1Cs15, )

1s concentrated in degree 0.

Remark 1.8. In their recent work, Koshikawa and Shin study how certain local conditions can
give bounds to the cohomological amplitude of the intersection cohomology of locally symmetric
spaces and formulate a precise conjecture with rational coefficients, namely |[KS25, Conjecture 1.4].
Theorem fits into this conjectural picture and suggests an extension of the conjecture to the
case of torsion coefficients. We discuss this in more detail in §7.3.1]

Remark 1.9. If we localize the formula (3)) at a more general semi-simple local Langlands parameter
¢, using the excursion action of Fargues—Scholze, we can establish a similar result, whenever the
localized Hecke operator i77}, 4 is perverse t-exact. This is the content of Theorem

We expect that the best possible condition for ¢ that guarantees this perverse t-exactness is
it being of weakly Langlands—Shahidi type, cf. [HL26, Definition 6.2, Conjecture 6.4]. Note that
when further localized at a non-Eisenstein maximal ideal in the global prime-to-p Hecke algebra,
the intersection cohomology is expected (and known in many cases) to agree with both usual and
compactly-supported cohomology, see |[CS24, Remark 1.6]. However, there are many Eisenstein
maximal ideals whose local constituent at p is generic, and our result is novel in this case.

Remark 1.10. Yang—Zhu [YZ25| perform a similar analysis to [HL26| by replacing Bung with the
stack Isocg on perfect schemes, which parametrizes isocrystals with G-structure. They appeal to
the unipotent categorical local Langlands equivalence established in [Zhu25| to deduce the analog of
perverse t-exactness in their setting, whereas [HL26| relied on the more restricted results of [Ham26b]
on geometric Eisenstein series. This leads Yang—Zhu to prove more general torsion-vanishing results
for the compactly-supported and usual cohomology of Shimura varieties. In the paper [GHLIZ], the
authors compare the étale sheaf theories on Isocg and on Bung, giving an equivalence of categories

14
Shv'(Isocg, Fy) = Dg(Bung, Fy).

Hence, one should be able to combine Theorem with the result of Yang—Zhu on perverse t-
exactness of the Hecke operators to deduce torsion-vanishing for intersection cohomology in the
generality of [YZ25].

1.2.3. FEichler-Shimura congruence relations. The work of Eichler—Shimura reveals a congruence
relation between the Hecke operators and Frobenius action on the cohomology of the modular curve
at a prime of good reduction. Blasius and Rogawski |[BR94| conjectured that such relations hold
true more generally for higher dimensional Shimura varieties.

More precisely, let the notation be as before, except that we set A to be an algebraic extension of
Qy. In particular, p is the Hodge cocharacter of (G, X), viewed as a geometric cocharacter of G via
t:C~Q,. Letr,: G — GL(V) be the highest weight representation (on A-modules) of the dual

group G labeled by p. We assume the residue field of E has cardinality ¢ and Frob, € Gal(F,/F,)
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is a Frobenius element. Then for each ¢ = 0,--- ,1k7,, consider the A-valued function on the space
of unramified Langlands parameters for G

T; : ¢ v tr(ry o ¢(Froby) | A'V).
This can be viewed as an element in a spherical Hecke algebra H kA for some hyperspecial subgroup
K, C G(Qp) via the Satake isomorphismﬁ For an Iwahori subgroup I C K, we identify Hp, with
the center of H; via the Bernstein isomorphism. We define the Hecke polynomial
r=rkry,
Hy(X) = Y (-1)'TX"" € Hy, [X].
i=0
Then the conjectural congruence relation can be formulated as follows:

Conjecture 1.11 (Blasius-Rogawski). Let I C G(Q,) be an Iwahori subgroup, and K = IKP.
Then the action of the inertia subgroup Ip C Wg on RF(Sh;{E,ICSh}F{) s unipotent. For any
or € Wg lifting Froby, one has the relation H,(ocg) = 0 as endomorphism of this cohomology
complex.

Remark 1.12. Similar conjectures can be made for usual or compactly supported cohomology, with
more general coefficients, including in the case when A is integral or torsion and our results also
address this.

As a third application of Theorem we obtain the following:
Theorem 1.13 (Theorem [7.20). Under Assumption[I.1], Conjecture is true.

Remark 1.14. Conjecture and its variants have been extensively studied by [FC90|, [Wed00],
[BWO06|, [Kosl4], [Lee2l|, [Wu22| using algebraic correspondences on the special fiber of Shimura
varieties, and more recently by [DHKZ24|, [Hov24|, [DHKZ25| using Igusa stacks and the Fargues—
Scholze local Langlands, following ideas of |[XZ19| and |[Kos21a. For the usual or compactly sup-
ported cohomology, the most general result is obtained in [DHKZ25|, which deals with abelian type
Shimura varieties at Iwahori levels.

For intersection cohomology, the best known result so far is for Hodge type Shimura varieties
at hyperspecial level by [Wu22|. Our approach follows |DHKZ24|, and hence applies to Iwahori
levels. On the other hand, we do not work with Hodge type Shimura varieties, since minimal
compactifications of Igusa stacks are not currently available in this generality.

1.3. Proof ideas.

1.3.1. The stratified cartesian diagram. From Diagram and the work of |Kim25, Theorem D],
one can deduceﬂ the existence of an open substack, denoted j : Igs — Igs*, whose pullback along
h : F{ — Bung recovers the open Shimura variety Sgp.

It is therefore natural to attempt to define an intersection complex ICyge+ on Igs® as an interme-
diate extension of the constant sheaf A along ]ﬁ. To do this, we use an ad hoc perverse t-structure,
defined in terms of a boundary stratification of Igs* that mimics the boundary stratification on Sj,.
Indeed, the infinite level Shimura variety Sy, admits a locally closed, away from p Hecke-equivariant
and G(Qp)-stable stratification (the Baily-Borel stratification)

(4) S;{p = |_|SKP,[P]7
[P]

AFor simplicity, we assume G is unramified. One can also make a conjecture for ramified groups using spherical
L-parameters, as in [Hov24].
5 . : .
'We actually give an independent proof of this result - see Corollary
6Recall that, by [DHKZ24, Section 8.3], the Igusa stack Igs is f-cohomologically smooth of ¢-dimension 0 and has
trivial dualizing sheaf.
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where [P] runs over conjugacy classes of admissible rational parabolics P C G (see §3.1)). Our first
main geometric result is to prove that this stratification is pulled back from a similar locally closed,
away from p Hecke-stable stratification

(5) Tgs* := | |Tgsppy
[P]

that already exists on the level of the minimally compactified Igusa stack. More precisely, we prove
the following theorem, which should be of independent interest.

Theorem 1.15 (Theorem. For each rational conjugacy class of admissible parabolics [P], there
exists a locally closed substack Igsp; — Tgs* such that Diagram (@ restricts to a cartesian diagram

Skr [P T e
(6) [ |

I TP]
gs[p] E— BU.DG.

of v-stacks over SpdFp,.

It is not too hard to construct the commutative diagram @ In fact, one may define Igsp
simply to be the (v-sheaf theoretic) image of Sk (pj in Igs™. To prove that the diagram is cartesian,
we can specialize to individual Harder—Narasimhan strata on Bung and use the description of the
fibers of 7yt as [Ig¥*°/J] (up to canonical compactification). It turns out that the key point
needed to prove that Diagram @ is cartesian is to show that this action respects the boundary
stratification by the conjugacy classes [P]. Since the Jp-action on Ig»*° is not constructed moduli
theoretically, but rather using a form of Hartogs extension principle, this is far from obvious from the
construction. However, this result can be proved on the level of partial toroidal compactifications,
where a moduli-theoretic description of the action is available after passing to formal completions
of the boundary strata.

1.3.2. Universal local acyclicity, Verdier self-duality and comparison with 1C(G, X)gr. For simplic-
ity, let us explain the ideas in the case A is regular. Theorem implies that the boundary strata
Igsip) C Igs™ are {-cohomologically smooth of dimension djpj — d, where djp; is the dimension of the
boundary stratum labeled by [P] in the Shimura variety. It is therefore natural to define a perverse
t-structure on Igs® with respect to the stratification , by gluing the standard t-structures on the
boundary strata Igsp; with a degree shift by djp) —d. Using this ad hoc perverse t-structure, we may
now define an intersection complex ICrge« € Dgi(Igs™, A) as the middle extension of the constant
sheaf A under j : Igs < Igs*
To construct the relative intersection cohomology of the Igusa stack, we can then simply define

Fic,a := RTum«(IC1gs+ ).

While this definition is straightforward, the properties established in Theorem [I.2] are more subtle.
One obstruction is the lack of a well-behaved formalism of perverse sheaves on Artin v-stacks, and
another obstacle is the difference between the stack quotient [Sj, /K] and its coarse moduli space
Ki K,

For example, the Verdier self-duality of Fic a follows from that of ICg+. This can be checked by
a formal argument from the ¢-cohomological smoothness of the boundary strata, but only after we
know a strong finiteness condition, which we call stratified ULA-ness (Definition or a slightly
weaker condition which we call stratified reflexivity (Definition . This is a consequence of the
fact that we work within p-adic geometry rather than in the more familiar algebraic geometric set-
up of constructible sheaves on schemes of finite type and our sheaves behave more like a colimit of
constructible sheaves with smooth group actions. In particular, constructible sheaves in this setting
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do not interact well with Verdier duality and this notion of universal local acyclicity is designed to
fix this.

To establish the stratified ULA property, we give a criterion to verify universal local acyclicity in a
certain geometric setting (see Proposition , inspired by the correspondence between ULA-ness
for sheaves on the classifying stack of a p-adic group and admissibility for smooth representations
of the p-adic group. To verify this criterion in our case, we compare with the analytification of the
usual intersection complexes, after pulling back ICige+ under h and pushing it forward to the coarse
quotients Sz Ky This comparison is also key to establishing part (3) of Theorem i.e. showing

that Fic a recovers the complex IC(G, X)gr after applying the Hecke operator 7).

1.3.3. The computation of stalks and perversity. For the computation of the stalks of Fic a, we use
three ingredients. The first ingredient is smooth base change, together with the fact that we have
an open immersion [Ig"*°/ 7] < Igs* for every b € B(G, u™') (Proposition. Indeed, recall that
the locally closed stratum of Igs* given by pulling back iy : Buan — Bung differs from [Igb’*’<> | Tp)
by some higher rank points in the analytic space, and it is precisely the oddities caused by these
higher rank points that allow [Ig"*°/7,] < Igs* to always be an open immersion. In particular,
the proof of this fact relies on the observation that there are, a priori, two ways to define a Newton
stratification on Sj,: one purely on the generic fiber

* _ *7b7n
SKP - |_| SKP )
beB(G,pu1)

by pulling back from the Harder—Narasimhan stratification on Bung, and one by pulling back from
the Newton stratification on the special fiber

Siv=" || S
beB(G,u—1)

The closure relations between the generic fiber and the special fiber are reversed precisely due to
the presence of higher rank points and, therefore, the intersection S;(’f,’n N S}}ZS can be shown to be
an open subspace of S,.

The second ingredient is a transversality result between Newton and boundary stratifications on
Igs* (Proposition @ If we denote by d;, p the dimension of the boundary stratum in Ig¥* labeled
by the conjugacy class of admissible parabolics [P], then we have the equality

db7[p] —dy = d[p] —d.

This formula follows from Theorem [1.15| Heuristically, the underlying geometric reason for this
equality is that the degenerate part of a semi-abelian scheme is a torus, with p-divisible group
of multiplicative type. This strongly constrains how the Newton and boundary strata intersect.
Together with a version of Deligne’s formula in the setting of v-stacks and smooth base change, this
gives a concrete comparison between the ad hoc intersection complexes on Igs® and on [Igb’""<> [ Tp)-

The third ingredient comes from |GL24; |GHLIZ|. These allow us to compare the colimit of
intersection cohomology complexes of finite-level versions of Ig?*, which are algebraic varieties over
F,, with the ad hoc intersection cohomology complex of the v-stack [Ig®*°/J]. Here, we emphasize
that the functor (—)¢ is an analytification operation that interacts with the theory of f-adic étale
sheaves on schemes and analytic spaces in a non-obvious way. The references |[GL24; (GHLIZ| allow
us to control the subtle behavior of this analytification.

Finally, we discuss the perversity of Fica. Recall that the perverse t-structure on Bung is
constructed by gluing the standard ¢-structures on the Harder—Narasimhan strata Bung with a
degree shift by d, = dim.,, where dj, is also the dimension of the Igusa variety Ig?*. As Fic.a
is Verdier self-dual, to prove that it is perverse it suffices to establish upper semi-perversity. This
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follows from the computation of stalks in part (4) of Theorem together with the affineness of
Igb* and Artin vanishing.

1.4. Concluding remarks. One of the most important properties of the intersection cohomology
(of minimal compactifications) of Shimura varieties with Q-coefficients is that, unlike compactly-
supported or usual cohomology, it admits a direct sum decomposition over discrete automorphic
representations, via its relation to L?-cohomology. On the other hand, beside the Hecke- and Galois
actions, it carries a Lefschetz structure and a Hodge structure.

It is particularly interesting to study the interaction between all these structures. This is related
to Arthur’s (conjectural) classification of automorphic representations in terms of the Arthur pa-
rameters. Compared with the Weil-Deligne form of Langlands parameters, Arthur parameters have
an extra copy of SLg, which should encode the Lefschetz structure on intersection cohomology. It
is expected that the range of cohomological degrees to which a given discrete automorphic repre-
sentation 7 contributes is controlled by the Arthur SLo of 7, an explicit algebraic representation
attached to m under Arthur’s conjectures, see |[Art89] and [KS25].

We expect that some of these structures exist already on the level of the perverse sheaf Fic a.
More precisely, we expect that Fic a admits a direct sum decomposition over discrete automorphic
representations and, within each summand, a further decomposition in terms of direct summands of
generalized eigensheaves on Bung, which occur with globally determined (automorphic) multiplic-
ities. This is inspired by the local-global compatibility part of Fargues’ conjecture |Far25, Section
7], and we believe that this is the correct interpretation of Fargues’ vision.

More precisely, we believe that one will see the direct summands of the generalized eigen-
sheaves attached to (local) Arthur parameters, that are being constructed by Bertoloni-Meli and
Koshikawa |BK] on the spectral side of the categorical conjecture. These generalized eigensheaves
have a shearing property that leads to a spreading out of cohomological degrees after applying Hecke
operators. This is determined by a local Arthur SLs in a way that precisely mirrors the way that
the global Arthur SLy determines the Lefschetz structure on intersection cohomology.

See for a more detailed discussion of this topic. In joint work in progress with Bertoloni-Meli
and Koshikawa, we formulate a precise conjecture that relates Fic a to generalized eigensheaves, and
verify that it is consistent with various other conjectures in the literature concerning the cohomology
of Shimura varieties and Igusa varieties.

1.5. Organization of the paper. In §2| we discuss various geometric and sheaf-theoretic pre-
liminaries, including analytification functors, an ad hoc construction of intersection complexes on
v-stacks equipped with nice stratifications, and our criterion for verifying ULA-ness.

In §3] we review the structure of the minimal compactifications S}, following [Pin92|, and we
use this to establish the f-cohomological smoothness of boundary strata in the stacky quotients
[Sker/ K-

In §4] we review properties of partial minimal and toroidal compactifications of Igusa varieties.
We construct a moduli-theoretic action of (a truncated form of) Jj, on the partial toroidal compact-
ifications and show that it preserves the boundary strata labeled by conjugacy classes [P].

In we introduce the minimally compactified Igusa stack and establish the stratified cartesian
diagram of Theorem We construct the intersection complex ICiye+ and prove part (1) of
Theorem [L.2

In §6] we prove parts (2) and (4) of Theorem In §7, we prove part (3) of Theorem We
deduce our main applications, namely Theorems and [[.LI3] Finally, we conclude with a

speculative discussion on how our work connects Arthur’s conjectures on intersection cohomology
with the categorical local Langlands program in the setting of Fargues—Scholze.
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NOTATION AND CONVENTIONS

Fix a rational prime ¢ # p.

We denote the category of perfectoid spaces in characteristic p by Perf, equipped with the
v-topology as defined in [Sch22|.

Let X be a space or a v-sheaf, with an action by some group I'. We denote by [X/I'] the
stack quotient of X by I', and denote by X /T its coarse moduli, as a space or a v-sheaf.
We call a PEL type Shimura datum (G, X) of type AC, if the absolute root datum of each
simple factor of G is either of type A or C.

We set Q, = W(ﬁp)[%] to be the completion of the maximal unramified extension of Q.

We write o for its Frobenius endomorphism. For E/Q, a finite extension, we let E = E@p
be the compositum with the maximal unramified extension.

For a linear algebraic group H/Q,, we let B(H) := H(Q,)/(b ~ hbo(h)~') denote the set
of o-conjugacy classes (the Kottwitz set).

For G/Q, a connected reductive group with a fixed choice of maximal torus T' C G, we
recall [Kot85; [RR96| that the set B(G) is equipped with two maps

(1) The slope homomorphism

v: B(G) — X.(T5

4T
q,)

Q
bl—>l/b,

where I' := Gal(Q,/Q,) and X*(T@p)a is the set of rational dominant cocharacters of

G.
(2) The Kottwitz invariant

K B(G) — 7T1(G)F

where 71 (G) = X, (T, )/ X+(Tq, ) for Ty, s the maximal simply connected subtorus
of T@p.
Moreover, the product map v X & is injective. We can endow B(G) with a partial ordering
where b > b if v, — vy (in this order!) is a Qx>p-linear combination of positive coroots and
k(b) = (V).
For 1 € X*(T@p)+ a geometric dominant cocharacter, we write B(G, ) C B(G) for the
p-admissible locus (JRV14, Definition 2.3]).
Throughout, we will work with various derived categories that admit co-categorical enhance-
ments, which will occasionally be essential to work with (e.g if we wish to take inverse limits
of the derived categories). In order to emphasize this, we will usually use the notation D to
denote this co-categorical enhancement and the notation D to denote the underlying homo-
topy category. E.g D(X, A) is the oo-category of A-sheaves on X with underlying homotopy
category D(X, A).
All our functors will be derived unless otherwise stated. Due to the force of habit, we
will still write RT¢(—, A) and RI'(—, A) for compactly supported and regular cohomology,
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and RHom(—,—) for internal Hom in derived categories of sheaves. Similarly, we write
RHom(—, —) for external Hom. However, for the usual pushforward and pullback as well as
limits, colimits, and tensor products we will suppress the derived notation.

As coefficients, we will take the following:

Setup 1.16. We let A/7Zy be one the following.
(1) A is a finite ring that is £-power torsion.
(2) A/Zy is an L-adically complete £-torsion free ring, whose mod £ reduction is finite.

For a diamond or v-stack, in (1) we take D¢ (X, A) to be the category of étale sheaves
constructed [Sch22|. In (2), we will work with D¢ (X, A) the category of A-adic sheaves.
By [Sch22 Proposition 26.2|, this can be described as the underlying homotopy category
of the inverse limit Dt (X, A) := limp>1 Dey (X, A/€7) for n > 1, where D¢ (X, A/L™) is the
oo-categorical enhancement of the category of sheaves described in (1). This upgrades to
a full six functor formalism equipped with excision (since mod f-reduction is conservative
and excision holds in the torsion case). We will often cite results from [Sch22| that concern
the torsion case; however, as remarked at the end of [Sch22, Section 26|, it is easy to see
that they carry over to this context. We will also cite results from [Man22| which uses the
nuclear six functor formalism; however, we will only invoke these results in the torsion case,
and implicitly pass between the comparison of nuclear and the étale category in this case
(I[Man22, Proposition 3.20]), implicitly deducing results from the torsion case for the adic
category by taking inverse limits.

We will also make use of ULA objects with respect to the structure map X — % of an
Artin v-stack in all of these contexts. If A is as in (1) and X is an Artin v-stack, this is as in
[FS24, Definition IV.2.31]. If A is as in (2) then we define D4 (X, A) to be the homotopy
category of the inverse limit of DY (X, A/¢") for all n > 1.

For our ultimate results, we will use the following setup.

Setup 1.17. We assume that A/Z; is of the following form:

(1) A is a finite ring that is self-injective and €-power torsion.
(2) A= OpF for F/Qq a finite extension.

(3) A=F for F/Qu a finite extension.

(4) A =Op, F for F/Qy a (possibly infinite) algebraic extension.
(5) A is a (possibly infinite) algebraic extension of Fy.

Self-injectivity in case (1) will allow us to define a perverse sheaf theory that behaves well
with respect to Verdier duality.

For A a coefficient system as in Setup [1.16| (1) and X a v-stack, we define Dg°(X,A) C
D(X, A) to be the full subcategory overconvergent sheaves. If X = Spa(C,C™) then this is
the full subcategory of sheaves such that the adjunction map j,j* — id is an isomorphism,
where j : Spa(C,O¢) — Spa(C,C7) is the inclusion of the rank one geometric point. In
general, it is the full subcategory of sheaves whose pullback to each geometric point is
overconvergent. For A a coefficient system as in Setup (2), we define DZ°(X,A) by
taking inverse limits.

For a locally profinite group K and A/ Z[%] a ring, we write D(K, A) for the left-completed
derived category of smooth representations of K on A-modules. If A is as in Setup [1.16[(2),
we write f)(K , \) for the derived category of ¢-adically-complete smooth A-representations,
cf. |Han20, Section 2.2]. Formally, it is the underlying homotopy category of the inverse
limit lim,,>; D(K, A/€™). We also use this notation when A is as in Setup (1); however,
we note that in this case D(K,A) = D(K, A). We omit K when K = {1} is trivial. Then
D(K,A) = D(A) is the usual derived category of (discrete) A modules, and D(A) is the
subcategory of ¢-complete objects.
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2. PRELIMINARIES

2.1. Variants on Analytification. In this section, we discuss analytifications of perfect schemes
in characteristic p and analytification of finite type schemes over mixed characteristic fields.

2.1.1. Perfect schemes over k. We will need some variants of the analytification functor in the
context of perfect schemes, as described extensively in |[GHLIZ, Section 4.2]. We let k be a perfect
field of characteristic p, equipped with the discrete topology. Let X be a groupoid valued fpqc sheaf
on perfect schemes over k, e.g the Yoneda sheaf attached to a perfect scheme. We may consider the
functors on Perfy,

Xerre . (R,R") — X(Spec RT)

XTere . (R, RY) — X (Spec R°)

X9 . (R,R") — X (SpecR).
We denote their associated v-sheafifications by X°, X, and X¢. There are natural morphisms
(7) x° &, xt b, x0,
induced by the natural maps of rings R C R° C R. We write ty for the composition by o ax.

Remark 2.1. We note that if X is representable by an affine perfect scheme then it follows by [Sch22,
Theorem 8.7| that v-sheafifying is unnecessary.

The following claim describes the relation between (—)° and (—)T.

Lemma 2.2. Let X be a perfect scheme separated over k. The map ax identifies X1 with the
canonical compactification of X in the sense of [Sch22, Section 18].

Proof. This is clear from the definition of the canonical compactification. O

An important point for us will be that the transformations (—)° — (=)' — (=)? also interact
well with closed immersions of perfect schemes Z — X, as essentially follows from the valuative
criterion for properness and the fact that finitely presented morphisms of schemes interact well with
colimits of points.

Lemma 2.3. [GHLIZ, Lemma 4.2.3] Let f: X — Y be a perfectly finitely presented proper mor-
phism of perfectly finitely presented schemes over k. Then the natural transformations (@ fit into
a commutative diagram

X° y XT X0
JP lf* ifo
Yy? yt Yo

with cartesian squares.

We will later apply these lemmas to (partial minimally compactified) Igusa varieties to compute
the stalks of the sheaf Fic in terms of the intersection cohomology of Igusa varieties, see §6]

2.1.2. Analytification in Mized Characteristic. We now discuss analytification in a slightly more
general setup following [SW20, Lecture 18|. Namely, to a pre-adic space X over Z,, we can associate
a v-sheaf X©/Spd Zy, by taking the functor on Perf

Spa(R, B*) = {(F,1, 1)},
where (R*, 1) is an untilt of R over Z,, and f is a map Spa(R*, R*) — X.
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Remark 2.4. We note that if X = Spec A is an affine perfect scheme over F,, one can attach to
it a pre-adic space via Spa(A, A), where A is equipped with the discrete topology; or Spa(A, AT),
where A7 is the integral closure of F,, in A. Then it has two attached v-sheaves: the data (R¥,t) is
uninteresting, i.e. R* = R and ¢ is the identity. In the first case, f is equivalent to a map A — R,
This gives a v-sheaf, by Remark and recovers the definition X¢ in § 2.1.1] In the second case,
f amounts to a map A — R, and hence the attached v-sheaf recovers X¢ in §

When X is a finite type scheme over a non-archimedean field over Q,, one can attach to it an
adic space X" by taking analytification, see for example |[Htib24, Definition 10.3|. It then has an
associated v-sheaf X9 = (X*)¢. When X = Spec A is affine (sheafification is needed in general),
this can also be directly constructed from the scheme X as in [AGJR26, Definition 2.10(2)|, cf.
Lemma 2.11 in loc. cit..

Another observation is that the functor (—)% preserves open and closed decompositions.

Lemma 2.5. Suppose j : U — X is an open immersion of schemes over k, and i : Z — X is the
complementary closed immersion. The attached map of v-sheaves j° (resp. i¥) is an open (resp.
closed) immersion. Moreover, there is a set theoretic decomposition of the underlying topological

space of the small v-sheaf X©
X0 =10°]]12°

Proof. The statement is local on X, so we may assume X = Spec A and Z = Spec A/I to be affine.
Then, for any affinoid perfectoid space S = Spa(R, RT) mapping to X with associated untilt
S% = Spa(R*, R*T), we have that the pullback of i® : Z% — X© to S is represented by the Zariski
closed immersion

Spa(R @4 A/I, Ri+) — S*,

under the isomorphism |S¥| ~ |S| induced by i. Here R¥* is the integral closure of RFT in R4 A/I,
hence i° is a closed immersion. Similarly, for j©, we may reduce to the case where U is a standard
open U = Spec A[1/f]. Then for S — X as above, the pullback of j¢ to S is representable by the
open immersion

SNV (a(f)) = Spa(R (@" /a(f)), R (=" /a(f))) = S*,

under the isomorphism |S#| ~ |S| induced by i, where a : A — R* is the map corresponding to
S — X©. This shows that j¢ is an open immersion. The statement on topological spaces is clear,
by testing on geometric points (cf. |GHLIZ, Lemma 3.3.2]). O

Remark 2.6. This result allows us to use excision of étale sheaves on X for the open-closed de-
composition given by U? and Z¢. Note that for the functors (—)°, (=), it is not the case that
open-closed decompositions are preserved by them. For example, let X = Spec A be a perfect affine
scheme in characteristic p, Z = V(f) a divisor cut out by a function f, and U = Spec A[1/ f] its open
complement. Let C be an algebraically closed perfectoid field in characteristic p. A Spa C-point x
of X°® amounts to a map a : A — O¢. Then x factors through Z°¢ if and only if a(f) is zero, while
x factors through U® means a(f) is invertible. Clearly these do not exhaust all possibilities, since
it could be the case that 0 # a(f) lies in the maximal ideal of O¢.

We have the following relation that describes how the (—)® functor on perfect schemes interacts
with the (—)¢ functor for schemes or adic spaces over a non-archimedean base in characteristic zero
via deformation theory. Let k be a perfect field of characteristic p and X be a perfect k-scheme.
Let C/W (k) be a perfectoid field over the Witt ring. Let W (X)o, be the formal scheme obtained
by taking the Witt vector lift of X and then base-changing to Spf O¢. Denote by W (X)¢ its adic
generic fiber, i.e.

W(X)c = W(X)os Xspa(0e,00) SPa(C, Oc).
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This is a perfectoid space over C'. We now have the following.
Lemma 2.7. With notation as above, we have an isomorphism

X° xgpar Spd C ~ W (X)
of diamonds over Spd C.

Proof. Without loss of generality, we may assume X is affine. Then perfectoidness of W(X)¢ is
clear from the definition and the fact that X is perfect. Let S = Spa(R, R") in Perf; be an affinoid
perfectoid space. Giving an S-point of X© xg,q%Spd C is the same as giving a O-algebra structure
on R*, together with a Spec RT-point of X (using Remark[2.1). Since X is perfect, a Spec R*-point
is the same as a Spec RT /w-point, for any pseudo-uniformizer € R in light of the isomorphism
limg,y,» R /w ~ RT. Hence, the datum (On — RT,Spec RT — X) amounts to a Spec RT /w-
point of the base-change XOCb /e Where we choose @ to be in Oy Let Rt be the unique untilt of
R* over O¢. Then a Spec RT /w-point of Xo,,/w

or equivalently, a Spa(Rﬁ, RH)—point of its generic fiber. O

uniquely deforms to a Spf R¥*-point of W (X))o,

2.2. Analytification and six functors.

2.2.1. Various sheaf categories. Let k be a fixed field, either of characteristic p with discrete topol-
ogy, or over (Q, with non-archimedean topology. Let X be a separated scheme over k.

We let A be a coefficient system as in Setup and consider Dgi (X, A), which is the left
completed derived category of étale A-modules on X in case (1) and the homotopy category of the
inverse limit lim Deg(X,A/¢") in case (2). The functor (—)® from § defines a natural map

X,ff — Xproet Of sites, and in turn gives rise to a natural analytification functor
C;( : Dét(Xa A) — Dét(XovA)a

where we recall that the target is defined similarly, see our convention in §
We moreover consider the full subcategories

Dcons,tf(X) A) - Dcons (X7 A) - Dét (X7 A)

of perfect constructible and constructible sheaves. The former subcategory is spanned by objects
A € Dg (X, A) such that A ®5 A/C is étale locally, after passing to a constructible stratification, a
locally constant perfect complex. The latter one is similar, dropping the perfectness condition and
replacing it with finitely generated.

We denote by D%¢(X 9, A) C Dgt (X, A) the full subcategory of overconvergent sheaves, i.e. the
subcategory spanned by objects that are constant on geometric points, see our conventions in §[1.5

Finally, we write DY (X, A) C Dg (X, A) (respectively DYEA(XY A) C De (X, A)) for the
full subcategory of complexes that are universally locally acyclic (ULA) over Speck (resp. Spd k).
This is defined using adjunction in the 2-category of kernels (which is a notion native to any six
functor formalism, see [HM24] Section 4|, where they use the terminology “suave” for ULA). In
particular, see |[HS23| Section 3] for a discussion of ULA sheaves in the algebraic setting, and |[FS24,
Section IV.2] for the analogous discussion in the analytic setting.

Remark 2.8. When X/k is of finite presentation (or the perfection thereof if chark = p) and A is
as is Setup (1), then we have the relation

D((éiLA (Xa A) = Dcons,tf (X, A)

by |HS23, Proposition 3.4(iii), Theorem 4.4]. Indeed, Proposition 3.4(iii) implies that being ULA
in Dgi (X, A) is equivalent to being ULA in Deops(X, A). Then the relation follows from the equiv-
alence between part (i) and (ii) in [HS23, Theorem 4.4], where we note that the condition on the
specialization map being an isomorphism in part (ii) is vacuous over a point.
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In Setup (2), using [HM24, Lemma 4.4.5] to characterize ULA objects, then the same proof
as in [Man22, Proposition 7.14] shows that A € D¢ (X, A) is ULA over k if and only if A/¢ €
DYFA(X, A/¢). This implies that the relation

Dé[)JtLA (Xa A) = Dcons,tf (X, A)
still holds true.

2.2.2. Properties of Analytification. Let A be as in Setup Now we study some basic properties
of the functor c%.

Proposition 2.9. We assume that all schemes are separated over k. The following is true.

(1) The functor c% commutes with the completed (derived) tensor product —@x— and admits a
right adjoint cx «.

(2) For any map f: X — Y with associated map of v-sheaves O X% =Y, we have a natural
identification:

cxf* = fOrey.

(3) If k is of characteristic p, then c% s fully faithful; if k is a non-archimedean field over Qy,
and X s locally of finite type over k, then c% is fully faithful on Deons(X, A).

(4) If f : X = Y is of finite type (or the perfection thereof if chark = p), then we have natural
1somorphisms

f!oc} ~ cy fi
O! !
cxsfV > fleys.

(5) If f is as in (4) and Y 1is of finite type (or the perfection thereof if chark = p), then on
Deons(X, A) we have

fiex =cyvfs
I = [k,
and
]D)Xo/yoc} ~ C;(DX/Y'
(6) The functor c factors through the full subcategory De‘?f(XO,A) of overconvergent sheaves.

Proof. Part (1) and (2) follow from [Sch22, Proposition 27.1, 27.2] (the case k/Q, is not explicitly
written, but the argument applies, see also Page 165 of loc. cit.).

Part (3) follows from [Sch22, Proposition 27.2, Proposition 27.7|, when the coefficient ring is
finite. In the case k/Q, and A is as in Setup [L.16] (2), we need to take an inverse limit of [Sch22,
Proposition 27.7].

For Part (4), the statements are local on Y, so we may assume Y to be qcgs. Then it follows
from [Sch22, Proposition 27.4, 27.5].

For part (5), if k is over Qp, then the first isomorphism follows from [Sch22, Proposition 27.6]
and an inverse limit of the cases of finite coefficient rings. If k has characteristic p, one can argue
similarly. Namely, by factoring f into an open immersion followed by a proper map, one reduces
to the case f is an open immersion. By a further dévissage, one can reduce to checking that the
relation

FoexFe =~ o .
holds on the constant sheaf Fy on X. In this case, we can conclude by using an excision sequence
and applying Part (4) to the complement closed immersion (see also |[GHLIZ|, Lemma 3.3.2]).
For the second isomorphism in Part (5), we use the following argument as suggested on [FS24]
Page 128, Footnote 2|: We have a natural transformation

(8) G f = Pk,
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obtained by adjunction from the composition

P ~ & hff = o,

where the first map is the base-change map in (4). Localizing on Y and using Part (2), we may
assume f factorizes as X — Ay — Y, where X — A} is a closed embedding. That Equation (g
is an isomorphism for the second map is clear. This reduces us to the case where f = is a closed
immersion. Since iy, : D¢t (X, A) — Dg (Y, A) is fully faithful and hence conservative, it suffices to
check that is an isomorphism after applying i.. Now we write j for the complementary open to
1 and consider the excision sequence

ixi' = id — jug*.
Using part (2) and (4), this reduces us to check that j, commutes with analytification, which follows
from the first isomorphism in Part (5) we just established.

The last claim about Verdier duality follows from the computation that

DXQ/YOC} = RHom(cx(—), fo!wyo) ~ cx RHom(—, CX,*fO!WW)
~ ¢y RHom(—, f!Cy*UJYQ) ~ cxDx/y,

where we have used the adjunction cx . F % for the first isomorphism, Part (4) for the second
isomorphism, and, for the last isomorphism, the identification cy.wyo = cy«cywy ~ wy from Part
(3).

Part (6) is straightforward using partial properness. See for example |[GHLIZ, Proposition 4.4.6]
for the torsion case and then take inverse limits. O

We have the following results about how analytification interacts with the ULA subcategory.
Below for a morphism X — S, we write Dy g (resp. Dxo,g0) for Verdier duality on De (X, A)

(resp. Dei (X9, A)).

Proposition 2.10. Let S be a quasi-compact separated scheme over k. Let f : X — S be a
separated scheme of finite presentation (when chark = p, we assume both S and X are perfect and
f is perfectly of finite presentation), then

1) The functor c’ preserves the universally locally acyclic (over S) objects and hence induces
X
a functor
i DYFA(X,A) — DA (X0, A).
(2) There is a natural identification of functors

cxDx/s ~ Dyo gock : DEHX,A) — DM (X9, A)P.

Proof. Part (2) is a special case of Proposition (5), but in the case of ULA objects, there is an
alternative argument. Namely, for both (1) and (2), by ¢-adic completeness, it reduces to checking
the analogous statements for A/¢" for each n, so we may assume A to be finite. If chark = p,
the statement is [AGJR26, Proposition A.1|. In general, we can argue exactly as in loc. cit.. For
convenience, we recall the argument here: Let Cg denote the 2-category of correspondences over .S,
whose objects are given by schemes as in the hypothesis and whose morphisms are given by objects
in Home, (X,Y) := Dg (X xgY,A). The composition law of morphisms is given by convolution,
namely
Home (X,Y) x Homeg (Y, Z) — Home (X, Z)
(A, B) = mxz1(mxy (A) @ Ty 2(B)),

where the maps mx 7 etc. are the obvious projection maps. Let Cqo denote the analogous 2-category
for diamonds which are fdcs over S, as in [FS24, Section 1V.2.23], see [Man22, Defintion 5.4] for

the definition of fdcs. Then Proposition [2.9|(2) and (4) above tells us that ¢% upgrades to a functor
of 2-categories c% : Cs — Cgo.
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Now A € D¢ (X,A) =: Homeg (X, S) is ULA with respect to the structure map X — S if and
only if A admits a right adjoint in Cs, which must necessarily be given by Dx,g(A), by [HS23,
Definition 3.2, Proposition 3.4(ii)]. Similarly, c¢i A € Dg (X, A) is ULA with respect to X9 — S¢
if and only if ci A € Dg (X, A) = Home_, (X0, 59) admits a right adjoint, given necessarily by
Dyo/g0(cxA), by |F524, Theorem IV.2.23]. Since functors of 2-categories preserve adjunctions
between the 1-morphisms, we deduce the preservation of the ULA property and Verdier duals. [

Remark 2.11. We note that in light of the identification Deons (X, A) =~ DgtLA(X ,\) discussed in
Remark . Part (2) of Proposition m gives an alternative proof of Proposition m (4) on the
perfect constructible subcategory.

Corollary 2.12. If f: X — Y is a smooth morphism of separated k-schemes of pure dimension d
(or the perfection thereof when chark = p), then f© : X© — Y is £-cohomologically smooth of pure
L-dimension d.

Proof. The statement is local on Y, so we can assume it is quasi-compact. It follows by standard
results in étale cohomology of schemes that the map f is ¢~-cohomologically smooth of pure dimension
d in the six functor formalism Dg; (—, A). In particular, the constant sheaf A on X is ULA over Y and
the dualizing sheaf f'A is invertible, locally concentrated in degree —2d. By Proposition and
Proposition h@), this implies the same for X©, which in turn implies that it is /-cohomologically
smooth of pure dimension d (cf. [F'S24, Proposition 1V.2.33| and |GHLIZ, Theorem 3.3.12 (7)]). O

2.2.3. Miscellany. We have the following claim, which will be essential for computing the stalks of
our intersection cohomology sheaf.

Proposition 2.13. Let k be a perfect field of characteristic p, and X be a perfect scheme separated
over k. Then the functor ti.c is fully faithful, where tx is the morphism defined below Equation .
In particular, for all A € D (X, A) we have an isomorphism

RT(X°,t%c%(A)) ~ RT'(X, A)
of A-modules.

Proof. This is |GL24, Proposition 4.2]. The second claim follows by expressing cohomology as
external Hom from the constant sheaf. O

2.3. Etale sheaves attached to representations. In this section, we recall the construction of
certain étale sheaves attached to smooth representations of certain topological groups considered
in |Pin92, Section 1.10]. We then compare it with an alternative construction involving classifying
stacks under the analytification functor. This will allow us to compare the intersection complex
of a local system attached to some algebraic representation of G on the Igusa stack to that on the
Shimura variety considered by |[Pin92]. The latter is constructible on the boundary stratification by
the main results of [Pin92|, which gives rise to important finiteness properties for our intersection
complex on the Igusa stack. Since this subsection is only of rather subtle technical importance, it
can be skipped on a first reading.

2.3.1. Pink’s construction. Let K be a profinite group, and X be a scheme, together with a pro-étale
Galois covering with covering group K, denoted ¢ : X — X. Given a ring A as in Setup (1),
Pink [Pin92| defines a functor on the bounded below derived category of smooth K-representations
on A-modules
pr : DY(K,A) — DL (X, A).
We briefly recall his construction: Writing K := @ie K /K; as an inverse limit of finite groups,
for a system of open normal subgroups {K;};cs, one has the corresponding étale K /K;-covering

¢ Xi = X x5 (K/K;) - X.
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This allows us to define the étale sheaf
Ao A (M) = M @ lim ¢is (A) = M @ §s(A) € D (X, A),

el
where the isomorphism follows from [Sta24, Tag 09Z1]. As explained in [Pin92, Section 1.8], the ob-
ject Ag a(M) carries a continuous K-action, which is diagonal on the two tensor factors. Composed
with the continuous group cohomology functor RI'(K, —) on sheaves with continuous K-action, one
obtains the desired functor

MUK = RF(K, —) ] /\¢,A'
By taking left completions and ¢-adic completions, this induces a functor
MK : ]S(Kv A) - Dét(X7 A)

for A any coefficient system in Setup [1.16

2.3.2. Classifying stacks. We now give an alternative description of the functor pg using classifying
stacks, which will more easily adapt to the context in this paper. Let A be as in Setup

Let us assume from now on that X is a finitely presented scheme over an algebraically closed
field k, which is either an extension of @, equipped with the non-archimedean topology or an
algebraically closed field of characteristic p equipped with the discrete topology. We use * to denote
Spd k. Consider as before a pro-étale Galois covering of k-schemes ¢ : X — X with covering group
being a profinite group K. Passing to the associated diamonds, the induced pro-étale K-torsor
¢9 : X% = X defines a map ng : X® — [*/K]. We have a cartesian diagram

~ O
X0 2, x0¢

0 |

Note that by [Man22, Lemma 10.5] and [Man22, Proposition 3.20] and taking inverse limits in
the setting of |1.17] (2), one has a natural equivalence of categories Deg ([#/K], A) ~ D(K, A) (in fact,
for any locally profinite K). As a consequence, pullback defines a functor

"ﬁ( : ﬁ(K7 A) — Dét(XovA)‘
We would like to compare this with the analytification u% = cx pxi of Pink’s functor.

Lemma 2.14. Let K, A, and ¢ : X — X be as above. There is a natural equivalence ,u?( ~ Ny,
between functors from D(K, A) to D¢ (X9, A).

Proof. By left and f-adic completeness, we can reduce to the case A is finite and just need to
compare the two functors after restricting to the bounded below subcategories.
Observe that there is a commutative diagram of v-stacks

X0 x [/ K] ) x0
ﬂ l(idxﬂm)
(10) X0 x [#/K] x [#/K] +—5— X9 x [x/K]
Psl \b
[/ K] X°,

where the square is cartesian; the map labeled by ¢ is defined as (idx,nx) x id},/k; the map g
is defined as idx x A[,/g], where A, k) indicates the diagonal morphism on [x/K]; the map v is
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induced by the structure morphism [x/K] — x; and the composition of the right vertical maps is
the identity on X.
We first note that the analytification of Pink’s functor ,u% can be rewritten as

pic = 1+9" (D5(=) ®a B,A).
Indeed, this follows from the fact that pushforward along [«/K] — x* identifies with continuous
group cohomology with respect to K, Proposition , the fact that ¢¢ and qﬁ? are proper as maps

of diamonds since K is profinite, and [Sch22, Proposition 8.5(ii)].
Now we can simplify this formula, using a chain of natural isomorphisms

(11) 7g" (P3(—) ®a G A) = 7.g" 0,0 P3(—) = s (idx, i )s (idx, mx) @ P5(—) =~ idyo ,0fc = k-

Here the first isomorphism uses the projection formula for ¢, , where, since K is profinite, (idx xnx)
is proper and so is ¢. Hence the projection formula applies to ¢, ~ ¢,. The second isomorphism is
given by proper base-change along the cartesian square. Finally, the third isomorphism follows by
the identification p3 o ¢ o (idx, nx) = Nxk. O

2.4. Perverse t-structures on v-stacks. For the purpose of defining intersection complexes on
minimally compactified Igusa stacks and relating them to the intersection complexes on the corre-
sponding Shimura varieties, we need to give some appropriate definition of perverse t-structures in
the context of v-stacks. In fact, even for rigid spaces over an algebraically closed field, making sense
of such a thing is a delicate issue and only works properly after restricting to Zariski constructible
sheaves, see [BH22|.

Nonetheless, for a stratified v-stack with cohomologically smooth boundary strata, one can often
define a perverse t-structure in an ad hoc way, by gluing together the standard t-structures on the
boundaries with the appropriate degree shifts. Such constructions already exist in various contexts,
cf. [F'S24, Definition/Proposition VI.7.1]. We recall this construction below, in the generality that
is convenient for us.

2.4.1. Perverse t-structures. Let k be an algebraically closed field over IF;,, or an algebraically closed
non-archimedean field over Q,,. Let X be a small v-stack over Spd k with a finite collection of locally
closed sub-functors {iy : Xo < X }aer, |[I| < co. We assume they form a set theoretic stratification
on the level of underlying topological spaces

|X’ = H ’Xa’7

acl
so that
Xa ~ X X@ ’Xa’,

by combining [AGJR26, Lemma 2.7] and [Sch22, Proposition 12.9]. Here X — |X]| is the map of
v-stacks as defined in [AGJR26, Page 7, Equation (2.4)]. We further assume that X is an Artin
stack over Spd k. It follows that each X, is an Artin v-stack (|[F'S24, Example IV.1.9(iii)]). We
assume that the strata X, are f-cohomologically smooth of pure ¢-dimension d, € Z.

Let A be any coefficient system as in Setup , and consider the sheaf category Dgi(—, A) and its
homotopy category Dgi(—, A) as introduced after Setup We endow I with the partial ordering
topology such that the natural map |X| — |I| sending each strata |X,| to « is continuous.

Lemma 2.15. Via excision, there is a semi-orthogonal decomposition of Dg (X, A) in the sense
of [GHLIZ, Definition 6.2.1] with respect to the poset I. The graded pieces of this semi-orthogonal
decomposition are given by De(Xa, A)s, for a € 1.

Proof. The v-stack X is weakly-stratified in the sense of [GHLIZ, §6.3]. When A is finite, this is
|GHLIZ, Proposition 6.3.1(1)]. The case for ¢-adically complete A follows from the finite case by
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using that the mod f-reduction functor is conservative and the projection formula to verify that the
excision triangle in |GHLIZ, Definition 6.2.1 (3)] holds. O

Definition/Proposition 2.16. There exists a unique t-structure (PD=,PD=9) on Dy (X, A) de-
fined as follows:

PD=0 = [A € Dey(X,A) | it A € D5 % (Xy, A) for all a € T},

PD20 = {A € Dgy(X,A) | ibA € D27 % (X,, A) for all a € I},
We write pDéStO(X, A) and pDéZtO(X, A) for the resulting halves of the t-structure on the homotopy
category Deg (X, A).

Proof. This is similar to [FS24, p. VI.7.1]. We first need to check that D¢ (X, A) is a presentable
stable oo-category, and the full subcategory PD=0 is presentable, closed under small colimits and
extensions. The statement about Dg; (X, A) is [Sch22, Lemma 17.1]. That PD< is closed under small
colimits and extensions is clear from the definition. It is presentable since, via excision (Lemmam
above), it is generated by the categories ingéStd“ (Xa,A), each of which is presentable (since up to
shift, it is part of the standard ¢-structure). It follows from |Lurl7, Proposition 1.4.4.11(1)]E| that
there is a unique t-structure (PD=0,7DZ%) on Dy (X, A).

It remains to identify lezO with the more explicitly defined subcategory D=0 above. For this
we only need to check that A € PD20 if and only if Homyp,, (x,a)(B,A) =0 for all B € PDS=1 cf.
[Lurl7, Remark 1.2.1.3]. But this follows immediately from excision and induction. O

Remark 2.17. The assumption on cohomological smoothness of the strata ensures that
Dy (PD=%) c D=0,

Indeed, the naive duality on each stratum X, sends the subcategory D=0 to D=0 in the standard
t-structure, as can be checked stalkwise (The other direction is incorrect unless A is self-injective!).
Cohomological smoothness of X, implies that the dualizing complex of X, is invertible and is
concentrated in degree —2d,. Therefore, by combining these facts, we see that Verdier duality on
X, sends the subcategory D="% (X, A) to DZ~%(X,,A) (and vice-versa if A is self-injective).
The desired statement is then a direct consequence of the relation Dy, i¥ = i} Dx.

However, even if A is self-injective, since the identity ]D)Xai!CY = i3 Dx does not always hold in
general, we cannot generally conclude that

Dy (PD=%) c PD=0.
We will discuss this matter in more detail below.

The resulting ¢-structure only depends on the homotopy category Degi (X, A). We will work mostly
with this triangulated category instead of the infinity category. We write Perv(X, A) for the heart
of the perverse t-structure on Dg (X, A). For all n € Z, this gives us perverse truncation functors
denoted (P7=",P7=") where the functor

PTSM: D (X, A) — PDS"(X, A)

is defined to be the right adjoint to the natural inclusion pDéSt"(X, A) < D¢ (X, A). Similarly,

the functor P72" will be the left adjoint to the inclusion pDéZt"(X, A) — Dg(X,A). As usual, by
composing these functors, we obtain perverse cohomology functors.

PH™(—) : Dge (X, A) — Perv(X, A).

"Note that, in loc. cit., Lurie uses the homological indexing convention instead of the cohomological one, while we
use the latter.
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2.4.2. Basic properties. We now establish some standard lemmas on these perverse t-structures in
the required level of generality. Assume we are given a decomposition of X into a closed immersion
and its open complement
Z5 XU,

where we assume that both Z (closed) and U are unions of strata. This allows us to analogously
define perverse t-structures on Z and U in the same way as above. By postcomposing the adjoint
functors (i*, i, ') with the O-th perverse cohomology, we obtain functors i*, Pi,, and Pi'. Similarly,
we obtain Pj, Pj*, and Pj, from the adjoint functors (ji,j*,j«). They have the following basic
interactions with the perverse t-structure, as in the classical setting.

Lemma 2.18. (1) The functor i, is perverse t-exact, so that Pi, = i.
(2) The functor i* is right perverse t-exact; in particular, Pi* = P1z >¢i*.
(3) The functor i' is left perverse t-exact; in particular, Pi' = pTZéoi!
Proof. Claim (1) follows from the fact that, since i is proper, we have that i, ~ i, so i; commutes

with both  and !-pullback to the strata by proper base-change. Claim (2) (resp. Claim (3)) follows
from the fact that i* (resp. i') commutes with *-pullback (resp. !-pullback). O
We also have analogous claim for the open immersion.

Lemma 2.19. (1) The functor j* is perverse t-exact, so that Pj* = j*.

(2) The functor ji is right perverse exact; in particular, Pji = Pr>oj1.

(3) The functor j. is left perverse t-exact; in particular, P j. =P7<0js.
Proof. Claim (1) follows from the fact that j' ~ j*, since j is an open immersion. Claim (2) (resp.
Claim (3)) follows from the fact that j; (resp. j.) commutes with s-pullback (resp. !-pullback) to
the strata by proper base-change. O

This gives us the following consequence.
Corollary 2.20. There exists a sequence of adjunctions
Py APi, =i, - Pq
and
PjrAP5" =" APj.
Proof. This follows from Lemmas and and the fact that the composite of adjoint pairs is
again an adjoint pair (Recall that P7<,, is a right adjoint and P7>,, is a left adjoint.). O
This leads to the following properties of the perverse six functors:

Lemma 2.21. (1) Pi* : Perv(X) — Perv(Z) is right exact;
(2) Pi' : Perv(X) — Perv(Z) is left ezact;
3) Pi*Pj = 0;
( J

(4) Pi'Pj, = 0.
Proof. (1) and (2) follow from the fact that Pi* is a left adjoint and that Pi' is a right adjoint, by
Corollary (3) and (4) follow from the fact that j%i, = 0 and adjunction. O

2.4.3. Intersection complex. Let X, {Xa}aecr be as in before. We assume in the stratification
of X, there is a single open topologically dense stratum j : U < X of pure ¢-dimension dy. They
both have perverse t-structures defined as above. We can now define the intersection complexes for
étale local systems on U, using the same construction as in the case of schemes.

Definition 2.22. The intermediate extension functor is
g = Im(Pj — Pj,) : Perv(U, A) — Perv(X, A).
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Since U is assumed to be {-cohomologically of pure ¢-dimension dyy, Perv(U, A) contains the
abelian category of local systems on U, i.e. étale sheaves of A-modules on U that become constant
on an étale cover, up to a shift by dy.

Definition 2.23. For each £ € Dé:t*dU(U, A) = Perv(U, A), we define its intersection complex to
be
ICK" (L) := ji(L) € Perv(X, A).

Remark 2.24. The more usual convention is to define the intersection complex of £ € DZ°(U, A) and
insert a shift in the right hand side of the above formula. We decided to use the above normalization
for convenience, as dualizing complexes on v-stacks often involve character twists. Often we drop
X, from notation when the stratification is clear from context.

We first give a characterization of the intersection complex.

Lemma 2.25. For L € Perv(U, A), there exists a unique F € Perv(X,A) extending L, such that
for each o € I, we have i}, F € Dégt_d"_l(Xa,A) and i\, F € Dézt_daH(Xa, A).

Proof. We argue by induction on the number of strata. The statement is empty when there is a
single stratum, so let us consider the case where there are at least two strata.

Take a stratum Z that is minimal under the closure relations. Then i : Z — X is a closed
immersion, whose open complement we denote by j : U’ < X. Then, by the induction hypothesis,
there is a unique extension Fy» of £ from U to U’, such that, for all strata X, in U’, the conditions
on i} Fyr and i!oé}"U/ are satisfied. Now let F be any complex extending £ that satisfies the condition
in the lemma (See the proof of Corollary to see that such a complex exists). Then we must
have j*F = Fy by uniqueness. Consider the exact triangle

i F— F = i Fur.
Apply i* to it and shift by one, we get another exact triangle
i*F — i Fyr — i F[1].
Now applying the truncation functor 7<_4,_1 to this triangle, the condition that *F ¢

Ds"%71(Z A) and i'F € DéZdeH(Z, A) implies that *F =~ 7<_4,_10*j.Fyr. The extension

ét
F is then uniquely determined by the gluing triple
(" F = t<—ay—11"juFvr, Fur, T<—dg—18 JuFvr — i juFur),

where the last map is induced by the natural map 7<_4,_1 — id. Using this gluing triple as a
construction of F from Fyr, we have shown the unique existence of F. O

Write X as a increasing union of open sub-functors
X:UnDUn_lD-“DUlDUo:U,

with inclusion maps j; : U;—1 < U;. We assume that for each ¢, U;\U;_1 is a union of strata of pure
¢-codimension i. Let £ € Perv(U, A).

Corollary 2.26 (Deligne’s formula).
10X (L) = T<mdytn—1Jns = Temdy+172,5T<—dy J1.4 £

Proof. 1t suffices to check both sides satisfy the characterization of the unique extension as in
Lemma above, which can be done inductively on the number of strata. This is clear for the
right hand side (Deligne’s complex). The condition on #-pullbacks is clear and the condition on
I-pullbacks may be checked by using the truncation triangles 7«4 — id — 7>g41 in the standard
t-structure together with proper base-change. We explain the proof for ICx (£).

The case when there is a single stratum is clear. Consider the inductive step. We assume that
the claim holds on an open j : U’ < X with complementary closed 7 : Z < X, which are both
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assumed to be unions of strata. Then we have a surjection ?j;£L — ICx (L), to which we can apply
Pi*. By Lemma [2.21] (1) and (3), this gives a surjection 0 = Pi*?5 L — Pi*ICx (L), which implies
Pi*ICx (L) = 0. But by definition

Pi*ICx (L) = PHO(i*ICx (L)) = T>_a,T<_a,i* ICx (L).
Since ICx (L) is perverse, i*ICx (L) € Dégt_dZ(Z, A). Hence, the sheaf Pi*ICx (L) being zero forces
*ICx (L) = T<_a,*ICx (L) € D527 1(Z, A).

For the claim about i', one can work dually, and apply Pi' to the injection ICx (£) < P4, L and use
the fact that Pi'Pj, = 0. Here we use Lemma m (2) and (4). O

Remark 2.27. As a consequence of Deligne’s formula, we see that if A an ¢-complete ring, then in
the f-complete category, one has

ICx (L) ~ @(ICX(ﬁ @A A/LY)),
n
since both the truncation functor 7<4 and j, are right adjoints and they commute with limits.
However, we warn the reader that the reduction IC x (£)®x A/¢™ does not agree with IC x (L&A /™)
in general. This phenomenon already occurs for schemes of finite type over a field; see, for example,
the discussion of reduction modulo ¢ in [Jut09].

2.4.4. Verdier duality. Let A be as in Setup as before. We now discuss the behavior of the
intersection complex with respect to Verdier duality, which will depend on the reflexivity of the IC
complex and its restriction to strata. In the context of constructible sheaves on finite type schemes,
reflexivity of the intersection complex follows from the fact that Verdier duality is a biduality on the
whole category of bounded constructible sheaves, see |[Riol4, Théoréme 6.1.1]. As we are interested
in studying intersection complexes where the sheaves can have infinite dimensional stalks, we will
need to identify some analogous finiteness condition in order to get self-duality.
Recall that, if f: X — Spdk is an Artin v-stack, there is a natural (Verdier) biduality map

(12) A — DxDx(A),

which is given by applying Hom-tensor adjunction to the evaluation pairing A ® Dx(A) — wx :=
Rf'A. We say an object A € Dg (X, A) is reflexive (over Spd k) if the map is an isomorphism.

Definition 2.28. An object A € D¢ (X, A) is stratified reflexive with respect to X — Spd k and the
stratification { X4 }aer, if it is reflexive over Spd k, and, for all o € I, the sheaf i} A € D¢ (Xq, A) is
reflexive with respect to X, — Spd k.

This is guaranteed by the following stronger condition.

Definition 2.29. An object A € D¢ (X, A) is stratified universally locally acyclic (stratified ULA)
with respect to X — Spd k and the stratification { X, }aer, if it is itself ULA over Spd k, and, for
any a € I, the sheaf i% A € D¢ (X4, A) is ULA with respect to X, — Spd k, in the sense of [F'S24,
Definition IV.2.31].

Remark 2.30. By |FS24, Corollary 1V.2.25] and |F'S24, Proposition IV.2.15]|§|, if A€ De(X,A) is
stratified ULA, then A (resp. for all a € I, i} A) is reflexive with respect to the Verdier duality

]D)X = DX/k (resp. ]D)Xa)'

8We need |FS24, Proposition 1V.2.15] to descend |FS24, Corollary IV.2.25] to a version that works for relative
Verdier duality with respect to maps between Artin v-stacks, not necessarily representable. Also, although the
statement in loc. cit. is given for torsion A, it works for a general six-functor formalism.
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Construction 2.31. There is a natural transformation between functors from the subcatgory of
Perv(U, A) consisting of objects whose Verdier dual are again perverse, to D (X, A)°P

(13) J1:Dy (=) = Dx (=)
induced by the following commutative diagram of natural transformations
PjDy —— juDy —— 5Dy
~ |
PHO(Dxj) — PHO(DxP1),
where the bottom horizontal map is obtained by applying Verdier duality to the map
Pjr = jue
and taking the 0-th perverse cohomology. Note that this is a pointwise injective natural transfor-

mation, since, if we write K for the kernel of the surjection ?j; — ji, (which is perverse) applied to
some object A, then applying Verdier duality, we have a distinguished triangle

(14) DxjiA — DxPiA — DxK.

However, Dy sends PD=Y to PD=° (see Remark [2.17)), so DxK has no perverse cohomology in
negative degrees. Therefore, the (perverse) cohomology long exact sequence induced by gives

0 = PHY(Dxji) = PHO (DxP5).

The left diagonal arrow is obtained by appealing to the adjunction ?j* = j* F Pj; (Corollary [2.20))
and the identification

(15) Dy = Dyj*ji =~ 7 Dx g,

followed by taking perverse cohomology. The rightmost vertical arrow is obtained by considering
the composition

PiDy = P1<0: Dy ~ Pr<oDx ji = Pr<0DxP7>0j1 = PT<0Dx"ji = Dx "))
and taking perverse cohomology. The diagram with solid arrows is commutative, since going both
ways from 5Dy to PHY(DxP4), this is the map adjoint to the identity on Dy via the isomorphism
FPHO(Dx")) = PHO(7*DxPjt) = PHO(Duj*Pj) = Du.

Now the dashed arrow exists by commutativity of the outer square and the injectivity of the
lower horizontal map. Namely, one can consider the following composition of morphisms

Dy = Im(PjDy — PHY(DxPj1)) — PHO(Dxji),

where both maps use the universal property of images. This induces the desired comparison map
by taking composition with the natural map

PHY(Dx jix) = Dx e,

where we have used again the fact that Dx sends PD=Y to PD=°  and hence Dy ji, has no perverse
cohomology in negative degrees.

We now have the following key proposition.

Proposition 2.32. Assume A is as in Setup and is self-injective. Let L € Perv(U,A). Suppose

(1) Both the intersection complex ICx (L) and its Verdier dual DxICx (L) are stratified reflexive;
(2) L has a finite filtration whose graded pieces are Schur irreducible objects (in the sense that
the endomorphism ring is just A), which all satisfy (1).
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Then the comparison map induces an isomorphism
ICX(]D)UE) >~ DxlCX(ﬁ),

where the right hand side is well-defined, since Dy L is perverse by the cohomological smoothness of

U and Remark[2177.

Remark 2.33. The condition for the complex DxICx (L) to be stratified reflexive is equivalent to
asking that each i, ICx (L) € D¢;(Xa, A) is reflexive, for all av € I.

Lemma 2.34. Let £ € Perv(U,A) such that both ICx (L) and DxICx (L) are stratified reflexive.
Then, for each o € I, there is an isomorphism

iLDxICx (L) ~ Dy, it ICx (L), ifDxICx (L) ~ Dx, i, ICx (L).

Proof. The first isomorphism is an easy application of Yoneda’s lemma and projection formula.
For the second relation, we use the first relation and the reflexivity of ICx(£) and i} DxICx(L).
Namely, we have

Dy, it ICx (L) ~ Dy, it DxDxICx (L) ~ Dx, Dy, i DxICx (L) ~ it DxICx (L).
O

Proof of Proposition [2.33. We first show that DxICx (£) is isomorphic to ICx(Dy L) as a complex
(not necessarily induced by the prescribed map). For this, it suffices to check that both ICx (D L)
and the Verdier dual DxICx (L) satisfy the unique characterization in Lemma The former fol-
lows from the proof of Corollary The latter follows from the result for IC x (£) and Lemma
Here we have used the ¢-cohomological smoothness of the strata X, and the self-injectivity of the
coefficient system A, see Remark 2.17 We fix an isomorphism « between the two complexes.

Now in order to show the map in Equation is an isomorphism when applied to £, we first
assume L is Schur irreducible. Let us compute the endomorphisms of IC x (Dy£). We have a short
exact sequence

0—ICx(DyL) —PiDyL — Q — 0,
for some perverse sheaf Q. Applying RHom(ICx (Dy L), —) to it, we obtain a long exact sequence
0— EndX (ICX (DUﬁ)) — HOIHX (ICX (DUﬁ),pj*DUﬁ) — HomX (ICX (DUﬁ), Q) — .
By adjunction, we have
HOHIX (ICX(DUE),pj*DUﬁ) >~ HOHIU(j*ICX (]D)UE), DUE) >~ EndU(]D)UE) >~ A,

where the last isomorphism uses our assumption that £ (and hence Dy L) is Schur irreducible.
Since End(ICx (D7 £)) is a sub-A-module of the above group, this implies that endomorphisms of
ICx(DyL) are constants. By composing with the isomorphism «, we see that morphisms from
ICx(Dy L) to DxICx (L) are also constants. In particular, one can check whether a map between
them is an isomorphism by restricting to U. The desired result follows, therefore, from the fact that
(13) restricts to the identity on U.

For a general £, write it as an iterated extension of Schur irreducible objects. We then apply the
argument above and use induction together with [Sta24 Tag 014A]. O

2.4.5. Comparison with the algebraic IC-sheaf. We apply the analytification map from to com-
pare the perverse t-structure described above with algebraic ones, for v-sheaves attached to schemes.
More precisely, let k be either an algebraically closed field over IF,, or an algebraically closed
non-archimedean field over Q,. Suppose X is a separated finite type scheme over k equipped with
a stratification {X,} such that each X, is smooth of pure dimension d,, and that there exists an
open dense U C X in the stratification. We assume that A is as in Setup and is additionally
self-injective. Consider DE(X , \) its bounded derived category of constructible étale A-sheaves.
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We can then define a perverse t-structure (PDX+20 PDX+<0) on DP(X, A) by insisting that an
object A satisfies i A € D=9 (X,,A) and i}, A € D=9 (X, A), just as in Definition/Proposition
We write j;,* : D2(U,A) — DE(X,A) for intermediate extension operation attached to this
t-structure.

We also recall that there is a more intrinsic perverse t-structure (PD<9 PD=%) for the middle
perversity on DE(X ,\), defined without the need to choose any stratification in X. Instead, one
insists that for an object A to lie in PD=Y (resp. PDZ°), the dimension of the support of the
cohomology sheaf H'(A) is < —i (resp. > —i). This is the perverse t-structure studied in [BBD82].

Remark 2.35. If we assume A is cohomologically regular (in the sense that the category of per-
fect complexes of A-modules is preserved under standard truncation), then the intrinsic perverse
t-structure restricts to a perverse t-structure (-”Di?ls’tf,pDi?]&tf) on Deong t(X, A), the full sub-
category of perverse constructible sheaves (e.g by |HS23, Theorem 1.9] and the fact that perverse
constructible sheaves coincide with the ULA objects, as explained in §2.2.1] In the setup being

cohomologically regular is guaranteed by being regular.

For the intrinsic perverse t-structure and the open immersion j : U — X, we also have the
intermediate extension operation ji,. One can therefore attach an intersection complex to any
£ e DY (U,A) by

ICx (L) := jik(L).

The lemma below compares it with ICY*(£) := jix* (L), constructed from the stratification X,
as in the previous section.

Lemma 2.36. Suppose that L is lisse (i.e a shift by dy of an étale local system in Setup (1)
or an inverse system of such sheaves in Setup (2)). If j.L is constructible with respect to the
stratification X, then we have

ICx (L) =~ ICX*(L).
In particular, ICx (L) is constructible with respect to X.

Proof. By [BBD82, Proposition 2.2.2], the two perverse t-structures (PD<0Xx PD=0-X+) and
(PD=0,PD=9) coincide after restricting to the full subcategory of DP(X, A) with objects whose co-
homology sheaves are constructible with respect to the stratification X,. In particular, if we have
an L such that j, L is constructible with respect to X, then it follows that the perverse truncations
of 51£ and j,L under these two t-structures agree. O

Now, applying the functor X + X© we have an associated stratification X0 := {X9},cr of
X?, and each X 2 is f-cohomologically smooth of pure ¢-dimension d, by Corollary Then

0 0
applying Definition/Proposition [2.16| gives a t-structure (pDéi* ’SO,pDé* ’ZO) on Dg (X9, A), where

we have implicitly invoked Lemma [2.5] to see the analytified stratification satisfies the assumptions

of the previous section. We write j **’O for the intermediate extension operation with respect to
this ¢-structure, along the map U — X©,

Remark 2.37. Note that the stratification X9 is a Zariski stratification, which we warn the reader
is very different from being constructible with respect to the analytic topology on X©, as defined
in |Sch22, Section 20|, due to the fact that analytification functor —)® does not preserve quasi-
compactness. The analytification functors (—)° and (=)' of do actually preserve quasi-
compactness [GHLIZ, Lemma 4.4.12]. However, the (—)% functor has the important property that,
given an open-closed decomposition U = X \ Z, we obtain |U°| = |X9|\ |Z°| by Lemma
Therefore, a locally closed stratification analytifies to a locally closed stratification.

We have the following claim.
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Lemma 2.38. For the perverse t-structures defined by the stratifications X, and X above, the
analytification functor

¢ DP(X,A) = Det (X9, A)
18 perverse t-exact. Moreover, we have a natural isomorphism

. X, X,
i (=) = i (=)

of functors
Perv(U, A) = D¢ (X9, A).

Proof. The first part of the claim easily follows from combining Corollary the natural isomor-
phisms given by Proposition [2.9

between functors
Dcons(X7 A) — Dét (ng A),

for all @ € I, and the fact that analytification is exact for the standard t-structure, since it comes
from a pullback of sites (see . This in particular implies that ¢} commutes with the perverse
truncation functors and therefore reduces the second part of the claim to the natural isomorphisms
of functors on Deons(U, A)

i = gl

cxjs = jicp,
which again follows from Proposition [2.9] O

Corollary 2.39. Let £ € Perv(U,A) be lisse and assume that j.L is constructible with respect to
X, then the following statements are true.

(1) There is an isomorphism in Dg (X9, A)
xICx (L) = ji Vcf (L) = 10N (L)

(2) The complexes 5 ICx (L) and DyociICx (L) are stratified reflexive with respect to X —
Spdk and X0, in the sense of Definition .

(3) If A is regular, then the complezes c51Cx (L) and Dyoci1Cx (L) are stratified ULA with
respect to X — Spd k and X2, in the sense of Deﬁm’tio.

Proof. Part (1) follows from Lemma and Lemma [2.38|

Using Remark and compatibility of the biduality map with ¢-adic completion, Part (2)
reduces to the case A is finite. The result then follows from (1) and Proposition[2.9](5), together with
the fact that Verdier duality is an anti-involution on DP(X, A), see |Riol4, Théoréme XVII.6.1.1].

Part (3) follows from (1), where we note that, by the regularity assumption on A the perverse
t-structure restricts to a perverse t-structure on the perverse constructible subcategory, as explained
in Remark In particular, both ICx(£) and its Verdier dual are perfect constructible in this
case. Therefore, the claim follows from Proposition (3), Proposition and the identification
of Deons tf(X, A) with DY (X, A) as in Remark

O
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2.5. A criterion for universal local acyclicity. In this section, we establish a criterion for uni-
versal local acyclicity on stacky quotients of diamonds by locally pro-p groups, which will ultimately
be applied to the pullback of our intersection cohomology sheaf on the Igusa stack to a cohomo-
logically smooth atlas given by a stacky quotient of the minimal compactification of the Shimura
variety. We take A to be a coefficient system as in Setup [[.16] We start with some lemmas.

Lemma 2.40. If K is a profinite group whose pro-order is coprime to £ and A is torsion, then the
functor
RT(K,—):D(K,A) = D(A)
defined by taking continuous K -cohomology has trivial higher cohomology.
Proof. This is INSW08, Corollary I11.3.3.7]. O

This translates into the following lemma in terms of six functors on classifying stacks. We consider
the following setup. Let X — Spdk be a fdcs map as defined in [Man22, Definition 5.4] for k£ an
algebraically closed field equipped with the discrete topology or over @, with the non-archimedean
topology. Let H be a locally pro-p group of locally finite /-cohomological dimension. For a compact
open subgroup K C H, we form the diagram

[X/H] <25 [x/K] % X

of v-stacks, where the quotients are formed with respect to the trivial action, and the maps are the
natural ones.

Lemma 2.41. If K has finite £-cohomological dimension (e.g it is pro-p, by Lemma then
the map qr 1is £-cohomologically proper in the sense of [Man22, Definition 9.5]. In particular, by
[Man22, Proposition 9.7], there is a natural identification qi) ~ qi+«. Moreover, its cohomological
amplitude is O if K has pro-order coprime to £ and A is torsion.

Proof. We first explain the case where X = Spd ¥/, for an algebraically closed field k’/k. The (-
cohomological properness follows from [Man22, Proposition 10.9]. The claim on the cohomological
amplitude in the torsion case follows from combining Lemma with the fact that, under the
identification Dei([Spd &'/ K],A) ~ D(K,A) (|[FS24, Theorem V.1.1]) via D¢ (Spd k', A) ~ D(A),
the functor g, identifies with continuous group cohomology, by [HKW22, Example 4.2.4].

In general, we note that [X/K] — X is {-cohomologically proper, since ¢-cohomologically proper
maps are stable under base-change by [Man22, Lemma 9.8 (ii)] and [Spdk/K] — Spdk is (-
cohomologically proper, as explained above. To see the claim on the cohomological amplitude if K
is pro-p and A is torsion, we first note by [Sch22, Theorem 1.13 (ii)|] and proper base-change applied
to [X/K] — X that we may assume that X is fdcs over a rank one geometric point Spa(C, O¢).
Moreover, using |Sch22, Proposition 14.3|, it suffices to show that, for A € D¢ ([X/K], A) in degree
0, the stalk of grx«A at each geometric point of X is concentrated in degree 0. By proper base-
change, this reduces us to the case of a (possibly higher rank) geometric point X = Spa(C’,C'").
To reduce to the previous case, we consider the cartesian diagram

Spa(C’,C'"t) —— [Spa(C’,C'") /K]

(16) lg ng

Spa(C, Oc) —— [Spa(C, Oc)/K],

where g is the structure map, and the horizontal arrows are the obvious ones. Denote by | X| the
underlying topological space of X, and write D(|X|, A) for the left-completion of the category of
sheaves of A-modules on the topological space |X|. Recall that, since étale covers of Spa(C’,C'T)
and of Spa C all split, we have identifications

Dét(spa(cla CH_)’ A) = D(| Spa(clv C/+)|7 A)a Dét(spa(07 OC)a A) = D(| Spa(cv OC)|a A) = D(A)a
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in such a way that |g|* is identified with ¢g*. By passing to right adjoints, we get an identification
RT(|Spa(C’,C"")|, =) =~ g«. However, by [Sch22, Lemma 7.2], g« has cohomological amplitude zero.
Hence, using qcgs base-change [Sch22, Theorem 1.9 (i)] applied to , the functor gg . also has
cohomological amplitude zero. We may therefore replace A by gr « and thus reduce to the already
established case of X = Spa(C, O¢), as desired. O

We have the following very useful conservativity criterion.

Lemma 2.42. With notation as above, the functor

hqu*f;} : Dét([X/H],A) — Dét(X,A)
K

1s conservative, for K varying over a cofinal system of pro-p compact open subgroups of H.

Proof. Since the functor given by mod ¢-reduction is conservative on Dg ([X/H], A), we may assume
without loss of generality that A is torsion. Let A € D¢ ([X/H],A) such that lim i« A =
We need to show A = 0.

First, when X = Spd £’ is an algebraically closed field then D¢ ([X/H], A) identifies with D(H, A)
by |[FS24, Theorem V.1.1], the left-completed derived category of smooth representations of H on
A-modules. The claim then reduces to the observation that A ~ hﬂK AK | where K runs over a
cofinal collection of open compact pro-p subgroups of H.

Now suppose that X = Spa(C,C") is a geometric point of higher rank. By [Sch22, Theorem
19.5] and Lemma we may perform a base-change and assume X lives over a rank one geometric
point Spa F', for some algebraically closed perfectoid field F'/k. Write * for Spa F' and consider the
following commutative diagram

[X/H] +2%— [X/K | 2, x
[«/H] +—— [/K S

of cartesian squares. Here the vertical arrows are induced by the structure map X — .
We have the following.

0= g« MQK*f;(A = hgan*gK,*f;(A
K K

~ ligle*a%gyy*A.
K

Here the isomorphism in the first line follows from the identification RI'(| Spa(C,C1)|, =) ~ g«(—)
(see the proof of Lemma above) and the fact that |Spa(C,C7)| is a qcgs topological space, so
taking cohomology on it commutes with colimits, see |Sta24, Tag 0739]. The second isomorphism
follows from the fact that fx is étale and smooth base-change. Now, by the case X = Spd ¥/,
applied to k¥’ = F', the functor hﬂK bi«a} is conservative; hence, gg A = 0.

We note, however, by virtue of the fact that D¢ (Spa(C,CT),A) identifies with the category
of sheaves on the topological space |Spa(C,C7T)| as in the previous proof, that the functor g, is
conservative on sheaves which have non-zero stalk at the unique closed point of | Spa(C,C™")|. In
particular, g +A = 0 implies that A is not supported at the closed point of X. It is therefore of
the form 5B, where j : Spa(C, Cfr) < Spa(C,C™) is the open immersion corresponding to some
larger valuation ring C* C C’fr . Therefore, by proper base change, we may replace Spa(C, C™) with
Spa(C,Cy), and the desired result then follows from induction on the rank of the valuation ring
C™T (where the base case is the already established rank one case). The rank of this valuation is
finite by our assumption that X — x* is fdes and [Sch22, Lemma 21.6].
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For general X, consider the quotient map f : X — [X/H|. Since H is locally pro-p it is a pro-
étale cover, and therefore pullback is conservative (using that D¢ (—, A) is a v-sheaf). Therefore,
if A is non-zero, it follows that f*A is also non-zero, which by [Sch22, Proposition 14.3], implies

that the stalk of f*A at some geometric point Spa(C,C™) 2y X is non-zero. This, in turn, implies
that the pullback of A along the induced map zp : [Spa(C,C")/H] — [X/H] is non-zero. Let xk
be the induced map [Spa(C,C1)/K] — [X/K]. Then, by cohomological properness of qx (Lemma
and the fact that fx is finite étale, we have

x* thK*f}k{A = @(Qx,K)*(fJJ,K)*x;IA'
K K

Hence the last term is non-zero by the result for geometric points above. This shows that
liﬂ ¢ UK fjA is non-zero, as desired. O

We use this to prove the following criterion for universal local acyclicity.

Proposition 2.43. Let X — Spdk be a fdcs map and H be a locally pro-p group, that acts trivially
on X. A sheaf A € Dg([X/H], A) is universally locally acyclic over Spd k if and only if qr« [ A is
universally locally acyclic over Spd k for K wvarying over a cofinal system of open pro-p-subgroups
of H.

Proof. To simplify the notation, we write Xx = [X/K] and Xy = [X/H]. We write p; x :
X x X — X for i = 1,2 for the projection maps. Similarly, we write p; x,, and p; x,, for the
analogous projection maps for Xx and X, respectively.

Using the criterion [FS24, Theorem IV.2.23(ii)| for universal local acyclicity (cf. [HM24 Lemma
4.4.5]), to show A is ULA over Spd k, it suffices to check that the natural map

L !
Ux kA L P xy Dxy/(A) @4 05 x,, A = BRHom(py x, A, P2 x,, A)
is an isomorphism. For this, we consider, for each K in the cofinal system, the diagram

Xp x Xpg 98 x0 X B9 ¢ X

The ULAness of gi«fj;(A) guarantees that the natural map

X hgren f1(A)  PLxDx ki fic(A) ®F pb x A = RHom(p} xqrc i (A), Py x e i (A))
is an isomorphism. By Lemma [2.42] we reduce to the following. (Il
Lemma 2.44. The functor (qx X qi )«(fK X fx)* intertwines the maps ax,, /i, 4 and X[k qxen f (A)-

Proof. We apply (qx X qi)«(fi X fx)* to both sides of ax,, /4. We can rewrite the RHS as

12

(gx % qK)«(fr ¥ fK)*RH0m<PT,XHA7P!2,XHA)
(ax x qi)«RHom(p} x, fic AP x0 fic A)
RHom(qx P} x . fic A s x 1 [icA)
RHom(p} xqrcsfic A, Py x Qi fic A).

1

12

Here we used the projection formula [Sch22 Proposition 23.3 (2)] for the first isomorphism, several
applications of the projection formula [Sch22, Proposition 23.3 (1)] for the second isomorphism,
and proper base change for the third isomorphism, where we note that we have an identification



32 ANA CARAIANI, LINUS HAMANN, AND MINGJIA ZHANG

(9r, X qr, )1 ~ (4K, X gk, )« by Lemma For the LHS, we can similarly rewrite this as
(arc % ar)«(fic X fr0)* (D1 x,, Dy i (A) ©F 93 x,, A) =
L
(ar X qr)«(PT x4 FEDxp /1 (A) @4 3 x, freA) =
L
QrexP1 X S D 6 (A) OF arp2 xpc [ A) >
L
PI xDx/kar«fr(A) @5 p5 x A

Here we have used the commutation of upper * with tensor products for the first isomorphism,
commutation of lower ! with external tensor product for the second isomorphism (which follows
from several applications of projection formula in its usual form), and proper base-change for the

third isomorphism, where we note that fx is étale so that we have f}< ~ f. The desired claim
follows (cf. [FS24, Proposition 1V.2.28]). O

3. MINIMAL COMPACTIFICATIONS OF SHIMURA VARIETIES

Let (G, X) be a Shimura datum with reflex field E. Fix a neat compact open subgroup K C G(Ay).
In this section, we briefly recall the construction of the minimal compactification Sh*(G, X)x and
its stratification by boundary strata, following |Pin92|.

3.1. Stratification by boundary components. We let X* denote the union of the rational
boundary components of X, as in [Pin92, Section 3.5] endowed with the Satake topology [Pin92, Sec-
tion 3.1|. The complex analytification of the C-points of Sh*(G, X) g, the minimal compactification
of level K, is given by the double cosets

(17) G(Q)\X* x G(Ay)/K.

The resulting space is stratified according to the type of rational boundary components. To describe
this more precisely, recall the following notion.

Definition 3.1. A parabolic subgroup P of G (defined over Q) is called admissible if its projection
to every simple factor in G is either a maximal parabolic or equal to that simple factor.

The action of the group G(R) on X extends to an action on X*. The normalizer of the stabilizer
of each boundary component is given by the R-points of some admissible parabolic P. We write Xp
for the union of the rational boundary components stabilized by P(Q). Then the boundary strata
Sh(G, X) g,jp) of Sh*(G, X)x have complex points given by

Sh(G,X) ., p)(C) := G(Q)\ | |Xp x G(Af)/K,
[P]

where [P] runs through G(Q)-conjugacy classes of admissible rational parabolic subgroups of G, and
where P € [P] is a fixed representative. We will denote the closure of the stratum Sh(G, X)x jp] by

Consider a choice of admissible parabolic P € [P]. Then there exists a connected normal subgroup
Gy of the Levi quotient of P, which acts transitively on a closed and open subspace X; C Xp.
Moreover, the pair (G, X;) can be upgraded to a Shimura datum, as in |[Pin92, Section 3.6]. We
write Py for the preimage of Gy in P and let Kp, denote the intersection K NP1(Ay). We set Fpl to
be the image of Kp, in the Levi quotient of P1(Af). Then projection to the Levi quotient induces
an isomorphism

Gl(Q)\Xl X Gl(Af)/Fpl ~ Stabp(Q)O(l)\Xl X Stabp(Q)(Xl)Pl(Af)/Kpl,

as in |Pin92, Equation 3.7.1|, where the RHS admits a natural map to the adelic quotient in (17]).
By |Pin92, Theorem 3.7.2], this descends to a map

(18) Sh(G1, X1), — Sh*(G.X)k
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of schemes over E that is finite over its image. The images of these maps define, up to varying P € [P]
and the connected components of the boundary strata Sh(Gj, xl)FP , the connected components of
1

the strata Sh(G, X) g -

3.2. Structure of the strata. We will now need a more explicit description of these strata. Set
U (resp. U;) to be the unipotent radical of P (resp. P1). We consider the subgroups

Hp .= KnN Stabp(@) (Xl)Pl(Af)
Hy:=Kn Centp(Q)(Xl)Ul(Af)
Kp, :=KnN Pl(Af)

Ky, = Kn Ul(Af).
The natural map factors through a locally closed embedding
(19) Sh(thl)FPI // Hp — Sh*(G,X)K,

where the LHS denotes the scheme theoretic quotient of Hp acting on Sh(Gl,Xl)KP ; the action
1

factors through the quotient of Hp by Kp, Hy.

The groups Ky, and Kp, are compact subgroups of G(Af) and are therefore profinite with the
induced topology. However, the subgroups Hy and Hp of G(Ay) are not profinite. Rather, they are
extensions

0—Kp, = Hp —=Ip—0
and
0— Ky, - Hy—=Ty—0,

where I'p and I'y are arithmetic groups. Nevertheless, the quotient Hp/Hy with induced topology
will be profinite, see the explanation on [Pin92, Page 222]. We write Hp and Hy for the closure
of these groups in G(Ay) (equivalently in K'), which will be profinite. We note that the injection

Hy — Hp extends to an injection Hy < Hp and we have an isomorphism Hp/Hy ~ pr/I:[U.
For an inclusion of compact open subgroups K’ C K, we have a cartesian diagram of the form

Sh(Gl,Xl)k;I / Hp —— Sh*(G,X) g

| |

Sh(Gl,Xl)?P1 J Hp —— Sh*(G,X) g,
where we have used the superscript (—)' to denote analogous notations for K’, and the horizontal
maps are as in . We record the following lemma.

Lemma 3.2. Taking the limit over open normal subgroups K' C K, we obtain the map

. /
(20) KI%DK Sh(Gl’xl)fél /HP — Sh(Gl’Xl)?Pl /HP,

which is a pro-étale Hp/Hy ~ I:Ip/ﬁu-torsor.

Proof. This follows from [Pin92, Proposition 3.7.5]. O
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3.3. The minimal compactification as a diamond. Let us move to the p-adic situation. Choose
a p-adic place v of E and denote by F the completion of E at v. We fix a completed algebraic closure
C of E and base-change the Shimura variety Sh(G, X) g to C. We will replace Sh with the symbol S
when discussing the diamonds over C' attached to the Shimura variety at various levels by applying
(—)¢ as defined in often omitting the Shimura datum when the context is clear. We will
fix an away-from-p level KP and denote by Sk» the inverse limit @Kp Skrk,. Similarly, for the

minimal compactifications, we use the parallel notations decorated by the superscript *.
Apply the functor (—)? to the stratification in §3.1|above, we obtain a set-theoretic locally closed
stratification

Sk = |_| SK,[P];
[P]

where [P] runs over conjugacy classes of admissible rational parabolics P C G, and Sk (g = Sk is

the open stratum. We write Sk <pj for the (—)¢ functor applied to the closure of the strata.
Similarly, since the Kj-action on S}, preserves each stratum labeled by [P], we can define a
set-theoretic locally closed stratification for the stacky quotient [S},/K,], by pullback along the

natural map qg, : [Sip/Kp] — Sk from the stacky quotient at level K, to the coarse quotient.

More precisely, the map g, is defined by the factorization

* q}{P * q%{P *
(21) s, * [Sgv /Kl — [Sk/Kpl — Sk,

where the first map is induced by the natural K,-equivariant (with trivial action on the target) map
F» — S, and the second map is the base-change of the obvious map [*/K,] — *. The pullback

of Sk (p) along gk, can be written as the quotient of

Sk p = limg, (1) Sk [P]s

by the natural action of Kj,. In particular, we have a natural locally closed stratification

[Sico/ Kl = | Sk p1/ K-
[P
Analogously, we write [Sy., <[P / ﬁ] for the pullback of the closure of the strata corresponding to
[P] along ¢,
We let g, p) [SKp’[p]/&] — Sk [p] be the base-change of ¢k, and let q}(p’[P] (resp. q%(p,[P})
be the base-change of q}<p (resp. q%(p) appearing in the factorization . We use the analogous

notation for the closed strata.
We record two propositions on the structure of gg, for later use. Let A be as in Setup @

Proposition 3.3. For a compact open subgroup K, C G(Qy) of finite £-cohomological dimension,
the map qr, s £-cohomologically proper and qr, « =~ qk, 1 has cohomological amplitude O when A is
as in Setup (1) and the pro-order of K, is coprime to {.

Proof. Consider the factorization in Equation 1) It suffices to show the claims for q}<p and
q%{p separately, using that cohomologically proper maps are stable under composition by |[Man22,
Lemma 9.8 (i)]. For the map q%(P, this follows immediately from Lemma m The desired claim
for q}<p follows from the next lemma using [Man22, Lemma 9.8 (i), and |Sch22, Remark 21.14] for
the claim on the cohomological amplitude. O

Lemma 3.4. For K, C G(Q,) any compact open subgroup, the map q}<p Sher/ Kp) =[Sk /K s
quasi-pro-étale, fdcs, and proper.
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Proof. We note that, by definition of q}(p, we have a natural cartesian diagram

f
S, ——r Sk

L
[Sieo /| =2 [Sic/E

In particular, it is clear that the map fr, is fdcs and that the same is true for q}<p, since being
fdcs may be checked after base-changing along a wv-surjective quasi-pro-étale map (see |GHLIZ,
Proposition 3.2.7]). For the remaining claims on q}<p, we note that, using [Sch22, Proposition 10.11],
it suffices to show the analogous claim for the map fx,, since S}, — [Sy/K)] is a v-cover. The
properness of fr, follows from the fact that both Sy, and Sy are proper so that the map is
qcgs. Then, we conclude by invoking the valuative criterion of properness [Sch22, Proposition 18.3],
recalling that we may write fx, as an inverse limit over the analytification of finite maps, which are
in particular proper.

As already discussed the map fk, is qcgs, in order to check that the map is quasi-pro-étale, using
[Sch22, Lemma 7.19], this reduces to the fact that the fiber of fx, : Sj,» — Sk over a rank one
geometric point is a pro-finite set, which is clear since it is an inverse limit of the analytification of
finite morphisms. (Il

For the next proposition, we fix any conjugacy class [P] of admissible rational parabolics of G,
and adopt the notation from §3.2] For the various groups introduced there, we use the decoration
(—)P, resp. (—)p to denote their variants obtained by intersecting with K7, resp. Kj,. For example,
we have

HE = HpNK?
and so on. Note that this is still an extension of a discrete group by a profinite group, albeit the
profinite part is locally of pro-order prime to p. Moreover, we will use (—) on such a group to denote
its closure in the corresponding level subgroup, for example as before Hp is the closure of Hp in K,
f]ﬁ is the closure of Hﬁ in KP, .FAIp’p is that of Hp, in K, and so on.

We first need a lemma, where for a choice P € [P] and X; C Xp, we write S(Gl,Xl)fP1 for the
diamond over C' attached to the variety Sh(Gy, Xl)fp1 appearing in the target of .

Lemma 3.5. The maps (@ induce a locally closed embedding

S(Gl,xl)ﬁgl = 1&1 S(Gl,Xl)FPI _>S}k{p,
Kp—{1}

which is equivariant for the actions of ﬁp,p C K, and K,. Hence, it induces a map of the stack
quotients

(S(61 X )iy, /Hlpy) = [Sien /Ky,
which, upon passing to coarse moduli spaces, recovers the analytification of @) Moreover,
S(Gl, Xl)fgl — S(Gl, Xl)?pl

is a Hp ,/Hy p ~ ﬁp7p/ﬁu7p-torsor.

Proof. This follows by passing to the inverse limit of the locally closed embeddings in , as

K, — {1}. Indeed, for each finite level K, S(Gy1,X1)%, differs from its image in Sj; by the finite
1

group Hp/Kp, Hy ~ T'p/T'y, but we have

lim Hp/Kp,Hy= lim Tp/Ty=1.
Kp—{1} Kp—{1}
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Hence, with infinite level at p, the map induced by is a locally closed immersion. The equivari-
ance for Hp, C K, is clear. The last statement follows from Lemma by taking the p-part and
analytifying. O

Proposition 3.6. The diamond Sk p) is £-cohomologically smooth of £-dimension djp) over Spd C'.
Moreover, if the level subgroup Ky is pro-p, then the map qr, p) is £-cohomologically smooth of £-
dimension 0. In particular, in this case, [SKP7[P]/KP] 18 also £-cohomologically smooth of £-dimension
dip) over Spd C'.

Proof. The first part follows from smoothness of Sh(G, X)g p), cf. [Pin92, Proposition 3.7.5] and

Corollary 2.12]

Choose P € [P] and X; C Xp, and consider the map
S(61 X1)gp, /Hoy) = [Sicn/Ey)
as in Lemma [3.5] above. It follows from the last part of Lemma [3.5] that we have an isomorphism

(S(61,X0) gy, /Hp ) = [(S(G1, X)), [/ He)/Huy),

of v-stacks, with H, u,p acting trivially on the RHS. This gives a cartesian diagram

[(S(Gbxl)ml / HP)/@} — S(G1, X)), /He
(22) l i
[Sicr /5] - Sk

and the map g, p is a disjoint union of the top horizontal maps as one varies over P € [P] and
X1 C Xp. Now, to conclude, note that the map

(S(G1. X1)g, [ Hp)/Huy) = S(G1.X1)g, [ Hp

is ¢-cohomologically smooth of ¢-dimension 0. Indeed, it is the base-change of [/ H u,pl — *, since
I:IUJ, acts trivially. Hence, we conclude by [Man22, Theorem 10.13, Example 10.11 (b)]. O

4. PARTIAL COMPACTIFICATIONS OF IGUSA VARIETIES

Igusa varieties and their partial minimal compactifications are relevant to us because they define
v-sheaves which can be used to described the fibers of the morphism from the Igusa stack to Bung.
The relationship between Igusa varieties and the Igusa stack is recalled in detail in

In this section, we recall the definition and properties of Igusa varieties and their partial minimal
and toroidal compactifications in the PEL case, following [CS17; |CS24} |[San23|. We then describe a
natural and explicit extension of the moduli-theoretic action of jb on open Igusa varieties to their
partial compactifications by lifting to toroidal compactifications. This will play a key role in the
construction of the Baily-Borel stratification on Igusa stacks which we carry out in §5.

4.1. Igusa varieties and their partial compactifications. We let (G, X) be a PEL type AC
Shimura datum in Kottwitz’s classification and p be a rational prime, for which G := Gq, is
unramified, as in Assumption . Let E be the reflex field. We fix an isomorphism @p ~ C, and
let v | p denote resulting place of E, we set E := E,. Denote by O the ring of integers of E, and by
F its residue field. We choose an algebraic closure F,, of F.

Fix a neat compact open subgroup K C G(Ay) of the form K = K?PK,, with K, C G(Q,) a
hyperspecial maximal compact subgroup. We let (Op, *, A, (-,-), h) be an integral PEL datum that
gives rise to (G, X) and consider the canonical integral model over O of the Shimura variety attached
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to it, see |[Kot92|, cf. |Zha23, Definition 5.9]E| We let & = YKfpbe its special fiber, base-changed

to Fp. We denote by A the universal abelian scheme over ., equipped with its PEL structures and
by ¢ := A[p>°] the universal p-divisible group, equipped with G-structures.

We let p denote the (conjugacy class) Hodge cocharacters of our Shimura datum viewed as
a geometric dominant cocharacter of GG via the fixed choice of isomorphism @p ~ C. We fix
b € B(G,u™!) and a completely slope divisible p-divisible group with G-structures X/Fp, in the
isogeny class defined by b and compatible with p (in the sense of satisfying the Kottwitz determinant
condition).

4.1.1. Igusa varieties. We consider the Oort central leaf € := €* C .#, which is the smooth
subscheme of . where the universal p-divisible group ¢ is geometrically fiberwise isomorphic to
X, compatibly with the G-structures. Over €, we have a perfect scheme Ig®, which parameterizes
trivializations

Yoo : X X, Ig? 5 @ xo Ig°
compatible with the G-structures on both sides. Explicitly, such a trivialization is required to be
compatible with the Op ®z Z,-action and with the polarizations up to an element of Z; (Igb), the

global sections of the sheaf Z; on the perfect Igusa variety Ig®. The scheme Ig® is the perfect Iqusa

variety over Fp. There is an action of the F,-group scheme Aut(X) of automorphisms of X that
respect the G-structure on Ig® given by pre-composing vs. The morphism Ig? — % is an fpqc
torsor under Aut(X), by |CS24, Corollary 2.3.2].

We also introduce a variant of finite-level Igusa varieties, denoted Igfn, where we trivialize only
the p™-torsion in the universal p-divisible group ¢. For each m € Z>;, we consider the moduli
problem on %-schemes S that parameterizes trivializations

(23) Ym : X[p"] x5, S = G[p"] x¢ S

that (fppf locally on S) lift to arbitrary m’ > m, that commute with the Op ®z Zy,-action, and that
commute with the polarization up to an element of (Z/p™7Z)*(S).

Lemma 4.1. For any m € Z>1, there exists a finite group scheme H,, over F, such that H,, C
Aut(X[p™]) is an affine closed subgroup, such that the natural map Auts(X) — Auto(X[p™])
factors through Hy,, and such that the map Autq(X) — Hy, is faithfully flat.

Proof. This is proved in the same way as |[DH25, Lemma 5.5.3|, which is the case m = 2. O

Lemma 4.2.

(1) For any m € Z>1, the moduli problem of trivializations v, as in 1s representable by an
Igusa variety Igm, which is ﬁmte and faithfully flat over €.
(2) For m > 2, the Igusa variety Igm is smooth over F,.

Proof. Using the fact that Ig® — % is an Autg(X)-torsor, we define Ig?, as the pushout
Igh, = (Igb x Hm) /Aut (X),

where the action of Aut(X) is via the diagonal As Ig? — € is an fpqc cover, we can check
finiteness and faithful flatness after pullback to Ig®, where we can appeal to Lemma

For the second part, as Igm is of finite type over IFp, it is enough to prove that 1ts completed
local rings at closed geometric points are formally smooth. When m > 2, the argument in [DH25|
§5.5], particularly Construction 5.5.6, shows that the completed local ring (Ig%,),. of Ig?, at a closed

9The Hasse principle can fail for G’s that are of type A, in which case the generic fiber of the moduli problem
consists of several copies of the Shimura variety, see [Zha23| Remark 5.7]. We ignore this difference below when it
does not affect the arguments.
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geometric point x can be identified with Z(p™b™), in the notation of loc. cit.. Here, b™ is a
completely slope divisible and nilpotent Dieudonné-Lie Zp—algebra in the sense of |[DH25, §4.2],
constructed as in Example 5.5.8 of loc. cit.. Whenever m > 2, the argument in Lemma 4.2.10 of
loc. cit. shows that p™b™ is furthermore integrable, and then Z(p™b*) ~ II(b)/II(p™b™) is the
formal Lie variety assigned to p™b™ by Corollary 4.3.9. As formal Lie varieties are, in particular,
formally smooth, we conclude. g

The perfect Igusa variety Ig? can be identified with the inverse limit of the system (Igfn)m6221
of finite-level Igusa varieties.

Remark 4.3. In the literature on Igusa varieties, for example in [Man05a] and [CS17], it is common
to consider a variant of finite-level Igusa varieties that are finite étale covers of the leaf 4. The
moduli problem for these finite étale covers is given in terms of trivializations of the p™*-torsion
on each graded piece of the slope filtration on ¢, compatibly with the extra structures. For our
purposes, it is more convenient to trivialize the full ¢[p™]. We denote these latter finite level Igusa
varieties by Igg%Mant. The difference between the two moduli problems lies in splitting the slope
filtration, which amounts to taking a purely inseparable cover of the finite étale cover of 4. In
particular, we note that the inverse limit lim,,>; Igi’n’Mant gives rise to Ig® after taking perfections
(see |CS24, Remark 2.3.7.] and |CS17, Proposition 4.3.8]) and we have an equality on perfections

(Igh, npant )P = (Igh, )Pt

We denote by X the universal cover of X, in the sense of |[SW13, §3.1]. We recall the following
construction from |Zha23, Definition 9.15|, which gives the special fiber of the formal group scheme
considered in |CS17, Definition 4.2.9].

Definition 4.4. We define ‘7pr = MG(X) as the fpqc sheaf on the opposite category of F,-
algebras defined by
R Autq(X x5 R),

where the latter is the group of automorphisms of X XF, R that preserve the G-structures, in the
sense that they commute with the Op-endomorphisms, and preserve the polarization up to an

element of Aut(fip~)(R) = %(R).

It follows from |CS17, Lemma 4.2.10] that ijp is representable by a formal group scheme over

F,. Furthermore, for an F)-scheme S, we can identify ijp(S ) with the group of quasi-self isogenies
of X ¥F, S that preserve the G-structures, in the sense that they commute with the endomorphisms,

and preserve the polarization up to an element of Q.

There is a natural right action of jb,Fp on Tg® that extends the action of Aut,(X). This can be
constructed as follows. One proves, as in |[CS17, Lemma 4.3.4] and [CT23, Lemma 4.2.2] (which
provides a number of details of the argument), that Ig® also represents a different moduli problem,
where the p-divisible group is trivialized via a quasi-isogeny rather than via an isomorphism, and
where the isomorphism classes of objects are given by p-power isogenies.

For the sake of precision, we make this statement explicit. One can construct a functorial bijection
between Igb(S), for an Fy-scheme S, and the set of isomorphism classes of pairs (4, ), where A/S
is an abelian scheme of the correct dimension equipped with G-structures and with a KP-level
structurﬂ and v is a quasi-isogeny

V:XXFPS%A[pOO]

10Note7 however, that in this alternative moduli problem, the abelian scheme A/S is no longer required to satisfy
the Kottwitz determinant condition.
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that respects the G-structures, in the sense that the polarization is respected up to an element
of @, (S). Two such pairs (4,7) and (A’,+") are considered isomorphic if there exists a p-power

quasi-isogeny A — A’ that commutes with the level structures, with the quasi-isogenies v and «/,
and with G-structures, in the sense that the polarizations are respected up to an integral power of
p on each connected component of S. This alternative moduli-theoretic description makes it clear
that there is a right action of jbfp on Ig®, given by pre-composition: p € Q};’FP(S ) acts via y — yop.

By chasing through the proof that the Igusa moduli problem via quasi-isogenies is equivalent to
the one via isomorphisms, e.g. as in the proof of [CT23, Lemma 4.2.2|, one sees that the action
of jb,Fp on Ig® described above is equivalent to the one that can be deduced from [Man05a, §4].
Indeed, assume that we have a trivialization

v X XFP S :> A[poo]’

which is an isomorphism (not just a quasi-isogeny), and that p € jb,Fp(S) is a genuine isogeny.
Consider the dual isogeny p*. Then we can define a finite flat subgroup scheme K, := ~y(kerp") of
A and form the quotient B := A/K,. The new abelian scheme B over S can be shown to inherit
G-structures and a KP-level structure from the G-structures and KP-level structure of A, and is
furthermore equipped with an induced isomorphism +/ : X XF, S 5 B[p™] that respects these
structures, in the usual sense. The data of the abelian scheme B, its additional structures and the
trivialization 4/ determine another S-valued point of Ig®. This is the same construction as the one
in [ManObaj, §4|, up to the fact that Mantovan restricts to those p that are contained in a certain
submonoid of J;(Qp). Furthermore, we have a commutative diagram

X xg S —— B[p™]

Pl

Xxg S — 5 A]p™],

where the horizontal maps are isomorphisms and the vertical maps are p-power quasi-isogenies.
This shows that the new S-valued point of Ig® is equivalent to the one determined by ~ o p when
we consider the moduli description of Igb(S ) using quasi-isogenies.

Remark 4.5. The reason for the restriction to a submonoid of J;(Q,) in Mantovan’s work is that she
does not pass to perfection on the level of the Igusa varieties, so the slope filtration on the universal
p-divisible group is not split (cf. Remark . However, the formation of K,, when p is an element
of a certain submonoid of J,(Qy), is still unambiguous, even when the slope filtration is not split.

4.1.2. Partial toroidal compactifications. In [CS24, §3.2] and |[San23| §3.2], partial toroidal compact-
ifications of the Igusa varieties considered above are constructed. This relies on the construction of
toroidal compactifications of canonical integral models of Shimura varieties of PEL type in |Lan13]|
and, in particular, on the auxiliary choice of a compatible system of cone decompositions.

We assume, for simplicity, that the level K? is principal. Recall that K, was chosen to be
hyperspecial. We have a notion of equivalence classes of cusp labels at level KPK,, cf. [Lan13, §5.4].
We choose a compatible system of cone decompositions ¥ = {¥7}, indexed by these equivalence
classes of cusp labels. Assume that X is a good choice of compatible system, in the sense that it
satisfies the conditions in [CS24, Remark 2.5.6].

Given a good choice of X, we have an open dense embedding

S e St
with the target a smooth and projective scheme over F,. The universal abelian scheme A over .

extends to a semi-abelian scheme over .#°", which we denote by Ay;. The toroidal compactifica-
tion %" admits a stratification in terms of (equivalence classes of) cusp labels, where the strata
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essentially measure the degeneracy of the semi-abelian scheme Ay. This refines the decomposition

(25) A = Ay
[P]

where [P] runs through G(Q)-conjugacy classes of admissible rational parabolic subgroups of G, as
in Definition In fact, a cusp label Z determines a split symplectic admissible filtration ([Lan13,
Section 5.2.1]), which gives rise to a conjugacy class of parabolics [P] by looking at the stabilizer of
the filtratio

The formal completion of Yg"r along a boundary stratum determined by a cusp label Z can
be described via a toroidal boundary chart. These properties are stated precisely, for example,
in |CS24, Theorem 2.5.9] and [Lan13, Theorem 6.4.1.1].

Given the choice of b € B(G, u~!) and a completely slope divisible p-divisible group X /F, in the
isogeny class determined by b, Lan and Stroh define a partial toroidal compatification

C — C&r

of the corresponding Oort central leaf in |LS18, §3.4|, by taking, in a precise sense, its closure
towards the boundary of A", The partial toroidal compactification inherits the stratification in
terms of cusp labels and its formal completion along a boundary stratum can also be described via
a toroidal boundary chart. This is simply the pullback of the toroidal boundary chart from the
special fiber of the Shimura variety to the Oort central leaf.

Remark 4.6. The fact that the structure of toroidal compactifications for Oort central leaves is
analogous to the structure of toroidal compactification for the Shimura variety is a consequence of
the fact that Oort central leaves are well-positioned in the sense of |LS18| §2.2| (see also |[Box15,

§3.4]).

We now explain the result about toroidal compactifications of perfect Igusa varieties, and then

comment on the finite-level variants. For a good choice of ¥, the partial toroidal compactification

b,tor

Igs™ is a perfect scheme over F, that fits in a cartesian diagram

Igb Ig%‘cor

|

C ——— CY.
Pulling back the stratification of from .ZL°" the perfect scheme Iggtor has a stratification

b,tor b,tor
(26) Igz = |_| Igz}[p} )
[P]

where [P] runs through G(Q)-conjugacy classes of admissible rational parabolic subgroups of G.

It also inherits a stratification in terms of cusp labels from 4%, and this can be further refined
in terms of Igusa cusp labels. We review this notion, since it will be used in the next section, see
also [San23, Definition 3.2.15], cf. |[CS24, Definition 3.3.10] for the special case when the polarizations
that are part of our PEL moduli problem are principal.

Note that, because we are assuming p is an unramified prime for the Shimura datum, the p-
divisible group X is equipped with a principal polarization.

Definition 4.7. An Igusa cusp label is an equivalence class of tuples

Z = (Zpa Zba (Xa Y7 ¢a P—2, ()00)71#7 5}3’ 51))7

Hwe note that this filtration has a rational structure determined by the Op-module X, Y appearing in the
definition of a cusp label.
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where

(1) the tuple Z := (ZP,(X,Y, ¢, v_2,¢0),6P) is a (representative of a) cusp label in the sense
of [Lan13| §5.4.1[7
(2) Zp is an Op-stable filtration on X, of the form

Zp—2 C Zp -1 C Zpo =X,

where Grs_% = Zp,_o is multiplicative and Gr§ = Zb0/Zp 1 is identified with its Cartier
dual under the principal polarization on X; in particular, GrlroX is étale.

(3) 4 is an Op-equivariant isomorphism CGri =Y ® Q,/Z,.

(4) 0p is an Op-linear splitting of the filtration corresponding to Zj, i.e. an Op-linear isomor-
phism

0
X~ @ Gri.

1=—2

Two such tuples Z and Z’ are equivalent if the filtrations Z? and (Z")P, respectively Z, and Zj,
agree, and if there exists a pair of Op-linear isomorphisms fx : X’ 5 X and fy : Y 5 Y’ such
that ¢ = fx 0@’ o fy, ¢ o = fx 092, vy = fv o wo, and ¢’ = fy 09

There is an action of G(AZ}) x Jp(Qp) on the set of Igusa cusp labels. This is a variant of the
Hecke action at good primes on usual cusp labels described explicitly in |Lan13} §5.4.3|. Indeed, one
can formulate a variant of Definition after extending scalars to Q, and there the group action is
obvious. One then checks that Igusa cusp labels defined integrally are in bijection with Igusa cusp
labels defined rationally. This group action allows us to define the notion of Igusa cusp label at level
K for a compact open subgroup K C G(Afc) x Jp(Qp), or even at level H for a closed subgroup
HC G(A?) x Jp(Qp), by taking orbits under these groups. Note that the group action preserves the
rational conjugacy class of admissible parabolic subgroup [P] determined by the Igusa cusp label.

For each good choice of ¥ and m € Z>1, one can also construct a finite-level toroidal compacti-

fication Ig%t:;f of Igfn, for example by taking the relative normalization of €% in the Igusa variety

Ig? ) as defined in 4.1.1, We have a natural isomorphism

Tgg'™ 5 lim Tgg'or.

m
Remark 4.8. The Igusa variety Ig%fﬁf
structed in |CS24; [San23|. The difference comes from the fact that the finite-level Igusa varieties
considered in loc. cit. only trivialize the graded pieces of the slope filtration on ¢ [p™], whereas Igfﬁn
trivializes the entire ¢[p™], see Remark In particular, their perfections agree and they in turn

give rise to the same underlying topological space.

is a variant of the finite-level toroidal compactification con-

b,tor
3,m

cusp labels at level KPKy(p™), where Kp(p™) is the level m congruence subgroup in Autq(X)(F,),
and therefore a compact open subgroup of J;(Q,). For each such Igusa cusp label, there is also a
description via toroidal boundary charts analogous to the ones that arise in the setting of Shimura
varieties. See |[CS24, Theorem 3.3.12|, respectively [San23, Theorem 3.2.18|, for the precise descrip-
tion of each toroidal boundary chart in the case of the standard moduli problem. The arguments
there can be adapted in our case to give Theorem [L.9) below, which applies specifically to the

Furthermore, each Ig has a locally closed stratification with boundary strata indexed by Igusa

12Note that, unlike loc. cit., we are only taking the prime-to-p part here. However, this agrees with equivalence
classes of cusp labels with hyperspecial level at p in the sense of [Lan13|, via the Iwasawa decomposition - see [Wan15|
Lemma A.4.7]
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boundary strata of Iggtﬁi . As in the work of Faltings—Chai and Lan, one key input to construct-

ing the isomorphism of Theorem is the smoothness, hence normality, of Ig?n and of the
corresponding boundary charts, which follows from Lemma
The choice of Igusa cusp label Z induces a decomposition

(27) X ~ Xy @ X; & Xx

over F,, where Xy = Y ® (Qp,/Z,) is étale, Xy := Hom(X, yye) is multiplicative, and Xz is
isomorphic to the (constant) geometric fibers of the p-divisible group of the universal abelian scheme
over a smaller Igusa variety Ig%. In the notation of Definition we identify Xy ~ GroX using ¢

and hence Xx ~ Grs_% using Cartier duality and the fact that ¢ ® Z, is an isomorphism.

Theorem 4.9. Fiz a tame principal level KP = K(N), pt N. For each Igusa cusp label Z at level
KPKy(p™), we have a diagram

(28) C»

Ig'Z ’

where Ig% denotes a level m smaller Iqusa variety determined by the Igusa cusp label A (in the sense

of our moduli problem, i.e. which trivializes the full p™-level structure), C5 — Ig% is an abelian

scheme, =5 — C5 is a torus torsor, and =5 — = 1 a relative torus embedding. There is an

Zx;

action of I'z on this diagram, and, letting X5 s, denote the formal completion of = along its
=7

Z%
=z
toroidal boundary, there is an isomorphism

~b,tor

(29) %ZZE/FZ ~ Igm’Z.

Given an Igusa cusp label Z at level KPK »(p™), we let Z denote the underlying cusp label for the

Shimura variety obtained from Z by forgetting the part at p. We let ¥z denote the corresponding
boundary stratum in the partial minimal compactification of the underlying leaf. Over %7, we have
a similar diagram

— Ez%,

Ez
(30) Clz /
|
€z ;

in which the objects are pulled back from the corresponding boundary stratum in the Shimura
variety (see |Lanl3, Theorem 6.4.1.1]).
We now give a precise description of each term appearing in Diagram . The moduli-theoretic
data below is compatible with the PEL structures, in the usual sense.
(1) Over €z, there is a universal abelian scheme Bz. Its pullback B to Ig% is equipped with a
trivialization

o X5 x5 T8l 5 By p™].
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Furthermore, the morphism Iglfzv — % is universal for the existence of such trivializations.
(2) Over Cyz, there is a Raynaud extension

0—)Tz—>gz—>Bz—>0,

where Ty = T <F, Cyz and T is the split torus with character group X. The Raynaud
extension is parameterized by an element fo € Hom(X, BY), where the homomorphisms are
taken as étale sheaves of groups over ¥z. The Raynaud extension induces a short exact
sequence

0— Xx[pm] Xﬁp CZ — gz[pm] — Bz[pm] — 0.
The pullback of this short exact sequence to C'; is equipped with a splitting
B = Bz[p™] = Gz[p™]
that is parameterized by an extension fq, : ]%mX — B of fo. The set of possible such

extensions is a torsor under Hom (X /P X, B% [pm]>, where the homomorphisms are taken

as ¢tale sheaves of groups over Cz x¢, IgbZ~. This space of homomorphisms can be identified
with Hom (Bz[pm], Xx[p™] X, (C’Z X, Ig%)).

There is also dual data, parameterized by an element gy € Hom(Y,Byz) and by
an extension go,, : pimY — B. The space of such extensions is a torsor under

Hom (Xy[pm] XF, <C’Z X, Ig%) ,B—Zv[pm]>. The choices of fo,, and go., are equivalent

under ¢ : Y < X and the prime-to-p polarization on B.
The morphism C7 — Cz x¢, Ig% is universal for the existence of splittings S, or equiv-
alently extensions go.m, of go.
(3) Over Ez, there is a lift g : Y — Gz of gy that satisfies a certain symmetry and positivity
condition. Its pullback to =z has an extension to a lift gy, : pimY — Gz of gom- The space

of possible extensions g, of ¢ is a torsor under Hom (Xy ™ X7, (EZ XCy, CZ) ,QZ[me
over £z X¢, C5. If one furthermore imposes the condition that this extension should lift
go,m then one obtains a torsor under Hom (Xy [p"], Xx [p"]) (Ez x¢, C5), and one further
cuts out a closed subscheme by imposing the symmetry condition and the compatibility with
endomorphisms.
The morphism Z5 — Z7 X, C5 is universal for the existence of extensions g, of g that
lift a fixed go,, and satisfy the desired compatibilities.
(4) The last piece of data, =5 < Zz, is a relative torus embedding.
=z
As a consequence of Theorem and Lemma (2), Ig%tgf is smooth and hence normal for
m > 2. Furthermore, one can show that it satisfies the analog of the universal property in Part
6 of [Lanl3, Theorem 6.4.1.1]. This is done in exactly the same way as in loc. cit., using the
toroidal boundary charts for Ig;if?;, of Theorem and using the universal property of the toroidal

boundary chart established in [Lan13, Prop. 6.2.5.11].

4.1.3. Partial minimal compactifications. Fix a principal tame level K = K(N), p t N and a
hyperspecial level K, at p. Let K = K,KP? and consider the corresponding Shimura variety (resp.
Igusa variety). In |CS24, §3.3] and [San23| §3.3], partial minimal compactifications of the Igusa
varieties Ig® introduced in § are constructed. This relies, once again, on the construction of
minimal compactifications of canonical integral models of Shimura varieties due to [Lanl3|. On
the generic fiber, Lan’s construction recovers the construction in Section On the special fiber
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(base-changed to F,), we have an open dense embedding of F,-schemes

* *

S ST = yK,Fp’

with #* projective. Furthermore, .#* admits a stratification into locally closed strata indexed by
cusp labels, and, in particular, a set-theoretic decomposition

7 = e;
P

with [P] running over G(Q)-conjugacy classes of admissible rational parabolic subgroups of G. Given
a good choice of compatible system X of cone decompositions, there is a proper morphism thor —
*, whose restriction to the open dense subscheme ¥ is an isomorphism and which is compatible
with the decomposition into cusp labels.

Given a choice of b € B(G,p ') and X in the isogeny class determined by b, Lan-Stroh also
define a partial minimal compatification ¥ < €™ of the corresponding Oort central leaf in |LS18,
§3.4|. This partial minimal compactification inherits the stratification in terms of cusp labels and
in turn there is a stratification

¢ = %p)

[P]
by conjugacy classes of admissible parabolics, as in the discussion surrounding . For any good
choice of ¥, there is a proper morphism %" — ¢*, whose restriction to ¢ is an isomorphism and
which is compatible with the decomposition into cusp labels.
On the level of Igusa varieties, we have a perfect scheme Ig
diagram

b ver ?p that fits in a cartesian

Igb Igb7*

o | ]

EC —— C*.

The perfect scheme Igh* inherits a stratification in terms of cusp labels from €*, and this can
be further refined to a stratification in terms of Igusa cusp labels. It in particular also has a
stratification

(32) Ig"* = | |Tefp,
[P]

and, as before, we denote the closure of each strata by Igb<[P]. For any good choice of ¥, there is a
proper morphism

(33) Tl — 1gh*,

whose restriction to Ig® is an isomorphism and which respects the stratification by Igusa cusp labels.
Furthermore, we have the following.

Proposition 4.10. The partial minimal compactification 1g>* is affine and its underlying ring

agrees with the ring of global sections H° (Ig%tor, OIgb,tor
>

Proof. This is |CS24, Proposition 3.3.4] and [San23, Proposition 3.3.5]. O

Remark 4.11. There are also finite level partial minimal compactifications Igb* of the Igb, , which can

once again be defined by taking normalizations with respect to the map Igfn — % and the inclusion
E — €*, as in . These satisfy the analog of Proposition with respect to Iggffrf — Igfﬁ*, as

all of these claims are deduced from the analogous claim for €3> — €.
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Remark 4.12. When KP is a general, not necessarily principal, prime-to-p level. One can still con-

struct a partial minimal compactification of the Igusa variety Igl}{p by taking a relative normalization

of some Igl;’(*(N), for K(N) C KP being a principal level. Since the map Igl;;f; — Igl;’(*(N) is finite, we

still have that Ig?’;; is affine.
4.2. The action of jb We maintain the assumptions on the PEL datum from the previous sub-
section and we impose, in addition, Assumption This implies, by [Zha23, Corollary 9.24], that

global sections over the open Igusa variety Ig? extend uniquely to the affine scheme Ig®*. This leads
to the following result.

Lemma 4.13. Under Assumption [I71], there is a unique extension of the action of the fpqc sheaf

bep on the perfect scheme Ig® to the partial minimal compactification Ig>*.

Proof. The action of ‘Tpr on Ig? is given by a morphism

Jb,Fp XF, Igb — Igb,
taking global section of which gives a ring homomorphism
O(1g"*) = O(Ig") = O(J, 5, x5, 18") = O(Jy 5, x5, 18™),

where the isomorphisms follow from Assumption and [Zha23, Proposition 1.9]. This in turn
gives the desired action map

T _ _ b,* b,*

‘]b,]Fp ¥F, Ig”" — Ig

by affineness of Ig®*. The uniqueness is clear. O
We recall that we have a decomposition
(34) Ty, = Jo(Qp) x U,

where J,(Q)) can be identified with the group of self-quasi-isogenies of X over E) that respect the
G-structure endowed with its profinite topology, J,(Q)) is the associated constant group scheme,

and U, is a unipotent formal group scheme, see |CS17, Proposition 4.2.11].

For the rest of this subsection, we assume the prime-to-p level K? = K(N), p{ N is principal, in
order to simplify the geometric structure of the toroidal boundary strata, particularly, so that we
could refer to Theorem [£.9] The main result is the following theorem.

Theorem 4.14. There exists a submonoid J,(Q,)*t C Jp(Q,), which generates Jy(Qp) as a group
and a subgroup Ty C Uy satisfying Uy = Uger(Qp) 9(TUy) g™t such that the action of Jp(Qp)™ and

ToUy on Igb extend to the projective system

<Igfgt0r) s’

where X runs over good compatible choices of cone decomposition. This extended action preserves
b,tor

the projective system (IgE’[P])Z consisting of boundary strata labeled by [P], for each conjugacy class
of admissible parabolics [P].
Proof. As stated, it is enough to construct the extension of the action and prove the desired preser-
vation of the boundary strata for:
(1) the constant scheme attached to a submonoid J,(Q,)" that generates J,(Q,) as a group;
(2) the subgroup T,Uy := Aut(X) N Uy, which has the claimed property that

U= |J 9@ g™
9€Jp(Qp)
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For (1), this is done in §4.2.1} in particular in Proposition 4.16| For (2), this is done in §4.2.2] in
particular in Corollary [£.27] O

4.2.1. The action of J,(Qp). We first consider the case of J,(Q)), which is identified with the group
of self-quasi-isogenies of X over [F,, that respect the G-structure. We define the submonoid J,(Q,)"
as

{p € Jp(Qy) | p” is an isogeny}.
This submonoid clearly generates J,(Q,) as a group. For each p € J,(Q,)", we have a finite flat

subgroup scheme K, := ker p¥ C X that is compatible with the G-structures. We choose mg >> 0
such that K, C X[p™°]. For any m > mg and we can define a finite flat subgroup scheme

K, C (g X Igfn) "]

by taking the image of K, <F, Igfn under the trivialization ~,, : X <F, Igfn 5 A[p™]. The quotient
A/K, inherits the PEL structures of A and induces a morphism [p] : Igfn — Ig?n_mo. Varying m
and taking an inverse limit, we obtain a morphism [p] : Ig® — Ig® on the perfect Igusa variety.
Varying p, we obtain an action of the monoid J,(Q,)" on Ig®. By extending from the case of
connected test objects, this construction gives a scheme-theoretic action of the constant scheme
Jp(Qp)T on Igb. This action agrees with the restriction of the action of Jb,FP described in . We
will show that each morphism [p] extends to partial, toroidal compactifications and preserves the
boundary strata labeled by each [P]. This will extend to an explicit action of J,(Q,)" on these
partial compactifications that preserves the boundary strata labeled by each [P].

Given a good compatible choice of cone decompositions 3 = {¥7} and an Igusa cusp label Z , wWe
define X7 := ¥ 7. On the level of partial toroidal compactifications of Igusa varieties, it is not true
in general that the Hecke action by elements of J,(Q,)" will preserve a single compatible choice of
cone decompositions. This phenomenon already occurs for the Hecke action of G (A?) on the level
of the Shimura variety. However, modeled on this case, we formulate below, for each p € J,(Q,) ", a
precise relationship between two such choices ¥ and Y’ such that, when the relationship is satisfied,
we will be able to extend [p] to a morphism

tor b,tor b,tor

[p]"" : Ig ™ — Igy

Definition 4.15. If ¥ and ¥’ are two good compatible choices of cone decompositions and p €
Jp(Qp), we say that ¥ is a p-refinement of ¥ if the following condition is satisfied:

e For any Igusa cusp label A , which is mapped by p to an Igusa cusp label A , we obtain
isomorphisms

fx  X©2Q5 X' ®@zQand fy : Y ®2Q =Y ®2Q

The pair (fx, fy) induces an identification P ~ Pz, and we assume that the cone decom-
position X~ is a refinement of the cone decomposition Z/Z' under this identification.
We note that this condition is independent of the choices of isomorphisms (fx, fy).
Proposition 4.16. Let p € J,(Q,)". The morphism [p] : Ig® — Ig® induced by the isogeny A —
A/K, extends to a morphism
[p]tor . Ig%tor _> Igl;‘/cor
under the assumption that the compatible choice of cone decompositions 3 is a p-refinement of the

compatible choice of cone decompositions /. The extended morphism respects the boundary strata
labeled by any conjugacy class [P].
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Proof. The main subtlety is showing that the isogeny A — A/K, extends to an isogeny of semi-
abelian schemes Ay, — Ay /K, ». In general, this is not obvious — see |[JO97, §6|. However, in our
case, we can exploit the fact that the families of p-divisible groups living over Igusa varieties are
constant, as they are equipped with trivializations of their full p-divisible group.

We choose mg > 0 such that £, C A[p™°]. For any m > mg, we consider the finite-level

b,tor

Igusa variety Igm and its partial toroidal compactification Igg . These are, in particular, normal

or

i : . .
noetherian schemes. We have a semi-abelian scheme Ay, over Igz’ m» Which restricts to an abelian

scheme A over Ig% . Over Ig%,, we have a trivialization
v X[p"] x5, T, = Alp™).
Furthermore the connected part A[p™]° extends to a finite flat subgroup scheme As[p™]° over

btor by [CS24) Prop. 3.2.1|. The latter, which is defined as the connected part of the quasi-finite
ﬂat group scheme Ax[p™], is equipped with a trivialization

_ btor ~
m X" xg, Tey, = Aslp™]%,
which is compatible with ~,,. The trivialization %,, can be seen to exist over completions of strict

local rings of Iggtﬁf , using the theory of degeneration, and it is glued to a trivialization over the

whole of Igb % in the usual way, e.g. via Lemma using the compatibility with ~,, over the open,

schematlcally dense complement of the boundary. Over a completion of a strict local ring Spec R
at a point in the boundary stratum cut out by a pair (Z ,0), we have a canonical identification
between the pullback of As[p™]° and G[p™|° coming from the theory of degeneration, where G is
the corresponding Raynaud extension, as in the proof of |[CS524, Prop. 3.2.1]. Let Zz(o) be the
restriction to the cone o € EJZCI? of the boundary chart of Theorem We have a universal
trivialization of Gz[p™]° over Zz(o) coming from the moduli-theoretic description of the latter - see
point (2) below Thoerem We obtain a trivialization of G[p™]° by pullback along the canonical
morphism Spec R" — Z3(0) and this induces the desired trivialization on the pullback of As[p™]°
to Spec R™.

We can therefore apply Lemma [4.17| below, with U := Ig;m]r U .= Igf;l and Z the pullback of A
to U. We deduce that we can extend the isogeny A — A" := A/K, to an isogeny of semi-abelian
btor " Phe PEL-structures inherited by the quotient AS == As /K, 5 over the open

dense subscheme Igfn extend uniquely to PEL-structures over the semi-abelian scheme, by [FC90,
Chapter I, Proposition 2.7|. We also get an induced Igusa level structure of level m —mg over Igi’n,
i.e. a trivialization

schemes over Igy’

X[ 0] xg Teh, 55 A/ [p ]
compatible with the PEL structures in the usual sense.
By Part 6 of [Lan13, Theorem 6.4.1.1] and the assumption that X is a p-refinement of ¥/, we

obtain a morphism Igb or - gstor  This factors through the leaf €2 C T, We wish to show
tor

Ym—mg

that this morphism hftb to an Igusa cover IgE , of the leaf, at least when m — mg > m/.

When m—mg > m/, the Igusa level structure Yon—mo On the complement of the boundary induces
a lift
I}, — Igh.
To prove that this lift extends to the boundary of the partial toroidal compactification, we use the
normality of Igb T and the fact that X is a p-refinement of ¥’. The extendability now follows from

13Here7 Yz is a cone decomposition of some space of symmetric, positive semi-definite pairings with rational
radicals, and EJZF C Xz is the subset consisting of those cones contained in the interior of this space. We can always
assume that the pair (Z, o) satisfies o € X}, e.g. by |[LS18, Prop. 2.1.2 (4)].
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the analog of the universal property in Part 6 of [Lanl3| Theorem 6.4.1.1] for Iggt;;f . We conclude

the construction of [p]*°" by taking a projective limit over m and m/.

As the morphism [p]*" is induced by an isogeny of semi-abelian schemes Ay, — Ay /K,y it
matches the ranks of the toric parts of the two semi-abelian schemes over each geometric fiber of
Ig%tor. Since the stratification labeled by conjugacy classes [P] is determined by the rank of the toric

part of the semi-abelian scheme, the morphism [p]*°" respects this stratification, as desired. ]

Lemma 4.17. Let U be a normal noetherian scheme over Fp containing an open dense subscheme
U. Assume the following conditions:

(1) We have an isogeny of abelian schemes f : Z — Z' over U, with kernel being a finite flat
group scheme K C Z[p™°] for some mgy > 0.
(2) The finite flat group scheme H := Z[p™°] is constant over U, equipped with a trivialization

v X[p™] xg, U S H,

such that IC is the image under v of K <F, U, for a finite flat group scheme K/F,.

(3) The abelian scheme Z extends to a semi-abelian scheme Z over U.
(4) Consider the quasi-finite flat group scheme H := Z[p™0] over U. Its connected part H_ is a
finite flat group scheme, which is equipped with o trivialization

—0 . molo _ 7T % 24°
~° : X[p™°] X, U—>H,
which s compatible with .

Then the abelian scheme Z' extends to a semi-abelian scheme Z over U, and is equipped with an
isogeny f : Z — Z' that extends f.

Proof. Let K be the schematic closure of K in Z. This is a quasi-finite subgroup scheme of the
quasi-finite flat group scheme H. As in the proof of |[Lan18, Lemma 3.1.3.2] (which considers the
special case where b is ordinary), the extendability of f : Z — Z’ to U is equivalent to the flatness of
K over U, so we will prove the latter. As in loc. cit., we may assume that U is its strict localization
at a point u, that U = U \ u, and that u has codimension at least 2 in U.
We have a filtration
0CH CH CH,

where ﬁf is the maximal finite flat subgroup scheme of H and H° is its connected part. The
existence of the trivialization 4° and its compatibility with v imply that we can identify H° with
the schematic closure H° of the connected part H° of % in H. The quotient g/ﬁf is quasi-finite

étale and its special fiber over u consists only of the identity section; the quotient ﬁf’et = ﬁf /ﬁo
is finite étale. By restricting to U and intersecting with I, we get an induced filtration

0Ck°cklck,

where K7 is finite flat over U. As in loc. cit., we will prove that Kf, the schematic closure of K in
ﬁf, is finite flat.

The schematic closure K° of K° in H° = H_ is finite flat, as it can be identified via 5° with
K° XF, U, where K° denotes the neutral component of K. We claim that K° = K . This follows
from the identifications

Ke=KnH =KnH =K.
The quotient K/t := K/ /K° is a finite étale group scheme and so is its schematic closure el —

E/KO in ﬂf’et, since U is strict local and normal, making ﬂf’d a constant group scheme.
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Let £ be the pre-image of Kf’et under the projection ﬁf — ﬁf’et. Over U, we can realize K/
as the kernel of an isogeny of finite flat group schemes

Kt — MoK,

Using the normality of U and the assumption on the codimension of u, we can extend this isogeny
to an isogeny of finite flat group schemes

K" —H /K.
This shows that its kernel, which agrees with Kf, is a finite flat group scheme. Recall that K =

i UK,, where by definition K’ has empty fiber over the closed point v and agrees with K \ K7 over
its open complement U = U \ u. Therefore, we deduce that K is flat as well, as desired. O

4.2.2. The action of Zﬂ/lvb. We now consider the subgroup scheme T,Uj, = Aut(X) N ﬁb of ijp. We
note that T,U, C Auts(X)°. For any m € Z>p, we have the finite-level Igusa variety Igfn that
parametrizes trivializations

Y X[p"] x5, Tap, = Alp™).

compatible with the G-structures. The group scheme Tl already acts on Igfn. Indeed, we describe
this from the perspective of the functor of points. Let S — Igfn be a S-point for a scheme S/F,,,
and consider the pullbacks Ag and 7, s of the universal abelian scheme A with its G-structures
and, respectively, of the Igusa level structure ~,,. For any p € T,U(S), we modify the Igusa level
structure via the pre-composition v, s = Ym,s© (p ’X[pm]x@p 5> and, by the universal property of
Ig? (i.e. the fact that Ig%, — % represents the moduli problem of trivializations of A[p™] compatible
with the G-structures), this gives a new morphism S — Igfn. When we take a projective limit over
m, we recover the restriction to T),U; of the action of jb,Fp described in

Fix a good compatible choice of cone decompositions ¥ = (¥) > indexed by Igusa cusp labels at
level KPKy(p™). Fix a (representative of an) Igusa cusp label Z at this level, which determines a
boundary stratum Ig% e Ig”* that is identified with a smaller Igusa variety, as in |[CS24, Theorem

3.3.15]. We will show that T,U, has an explicit, moduli-theoretic action on the formal completion

IAgfntOZr of Ig%ff; along the boundary stratum labeled by Z in the partial toroidal compactification.

This explicit action will visibly extend the moduli-theoretic action on Igi’n described above. N
Using the decomposition , we can visualize the au;comorphisms of the universal cover Aut(X)

as a 3 x 3 matrix (which acts by left multiplication on X when it is viewed as a column vector)

Aut(Xy)
(35) Hyxyx, Aut(Xp) ~
Hxyxx  Hxyxyx Aut(Xx)

Here, ﬁXy,Xz and so on denote universal covers of the internal Hom p-divisible groups in the sense
of |CS17, §4.1.6]. The principal polarization on X induces identifications

Aut(Xy) ~ Aut(Xx) and j:ZXy,XZ ~ ﬁxz,xx-

Inside Aut(§~§), we can visualize p € Tl as having the form

1 1
(36) p=|Pvz pqz' € TPHX%XE M(XZ)O
pyvx Pzx 1 TyHxy xx TpHx,xx 1
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Remark 4.18. Here, we are passing to the connected component of the identity M(XE)O, because
TpUy is contained in Aut;(X)°, as noted above. Of course, for p to be an element of T,lj, it has
to satisfy additional compatibilities with the G-structures of X, i.e. with its endomorphisms and
polarization. The endomorphisms of X respect the decomposition in , so the compatibility
with the endomorphisms can be imposed on each of the entries of the matrix describing p. The
compatibility with the polarization introduces a constraint that relates p%, Py z and Pz x This

constraint is spelled out explicitly in Lemma see in particular the equation (37)).

Using the moduli-theoretic description in (1), (2) and (3) below Theorem [4.9, we first define an
action of Tl on =.
Definition 4.19. Let S — =3 be a scheme and let p € T,Uy(S). We pull back the universal tuple
(om, Bm, 90,m» gm) along the given morphism S — E to obtain a tuple (am,s, Bm.,ss 90,m.S> Im,S)-
Our chosen isomorphism p induces a new tuple as follows:

(1) a trivialization Xz[p™] XF, S = Bz[p™] x4, S, compatible with G-structures, given by

P 7(@m,s) = ams © (p7 iy, )

(2) a splitting Bz[p™| x¢, S — 9z[p™] Xc, S compatible with endomorphisms on both sides,
given by

1 o
[P17(Bm.s) = Pm,s + (pZ,X |X2[pm]xﬁps) ° <p2 lxz[pm]xﬁps) ° 0y, 55

(2’) an extension pimY — Bz x4, S of gos : Y — Bz X4, S compatible with endomorphisms,
given by
[p]Z(QO,m,S) ‘= go,m,S + Qm,S © (pY,Z |Xy[pm} XEDS) ;

(3) an extension pimY —Gzxc,Softgs:Y = Gz xc, S, compatible with endomorphisms and

lifting [p] 7(go,ms), given by

[017(9m.5) := gm.,s + Bm.s © atm,s © (pY,Z ’Xy[pm]xn5> + Py x ‘Xy[pm]xm)s .

By the universal property of Zz (i.e. because =5 — =z parametrizes tuples as in (1), (2), (2’) and
(3) by construction), this new tuple

([Pz(am.s), [P)3(Bm,s): [Pl 7(90,m.5): () 3 (9m,s))
induces a new Zz-linear morphism S — =7. Varying our test object .S, we obtain an action of the
group scheme T,U, on =7.
Lemma 4.20. The new structures described in points (2) and (2°) above are compatible under
duality.

Proof. To simplify our notation, we suppress the test object S and the restriction to p™-torsion in
what follows. We have

[0]7(Bin) = B = pz.x © P © ! € Hom (Bg[pm], Xx[p™] xg, Ig%) :
The dual morphism is (pj , © p; oa )V e Hom(X/p™ X, BX[p™]). We claim that this will be
identified, up to a scalar in (Z/p™Z)*, with [p]5(go,m) — go,m = Qum © py 7 under the isomorphisms

¢:Y @ZLy, = X ®ZLyand Ap : Bz[p"] = B% [p™]. This is the desired equivalence between points
(2) and (3).
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We prove the claim. We have an anti-symmetric polarization A on X given by the formula

0 0 ¢V
A=10 x; 0],
¢ 0 0

where A is an anti-symmetric polarization on X>. The compatibility pYoXop= M\, up to a scalar
in (Z/p™Z)*, implies that we have

(37) p}’“ © AZ o py72 = p%,X o (bv

once again up to a scalar. Together with the compatibility «,/, o A 7 ©amm = Ap, this implies that we
have
(p’ZV7X ° P%l © 0%1)\/ o ¢ = ABoQuo pKZa

up to a scalar in (Z/p™Z)*. This proves the desired claim, and implies that the actions described
in points (2) and (2’) above are equivalent. O

Remark 4.21. Since the action described in point (3) above clearly lifts the action in point (2’), this
also establishes the compatibility between (3) and (2).

We now wish to extend the action of T),U on = 7 constructed in Definition to the relative

torus embedding Z5 5, . Let us denote by 7" — T the torus embedding used to construct =5, .
=z =z

We can then define = ¢, as the contracted product
=z

(38) (E 5 X T22> JT.

In light of 1' in order to show that the action of T),lf, extends to =

that it commutes with the action of T on :5.

Lemma 4.22. The action of Ty on 25 from Definition commutes with the action of T on

— o~

=5

75, it is enough to show

Proof. For ascheme S — Z7, the action of a S-point ¢ : S — T on the tuple (am,s5 Bm,Ss 90,m,S» Gm.,S)
leaves a5, Bm,s and gom,s fixed and acts on g, g by translation via the graph tg: S — T of ¢.
This can be easily seen to commute with the action of any p € T,Uy(5). O

By construction, the extended action of Tyl preserves the boundary of ¥z = scheme-
=z
theoretically, so it induces an action on the formal completion X7y, . Furthermore, for fixed m,
"z

this action depends on the restriction of an automorphism from Aut~(X) to Auts(X[p™]). On the
other hand, the arithmetic group I';; is contained inside the congruence subgroup of full level p™,
so it acts trivially on Xy [p™] and Xx[p™]. Therefore, the action of T,U commutes with the action
of I'z and we get an induced action of Tl on X 75, /T

Corollary 4.23. For each Igusa cusp label 2, the action in Definition induces an action of
Ab’ .

T,Uy on the formal completion IgmmZ~1r of Igf;for along the locally closed boundary stratum determined

by Z.

Proof. This follows from Theorem and the above discussion. O

It remains to glue the action of T}l on the open Igusa variety Igfn and on the formal completions

~b,t . . . . .
IngZ~r along boundary strata to an action on the whole partial toroidal compactification Iggt;r . The

following proposition handles the gluing step.
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Proposition 4.24. The action of Tl on Igfn described in and the actions of Tl on the
Ab7t > . .

formal completions Igquf, as Z runs over (representatives of) equivalence classes of Igusa cusp

labels at level KPKy(p™), glue uniquely to an action

T Uy % Iggfgf — Ightor

3m*

In particular, this action respects the boundary strata labeled by [P].

Proof. By the same argument as in Lemma there exists a finite subgroup scheme H, C
Aut(X[p™]) over F, such that the natural map T,U, — Aut,(X[p™]) factors through H}, and
such that the induced map Tl — H), is faithfully flat. By construction, all the different actions
of T,,Uy, on Igfn and on its formal completions along boundary strata factor through H,,. We apply
Lemma below to T := €L, to the schematically dense quasi-compact open subset

U:=H!, xIgb < H/ x1gh'" = X,
b,tor

to the separated target Y := Igg =, and to the morphism given by the action map described in
§4.1] Therefore, it suffices to check the extendability of the morphism

(39) H), x Igh, — Tg&'™,

induced by the action map after taking base change to completions of strict local rings of €%°" along
boundary strata.

We let Z denote a representative of an equivalence class of usual cusp labels at level KP and
o € EJZF be a cone. We let ¢ be a geometric point in the boundary stratum of €%°" determined
by the pair (Z,0). We let R" denote the completion of the strict local ring of €% at ¢ along the
ideal I cut out by the boundary stratum labeled by (Z,c). As €%" is both excellent and normal
(being even smooth over Fp), the completions of its strict local rings satisfy the hypotheses needed
to apply the theory of degenerations of abelian varieties, cf. [Lan13, §4.1].

In particular, R” is a normal noetherian domain, complete with respect to an ideal I, and we
let n = Spec K denote the generic point of Spec R". Over 1, we have an abelian scheme A,
equipped with G-structures, which extends to a semi-abelian scheme over Spec R". The theory
of degeneration induces, cf. |[Lanl3| Prop. 5.2.2.1], two short exact sequences on the level of the
p™-torsion:

(40) 0= Gylp™] = Ap[p™] = Xyy[p™] = 0
and
(41) 0 — Xx,[p™ = Gylp™] — By[p™] — 0.

By construction, all these objects are pulled back from the “universal objects” over the toroidal
boundary chart 2z (o) along a canonical morphism f : Spec R — Z7(o) that makes Spec R" into
a “good formal model” in the sense of Faltings—Chai and Lan. Note that R is abstractly isomorphic
to the completion of a strict local ring of 2 (o) at a geometric point ¢z, but the canonical morphism
[ differs from the morphism induced by this abstract isomorphism by an automorphism of Spec RN,

Fix a representative Z of an equivalence class of Igusa cusp labels at level KPK;(p™) that refines
the equivalence class Z. Form the cartesian diagram

Spec R% z, =2(o)

® -,

Spec R —— E4(0).
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We claim that we have, in addition, a commutative diagram

Spec R% — SpecR) —— Ig%f;r

~ L

Spec R —— €,

where the first horizontal morphism on the top is an open and closed immersion, and where the
square is cartesian. The open and closed immersion corresponds to the choice of Igusa cusp label
Z refining Z.

To explain how to construct the diagram 7 note first that R% is isomorphic to a finite product
of completions of strict local rings of Z(c) at geometric points of 23 (o) above #z. This observation
follows from the fact that the morphism Zz(0) — Ez(0) is finite and from [Sta24, Tag 05WR, Tag
00MA]. In particular, Spec R% is normal. Let Uy := (Spec R%)n be the pullback of Spec R% to
the generic point 7. Over Uz, we have additional data (cm 5, Bm,n> 90,m.m> gm,y) induced by pullback
along the morphism f. Together with the decomposition , this data can be reassembled into
giving a trivialization

Y+ X[p™] = Ag[p™].
Indeed, g, induces a splitting of under the identification A, ~ G, /Y, coming from the theory
of degeneration, and S, , induces a splitting of . The trivialization 7, , induces a morphism
U; — Igfn that fits into a commutative diagram

Uz Uz Ig?,
n———%,

where the first horizontal morphism on the top row is an open and closed immersion, determined by
the choice of Igusa cusp label A , and the square is cartesian. This diagram extends to the desired
diagram using the normality of R and the universal property satisfied by Ig%ffrf (in the sense
of part 6 of [Lan13, Theorem 6.4.1.1]).

The formation of Spec R2 as a fiber product in implies that the action of H}, on Z3(0)
constructed in Definition induces an action of H] on Spec R%. To conclude the desired
extendability, it is enough to check that this action, when restricted to the complement of the
boundary U, agrees with the action of H/, induced by the diagram from the action on Igﬁ’n.

Choose a test scheme S and an element p € H/ (S), which determines an automorphism of Xg[p™]
compatible with the G-structures. Choose also an element of U(.S), which induces by pullback data
(m.S, Bm,Ss 90,m.S, 9m,s) and therefore also a trivialization ~,, . The action of p induced from the

action on Igl;n amounts to the pre-composition of v,, s by p. To be able to compare this with the
action of p induced from Definition we choose a non-canonical splitting of and over
1, which is pulled back to a non-canonical splitting over .S:

(44) As[p™] ~ Xy,s[p™] @ Bs[p™] ® Xx s[p™]-

Under the non-canonical splitting and under the decomposition that is induced by the
choice of Igusa cusp label Z, we can write 7., 5 as the 3 x 3-matrix

1
1
s = | Bmsy  ams | €| Hom(Xys(p"].Bslp™)  Tsom (X 5[], Bsp™])
Ym,S,Y, X Bm,S,X 1 HOm(Xxs[pm],XX,S[pm]) Hom (Xzs[pm],XX’Ag[pm}) 1

9
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where the first column is induced by g, ; and the second column by B, 5 © qun5. Under the
decomposition , we identify p with the 3 x 3 matrix

1

(45) Pyz Pz
pyx Pzyx 1

We can now check through a direct computation that the effect of p on the trivialization -, g,
according to Definition is the same as the effect given by pre-composition with the matrix (45):

1
Ym,s 0 p = Bm.sy + Qms 0 py 7 Qm,5 0 Pz
YmSyY.X T Bmsxopyz+royx Bmsxopz+przx 1

This concludes the proof of the compatibility of the two actions of H,, on U 7. We conclude that
the morphism extends to a morphism

b,tor
xm:’

H xIghtr - 1g

3,m

We now claim that the action of T,Uj respects the boundary strata in Ig%tOr labeled by the

m
equivalence classes of parabolics [P]. Indeed, by construction, this action preserves the formal

completion of Iggtﬁf along the locally closed stratum labeled by Z. To check that this action

preserves the boundary stratum labeled by Z scheme-theoretically within this formal neighborhood,
we use the boundary chart in Theorem and the explicit description of the action on Z5 . . The
=7

claim now follows from the fact that the latter scheme is defined as a contracted product, cf. ,
and the action of Tl is induced from the action on Z7. This, in particular, means that the strata
labeled by individual cones in Y7 are preserved scheme-theoretically, and the decomposition into
cones refines the one labeled by [P].

0

Lemma 4.25. Let X and Y be qcqs schemes. Let U C X be a schematically dense quasi-compact
open subset. Assume that Y is separated and that we have a morphism f: U — Y. Assume also
that, for an fpgc cover X' — X, the pullback f xx X' : U xx X' — Y extends to a morphism
fl: X" =Y. Then f extends uniquely to a morphism f: X — Y.

Proof. The uniqueness of the extension follows the from schematic density of U in X and from
the fact that the target Y is separated, see |Sta24, Tag 01RH]|. For the existence, we use fpqc
descent with respect to the cover X’ — X. Note that, under the hypotheses, the property of being
schematically dense is preserved under flat pullback, so that U x x X’ is schematically dense in
X" and U xx X' xx X' is schematically dense in X’ xx X’. To verify the compatibility with
the descent datum to X, we use uniqueness once more to deduce that it is enough to verify the
compatibility with the descent datum after restriction to the pre-image of U. On the pre-image of
U, this compatibility is guaranteed by the existence of the original morphism f: U — Y. O

Lemma 4.26. Let T be a noetherian scheme and let Y — T be of finite presentation and separated.
Let X — T be of finite presentation and U C X a schematically dense quasi-compact open subset.
Assume that we have a morphism f: U — Y over T which satisfies the following property:

e For every geometric point t € T, the base change
f x7Spec R : U x7 Spec R =Y

to a completion of the strict local Ting of T at t extends to a morphism f xp Spec R" :
X x7 Spec RN =Y overT.

Then f extends uniquely to a morphism f: X =Y.
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Proof. Consider a geometric point £ € T, with strict local ring R and with completion R". The
morphism Spec R — X is flat, so the schematic density of U is preserved under pullback. The
morphism Spec R — Spec R is an fpqc cover, because R is a noetherian local ring. By Lemmam
we can descend f x7 Spec R to a morphism f x7 Spec R.

We now write R as a filtered colimit R = hﬂz R;, where Spec R; runs over affine étale neigh-
bourhoods of ¢ € T'. Then

X x1Spec R = Hm (X X7 Spec Ry),

where each X xp Spec R; is qcgs (because X over T is) and the transition morphisms in the
inverse limit are affine. By [Sta24] Tag 01ZC|, using the hypothesis that Y — T is locally of finite
presentation, we have

Homp (X xp Spec R,Y) ~ li%mHomT (X xp Spec R;,Y).
i

This means that the morphism f x7 Spec R descends to a morphism f x7 Spec R; for some i, i.e.
descends to an étale neighbourhood of t € T. We conclude by another application of Lemma
using étale descent instead of fpqc descent. O

By taking inverse limits over all m in (4.24)), we obtain the following.

Corollary 4.27. The action of T,Uy on Ig® described in extends to an action of T,Uy on Ig%tOlr
for any good compatible choice of cone decompositions ¥. In particular, this action preserves the
boundary strata labeled by [P], as in (26)).

4.2.3. The action on v-sheaves. We draw from Theorem [4.14| some conclusions about the ijp—
b,*

action on Ig”* when considered as v-sheaves. This will be crucial for establishing the stratified
cartesian diagram @ More precisely, fix a neat prime-to-p level K? (not necessarily principal). We

first consider the v-sheaf attached to the perfect scheme Igh* = Igl;’g; and the formal group scheme
T b,*,0

A 7, via the small diamond functor of §2.1.1] which we denote by Ig and Jp respectively. These

are v-sheaves over SpdF,. We further take the canonical compactification of the former towards
Spd k in the sense of [Sch22, Proposition 18.6] and denote it by Ig®*°. Note that alternatively this
identifies with Igb*T in light of Lemma where (=)' is as in §2.1.1

Note that the action of .J; F, on Igh* discussed in : induces an action of 7, on Igh*°

as follows:
By definition, on an affinoid perfectoid test object S = Spa(R, R1), we have

To(S) = Jp(Spf RT) = @jb(SpecRJr/w") ~ Jy(Spec Rt /w),

for some pseudo-uniformizer w, where the last equivalence follows from Serre-Tate lifting of
p-divisible groups along p-nilpotent rings, see |CS24, Theorem 2.4.1]. Whereas by definition,
Ig?*°(S) = Igh*(Spec RT), but the latter also identifies with the RT /w-points Ig*(Spec R /w),
since Igh* is perfect. Hence, the desired action comes from

TR [m) x I (R* [w) — 1" (R* ),

namely the Spec R /w-points of the action in Lemma Moreover, since 7, is partially proper,
this action extends to Igh* 1.

Remark 4.28 (Warning!). Since R™ is an F,-algebra, we can also take the Spec R*-point of jb,
considered as an fpqc sheaf over . This is genuinely different from its Spf R™-points in light of the
unipotent part Uj, appearing in the decomposition , and generally contains much fewer points
since R is reduced.
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We recall that jb,Fp has a subgroup given by J,(Q,) C jbﬁpa as in . The Spec(R™) and
Spf(R™)-points do not differ on this subgroup. In particular, we may view the action of J,(Q,)° =
Jp(Qp) C Jp on Igh*° as just being induced by applying the functor (—)° to the action of J,(Q,) C

J, F, On Ig¥*. Similarly, this induces an action of

Jo( Q) = H(Qp)° = (@) = J(@)°

on Igh*T = Igb*° and Ig>*©. Here the equalities follow from |GIF25, Proposition 2.19] and partial
properness. By construction, the natural maps

Igb’*’o N Igb,*ff N Igb’*’o
given by evaluating on X = Igh* are Jp(Qp)-equivariant. It in turn defines a sequence of natural

maps

(46) [Ig"*°/ Jy(Qp)] — [Tg"*T/ Jy(Qp)] — [Ig"*/ J,(Qp)]

of v-stacks. This has the following basic properties.

Lemma 4.29. The following is true.
(1) The natural map
[1g"*°/ Tb] — [1g"*T /7]
1S @ qCqs open 1mmersion.
(2) The natural map
[Lg™*/ Jy(Qp)] < [1g"*° / Jy(Qy)]

1S G qcqs open 1Mmmersion.

Proof. We note that, using [Sch22, Proposition 10.11], it suffices to show that Igh*® — Igh*T and
Igb”"’<> — Igb’""<> are qcqs open immersions. To see this, we recall that it admits a natural pro-proper
map Igh* — €* to the central leaf given by the presentation Igh* = limy,>1 Iggzb*.

If we look at the natural maps €%*° — &%=t and €v*° — €>*° then these are qcqs open
immersions by |[GHLIZ, Lemma 4.2.2], and the fact that €** is affine and of finite type. Moreover,
since each of the maps Igfﬁ* — €"* are finitely-presented proper, we have a cartesian diagram

Iglf);;k,o IgE;L*,T ngbqlL*’Q

| | !

Cgb7*7<> _— Cgbz*7-|- _ (gb7*7<>

for all m > 1 in light of Lemma [2.3] By virtue of the fact that the analytification functors of §2.1.1]
all commute with limits, this in turn gives a cartesian diagram,

b,*,0 b,*

> Tgbot y Igh*0

| | |

(gb7*)<> H Cgb)*7T *> (gb7*)<>’

which implies the desired claim. O

Ig

We now have the following.

Proposition 4.30. For ? € {o,1}, the Jy-action on Ig®*7 preserves the closure of the Baily-Borel
boundary strata, i.e. for each [P], it restricts to an action on the closed subdiamond Iglz?P}, defined by
analytifying the closed strata attached to . Moreover, the J,(Qp)-action preserves the Baily-Borel
strata of 1g*7 for 7 € {0,1,0}.
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Proof. For the first part, we explain the case of 7 = ¢, and the case of  follows by taking canonical
compactifications. We need to show that the action map

Ty X Iglgp] — Igh*°
factors through the closed immersion

b,
lecip I8

b,*,0

Since the latter is a quasi-compact injection, it follows by [Sch22, Proposition 11.20] that it suffices
to check on the level of geometric points that the map factors. In particular, the statement can
be checked after passing to a deeper level. Indeed, suppose K'? C KP? is another prime-to-p level,
such that the result is true for K’?. Then for any geometric point x of Igl;g,’ <[p) One can lift it to a
geometric point T of Igl;’gfp <[P’ Then the desired result for Igl;’;; <P follows from the fact that the
map Igl;’;p <P Igl;’;; <[P is Jp-equivariant and respects the Baily—Borel stratification.

We may therefore assume K? = K(N), p{ N is a principal level. In this case, take a Spd(C, C™")-

point (z, g) of Iglgfp] X Jp, for some complete algebraically closed non-archimedean field C' of char-

acteristic p, with a pseudo-uniformizer @. Since J,(C,CT) = J,(C,O¢) is generated by J,(Q,)"
and T,Uy(Oc¢ /w)lﬂ as a group, we may assume ¢ lies in either one of them. On the other hand,
the point 2 corresponds to a Spec C™-point of IgZ[P}. Enlarging C' if necessary, we may assume it

b,tor
=.<[Pp

— Igl’S[P} from the corresponding stratum on the partial toroidal

lifts to a Spec CT-point & of Ig for some suitable choice of cone decomposition . This is

b,tor
2,<[P]
compactification is a v-cover (using |[CS24, Proposition 3.3.4.|, see [BS17, Definition 2.1, Example
2.3(ii)]). By perfectness of Iggtzrp , one can also think of Z as a Spec C" /w-point. The desired
result now follows from Theorem m and Proposition

For the remaining claims, since we are only concerned with J,(Q))-action, we may (using Remark

possible, since the map Ig

and the above discussion) reduce to showing that, given a perfect ring R and a Spec R-point of
Igh* factoring through the closed subscheme Iglgp] < Igh* that the action by an R-point of Jp(Qp)

also lies inside Igb<[P]. However, using [HL26, Lemma 3.10], this reduces to checking the analogous
claim on the underlying topological spaces. Now we may argue as above by lifting such a geometric

P O

point along the v-cover Ig; <[P]

The proposition implies similar results for individual strata labeled by the [P] conditions as well.
More precisely, for each conjugacy class [P], we let IgZ[P] - Igbﬂp] be the closed complement to
the stratum Igl[’P], with reduced induced scheme structure. For 7 € {o, 1,0}, we let Igg‘fp] be its

associated analytification. This is a closed subsheaf of Iglzr'[’m. We can consider its open complement
by defining -

([ \Jreie])-

Remark 4.31 (Warning!). To the stratum IgZ[’P}, we can also attach a v-sheaf Igl[)l’;] for 7 € {0, 1,0},
but this will be very different from (Igb’?)[p] if 7 € {¢,t}. For example, when [P] = [G], the v-sheaf
(Igb’?)[p] is Ig>" \ &7, where & C Ig>* is the boundary of the partial minimal compactification. This

47 Te® Yo = 1e%7 x| 4o
( ) (g )[P] gg[p} ’IgziP]

contains Ig?’, and their difference is roughly a punctured tubular neighborhood of 8”. Indeed, Ight
will model the fiber of the Hodge-Tate period morphism restricted to the good reduction locus of

17pdeed, the unipotent part J.”%(C) can be identified as the union Un,p™ "Tplhy(Oc /).
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the Shimura variety, but (Igb’T)[G] will model the fiber of the Hodge-Tate period morphism over the
entire open Shimura variety (see Corollary .

Relatedly, we note that the constructions (—)° and (=)' in §2.1.1| behave well with respect to
closed immersions (in the sense of Lemma , but not with respect to open immersions. We
deliberately choose the slightly clunky notation (—)[p] to distinguish the two.

We now check that these strata are preserved under the group actions.
Corollary 4.32. Let [P] be a conjugacy class of admissible parabolics. For 7 € {o, 1}, (Igb’?)[p] s a
Jy-stable sub-v-sheaf of 1g®**. For ? € {0,1,0}, (Igb’?)[p] is a Jy(Qp)-stable sub-v-sheaf.

Proof. The same argument as Proposition [4.30| applies by replacing Ig?*” (resp. Igiﬁ) with Igza’){i
(resp. (Ig"*7)p)).- O

We can diagrammatically organize the relationships between these different strata as follows.

Lemma 4.33. Let [P] be a conjugacy class of admissible parabolics. Then there exists a commutative
diagram with cartesian squares

b, *
(Ig")p) ——— lglfpy — Ig"*°

! | |

Igsz P Igva Igb,*,'l‘
[P] 18P ’

| L

T = (18" p) — Tgfpy — Tg",

where the horizontal arrows are the natural inclusions and the rightmost column is defined by evalu-
ating the transformation (—)° — (=)t = (=)¢ on Ig¥*. Similarly, we have a diagram with cartesian
squares by replacing each term in the above diagram with their stack quotients by Jy(Qp), which is
well-defined in light of Proposition [{.530 and Corollary[{.33 Moreover, if we ignore the bottom row
then we have an analogous diagram involving stack quotients by Jp.

Proof. If we look at the fpqc subsheaf J,(Q,) C jb?p then we recall that we have an equality

Jp(Q)° = Jb((@p)Jr = Jb((@p)<> = Jp(Qp) by |GIF25, Proposition 2.19]. This reduces the claim on
the stacks quotient to the first claim. For the first claim, the Cartesian squares on the right follow
from an immediate application of Lemma [2.3] For the cartesian squares on the left, we note, by
Lemma applied to the closed immersion Igb<[P] — Ing[P], we have a commutative diagram

b,o b,o
Iglp) — Iacppy

| |

bt b,t
Ig o) — Iacppy

| |

b,O b,0
Iglp) — gy,

with cartesian squares. Passing to the complementary closed and using the relationship IgZ?P} \

Iglz?p] = (Igbg[P] \IgZ[P})O = Igl[’l’)<]> from Lemma [2.5 D
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5. MINIMALLY COMPACTIFIED IGUSA STACKS

We can now move our focus to Igusa stacks. We start by defining a Baily—Borel stratification
on the minimally compactified Igusa stack and analyzing the geometry of the strata, based on the
results from the previous section. This allows us to define intersection complexes attached to étale
local systems on the open Igusa stack. We show that they recover the corresponding intersection
complexes on the Shimura varieties. Along the way, we obtain a dimension formula for the boundary
strata on classical partially compactified perfect Igusa varieties.

5.1. Igusa stacks. Let (G,X) be a Shimura datum satisfying Assumption with reflex field
E. Fix an isomorphism @p ~ (C, with corresponding p-adic place v of E and denote by E the
completion of E at v. Let u be the geometric dominant cocharacter of G := Gg, defined by the
Hodge-cocharacter and this isomorphism. Fix a neat compact open subgroup K C G(Ay) and let
Sk be the corresponding Shimura variety at level K, viewed as a diamond over Spd E. Recall from
|Zha23, Theorem 9.40], [Kim25, Theorem D]H that we have a corresponding small v-stack Igsy,» and
its minimal compactification Igsy, (both defined over SpdF),), together with the following Hecke
equivariant cartesian diagrams of v-stacks

Skr — ./."EG’MA

(48) y [»

Igs v T Bung,
and

* Tmin
o — Flg 1

(49) lﬁmi“ lh

Tmin
Igsy» ——— Bung,

where F{q ,—1 is the diamond attached to the partial flag variety for G' via the analytification
operation (—)¢ of i It corresponds to the Schubert cell labeled by p~! on the BJR—afﬁne
Grassmannian Grg. The v-stack Bung is the moduli stack sending S € Perf to the groupoid of
G-bundles on the relative (adic) Fargues-Fontaine curve Xg over S. Moreover, the map m is the
Hodge-Tate period map, and the right vertical map h is the Beauville-Laszlo map. Since the
diagrams are equivariant for the G(Q,)-actions on the geometric objects, which are trivial on the
bottom row, we have similar versions at each level K, C G(Q)), where the top row is replaced
by the map between the corresponding stacky quotients. These are related via the commutative
diagram

WKp,min

SKE [SKp/&} (ji) [ ;(P/ﬁ] — [}YG:H_I/&}
(50) \VZKP ) lﬁxp,mm lth

Tmin

Igspep 7 Igsyp» ———— Bung,

with cartesian squares.

15The original construction in [Zha23| only gave the good reduction locus of the Igusa stack and [Kim25| extends
this to the Igusa stack that corresponds to the whole open Shimura variety. The result of the current section gives
another way of extending the Igusa stack beyond the good reduction locus. Our result logically does not depend on
|[Kim25, Theorem D], see Corollary below.
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The bottom rows of the previous diagrams depend only on the fixed compact open subgroup
KP C G(AZ;) and not on the level at p, which justifies the notation. The vertical maps are /-
cohomologically smooth of pure ¢(-dimension d := (2pg, i), where pg is the half sum of the positive
roots. More precisely, we have the following.

Lemma 5.1. For all compact open subgroups K, C G(Qy), the map hg, is fdcs £-cohomologically
smooth of pure £-dimension d, and there are natural identifications of functors

i, (=) = I, (—)[2d](d).

In particular, in light of the cartesian diagram @), the maps BKp,min and l~1Kp are also cohomolog-
ically smooth of pure €-dimension d and surjections on the underlying topological spaces; therefore,

both maps are surjections of v-sheaves.

Proof. This follows from the fact that the dualizing object of Bung is the constant sheaf [HI25,
Proposition 1.1], cf. |[DHKZ25, Lemma 5.1.8] and the fact that the Beauville-Laszlo map
[,7-"6@7“71 / Kp} — Bung is ¢-cohomologically smooth of /-dimension d with fibers given by étale
torsors over the flag variety Flg ,, cf. [FS24, Proof of Theorem IV.1.19]. When combined with
Proposition (5), this reduces us to the calculation of the dualizing complex on the algebraic
flag variety, which, since this is a smooth projective variety of dimension d, is given by A[2d](d).
To see that the maps h Kpmin and h Kk, are surjections of the underlying topological spaces, we note
that the image of Tmin and T is given by the open substack Bung ,-1 C Bung corresponding to
B(G,u™ ') c B(G). Moreover, hr, also has image given by B(G, p~1), by combining [Rap18, Propo-
sition A.9] with the interpretation of h as the forgetful map sending a modification of G-bundles
E --+ & of type p of the trivial G-bundle & on the Fargues-Fontaine curve to the G-bundle £.
This implies the desired claim. O

5.2. A stratified cartesian diagram. The goal of this section is to show that we have a strat-
ified version of the cartesian diagram exhibited in Equation , with respect to the Baily—Borel
stratification. By Lemma [5.1] and Lemma [3.6] this will lead to the ¢-cohomological smoothness of
the boundary strata of the Igusa stack, which will play an important role in our construction of
the intersection complex on the Igusa stack. From now on, we fix an algebraically closed field k/IF,
(with discrete topology) and base-change Igs* := Igs¥» (G, X) to Spd k. Similarly, we base-change
Bung and the Igusa varieties Ig® and its compactifications introduced in §4|to k.

For simplicity of notation, throughout this and the next subsection, we fix the sufficiently small
prime-to-p level K? and write Igs*, §*, Sip), S<[p], F¥ for Igskw, Sicp Skr p), Skr <[p]; and Flg 1.
For any of these objects, the superscript (—)b will denote a further base change along Bunlé — Bung,
where 4j, : Bun% < Bung is the locally closed Harder-Narasimhan strata corresponding to b € B(G).

5.2.1. Baily—Borel stratification on the Igusa stack.
Definition 5.2. For a rational conjugacy class of admissible parabolics [P], we define the substacks
IgS[p] C Igsg[P} - Igs*

to be the v-sheaf theoretic images of Sjpj, resp. S<[p] along Bmin : S* — Igs*. Concretely these are
substacks of Igs* defined by the condition that a map S — Igs* factors through Igspy, resp. Igs<(p)
if and only if there exists a v-cover S — S and a map S — Sip), Tesp. S — S<(p lifting the given
map.

Remark 5.3. By definition, the natural map Sjpj — Igs™ factors through Igs(p|, similarly if we replace
[P] by < [P].

The following is the main result of this section.
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Theorem 5.4. For each rational conjugacy class of admissible parabolics [P], the cartesian diagram
(@ restricts to a cartesian diagram

Sg[p] — L

(51) l’?s[m l

Igs<pj — Bung,

where the left vertical map arises as in Remark @ Sumilar statements hold if we replace S<p) and
Igs<ip) by Sipy and Igsp), respectively.

Remark 5.5. This means we have a set-theoretic locally-closed stratification of the underlying topo-
logical space
Tgs*| = T T lesipl,
[P
which we will refer to as the Baily—Borel stratification on Igs*, since this is true on the wv-cover
h:S — Igs* using Lemma In particular, this will put is in a situation in which we can
apply the discussion of § after showing these strata are cohomologically smooth Artin stacks

(Corollary below).

We will prove Theorem by establishing a version of after pullback to each individual
Newton stratum, based on the following lemma.

Lemma 5.6. Assume that, for each rational conjugacy class of admissible parabolics [P] and each
b € B(G,u™ "), Diagram becomes cartesian after pullback along Bun?; — Bung. Then Dia-
gram is cartesian. The analogous statement holds if we replace < [P] by [P].

Proof. We spell out the proof for the < [P] condition. The one for [P] is similar. Write X<pj for
the fiber product Igs<pj XBung F¢- The commutativity of and the injectivity of the map

S<p] = S* >~ Igs™ XBung FL
induces an injective map of v-sheaves

Conversely, under our assumption the natural inclusion of topological spaces |X§[p]| — |S*| factors
as

[ X<p)| = [S<p)| = [S7].
Indeed, as this is a statement on topological spaces, it can be checked Newton stratum-wise, using

the decomposition
s*1=" I 1™

beB(G,u~1)
and the analogous ones for | X<pj| and [S<pj/.
This means that, under our assumption, for any affinoid perfectoid space S with a map S — X<(pj,

the composition

S — Xg[p] — S§*
factors, on the level of topological spaces, as |S| — |S<jp| < |S*|. Now applying the equivalence of
(i) and (iv) in [Sch22, Proposition 5.3] to S<pj < S*, we get a factorization of maps of perfectoid
spaces

S — SS P] — S*.
This in turn implies that we have a factorization of maps of v-sheaves

Xé[p] — Sé[p} — S*.
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The first map in this factorization provides an inverse to the map in Equation and establishes
an isomorphism between the two sides as desired. g

5.2.2. Newton stratification on the Igusa stack. The advantage of pullback along Bunl& — Bung
is that we have an explicit description of the fibers of the minimally compactified Igusa stack in
terms of partially minimally compactified perfect Igusa varieties. This will allow us to describe the
boundary strata explicitly as well.

More precisely, let b be an element in B(G, u~1). We fix a completely slope divisible p-divisible
group X/k in the isogeny class labeled by b. As in § we can define a perfect Igusa variety Ig®
and its partial minimal compactification Ig?*. Let Jb = Jb . be the v-sheaf of groups attached to

the formal group scheme Jb k over k of self-quasi-isogenies of X (Definition , by applying the
analytification operation (—)° of - We recall that, by [Zha23, Corollary 9. 46] this is isomorphic
to the group diamond of automorphlbms of the G-bundle &, attached to b € B(G, 1) on the
Fargues-Fontaine curve. In particular, we have an isomorphism Bun’é ~ [Spd k/J), as in [FS24,
Proposition I11.5.3].

We set Igb’*’<> be the v-sheaf over Spd k attached to Igh*. As explained in the action of
Jb F, on Ig®* induces an action of J, on Ig®*® and further extends to the canonlcal compactlﬁcatlon
Tgb*

byx,0

. by partial properness of J.
By [Zha23, Proposmon 9.47|, we have an isomorphism

(53) Igs™ ~ [Ig"*T/ 7]

such that the morphism to Bung ~ [Spd k/J,| identifies with the natural projection map. Since
the Jp-action preserves the Baily—Borel boundary strata of Ig “T by Proposition and Corol-
lary [4.32, the v-stack [Ig¥*T/7,] has closed (resp. locally closed) sub-v-stacks [ P] /T (resp.

[(Ig"* 1) 1py/ To)).-

5.2.3. A stratified cartesian diagram. We now prove the version of Theorem on Newton strata.
Under the identification Igs*® ~ [Ig®*T/7;] of (53)), we obtain a map

ile[P] . S%[P] — S*’b — [Igb’*’T/jb]

Ig

Proposition 5.7. The map ilbg[P] factors through the sub-v-stack

1ee) /78] = 18" /7).

and we have a cartesian diagram

Sty —— Fe*

(54) | j

[ <[P]/'~7b} —_— BunG.

The same result holds true if we replace < [P] by < [P] above.

Proof. We spell out the proof for the < [P] condition. The proof for the < [P] condition is the same.
We have an isomorphism of perfectoid spaces

(55) S o= (18" To) X gy, FE,

obtained by taking the pullback of the isomorphism along h : F¢ — Bung. Since the v-sheaves
we wish to compare, namely SQ[P] and [Iggp] | Tb] X Bunt, ¢, are closed sub-v-sheaves on both sides.
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By [Sch22, Proposition 11.20], it suffices to show their underlying topological spaces match under
the isomorphism .

For this, we let = : SpaC — F¢° be a rank one geometric point. Taking fibers over z, Equa-
tion becomes the identification

(56) F* = (mpr) ") = Ighot

from [CS24, Theorem 4.5.1|, [San23, Theorem 4.3.9]|E|. It thus suffices to show that the isomor-
phism respects the boundary strata defined by the < [P] conditions, i.e.

(57) Ig2le) Xspar SpaC = F* xs+ Scjp) =: Frpp)-

This follows from the analogous statement for toroidal compactifications.
Namely, fix a good compatible choice of cone decompositions 3 and form the toroidal compacti-
fication ST := }é’{,x. We claim that under |[CS24, Theorem 4.4.1|, cf. [San23, Theorem 4.3.10]E|

we have

b,tor,
. Ig " *spa Spa.C o F xgur Sy = Fifpy.

where Ig?“(;]]r and Stgoﬁ;,] are the preimages of Igbg[P] and Scjpy along the natural projection maps from
toroidal compactifications to minimal compactifications, and F** is the fiber of the Hodge-Tate
period map on S*" over z. Since both sides of Equation are affinoid and partially proper,
they are in particular controlled by the global sections of their structure sheaves. Hence, by [CS24,
Lemma 4.5.2] (cf. Proposition and Lemma below, the claim will imply that Equation

is an isomorphism.

To prove the claim, using the partial properness of both sides, we just need to check the map
b,tor b,tor

2[PL,Oc be the base-change of IgS[P}

induces natural bijections on rank one geometric points. Let Ig

to Spec O¢, 1};2‘{2}0 . be its w-adic formal completion, and let C’/C be a complete algebraically

closed field. By Lemma , a Spa C’-point of the left hand side of Equation is the same as a
~ b,tor

Spa C’-point of the adic generic fiber of the formal scheme Igg’t[g]@ - Now by examining the proof

of [CS24] Theorem 4.4.1], cf. [San23| Theorem 4.3.10|, we see from the explicit data the two sides
parameterize that the < [P]-condition is preserved. O

Lemma 5.8 (Cf. [CS24] Lemma 4.5.2]). Let f: Y — X be a map of perfectoid spaces, such that

w0

the natural map O3*/@™ — f.(OF* /™) is an isomorphism for each n, where “a” means almost
and w is a pseudo-uniformizer on X. Let i : Xo — X be a Zariski closed immersion, and fy be
the map Yy := Xog xx Y — Xy. Then f(),*(’);)“ ~ (’)}EZ In particular, fy induces isomorphisms on
global sections of the structure sheaves.

Proof. By w-adic completeness of (’)}g and the fact that f07*0¢0‘1 ~ gnn fo,*(oﬁa Jwo™), it suffices to
show the natural map (’)}g Jw™ — f07*((9;50“ /w™) is an isomorphism, for all n. For this, by |Sch22,
Proposition 14.8], we may view the sheaves O%®/w™ and Oy*/w™ as quasi-pro-étale sheaves. As
such, they satisfy base-change for pullback along Zariski closed immersions. In particular, we get

O " = i*(OF /@) S i* £u(OF /=) =~ fo (OF2 /")

as desired. The final statement follows by taking inverse limit of both sides, inverting w and then
taking the global sections. O

Corollary 5.9. Under the identification Igs*? ~ [Igb’*’T/jb] of , we have an isomorphism of
v-stacks ,
Igs’p) = [Ig;[p]/ Ty)-

16gince our C is of characteristic p, the isomorphism is rather the tilt of the isomorphism in loc. cit..
1TWhere in the last sentence in the statement, the word “affinoid” should be deleted.
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Proof. Proposition |5.7| shows that Igb’T Jv] is precisely the image of S, = S<ip; X5+ S*P. The
<[P <[P <[P]

result therefore follows from the definition of Igsl’S[P}. 0

We deduce the result for individual strata as well.

Proposition 5.10. Under the identification Igs*? ~ [Igb’*’T/jb] of , we have an isomorphism
of v-stacks

Tgsfp) = [(Ie"1)p)/ o).
Moreover, Diagram restricts to a cartesian diagram

Sy ——— FI¥

9 L

Igsl[’P] — Bunlg;.

Proof. Using Proposition [5.7] it suffices to show that the isomorphism
b7
(60) S%[P] = [Igg{P]/jb] X Bunl, Fe
restricts to an isomorphism of the open sub-v-sheaves
Sip = (1" ) e}/ To] Xy, FL

This can again be checked on the level of topological spaces, by [Sch22, Proposition 11.15|. Using
partial properness of both sides, we reduce to check that the above map is a bijection on rank
one geometric points. This follows from the < [P] version of Proposition and the fact that set
theoretically we have

[S2pyl = 1S [T 1S2m

Now we can finish the proof of Theorem [5.4]

Proof of Theorem[5.7) The result for the < [P]-condition follows by combining Lemma Propo-
sition and Corollary The one for the [P]-condition follows by combining Lemma and
Proposition [5.10} 0

We end this subsection by stating two consequences of Theorem

The first is a construction of the Igusa stack beyond the good reduction locus. The original
construction of Igusa stacks in |[Zha23, Theorem 1.3| only uniformizes the good reduction locus of
the Shimura varieties and Kim [Kim25| extended this result to the whole Shimura variety. In fact,
applying Theorem [5.4] to [P] = [G], we see that taking the image of Sk» in Igs* is an alternative way
of constructing the Igusa stack beyond the good reduction locus, logically independent of [Kim25|.
We summarize this as the corollary below.

Corollary 5.11 (Igusa stack beyond the good reduction locus). Under Assumption the v-stack
Igs and the cartesian diagram in [Zha23, Conjecture 1.1(1)] exists, extending the one on the good
reduction locus from [Zha25, Theorem 1.3]. For all b € B(G,u™"), we have an isomorphism Igs® ~
[(Igb’T)[G]/jb], where we note that (Igb’T)[G] is precisely the perfectoid space of [HL26, Corollary 3.4]

when base-changed along Spa(C) — Spd k for C an algebraically closed perfectoid field, in light of
Lemmas 2.3 and [2.7
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The second consequence is that we have a version of the Mantovan’s product formula for the
Baily—Borel boundaries. Namely, we can formulate Proposition [5.7] and Proposition [5.10] slightly
differently. We take k to be Fp. Let Sht(G,b, 1) be the fiber of the map h : F¢ — Bung over a
Spd k-point corresponding to b. This is the local Shimura variety Sht(G, b, 1) defined in [SW20,
Section 23|, which has a structure map to

Spd E = Spd Wo,, (k)[3] = Spd E Xspar, Spd k.
It is equipped with a natural G(Q))-action (see §7.2.1). Then we have the following corollary.

Corollary 5.12 (Mantovan’s formula for boundary strata). There is a G(Q))-equivariant isomor-
phism of diamonds over SpdE

Sy Ty % SUH(G. b )

Here the G(Qyp)-action on the right hand side is through the Sht(G,b, t)o factor. The contracted
product on the right hand side is given by the quotient of the product Sht(G,b, {t)so XSpd k IgZZ{P] by
the diagonal Jy-action. The analogous statement for the [P]-condition is also true.

Remark 5.13. Note that the base-changes of both IglzT[P] and J, to Spd E are representable by pre-
perfectoid spaces which describe the rigid generic fibers of the Witt vector lifts of the perfect Igusa
varieties, and at finite levels the shtuka spaces are also representable by smooth rigid spaces, see
[SW20, Lecture 24.1, 24.2|. Hence, this result indeed parallels the classical p-adic uniformization.

5.3. Dimension formula. As immediate corollaries to Theorem and Proposition [5.10] we ob-
tain dimension formulae for the boundary strata of both the Igusa stack and individual Igusa
varieties.

Corollary 5.14. Let dpj be the dimension of the stratum Sk, ). The stratum Igsp) ts an Artin
v-stack (in the sense of [FS24, Definition 1V.1.1]) and the structure map Igspp) — Spdk is £-
cohomologically smooth of £-dimension djp) 145 := djp] — d.

Proof. The v-stack Igs* is Artin by [FS24, Proposition IV.1.8 (iii)], since it admits a suitably repre-
sentable map, namely i, : Igs® — Bung, to the Artin v-stack Bung (|FS24, Theorem IV.1.19.]).
This implies that the stratum Igspp is also an Artin v-stack, since by Theorem it is (locally)
closed in the Artin v-stack Igs*. By [I'524, Example IV.1.9(iii)|, the result follows (Similarly, Igsp
is an Artin v-stack, though it is not necessarily cohomologically smooth).

For the ¢-cohomological smoothness, again by Theorem for all open compact subgroups K,
we have a cartesian diagram of the form

[Skco o1/ K| —— [Flam /Ky

| |

Igspy ——— Bung.

In particular, since the right vertical arrow is separated, fdcs, ¢-cohomologically smooth of /-
dimension d (Lemma , the same holds true for the left vertical arrow (which is additionally
a surjection of v-stacks). Moreover, by |[Sch22| Proposition 23.15], ¢-cohomological smoothness can
be checked after passing to a v-cover, so we choose an algebraically closed perfectoid field C'/k
and base-change everything to it. Now we conclude from Proposition [3.6] since from the definition
[FS24) Definition IV.1.11] it is clear that a map of Artin v-stacks f : ¥ — X is cohomologically
smooth if there is a separated, fdcs, cohomologically smooth surjection g : V' — Y from an Artin
v-stack, such that f o g is cohomologically smooth. This also implies the result on ¢-dimension, cf.
[F'S24, Definition IV.1.17] and |[Ham26a), Lemma 3.8|. O
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Fix an element b € B(G,u ') and a principal prime-to-p level KP = K(N), p { N. We also
deduce an interesting numerical result about the dimension of strata in the Igusa variety Ig? = Igl}(p
attached to b.

Lemma 5.15. For a principal level Ky(p™) C Jp(Qp), we have a decomposition of the quotient
stack
18l /5 (p™)] = [T185)7" /)
(2]
where [Z] runs through Iqusa cusp labels at level Ky(p™)KP of type [P]. If [Z] lies over a cusp
label [Z] at level KP then Igl[’Z] o~ Igl[’z}’ is a smaller dimensional Igusa variety attached to [Z] at

principal p™-level, cf. [CS24, Theorem 3.3.15]. Moreover, Hy is some closed subgroup of Kp(p™)

that acts trivially on IgIEZ].

m

Proof. Fix an Igusa cusp label Z of type [P] with underlying cusp label Z, see Definition We
denote by [Z] the KP-orbit of Z, or equivalently, a cusp label at level KP that Z projects to. Recall
from |CS24, Theorem 2.5.8] that there is a corresponding smaller dimensional Shimura variety .77
appearing in the boundary of .#*, where following Section 4, we use .* to denote the special fiber
of the minimally compactified Shimura variety with hyperspecial level at p and prime-to-p level
KP?. Denote by Ig’[)Z] the corresponding smaller dimensional Igusa variety (with infinite level at

p) above the central leaf Cloﬂ[bz} C Sz as in |CS24, Theorem 3.3.15]. It is attached to an element
bip) € B(My g, ), if My, is the reductive group in the Shimura datum for .#z); and b is the image of
bip) under the natural map B(Myqg,) — B(G)H

Let Py(Qp) C J4(Qp) be the parabolic subgroup stabilizing the filtration on X given by Z,. It
has a decomposition

Py(Qp) = (Mpp,e(Qp) X Myp(Qp)) x Up(Qp),

where M, and My ), denote the linear and hermitian part of the Levi subgroup M of Py, and U,
is a unipotent subgroup of P,. As in [CS24, Section 6.2.1], there is a natural J,(Q))-equivariant
map Igfp} — Jp(Qp)/P5(Qp). The fiber of this map at the identity, which we denote by Igl[’P] o> 1s an

infinite union of Igusa varieties Igl[’Z}, parameterized by a profinite set Zjp) x» of equivalence classes

of Igusa cusp labels of type [P], whose underlying usual cusp label is at level KP. In other words,
we have a ma

Ipo= [I etz = Zpuee
[Z]EZ[p],KP

This map is P,(Q))-equivariant, where the P,(Q,)-action on Zp),x» factors through its projection to

My 0(Qp) = Autp, (Y ®Qp/Zy), and Y is as in the discussion proceeding Equation . The latter
group acts on the Igusa cusp labels by composing ¢ with the given automorphism of ¥ ® Q,/Z,.
This action is transitive, and the stabilizer of each equivalence class of a cusp label is I'iz =
AutB(YQ) N KP.

Hence, there remains an action of a group Hp,, which sits in an exact sequence

1— Mb,h(@p) X Ub(@p) — Hp, — F[Z] — 1,

18We choose the notation M, since P has a decomposition of the shape P = (Mg x Mp) x U, where U is the
unipotent radical, M is the “linear” part of the Levi and My, is the “hermitian” part, cf. the paragraph after |[LS18|
Definition 3.3.8]. The part M, has a symmetric space that is of hermitian type. They form the Shimura datum of a
smaller dimensional Shimura variety appearing in the boundary of .*.

190n the source the disjoint union symbol is an abuse of notation, since there is a profinite topology on the cusp
labels.
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on the Igusa variety Igl[’Z], where the Uy(Qp)-action is trivial and the My, ,(Qp) = Jop (Qp)-action is
the usual one.

Using this, we can describe the quotient [Igl[’P] /Kp(p™)] explicitly. Namely, consider the in-
tersection K3(p™) N Py(Qp). It has a corresponding decomposition into a linear, hermitian and
unipotent part. The linear part K(p™) N M;(Qp) acts on the cusp labels, with stabilizers
Lz = Ky(p™)KP N Autp(Yg). The hermitian part Ky, := Kp(p™) N My, (Qp) determines the
level of the smaller Igusa variety, giving rise to an equality

[Igl[)Z]/Kb[P]] = (Igl[)Z},m)perfa

while the unipotent part K := Kp(p™) N Up(Qy) fixes IgbZ?m. Hence, define Hj to be the closure
of Iz x (Kpr) in Kp(p™), and we obtain the desired description of [Igl[’P]/Kb(pm)}. O

We now let KP be a neat level away from p. We set dy := (2pg, 1), where vy is the slope
homomorphism of an element b € B(G) and pg is the half sum of all the positive roots of G. Let
dp,[p] denote the dimension of the stratum Igfp] in the perfect Igusa variety Ig®*. We use the above
result to deduce the following lemma.

Lemma 5.16. The quotient stacks [Ig[ /Jb((@p)] and [(Igb’o)[p}/Jb(Qp)] are {-cohomologically

smooth over Spdk of (-dimension equal to dyp). Similarly, [(Igb’o)[p]/jb] is {-cohomologically
smooth of dimension dy, p] — dp.

Proof. Let Ky(p™) C Jp(Qp) be a pro-p principal level subgroup. Then the natural map

Tals? /Ky (0™)] — [l /(@)

is étale; in particular, it is an ¢-cohomologically smooth cover of ¢-dimension 0. Hence, it suffices
to show [Igl[)lg?/Kb(pm)] is (-cohomologically smooth of (-dimension d, (p. Using Lemma [5.15| (and

the fact that the Igusa varieties in question for general level away from p differ from the Igusa
varieties at principal level away from p by a finite étale morphism), it suffices to show this for
each [Ig ./ Hp] (Note that the functor (— )¢ factors through perfection by construction). But this
follows from the same argument as in Proposition 3.6 E Namely, since H, C Kp(p™) is pro-p and the
natural projection

[ [Z] /Hb]ﬁlgl[)?

is the base-change of [Spdk/H,| — Spdk, the map is ¢-cohomologically smooth of ¢-dimension 0.
The question thus reduces to the ¢-cohomological smoothness of Igl[”Z? m: We now conclude, using
that we have an equality Ig[Z] m = Ig[Z] m Mant? by Remark and the fact that (—)<> factors
through perfection by definition. As in Remark [£.3] the subscript Mant is meant to indicate that
these are the finite level Igusa varieties considered in [Man05b; |(CS17;/CS24]. The claim now follows
from Corollary Indeed, Ig}[)Z],m,Mant is a finite étale cover of the central leaf (f[bz] C Hz) and

this is smooth by [Man0O5a, Proposition 1].
It remains to show the claim for [(Igb’o)[p] /Jp(Qp)]. This follows from Lemma and the fact

that the map [Ig"*°/J,(Q,)] — [1g%*°/J,(Q,)] is an open immersion, sce Lemma [4.29] The last

claim follows from the first, and the fact that [(Igb’o)[p] /JIp(Qp)] — [(Igb‘))[p] /Jp] is £-cohomologically
smooth of dimension dp. ]

We now have the following.

Proposition 5.17. We have dy, p} — dp = djp) — d.
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Proof. For each compact open subgroup K, C G(Q,), the map
Flly /Ky — Bun

is /-cohomologically smooth of /-dimension d, by Lemma It then follows from Lemma and
Proposition that

(18") 01/ | g, [Pl /5| © [ SToy )

is an {-cohomologically open sub-v-sheaf of {-dimension dy, pj — d +d. On the other hand, we know
by Lemma that, after possibly removing higher rank points the adic Newton stratum S K [P)

is E—cohomo gically smooth. Moreover, it has the same (-dimension as Sk, p] since, by Remark
given any rank one point of Sy p) it must contain a full residue disc under the specialization

map with respect to the integral model at hyperspecial level. However, the v-stack [S[p}/ Kp] is

{-cohomologically smooth of dimension dp; by Lemma Combining these observations, this
implies that dy p) — dp + d = djp}, as desired. ([l

Remark 5.18. Proposition can also be proven in a more elementary way, using the dimension
formulae from |CS17, §4.2-4.3] and the explicit description of partial compactifications of Igusa
varieties. This result can be rephrased as saying that the codimension dp — dy, p] of a boundary
stratum in the partial minimal compactification of an Igusa variety is independent of the choice of
Newton stratum that the Igusa variety lies over. This therefore expresses some sort of transversality
between the Newton and boundary stratifications.

We have chosen to prove the transversality result this way, as this argument will more naturally
complement the approach we take to compute the stalks of our relative intersection cohomology
sheaf in the next section. This fact underlies the proof given in §6.5] that the relative intersection
cohomology of the Igusa stack is a perverse sheaf on Bung. It also explains that [Zha23, Proposition
9.23] is a special case of a more general phenomenon.

5.4. Local Systems. We let F'/Q, be a finite algebraic extension with ring of integers Op. Sup-
pose £ is a finite dimensional algebraic representation of G defined over F'/Qy a finite algebraic
extension. We suppose that A is a coefficient system as in Setup [I.16] that is also an Op-algebra.
In this situation, we say ¢ is defined over A. Using the construction from §2.3] we construct some
A-local systems on the open Igusa stack Igsg, (over k = k as before), to which we will attach
intersection complexes in the next subsection.

In particular, £ defines the action of G(F') on a finite-dimensional F-vector space Ve. Suppose A
is as in Setup [1.16] (1). Given a compact open subgroup Ky C G(Qy), consider the natural induced
map

Ky, C G(Qr) = GL(Vg)(F).

Since K is compact, it fixes some Op-lattice L¢ C V. We can then consider the Kj-representation
L¢ ®0, A. This defines an object in D(K, A) and in turn an étale A-sheaf on the classifying stack
[*/K,], and hence on Igsy, by pullback along the natural maps

(61) Igsger — [¥/KP] — [x/ K4,

where * = Spd k. We denote this A-local system by L¢. Similarly, if A is as in Setup (2) then
we can define an object in D¢ ([*/ K], A) by taking inverse limits, and by pulling back we get a lisse
A-adic sheaf on Igsy,.

Similarly, one obtains a A-local system /jg on the Shimura variety by further pullback along S —
Igsyp, for any K = KPK,,. Applying Lemma we see that this agrees with the analytification
of Pink’s construction applied to Lg¢, hence also with the usual A-local system attached to £ upon
inverting ¢, see [Pin92], Section 5.1].
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5.5. Intersection complex. Let A/Zy be a coefficient system as in Setup and & be an algebraic
representation of G@Z defined over A (i.e of the form described in §. Let £ := L¢ be the attached

étale local system on Igsy, as in §5.4Jabove. By Corollary Remark [5.5] and Definition we
can define its intersection complex ICyze+(L), for the Baily-Borel stratification on Igs*. Similarly,

denote the pullback of £ to S by £. We can define ICs:, /K] (Z[d](%)), using the Baily—Borel

stratification and Proposition (We drop the stratification from the notation for simplicity. This
is justified by Corollary below, since at least when passing to Sy, the complexes agree with
the analytification of the intrinsic intersection complex on the algebraic Shimura variety).

Proposition 5.19. Following the notation in for each compact open subgroup K, C G(Qp),
there is an isomorphism in Dei([Shen/Kpl, A)

iyl Crg (£)1d () = 10y 1 (Ela)(3).

Proof. Since ile,min is £-cohomologically smooth of /-dimension d and the stratifications on its
d
2
respect to the t-structure defined by the Baily—Borel stratification, by smooth and proper base
change, see [Sch22, Proposition 22.19, Proposition 23.16(i)]. O

source and target are compatible by Theorem the functor B}p minld](5) is perverse t-exact with

Let £ be the usual étale A-local system attached to ¢ on the algebraic Shimura variety Shyg :=
Sh(G, X)r and write (—)¢ for the analytification functor Cgh*x' We have the following corollary.

Corollary 5.20. Let K, C G(Qp) be a compact open subgroup whose pro-order is coprime to ¢
and qk, : [Si»/Kp] — Sk be the natural map. For K C G(Ay) a neat open compact, we have

isomorphisms
I % d ~ d alg d O
0Ky <l min1Crgs* (£)[d] (5) = ICs; (L[d](3)) = ICsn; (£7*[d](3))
and
- o d g d
QKP,*th,minDIgs}‘{pICIgs*(E)[d](%l) ~ Dg: ICss. (ﬁ[d](§)) >~ (Dgp; [Cgps (£ lg[d](i)))o

Proof. The second part of the claim follows from the first by applying Verdier duality, using Lemma
Proposition and Proposition (5). Hence it suffices to prove the maps in the first row
are isomorphisms.

Using Remark@ and the fact that both ¢k, « and B}p
latter, use cohomological smoothness as in Lemma, we can reduce to the case that A is torsion.

Now the first isomorphism in the first row follows from Proposition and the fact that g,
is ¢-cohomologically proper of /-dimension 0 and respects the stratification by definition of the
strata on the stacky quotient, see Proposition @ Indeed, gk, « is exact, so if we present both
intersection complexes using Deligne’s formula (Corollary , it is easy to see that g, . preserves
the IC complexes. The second isomorphism follows from Pink’s formula [Pin92, Theorem 4.2.1] and

Corollary

commute with inverse limits (for the

,min

O
5.5.1. Universal local acyclicity. We denote by D = Drgst ., the Verdier duality functor on Igsy,.

Proposition 5.21. Suppose A is reqular. Both ICiee (L) and its Verdier dual D(ICyze (L)) are
stratified ULA with respect to 1gsy, — Spd k and the Baily-Borel stratification {1gsg» p1}p], in the

sense of Definition [2.29

Proof. We give the proof for ICee (L) with the one for D(ICyze+(£)) being virtually identical.
We first show that ICpg+ (L) is ULA over Spdk. By [FS24, Proposition IV.2.13|, ULAness
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is cohomologically smooth local on the source. Hence, it suffices to prove the ULAness of
W) minlClgs* ([,)[d](%l) with respect to [Sjk,/K,] — Spd k. By Proposition this complex iden-

tifies with IC(s- , KP}(E[d](g)). Consider the factorization

1 2
H[Sier [ Kp] — Sk /K] — Sk
from (21)). Since qK is quasi-pro-étale and proper by Lemma it suffices to show the ULAness of
A= qu IC[S;(I,/KP} (L[d](9)), see [FS24, Proposition IV.2.28]. For this, we use Proposition [2.43

2
Namely, for each open subgroup KI’, C K, consider the diagram

by
[Sk/Kp ] [SK/K,] —> Sk
Then, by Proposition it suffices to check bK{w*a K{,A is ULA over Spd k for a cofinal system of
K;,’s. By proper base change along

1
K

(S /K] =% [5/5]

Lo

1

(S| 2 [Sic/ 1|
one has that sz/ﬂ*a}{, A is isomorphic to
P

d d e d
bK{a»*Q}(p,K;,,*IC[S oK ](ﬁ[d](i)) ~ WK;,KP,*QK;,*IC[S;p/ﬁ](ﬁ[d]<§)> ~ WK{,,KP,*ICSh*K/(E 1!2;[d](§))<>7

where TR Kp Stvrer — Sk K, is the natural map and the last isomorphism follows from Corol-
p
lary |5.20L But the last term is ULA over Spd k, since ICSh;(/ (L8 [d](%))<> is so and 7 f, is proper,
see Proposition [2.10[2) and [FS24, Proposition IV.2.11]. This concludes the proof of the universal
local acyclicity of ICge (L).
For ULAness of the restriction to strata, for each [P], consider the cartesian diagram

[Sicnie1/15,] — [ S50/,

J’BKP ,[P] J’,t’/Kp,min

‘P *
Igsgr p) — Igsko,

where the vertical arrows are cohomologically smooth surjections by Lemma and [F'S24, Propo-
sition IV.2.13|. Note that we have

d,  ~ 5. d
hK [PIUP ]ICIgS (E)[d](g) = Z[P]hKP,minICIgs* (5)[61](5)

It therefore suffices to show ULAness of
Tk Lk Tk A d
Up) Wk minlCrgs* (£) ~ Z[P}IC[S;{IQ/&] (ﬁ[d](§))7

for each [P].  Therefore, the desired statement follows from the stratified ULAness of
ICsp, (L8 [d](%))<> which follows from Corollary (2), and the same argument as in the first

paragraph, with Sy, (resp. Si) replaced by Sk» p) (vesp. Sk [p})- O
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In particular, when A is as in Setu and regular, the complex ICyg (£) is ULA over a point
by Proposition and Proposition [2.10(2). We note that this in particular implies that ICg- (£)
is also overconvergent as Igs* is Artin (see the proof of Corollary. Indeed, overconvergence may
be checked after pullback along a v-cover (see [GHLIZ, Proposition 4.4.5 (1)]), e.g. a cohomologically
smooth surjection from an atlas of an Artin v-stack given by a locally spatial diamond. On such an
atlas of Igs*, being ULA over a point implies overconvergence by definition ([F'S24, Remark IV.2.2]).

5.5.2. Querconvergence and reflexivity. In fact, the ULA condition in the analytic context contains
two parts: overconvergence and a certain finiteness condition (perfect constructibility of its sections
on quasicompact étale neighborhoods), see |FS24, Definition IV.2.1]. The finiteness condition for
ICrge+ (£) will fail if we drop the regularity assumption on our coefficient ring A. Indeed, for modules
over rings such as Z/¢"Z, the truncation functors for the standard t-structure can produce ¢-torsion,
which will break perfect constructibility. However, the overconvergence condition will still hold
without the regularity assumption on A. Going forward, the overconvergence property for the
sheaves ICyge+(£) will play a delicate, but important technical role. Therefore, we document the
following weaker version of Proposition [5.21] for more general coefficients.

Proposition 5.22. Let A be as in Setup . The sheaves 1Cge+ (L) and D(ICige (L)) are over-
convergent.

Proof. We explain the claim for ICygs+ (£) with the proof for Dygg (ICige (£) being virtually the same.
Fix a pro-p compact open K, C G(Qp). We recall that the map g, min : [Sk, /Kp] = Igsky is a
v-cover by Lemma for K, a pro-p group. In particular, in light of |GHLIZ, Proposition 4.4.5.],

we may reduce to checking the claim for IC; Stp/Kp] (£). Moreover, note that we know the following.

Lemma 5.23. (1) The pushforward QKP*IC[S;(,,/K,,] (L) is overconvergent.

2) The pullback followed by pushforward of 1Cis« sk 1 along the diagram
[Skp/Kp]

!
S* /K/ qKP *
Kp P KPKZ’7

(62) |

S /16|
is also overconvergent.
Proof. Indeed, this follows from Corollary and Proposition (6). O

Now observe that the inclusions of the Baily—Borel strata [S}p,[m /Kp| = [Si»/Kp| are partially
proper, since they are pulled back from the corresponding strata on S, where here the strata
are partially proper, as they arise by applying (—)<> to an algebraic stratification. Therefore, a
Spa(C,CT)-point = : Spa(C,C") — [S)»/K,] must factor through some Baily-Borel stratum.

We replace [Sk,/Kp| with the relevant stratum [S;(p7[P] /Kp|. Using the description of the space
and the map g, p) : [S}"(py[P]/&] — S;{PKP,[P] given in the proof of Lemma W we see that
the map Spa(C,Ct) — [S;(p’[P] /K] factors through the quotient map to the classifying stack
[Spa(C,CT)/H,) for some closed subgroup H, C K, acting trivially. We write A for the pullback
of IC[S;@ K] (L) to this classifying stack. By definition of overconvergence and qcgs base-change,

we are reduced to checking that the adjunction map id — j,j* evaluated on A is an isomorphism.
Here

j : [Spa(C, Oc)/Hy) — [Spa(C, CT)/H,)
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is the natural inclusion. Hence Diagram reduces to

[Spa(C, %) /ﬁ;,] s Spa(C,C)

|

{Spa(a C*)/ﬁp]

where ﬁ]'g C Kz/v is a closed subgroup. By Lemma , we know that if we pull and push A along
this diagram, we get an overconvergent sheaf. On the other hand, if we apply the pull push to
the map id — j,j*, then we get the corresponding adjunction map on Spa(C,C™) (noting that the
vertical arrow is smooth and the right vertical arrow is proper), which will then be an isomorphism.
The claim now follows by the conservativity established in Lemma [2.42 ]

Another implication of the ULA condition is reflexivity, see Remark 2.30] As shown in Propo-
sition m stratified reflexivity (see Definition for intersection complexes implies Verdier
self-duality of the intermediate extension functor, which helps us analyze the complexes ICiyq (L£).
Again, dropping the regularity condition on A, the stronger property of being stratified ULA no
longer holds for ICg+(£). Yet a similar analysis as our proof of overconvergence shows stratified
reflexivity still holds.

Let A be as in Setup We start with some straightforward lemmas.

Lemma 5.24. Let f: X — Y be a map of Artin v-stacks. The following is true.
(1) If f is L-cohomologically proper and A € D¢ (X, A) then the pushforward of the biduality
map of (@
A—D X]D X (A)

is the biduality map of f.A
f+A — Dy Dy (f.A).
(2) If f is £-cohomologically smooth and A € D¢ (Y, A) then the pullback of the biduality map
A — DyDy(A)
is the biduality map of f*A
ffA — DxDx f*A.
Proof. We always have identities
Dy fi = f.Dx and Dx f* ~ f'Dy,
by projection formula and Yoneda. If f is proper then this implies that we also have
Dy fi =~ fiDx
as fi =~ fx, which implies part (1). Similarly, if f is -cohomologically smooth then we have
Dxf ~Dx(f (=) @ fA) ~ Dx(f*(-)) @ (FA) ! = fDy(-) ® (fA)" =~ fDy(-)

using the ¢-cohomological smoothness of f and invertibility (in particular dualizability) of the du-
alizing sheaf. This implies part (2). O

Lemma 5.25. The following statements are true.
(1) The family of functors

4K+ i, i, * Det (188K, A) = Det(Skri, . A)

is conservative for K, C G(Qyp) ranging over pro-p compact open subgroups.
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(2) For [P] a conjugacy class of admissible parabolics, the family of functors

CIK,,,[P]*h*Kp,[p] : Dét(IgS?(p,[P]vA) — Dei( }}pKP,[ppA)
is conservative for K, C G(Qyp) ranging over pro-p compact open subgroups.
Proof. We only prove the first claim with the proof of the second claim being strictly easier. Since
reduction mod ¢ is conservative on Dg (Igs¥p, A), we reduce to the case A is finite by using properness
of 9K, (Proposition and projection formula. Note that izmin’ K, 1s a v-cover by Lemma
and hence h;nin, K, is conservative, using that Dgi(—,A) is a v-sheaf. Similarly, factorizing g, :=
q%(p o q}(p as in Lemma where q}(p is a quasi-pro-étale proper map, then the functor q}(p* is
also conservative. Indeed, this may be checked on stalks by proper base-change, where it reduces

to the fact that RT'(T,—) for T' a profinite set is a conservative functor (cf. the proof of [F'S24,
Proposition 1V.2.28]). This reduces us to Lemma (cf. the proof of Proposition [5.21)). O

Below let us again abbreviate Dige+ as D to lighten notation.

Proposition 5.26. Let A be as in Setup . Then 1Cige (L) and D(ICyes+ (L)) are stratified
reflexive.

Proof. We explain the proof for ICee(£) with the proof for D(IC,e+ (L)) being identical. Consider
the biduality map

ICIgs* (£> - D]D)(ICIgS* (‘C)>
By Lemma (1), it suffices to show that this map is an isomorphism after applying
qu*iL:‘nim Kp(—)[d](%l) for K, C G(Qp) running through pro-p groups. However, by Lemma this
identifies with the biduality map applied to qu*ﬁ:‘nin, K, (ICtge* (£))[d](2), which, in light of Corol-

lary identifies with the biduality map of ICgyx (£212[d](£))°. The latter is an isomorphism by

Corollary (2). The same applies to its pullback to the strata by replacing Lemma (1) with
Lemma (2). O

We now use this to deduce the following

Corollary 5.27. Let A be as in Setup and self-injective. Let & be an algebraic representation
of G@Z defined over A. Then there is a natural identification

D(IC1gs+ (L)) = IO+ (LY).
In particular, for L = A, the intersection complex ICge+ := ICige+(A) is Verdier self-dual.

Proof. This follows from Proposition above and Proposition (recalling that the dualizing
sheaf on Igs is the constant sheaf). O

5.5.3. Relation to the intersection complex on the Shimura variety. Consider the natural map pr :
Sir — Sk and factor it as before

« JK 9K "
(63) Sier —> [S}}p/ﬁ] — S5
For any G in Dg (Igskp,A), we define Gk, := qu,*B*;(p,mmg, a complex on the coarse quotient

Skep K, The adjunction map q}{qup,* — id for each K induces a morphism
ag - liglf;(png - h%nlf;(ph}‘(p,ming = h;kning
KP Kp

of complexes on Sj,. The pullback of G along [S),/G(Q,)] — Igs* induces a G(Q))-equivariant

structure on the colimit lim K, [k, 9K,- The map ag is G(Qp)-equivariant for this and the natural

G(Qp)-equivariant structure on h* . G.
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Lemma 5.28. Let A be as in Setup (1). Assume that the sheaves Gk, are overconvergent, for
all Kp,. Then the morphism ag is a G(Qp)-equivariant isomorphism.

Proof. We may restrict the colimit to those K, that are pro-p. To check that ag is an isomorphism,
it suffices to do this after pulling back to geometric points z : Spa(C’,C'") — S}.,. By assumption,
the sheaves Gk, are all overconvergent. Then the same proof as in Proposition shows that G is
also overconvergent. Therefore, we can reduce to z : SpaC’ — S}, being a rank one point. Assume
it factors through some stratum Sy p). Pulling back to this point and using that the map gk, is
¢-cohomologically proper (Lemma -D we see that the diagram (63]), degenerates to

fK ox: SpaC' f” [SpaC/HUp] —>SpaC'
where we have used the cartesian diagram (22)) and the notation there. Now as K, — {1}, we have

that Hy p — {1}, since Hy p C Kpisa closed subgroup of K. The claim hence follows from the
fact that i}

which will be the colimit of its fixed vectors under open subgroups of H U,p- O

Corollary 5.29. Let A be as in Setup (1). Let & be an algebraic representation of G@Z defined
over A, and L, L, L8 be the corresponding local systems on Igs, [S}"(p/&] and Sh¥ as before. The

G, when pulled back to [SpaC’/Hy p), defines a smooth representation of Hy P

Kp,min

natural map
. e a d . * A
arc : lim fr, ICspy (£ lgldl(§))<> — lim f, IC(s: /x| (£[d](
Ky Kp

is a G(Qp)-equivariant isomorphism, where the second map is obtained from Proposition .

Proof. This follows from Lemma applied to G = ICy, (£)][d] (%) Indeed, Corollary implies
that we can identify Gk, with ICgy: (£*8[d](£))? in this case and these (and hence also G) are
overconvergent as discussed in the proof of Proposition [5.22 U

We are now ready to define the relative intersection cohomology of the Igusa stack.

Definition 5.30. Let A/Z; be a coefficient system as in Setup and let £ be an algebraic
representation of G defined over A. These determine an étale local system Le on Igs := Igsg, for
an appropriate choice of tame level K?, as in §5.4] We define the sheaf

‘7}5710,/\ = Rfmin,*ICIgs* (Ef)
in D¢ (Bung, A). When ¢ is trivial, we write ﬁIC,A for ﬁ{,IC,A-
6. STALKS OF JFic AND PERVERSITY

We fix a PEL type AC Shimura datum (G, X) as in Assumption before and consider the
cartesian diagrams in Equation . The goal of this section is to determine the stalks of the
sheaf ﬁg,IC,A and compare them with the intersection cohomology of Igusa varieties. As a direct
consequence of this computation, we prove the (semi-)perversity of ]:"571(;7/\ with respect to the

natural ¢-structure on Bung induced by the Harder—Narasimhan stratification. Let A/Z; be a
coefficient system as in Setup . We fix k = F, and base change Diagram to k.

6.1. Intersection cohomology on perfect Igusa varieties. We take b € B(G, u~!) and choose a
p-divisible group X = X over k with G-structures representing the corresponding isogeny class. Fix
a compact open subgroup K?P C G(Ap ), and consider the corresponding perfect Igusa variety Igh =
Ig Kp over k, as in § It has a partial minimal compactification Ig?*, which admits a stratification

= H[P] Ig P labeled by conjugacy classes of admissible rational parabolic subgroups of G, pulled

back from the analogous stratification on the central leaf €%*. We will refer to this stratification as
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the Baily-Borel stratification for Ig®*. There are finite-level variants as well: as introduced in §4.1.1]
we have a tower of Igusa varieties with their partial minimal compactifications gy, : Igfn — Ig)*,
for varying m > 1. Each of these acquires a stratification Igfn* = H[P] ngbn P pulled back from €%*.

Let Ky C KP denote the level at . For each m, Igfn supports a pro-étale Ky-torsor by passing to
infinite level at £. This gives rise to a map of groupoid-valued fpqc sheaves

Moam 1, — [Spec(Fp) /Ky,
As in §2.1.1] we have an analytification functor
¢" : Dey([Spec(Fp) /K], A) — Dey([Spd(Fp) /Ko, A).

This is an equivalence of categories, as can be shown by reducing first to the case A is finite (by
¢-adic completeness) and then arguing as in the proof of |[GHLIZ, Lemma 7.1.7|. In particular, this

identifies D¢ ([Spec(Fp)/Ky], A) with the f-completed derived category of smooth representations

~

D(Ky, A).

(In par)ticular, as in for a finite dimensional algebraic representation £ of G@e defined over A,
we can construct a A-local system on Igfn, which we denote by Le¢p .

On the other hand, since the varieties Igfﬁ* are of finite type over F,, we can define two
perverse t-structures on DP(Igh* A) as in One is the intrinsic perverse t-structure
PDE="(Igh*, A),PD2=%(Igl* A)) and the other is (PDEPB=C0(1gh* A),PDEBB=0(1gb* A)), the one
defined with respect to the Baily—Borel stratification. This allows us to form a priori distinct
intersection cohomology complexes

Ic?g}l?ﬁ* (‘Cf,b,m [db] )7 ICIgE,),’L* (L&l)’m [db])

by taking the intermediate extension along gj , of £§7b7m[db] with respect to these two t-structures,
where d, = (2p, 13) is the dimension of Ig®.

Proposition 6.1. For all m > 1, we have an isomorphism in D2 (Ig%*, A)
IC\ oo (L pmldb]) = ICPD. (Lepmld]).

Proof. Using Lemma m it suffices to show that gp s« (Lepm) is constructible with respect to the
Baily—Borel stratification.

First, we reduce to the case of principal level away from p by noting that in general Igi’: o differs
from an Igusa variety with principal level away from p by a morphism which respects the Baily—
Borel stratification and which, moreover, is finite étale after restricting to each boundary stratum
(cf. Lemma which carries over to Lan’s integral models of the Shimura varieties over O, and
therefore to the corresponding Igusa varieties as well). In particular, this implies that (étale locally)
Gbmx(Lepm) s a direct summand of the *-pushforward of the analogous pushforward at principal
level reducing us to the principal case.

Now, as in the proof of Corollary , this will follow from the analogue of Pink’s formula, [Pin92,
Theorem 4.2.1], for the partial minimal compactifications Igf;l*. The axiomatic properties of the
partially compactified Igusa tower needed to establish Pink’s formula, as the level at £ # p increases,
are guaranteed by the structure of the toroidal boundary charts of Theorem See also |LS18,
Lemma 4.3.2|, where these axiomatic properties are stated and |LS18, Theorem 4.3.10|, where they
are invoked to establish Pink’s formula in various settings. The key point is that, as the level
at ¢ increases, the transition morphisms in the boundary chart should be given, étale locally, by
multiplication by powers of £ on an abelian scheme, respectively on a torus. O

In light of this comparison, we simply denote these sheaves by ICIgb,* (Lep,mldp]) in what follows.

b,*

We note that, since the transition morphisms fy,, : Igf;l* — Ig,;

are finite and only ramified along
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the boundary, we have natural transition morphisms
SnICrgbr (Lepnld]) = IC b (L p,mdb])

obtained by adjunction, which allows us to form the following smooth .J,(Q))-representations with
A-coefficients

(64) Veroas = lim RT(Igp, IC o (Lepmlds])).
m>1
and®)
(65) Ve = lim RU(Igp ", Dy o IC b (Lepmlds]))-
m>1

We also define the following ¢-complete objects

(66) ‘A/%,IC,AJ) = @ hﬂ RF(Ig?,’Z*, ICIgfn* (Ef,b,m KA A/Z” [db]))
n>1m>1
and
(67) Véicas = lim lim RU(Igh", Dy o IC o (Lepm ©a A/C"[dy])).
n>1m>1

If A is torsion then we have Vg,IC,A,b = Veico,ap and VgﬁC,A,b = V£C’A7b.

Remark 6.2. By Remark [£.3] and the topological invariance of the étale site, we can also describe
Veicap as
. b,*
%1 R (I8 Maner ICgr, - (Lepamld])),

where IgZ’:Mam are the normalizations with respect to €? < €%*, the partial minimal compactifi-

ant

cation of the Igusa varieties Ig® \..¢ considered in [CS17] and [Man05a), and IC .. (Lepmldp])
’ m,M

is the analogous intersection complex on these algebraic varieties. A similar result holds for the
{-completed and Verdier dual versions.

Let 4 : Bunl’G — Bung be the inclusion of the stratum labeled by b. The main result of this
section is the following.

Theorem 6.3. Let A be as in Setup and & be an algebraic representation of G@Z defined over

A. Then, for eacfz be B(GZ 1), under the isomorphz;sm Dét(Bl}n%, A) ~ B(Jb(@p), A), we have an
identification i Feic.a =~ Veioapl—ds] and i{Dpung Feicn = Vg%C,A,b[_db] of £-completed smooth
Jp(Qp)-representations.

We make some preparations for this computation.

6.2. Generic and special Newton polygon stratifications. Recall from §5] that, using the
cartesian diagram , we may define a Newton polygon stratification of the minimally compactified
Shimura variety by pulling back the Harder—Narasimhan stratification on Bung by the substacks

ip - Buan — Bung. We will call this the generic Newton polygon stratification (or simply Newton

stratification), and denote the strata by S}k(’l;, or sometimes by S}k(’f,’" to distinguish it from the special

Newton polygon stratification that we will now discuss. Throughout this section, we endow B(G)
with its order topology, with the partial order on B(G) given as in the Notation and Convention
section. Namely, b € {b'} if and only if b > b'. Note that this is opposite to the specialization
relation for G-isocrystals, but compatible with the topology on Bung.

20We note that VﬁC’A’b is genuinely different from V¢ 1c,a6 if A = OF, as Or is not self-injective.
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Pick a hyperspecial level subgroup K, C G(Qp). The Shimura variety at level K = K,KP? has
a canonical integral model ., over Spf O, which possesses a minimal compactification .#%. For
simplicity, below we base-change it to Oc,, and maintain the same notation. The (geometric) special
fiber YK’FP has a Newton polygon stratification according to the isogeny class of the universal
p-divisible group with G-structures. Using the theory of well-positioned subschemes, see |[LS18,
§3.3], this stratification extends over Y;;F . Consider the specialization map from the underlying

»p
topological space of the adic generic fiber Sj = Sy c, to that of Y[*{?
b 3 p

sp: |Sk| — |‘5ﬂ1*(,Fp|’
It sends a point x = Spa(K, K*) — Sj; (where K is a non-archimedean field over C) to the image
of the unique closed point, under the corresponding map Spf K+ — ..

Definition 6.4. For each b € B(G, '), we define the special Newton polygon stratum of Sk
attached to b to be the locally closed sub-v-sheaf

#,b,s | ox *,b
SK = SK X|S;<|:Sp LS”K’FP .

*,b,8

For any Kz’) C K, we define the special Newton polygon strata S K1 Kv by taking the preimages of
St S

Remark 6.5. Given b € B(G, 1), the generic and special Newton polygon strata labeled by b have
the same rank one points. For a higher rank point * = Spa(K, KT) — S}, it lies in S}‘(’b’" if and
only if, under the corresponding map Spf K — %7, the image of the generic point lies in |¢7;(”%p|;
while it lies in S}}b’s if and only if under Spf K™ — .}, the image of the closed point lies in ]Y;(’%p :
This explains our choice of terminology. From this description, we also see that the generic Newton

polygon strata are partially proper, cf. [Sch22, Definition 18.4].

Remark 6.6. Because of the difference on higher rank points, the specialization relations among

the generic and special polygon strata are reverse to each other. Namely, for a generic Newton

polygonal stratum S;(’b/’" to lie in the closure of S}‘{’b’", one must have that Bung lies in the closure

of the Harder-Narasimhan stratum Bung C Bung. This closure is contained in (and in fact equal
to, by [Vie24, Theorem 1.1]) the locus of G-bundles in Bung with Kottwitz element &’ > b. On the

other hand, for a special Newton polygon stratum S};’b/’s to lie in the closure of S;(’b’s, one must have
b < b due to the reversal of these closure relationships on the special fiber. (The inequalities are
with respect to our convention for the partial order on B(G) that is fixed in the notation section.)

We can study the interaction between the two stratifications. For each b, we consider the v-sheaf
*7b7m Pp— *7b7n *7b7s
S K =8 K X Sk S K -
One result that will be useful to us is the following.

Lemma 6.7. For each b, the natural map of v-sheaves S}}’b’m — S} 15 an open immersion.

Proof. This follows since we can rewrite S;}’b’m as the fiber product of two open subfunctors

*b,N *,b'n *,b s
S~ [ s xsr | U Sk
b'<b b >b

Indeed, one can check this on the level of underlying topological spaces. Clearly, |S;(’b’m\ is contained
in the topological space of the right hand side. But, given any x = Spa(C, C*")-point of the right
hand side, where C'/C, is algebraically closed, we obtain a corresponding Spf C*-point of ..
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According to Remark its generic point lies in |§”§’b,] for some ¥ < b. On the other hand,
P

its closed point lies in |§%*’b”] for some b” > b in the same order relation. This implies &' < b".
However, since the specialization relation for the universal family of G-isocrystals on YF* is inverse

P
to the specialization relation of G-bundles on the Fargues-Fontaine curve, we must have b > b".
Combining the two, we see that b’ = b = b”, which means z has to lie in S;(’b’ﬁ as desired. O

6.3. Open substacks in Igs*. Lemma leads to an interesting consequence on the geometry of
Igs*. Namely, for each b € B(G, 1), the substack [Ig"*°/7;] of Igs*? is in fact open in Igs*.

Proposition 6.8. The composition of the natural maps
o : [1g*° ) ] — [1g8"1 ) Tp) ~ Tgs™? — Igs*
s an open immersion. Moreover, we have an identification
b *
(68) Sp" = [Ig7° ) Ty X1gsr Fle 1.

Proof. By |Sch22|, Proposition 10.11], we can check that «y, is an open immersion after pullback to
a v-cover. By combining with Lemma [6.7] we see that the second part of the proposition implies
the first part. For the second part, note that we have

S}k(,l; ~ [Igb,*7T/\7b] XIgS* ‘FEG,M_l'

This is a locally spatial diamond, since it is locally closed in the spatial diamond Sj,. H By [Sch22,
Proposition 11.20] and Lemma (1), we just need to identify the underlying topological spaces
of the two sides in Equation . We may do this after restricting to each geometric fiber of the
Hodge-Tate period map.

Fix a geometric point x = SpaC of F{g ,-1 and identify the fiber 771 (x) of the Hodge Tate
period map over x with Iglg*’T. Let k denote the residue field of C'. We need to show that, under
this identification, we have an isomorphism

(69) S xsr, m M (@) = IglC

For this, let us observe that one can characterize the subfunctor Iglg*’<> — Iglg*’T as follows: Take

a perfectoid space S = Spa(R, R+) over Spa(C'. By the partial properness of Iglg*’T, giving a map
f:8—= Ig%*’T is the same as giving a map Spec R° — IgZ’*. Then f factors through Iglg"<> if
and only if this map extends over Spec R™, i.e. there is a dotted arrow filling in the commutative
diagram

o f b,*
Spec R ﬁ Ig;
[
Spec R™

The left hand side of Equation has a similar description. Namely, let K C G(Ay) be
hyperspecial at p, consider the natural map ¢ : IgZ’* — 17[*(’{;6, which factors through the perfection
y;(’lzperf of the latter. Then, for S = Spa(R, R") over SpaC' as above, a map from S to the LHS is

the same as a map f : Spec R° — Ig®*, such that there is a dotted arrow filling in the commutative

21Indeed7 factoring the injection S}}z — Sk»p into an open immersion followed by a closed immersion, we see this
by combining |Sch22| Corollary 11.26, Proposition 11.19].
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diagram

Spec R° 7, Igz’*

£ I
b?*’T

For our purpose, it suffices to compare the above two subfunctors of Ig~"", when taking test
objects to be geometric points. It then follows from the valuative criterion of properness for the

map ¢ that these two subfunctors agree. Note that the valuative criterion holds for ¢, since it factors

f . . f f
as a pro-proper map IgZ”k — %lf P £0 the central leaf, and a closed immersion ‘5,3 OPE yi*(’lzper .

(The fact that €%* — YI*(’b is a closed immersion follows from |LS18, Proposition 3.4.1(2)] and the
construction of partial minimal compactifications of well-positioned subsets.) O

6.4. Proof of Theorem We are now ready to prove Theorem [6.3] For notational simplicity,
we will prove that claim for ]:"57107 A with the claim for ]D)BunG]:"&IQ A being completely analogous (by
replacing IC with DIC everywhere and noting that Corollary [5.20] and Proposition [5.22] are both
true for the Verdier dual). This will take a few steps.

6.4.1. Step 1. We first consider the restriction of ICze+(L¢) to the open substacks discussed in
We may pull back the Baily-Borel stratum Igsjp of Igs* along the map oy : [1gb*° /7] — Igs* of
Proposition [6.8] Combining Proposition and Lemma [£.33] this identifies with the locally closed
stratum [(Ig”°)p1/Jb], as defined in (7). In other words, we have an isomorphism

(70) [(1g")p1/ To) = Ug"*°/ Tp] X1gs- Tesip)-
By Lemma each [(Igb’o)[p] /Jb] is an Artin v-stack that is f~cohomologically smooth over Spd F,,
of pure ¢-dimension dj, p) —dp, = djp) — d, where d and djp) are the dimensions of the Shimura variety
and its [P]-stratum, respectively, and dp,p is the dimension of Igl[’P} and the equality follows from
Proposition [5.17]

In particular, we can apply the constructions in and define a perverse t-structure on

Dt ([Ig"°/ o], A).
Denote by L¢; the restriction of L¢ to

[(18") )/ To) = [18"*°/ To] X1gsr Lgs-
We can consider the intersection complex for L¢; along the open immersion
(") )/ ] — g™/ T)
and denote it by IC b0, 71(Lep). Here, let us again caution the reader that (Igb’°)[G] is not the
same as Igh°; the difference between these objects is explained in Remark [4.31]
Lemma 6.9. There is a natural identification
OéZICIgS* (ﬁg) ~ IC[Igb,*,o/Jb] (;Cé',b)
in Dey([Ig™*°/T), A).

Proof. Both ICige(L¢) and ICj 0.0/ 71(Lep) have a presentation using Deligne’s formula, see Corol-
lary 2.26] Since oy is an open immersion by Proposition [6.8 pullback along «;, commutes with
push-forwards (also with truncation since o is exact). Hence, we obtain the desired result, by com-
bining and the equality d;, p] — dp = djp] — d, of the {-codimensions appearing in the definition
of ICrgs (L¢), IC[Igb,*,O/Jb] (Lep), as described above. O
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6.4.2. Step 2. We need to relate the cohomology of IC b0 7 (Lep) with the colimit of the co-
homology of the algebraic intersection cohomology groups ICIgb,* (E?lfm), defined in Here we

added an superscript (—)alg for the local systems on the algebraic varieties to distinguish them from
the ones on the corresponding v-sheaves. For this purpose, we reinterpret IC[Igb,*,o /7] (Lep) in terms
of the functor t*¢* introduced in

More precisely, we consider the finite level Igusa varieties obtained by taking the coarse moduli
spaces of the quotient [Igh*/Ky(p Kp(p™)]. These coarse moduli spaces are given by the perfections

(Ighxyperf of the partially compactified Igusa varieties Ig%* deﬁned in §4.1.1, for compact open

subgroups K3(p™) C J5(Qyp) at principal levels (cf. Lemma [5.15)).
Similar to Igh°, the v-sheaf (Igh*)Perf:o = Igb*° has a stratiﬁcation by the locally closed sub-v-

sheaves

(g ey += Te™ (Jtehcer| e <im])

as in ([47)). Similar to Lemma for each [P], we have that

x
‘Igi’ﬁ*”

b, R
(71) (I )p) == Lo (o) X gt Tei™®,

bxo _y Igg’f’<> in forming the above fiber product, cf.

where we used the open immersion tlgb,*,o Ig,)
Lemma . It follows that (Igf’;f)[p] is {-cohomologically smooth of dimension d p, since this is

cf. Lemma|[5.16

true for Ig P’

Therefore, we can consider the local system Le¢ ., on (Igzlf)[q obtained by restricting c;ﬁgi’n Eg}im

along (Igf;f)[G] < IgP*% and taking its intermediate extension, denoted ICp0e (Le¢pm), with re-
spect to this stratification. We have the following.

Lemma 6.10. With notation as above, we have a natural isomorphism

* * 1
ICIgZ;*’O (Ef,b,m [dp]) ~ tlgf;l* Clgf,;* ICIgfﬁ* (‘Cg,lim [dp)]).

Proof. By Lemma we have
(72) ¢ 0 AC o (LE5[d]) 2 IC o (] bL*L‘Zl%m[db]),

Ig7VL
where, on the right hand 81de the intersection complex is formed with respect to the stratification
on Igb’ ¥ given by the Ig [P]s Since ¢, ob is an open immersion, we have by smooth base-change
and (| an isomorphism

ICIg?;L*’O (Eg,b,m[db]) ~ t o *IC e (C & *££ b, m[db])
Combining this with Equation , we get the desired claim. O

6.4.3. Step 3. Now we can identify the cohomology of IC b0, 71(Lep). Let By [1gb*°/ T —
[*/Jb) be the natural map, and let V¢ 1c A be the representation of J,(Q,) defined in .

Proposition 6.11. Under the identification Dg([/Tp), A) =~ ]S(Jb(Qp),A), we have an isomor-
phism

RByIC g0 71 (Lep) = Veic.ap[—dy)-

Proof. By writing IC[Igb,*,o /7] (Lep) as an inverse limit over the mod (™ IC-sheaves using Re-
mark we reduce to the case of torsion coefficients. Since the identification Dg;([*/J], A) ~
D(Jp(Qp), A) is made via pullback along

(73) up : [#/ Jo(Qp)] = [/ T,
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which is an ¢-cohomologically smooth map of ¢-dimension d, = (2p,14), we just need to compute
the pushforward of
ICgero 171 (Lelitgoe @ = 1Cghese (@)1 (Lenldel) [ =]

along the map ~
By + 1872/ Jo(Qp)] — [/ Jp(Qp)],
where IC; 040/ @,)) (Lepldp]) is defined completely analogously to IC 6.0, 7] (ﬁg,b)ﬁ using that

Jp» preserves the boundary strata of Igb’*’<> by Proposition m For each m > 1, we have a cofinal
system of compact open subgroups K;(p™) C Jp(Qp), as in Lemma We then have a diagram
[Igb,*,O/Kb(pm)} qm Igb7*,<>

m

(74) J’hm
[Igb,*,o / M}

Here h,, is the natural map on stack quotients, which is étale. The map g, is the map from the stack
quotient to the coarse quotient, and it will be cohomologically proper of cohomological amplitude
0 if we choose m sufficiently large so that Kj(p™) is pro-p, cf. Proposition .

In particular, we obtain

RBy,IC(g00 ) 5,y (Leldo]) [ o] == lim RT([Ig"*¢ / Ky (p™)], b IC{ gm0 7, (0,1 (L) [do]) [~ o]

~ h%nl RF(Ig%:’O, IC[Igb,*,o/Kb(pm)} (‘cf,b,m [db])) [7db]

= lig RT (I, IC oo (Le b)) ) [~ db)-

By Lemma and Proposition this identifies with the algebraic intersection cohomology
. * 1
lim RT(Lgg", IC s (L35, [d])) [=db)
m

which is precisely ‘7571@7,&71,[—611)], as desired. O
6.4.4. Step 4. To conclude, we need to control the difference between the spaces Ig?*° and Igh* 1

(see Lemma, since it is the latter that appear as fibers of T ,;,. This difference does not matter
for overconvergent sheaves, and in particular, the IC sheaves.

Recall that if X is a wv-stack then we have the full subcategory of overconvergent sheaves
D2¢(X,A) C Dg(X,A). It is easy to see that the condition of being overconvergent is stable
under pullback. We now have the following.

Proposition 6.12. Consider the natural map
ay : (1877 /Jp(Qp)] = 18”1/ Jp(Qp)],

then the functors ay and ap. define inverse equivalences

Dge (I /Jo(Qp)), A) = Dg(Ig""/ ()], A).

Proof. By Lemma the map ay, : [Ig*°/Jy(Qp)] — [Ig*1/Jy(Q,)] is a qcgs open immersion of
v-stacks. Hence, the claim follows from |GHLIZ, Lemma 4.4.7]. O

We obtain Theorem [6.3] as a corollary of this.

22Note in particular that the map [*/Ts] — [*/Jo(Qp)] is £-cohomologically smooth, so we may use smooth

base-change to compare Deligne’s formula on both sides.
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Corollary 6.13 (Theorem . For all b € B(G, 1Y), under the equivalence
D (Bunf;, A) = D(Jy(@), A),
the complex iy Fe 10,4 is identified with the £-complete smooth representation V&Ic’A,b[—db].

Proof. Consider the natural maps

{*/M} ﬁ [Igb’*’T/M} SN Igs™.

We know that ICige(L¢) is overconvergent by Proposition Since overconvergence is stable
under pullback, k;ICe (L¢) is also overconvergent. Hence, we have

upipFe1c,A = “ZiZRfmin,*(ICIgS* (Le)) =~ Rgbik;ICIgS* (Le)
~ Rfp.1Cpghm0g,(,)) (Led) =)

~ Veroap[—dy),

where the first isomorphism follows from proper and smooth base-changes; the second isomorphism
follows from Proposition and Lemmal[6.9] The last isomorphism follows from Proposition [6.11
O

This completes our computation of the stalks of F¢ ¢ a-

6.4.5. Aside on completed versus smooth cohomology. We let A be as in setup m (2). Let G/Q,
be a connected reductive group and * = Spd E,. We recall from |[Han20, Section 2.2] that we have
an exact symmetric monoidal functor

(75) v:D(G,A) = D(G, A)
A~ hngl ARp A/gn’
which admits a right adjoint functor
(76) §:D(G,A) = D(G, A)
A — colimpg, (1) Rf‘(Kp, A),

where K, runs over compact open pro-p subgroups. Here Rf(Kp,A) for an object A € ﬁ(G,A)
represented by an inverse system (A,) of smooth representations under the mod ¢™-reduction maps
is given by lim,, o, RI'(K,, A;), the f-completed version of continuous cohomology (we recall that
the limit here is derived). Alternatively, under the identification D(G (Qp), A) =~ D¢ ([*/G(Qp)], A)
(|[Han20, Proposition 2.6 (1)]), we have that

§(A) := colimp, 41 aKp*b}(p (A),

where ag, and by, are as in the diagram

[/ G(Qp)] 4 [/ Ky 2 5,

and the functors are computed in the category of étale A-adic sheaves. If we write D(G, A)adm C
D(G, A) for the full subcategory of sheaves such that its Kj-invariants for all compact open pro-
p subgroups have cohomology sheaves given by finitely generated A-modules then it follows from
|[Han20, Proposition 2.6 (3)] that ~ defines a fully faithful embedding D(G, A)aqm — ﬁ(G, A).
Moreover, its essential image is easily verified to be the full subcategory of ¢-complete representa-
tions, which are represented by an inverse system (A, ) over the mod ¢"-reduction maps such that A4,
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has K-invariants given by an admissible representation for all n > 1. We denote this subcategory
by D(G, A)padm € D(G, A). In other words, this adjoint pair induces an exact equivalence

(77) ~v: D(G, A) adm —> D(G, A) adm-

Now we specialize this discussion to the case that G = .J, and the representations appearing in the
stalks of F¢1c.A-

Lemma 6.14. For A as in Setup (2), we have
5(‘75,IC,A,b) = Veic,ap
and

) D
d(Veteap) = Veloap

Proof. We explain the proof for Vg,lc, A,p With the proof for Vgﬁc, A being completely analogous. We
look at the diagram

b,*,0
m

Ig

17/ Ky(p™) | —— [#/Kolp™)| 3

b b

(18" In( Q)| = [+/(Qy)]

which extends with a cartesian square. In particular, by Proposition the sheaf 5(‘75710’["[’)
identifies with
COthP—>1 am*b:nﬂb*:[clgs* (££7b7m)'

However, by applying base change to the above diagram and arguing as in the proof of Proposition
[6.11] (using Remark , we deduce that this is isomorphic to

. 1
COllprH1 RF(Igfh*, ICIg?{f (‘Cg,im))’
which is precisely the smooth representation V¢ 1c a5, as desired. ]

6.5. (Semi-)perversity. Let A be a coefficient system as in Setup m Fix an algebraically
closed field k/F, and consider Bung over * := Spdk. We recall that D¢ (Bung, A) is equipped
with a natural perverse t-structure, where, for b € B(G), with associated Harder—Narasimhan
stratum 4, : Bun% < Bung, we say an object A € pDio(Bun(;,A) (resp. pDéZtO(Bung,A)) if
it(A) € D% (J,(Qp), A) (resp. iyA € D% (Jy(Q,),A)) under the isomorphism Dg(Bunf, A) =~
ﬁ(Jb(Qp),A). Here dy, := (2pg,vp), where v}, denotes the slope homomorphism of b. That this
defines a t-structure follows from the formalism in or see |DHKZ24] Proposition 8.1.5] for a

proof of this specific case. We also recall that, for b € B(G, u~ '), we have an equality dj, = dim(IgZ’*).
Let £ be an algebraic representation of G@Z defined over A, L¢ be the associated A-local system

on Igs ey ¢, and ICyge+ (L¢) be its intersection complex with respect to the Baily-Borel stratification,
as introduced in We consider ﬁE,IC,A = RTmin,«ICres* (L¢) € D¢y (Bung, A) and, when £ is the
trivial representation, we simply denote this by ]:"1(37 A as before. Since the image Tyin « is given by
the open substack j<, : Bung ,~1 — Bung, .7:",57107/\ is supported on this substack. We will abuse

notation and also write F¢ ¢ A for its restriction.
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Theorem 6.15. For A as in Setup we have that ]:"571(;7/\ lies in p’SODét(BunG,uq,A) for the
t-structure on D¢ (Bung ,—1,A) coming from the Harder—Narasimhan stratification. Moreover, the
following is true.

(1) If A is self-injective, then DBun,, u_l(ﬁg,IC,A) ~ ﬁg\/,IC,A- In particular, if € is the triv-

1al representation then ]-A"IC’A = ]A-'Ic,g’A is Verdier self-dual, and ]357107/\ 1S perverse, since
D(p7§0Dét(BunG’H_1,/})) C P29D¢(Bung ,-1,A) by Remark ,
(2) If A is regular, then Feic.a ULA with respect to Bung ,—1 — *.

Proof. Assume first that A is self-injective and hence finite in our situation. By Corollary
and the properness of the morphism 7y, over Bung -1, we know that F¢ic A is Verdier dual to
.7:5\/ 1C,A, Where §V denotes the representation dual to £. It therefore suffices to show for all £, that
.7-"5 1c,A lies in pD (Bung, A). This can be checked on x-stalks. By Theorem [6.3] it is enough to
show that Vmc,b 6 D=0 (Jp(Qp), A). Recall that we have

~ ) . 1

Hence the desired result follows from combining the affineness of each Igfﬁ*, the perversity of the

intermediate extension ICp .. (Lg},%’m) (for the usual constructible t-structure on finite type F-

schemes), and the fact that pushforward along affine morphisms is perverse right t-exact, cf. [BBD82,
Theorem 4.1.1] (Here, we have implicitly invoked the comparison of intermediate extensions on Igf;L*
established in Proposition .

When A is regular, then part (2) follows from Proposition and the fact that ULA sheaves are
preberved under proper pubhforward |FS24, Proposition IV.2.11]. This in partlcular implies that the
stalks ZbFE ICA = V&IC Ap[—db] € D(Jb(Qp) A) lie in the full subcategory DAdm(Jb(Qp) A), using
the classification of ULA sheaves on Bung in the torsion case [FS24, Theorem V.7.1.]. Therefore,
by applying Lemma and the equivalence , we deduce that 175710,/\71, = 75(‘75,10,/\,1;) =
Y(Veicap). It is easy to see that Ve 1o a p[—dp)] is concentrated in degrees < dj, by the same reasoning
as above, and therefore we conclude the same for Vg,lc, Ap by the exactness of v. This gives us the
semi-perversity statement in this case. (|

Remark 6.16. One should not expect .7:"57107/& to be ULA without the assumption that A is coho-
mologically regular. Indeed, the invariants under various compact open subgroups could fail to be
perfect complexes if the intersection cohomology groups of Igusa varieties at finite level have torsion
and A is a ring like Z /"7 for n > 2. As a result, the finiteness part of the ULA condition on ]35,10,,\
could fail.

7. APPLICATIONS

7.1. Intersection cohomology of Shimura varieties. In this section, we give a formula for the
intersection cohomology of Shimura varieties in terms of the Hecke action on the complex .7:'571@, A and
various sheaves obtained from it. To establish the most general possible results, including working
with both rational and integral coefficients, we need to use the lisse-étale sheaves introduced in
[F'S24, Chapter VII|. We first review some of the basic structure of Dys(Bung, A) in this level of
generality. We fix k = F, and consider Bung over Spd k.

7.1.1. Recollection on lisse-étale sheaves. We assume for the rest of this section that A is a Z,[,/p]-
algebra for ¢ # p unless otherwise stated, considered as a relatively (over Z,) discrete condensed
ring via A := Zy ®£ﬁ oo Adisc, see [FS24, Chapter VIL6, 2nd paragraph], where @® denotes the
solid tensor product., We recall that, for such a A, we have the category Djs(Bung, A), the de-
rived category of lisse-étale A-sheaves on the Artin v-stack Bung constructed in [FS24], Defini-
tion VII.6.1]. This is a full subcategory Dys(Bung, A) < Dm(Bung, A) of solid A-sheaves on Bung,
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as described in |FS24, Definition VII.1.10]. If A is a torsion ring then we have an identification
Dyis(Bung, A) ~ D¢ (Bung, A) with the usual left-completed category of étale A-modules on Bung
by [F'S24} Proposition VII.6.6] combined with |[FS24] Proposition V.3.5] and [FS24, Theorem V.3.7].

7.1.2. Hecke operators on Dys(Bung, A). We consider the L-group LG := G x Wg, /A and write
Rep(LG) for the category of algebraic representations of the group “G := G x Q, where Q is the
finite quotient of Wg, through which the action of Wg, on G factors.

We recall that, for V€ Rep(*G) an algebraic representation of the L-group over A, we have the
Hecke operator

(78) Ty : Dys(Bung, A) — Dyjg(Bung, A)PWer
A= hg, (hg™ (=) @ ICy),

as constructed in [FS24, Section I1X.2|. Here the morphisms are given by

h& h~
(79) Bung << Hekg —25 Bung x Divl,

where Hckg is the v-stack parameterizing, for S € Perf, degree 1 closed Cartier divisors on the
relative Fargues-Fontaine curve Xg, and modifications of G-bundles & --+ & on Xg, which is
meromorphic along the Cartier divisor determined by a map S — Div!. (Recall that Div! is the
moduli space of degree 1 closed Cartier divisors on the Fargues-Fontaine curve.) The maps h; and
hg remember the bundles & and &, respectively. While IC], € Dm(Hcke, A) is the solid sheaf
attached to V under the geometric Satake equivalence, which is pulled back from the local Hecke
stack to the global one (see [F524, Section IX.2]) and h¢; is the natural pushforward in the category
of solid sheaves (the left adjoint to x-pullback), as defined in [FS24] Section VIL.3|.

More precisely, given a small Artin v-stack X over a diamond S (in the sense of |[FS24 Sec-
tion IV.1]), we have a natural fully faithful embedding

(80) DchA(X/Sﬂ Zf[\/ﬁ]) (_>D.(X7ZZ[\/5])7A'_>DX(A)V7

where (—)" := RHompg(x,a)(—,A) is the dual embedding, as defined in [FS24] Section VIIL.5]. We
recall that the category appearing on the RHS is the homotopy category of the inverse limit (as
oo-categories) DYLA(X/S, Zo[/p]) := lim,, DIV (X /S, Ze[\/P] /"), where DI (XS, Zo[\/p) /L") is
the oo-category of étale Z[,/p]/¢"-sheaves which are ULA over S. We write Hckg for the local Hecke
stack of G, which is equipped with a natural map Hckg — Hckg from the global Hecke stack, given
by formally completing the modification of vector bundles along the divisor. For V' € Rep(*G),
we may first look at the sheaf in DY (Hcke/[Div? /LG, Ze[/p]) attached to V under geometric
Satake and then apply the functor A — D(A)Y to obtain a sheaf in Dm(Hckg, Z¢[\/p]), where the
Verdier duality functor is with respect to Hcke — [Div! /LT G]. We write ICy € De(Heke, Zo[ /D))
and IC}, € Du(Hckg, Z[,/p]) for the sheaves produced by this procedure and pulling back along
Hckg — Hcke (see the beginning of [FS24, Section IX.2]).

We note it follows by [FS24, Proposition IX.2.1] that the Hecke operator factors through a natural
map Dy;s(Bung, A)BWQP — Dm(Bung x Div!) and this gives rise to the operator described in .

We assume that G is quasi-split (e.g it is unramified, as in Assumption for simplicity. We
fix a maximal torus and Borel T' C B C G, and let X*(T@p)Jr be the set of geometric dominant

cocharacters. For p € X*(T@p)+ a geometric dominant cocharacter of G, we write u! € X*(T@p)Jr /T
for the corresponding Galois orbit. Attached to u, we can define an associated highest weight tilting
representation of G , denoted 7y, and a representation 7,r of L@ attached to the Galois orbit, given
by extending 7, to a representation of G x Wg, as in |[Kot84, Lemma 2.1.2|, and then inducing
it along the embedding Wg, C Wg, (see [Ham26b, Section 9.1]). We then have a natural Hecke

operator
T,r : Diis(Bung, A) — Dyjs(Bung, A)PWep
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attached to the cocharacter u.
We will be interested in a slight variant of the operation 7)r; in particular, if FE;, denotes the
reflex field of Q) then the operation 7),r factors over the natural functor

Dyis(Bung, A)PWEs — Dy (Bung, A)BVer
induced by induction from Wg, to Wg, (See the discussion on [F'S24, Page 322]). We write
T, : Dijs(Bung, A) — Dyjs(Bung, A)BWE#

for the resulting natural operator attached to 7,. It has a similar formula as , with ICL, the
lisse version of the intermediate extension for the Schubert cell labeled by p on Hckg (restricted
to Hckg), being the kernel of the correspondence. When we want to emphasize the coefficients, we
denote this by Té\.

Similarly, if A is as in Setup (2) then we will also consider the functor

(81) T, : D¢ (Bung, A) — D (Bung, A)5WEn

A hgi(hg* (-) ® 1C,)

defined by the Hecke operator on the /-complete category.

For C' an algebraically closed perfectoid field in characteristic 0, under the equivalence
Dijis(Bung, A) ~ Dys(Bung ¢, A) given by [FS24, Corollary V.2.3], the composite of the functor
T}, with the forgetful functor

Dys(Bung, A)BWE# — Dys(Bung, A)

identifies with the functor
hay(ahG™ (=) ®IC))
given by the analogous pull and push along the diagram

ah& shg
(82) Bung << ,Hckg — Bung ¢,

obtained by base-changing i along the natural map z : Spd C' — Div! corresponding to the degree
1 Cartier divisor in X» defined by the characteristic 0 untilt of C" given by C. Here the sheaf ICL

~

is the analogous solid sheaf attached to 7, € Rep(G) described above by applying geometric Satake
to get a sheaf IC,, and then applying the embedding .

As we will be interested in studying these operators in the context of Shimura varieties, we now
assume for simplicity that g is minuscule, and consider the pullback of the Hecke correspondence
along the map hg to the open substack i; : Bunlg — Bung corresponding to the trivial G-
bundle. The Hecke correspondence pulled back to this locus is easily identified with the v-stack
quotient [Flg ,—1/G(Q,)] of the flag variety by the action of the group v-sheaf G(Q,). In particular,

after rigidifying the G/(Q,)-action, this will parameterize minuscule modifications £ --+ & to the
trivial G-bundle, via the Bialynicki-Birula isomorphism [CS17, Proposition 3.4.3, Theorem 3.4.5].
We therefore have the cartesian diagram

[Fle0/G@p)] " [spd0/G(@y)]
(83) l fl
mHCkG,Su L) BunG’C.

If 41 is minuscule then one has an isomorphism V# = 7, = V), between the standard, tilting, and
costandard highest weight representations. The sheaf IC,, is simply identified with the constant sheaf
A[d](%) on [Flg -1 /G(Qp)], where d = (2pg, 1) for pe the half sum of the positive roots of G. If
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we write hy : [Flg ,-1,c/G(Qp)] — Bung for the map induced by hg and hy : [Flg -1 c/G(Qp)] —
[Spd C/G(Qp)] for the map induced by hg then this implies the following.

Lemma 7.1. For A/Z[\/p|, we have an isomorphism

. . d
inTu(=) ~ hlnh2(—)[_d](—§),
in D(G(Qp), N)PVEr where the Tate twist on the RHS means we twist the Weil group action by

|-|=%2 for || the norm character of Wg,, using the chosen square oot of p. Moreover, if A/Zy[\/p]
is a torsion algebra then under the equivalence Dys(Bung, A) ~ D¢ (Bung, A) given by the naive

embedding, we have an identification

AT () = hb3(ld)(5) = h () ()

Proof. The first part follows by applying the base-change result |FS24, Proposition VII.3.1 (iii)| to
the cartesian diagram and noting that the sheaf ICy, identifies under the functor A — D(A)Y

with A[—d](—%).
It remains to justify why one can write hi, instead of hyy in the torsion case. As the map h; is

¢-cohomologically smooth of dimension d, the left adjoint hyy to *-pullback satisfies
hiy ~ hn[2d](d).
Finally, we use that hy is proper (its fibers are given by F/q ) to write hy, instead of hq. O

This lemma will allow us to write the cohomology of Shimura varieties and its boundary strata in
terms of Hecke operators applied to certain sheaves on Bung. It will also be important for us to
study the perversity properties of these sheaves. We describe the relevant piece of structure now.

7.1.3. The semi-orthogonal decomposition and the perverse t-structure. By applying excision with
respect to the locally closed stratification i : Bunlé — Bung, we recall that Dys(Bung, A) has
a semi-orthogonal decomposition with graded pieces given by Dlis(Bunlé, A), the category of lisse
étale sheaves on the strata Bun%. By |[FS24, Proposition VIL.7.1], this identifies with D(J,(Q,), A),
the derived category of smooth J,(Q,)-representations on discrete A-modules. If A is torsion
then this follows from the identification Dys(Bung, A) ~ D¢ (Bung, A) with usual étale sheaves,
which is equipped with excision triangles coming from this sheaf theory. In general however, !-
pushforward is not defined in the context of lisse-étale sheaves; however, in the particular case of
Dys(Bung, A), where only locally closed immersions are relevant, one can construct the functors
T Dhs(Bun?;,A) — Dys(Bung, A) and show that there is excision (See the discussion on |Imal9),
Page 11-12], cf. |FS24, Proposition VIL.6.7]). In particular, with respect to inclusions of locally
closed strata of Bung, we have the full six operations satisfying the usual compatibilities.

Recall that we also have the full subcategory DESLA(Bun(;, A) C Dyjs(Bung, A) of objects which are
ULA over Spd k, as defined in [FS24, Definition VII 7.8|. By [F'S24, Proposition VII.7.9], this can be
described explicitly using the semi-orthogonal decomposition as the subcategory of complexes A €
Djis(Bung, A) such that, for each b € B(G), the pullback if A € Dy(Bun%, A) ~ D(J,(Q,), A) lies
in the full subcategory Dpsadm(J5(Qp), A) of admissible objects. More precisely, M € D(J,(Qp), A)
lies in Dpgadm(Jp(Qp), A) if ME is a perfect complex of A-modules for any compact open pro-p
subgroup K C Ju(Q,). Here we use “Pf” in the subscript for “perfect”, to distinguish it from the
condition that all cohomological groups of M are finitely generated A-modules.

Moreover, Djis(Bung,A) is equipped with a Verdier duality operation Dpyn, given by
RHomp, (Bung,A)(—>A), since the dualizing sheaf on Bung is the constant sheaf (see [HI25, Propo-
sition 3.1]). We will denote this by Dyn,,a When we want to emphasize the coefficients.

The existence of this semi-orthogonal decomposition allows us to define a perverse t-structure,
by arguing just as in Definition/Proposition m
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Definition /Proposition 7.2. There exists a t-structure (pDESO(Bung,A),pDESO(Bung,A)) on
Dys(Bung, A) characterized by the following property:

o A €D (Bung, A) (resp. A € PD°(Bung,A))) if and only if for all b € B(G) we have
that it A € DS%(J,(Qp), A) (resp. i, A € D2%(J,(Qp), A)) where dy, := (2pc, ) for vy the
slope homomorphism of b and pg the half sum of the positive roots.

We denote by Pervys(Bung, A) the heart of this t-structure.

We endow B(G) with the order topology as in § For a locally closed subset V' C B(G),
we define Bung = Bung xpg) V. It is easy to see that the semi-orthogonal decomposition,

perverse t-structure, and characterization of ULA sheaves pass analogously to the subcategory
g1 : Dig(Buny, A) < Dyg(Bung, A).

7.1.4. Intersection cohomology via Hecke operators. We start with the case of torsion coeflicients,
so we first let A be a Zg[,/p]-algebra as in Setup |1.16| (1) and & an algebraic representation of G@z

defined over A. We let Ezlg be the associated étale A-local system on the algebraic Shimura variety
with coefficients in A, as defined in [Pin92|. We define the complex

. : i
(51) 106X, =l AT (S°(6.X) o, It (C2510(5)))
Kp—{1}

of smooth G(Qp)-representations with admissible cohomology. It is equipped with a continuous
action of Wg and an action of an away-from-p Hecke algebra. We omit £ from the notation if it is
the trivial representation.

Theorem 7.3. For A as in Setup (1), we have an identification
ifTuﬁéjlch ~ IC(G, X, f)[ay[\
of G(Qp) x Wg-representations, compatibly with the away-from-p Hecke action.

Proof. We combine Lemma with proper base change applied to the diagram . This gives a
Hecke- and G(Q))-equivariant isomorphism

1T Fe1on =~ RU(Sier, MiyinICrase (Le)).

We then apply Corollary and commute the colimit with taking cohomology using the fact that
the transition morphisms in the tower of Shimura varieties are qcgs, cf. Stacks Project |Sta24
Tag 073E|. For the Wg-action, we argue as in [DHKZ24, Theorem 8.4.10]. O

We now extend our result to the coeflicient systems of Setup m Case (1) is already done. For
Cases (2)-(5), we need some preparations. First take A = Op, as in case (2) of We note that
there is a natural f-adic completion functor

Dyis(Bung, Op) — lim Dys(Bung, Op /") ~ lim D¢t (Bung, Op /£") =: Dey(Bung, OF)

A limA®p, Op/",
]% v
where we identify the lisse and étale categories for torsion coefficients. We write
(85) YBung D]iS(Bun(;, OF) — Dét(BunG, OF)

for the resulting functor on the homotopy category. For a locally closed subset V' C B(G), we have
the locally closed substack Bung as before. We have an analogously defined functor

Vv o DliS(Bung, Or) — Dét(Bun‘C/;, Or).
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For an inclusion Vi C Vs, we write iy;y;, - Bung1 — Bumg2 for the induced inclusion. We will
compare the semi-orthogonal decomposition on the lisse and the ¢-complete categories under these
functors.

Write Convexp(q) for the category of convex subsets (in the sense that they can be written
as the difference of two closed subsets) of B(G) with morphisms given by inclusion. Then the
semi-orthogonal decompositions on D¢ (Bung, Or) and Djs(Bung, OF) can be viewed as functors

(86) Sg{G)’ét : Corr(Convexpg(g), all) — LinCatgy,,

{Wl — Wy — Wg} — {iW2W3!i*W2W1 : Dét(BunIévl, OF) — Dét(Bung/S, OF)}

(87) S s - Corr(Convexp(g), all) — LinCatgs,,

(W1 Wa — Wi} — {iwawilistily,wiis : Piis(Buny ', Or) — Diis(Bunly®, Op)}
satisfying certain properties, see |GHLIZ|, Definition 6.2.1], with notation as in loc.cit. Similarly, for
an open subset U C B(G), we write Sggt and S(Ugﬂs for the analogous semi-orthogonal decomposition
on Dét(Bung7OF) and DliS(Bung, Or), respectively. In fact, using the characterization of ULA
objects in Dét(Bung,A) and Dhs(Bung,A) in terms of *-pullbacks to HN-strata, it is clear that
these even restrict to semi-orthogonal decompositions on the ULA subcategories DHSLA(Bung,A)

and DY (BunZ, A), which we denote by Sgﬁ’SULA and Sg@t’ULA
Since Bung is an increasing union of Bung for U C B(G) quasi-compact open, by excision we
have that *-pullback induces equivalences

(88) Diis(Bung, OF) = limy Dhs(Bung, Or)
and
(89) Det(Bung, OF) = limy Dét(Bung, Or).

and similarly on the ULA subcategories. It is easy to check that, under the identifications
D(J4(Qp), OF) = Dst(Bung;, Or), D(Jy(Qp), OF) = Diis(Bung;, Or),

the functor 3 is given by the natural map

(90) D(Js(Qp). Or) = D(J4(Qy), Or)
from applied to G = J,. We will identify ~, with this functor in what follows.

Let Dpgadm (J(Qp), Or) € D(Jp(Qp), OF) (resp. Dpadam(Jo(Qyp), Or) C D(Jp(Qp), OF)) be the
subcategory of (perfect) admissible objects (resp. the inverse limit of perfect admissible objects) as

before. We note that the functor restricts to an equivalence

(91) WEA  Dptadm (Jo(Qp), OF) = Dptadm(J5(Qp), OF),
which agrees with the restriction of to the perfect admissible objects. We note that
Dptadm(J6(Qp), Or) (resp. Dpadm(J6(Qp), OF)) are precisely the graded pieces of the semi-

orthogonal decompositions on DA (Bung, Of) (resp. DY (Bung, OF)). In particular, we can
verify the following.

Lemma 7.4. The following is true.

23In the current version of |GHLIZ|, the definition of semi-orthogonal decomposition only allows for values in
the presentable categories (which notably excludes the subcategory of ULA sheaves). The point being that the
oo-categorical adjoint functor theorem then automatically guarantees the existence of the right adjoint functors.
However, one can also encode these adjoints as additional data (as in [HM24), Definition 3.2.1]) and allow for values
in stable oco-categories. Much of the discussion still goes through.
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(1) For Vi C Vi an inclusion of locally closed subsets of B(G), we have natural isomorphisms
VWalviValis! = 4V, V!V, and 'YVlf{/lvzlis ~ i?/lvﬂVz' In particular, under the equivalences
and , the functor v identifies with imy vy, where U C B(G) ranges over quasi-compact
opens, and the functor ypun, upgrades to a natural transformation of semi-orthogonal de-

" Op Op
compositions SB(G) —S

Jis B(G),ét*
(2) The functor ygun,, restricts to an equivalence
(92) fygllﬁﬁ; : DHSLA(BIHI(;, Or) = DgtLA(Bung, Or)

on the full subcategories of ULA objects. Moreover, it intertwines Verdier duality on the
category of lisse-étale ULA sheaves with Verdier duality on the category of £-complete étale
ULA sheaves.

(3) The equivalence 'yglI;HAG is Hecke-equivariant. In other words, for all u € X*(T@p)+ we have

a natural equivalence

rn  ULA _, .ULA
Tu’YBunG — ’YBunGT,u

of functors DHSLA(BunG, Or) — DgtLA(Bung, (’)F)BWE;L,

Proof. Point (1) for x-pullback follows from the fact that *-pullback is a symmetric monoidal and
that ., commutes with limits (since it admits an exceptional left adjoint, see |[FS24, Proposi-
tion VIL.7.2|] and |GHLIZ, Proposition 9.5|). For !-pushforward, this follows from projection for-
mula and the fact that iy;y,1 commutes with limits (since it admits an exceptional left adjoint (See
|GHLIZ, Proposition 9.5])*).

Combining (1), excision, and the fact that 7, sends perfect admissible objects to perfect admissible
complexes, we see that vy induces a functor

AgEA DHSLA(Bun(U;, Or) = DIFA(BunY, OF)
on the ULA subcategories. We may now appeal to |GHLIZ, Proposition 6.4.4] and |[GHLIZ, Propo-
sition 6.4.5] with respect to the semi-orthogonal decompositions nggt and Sgﬁs, for varying quasi-
compact open U C B(G), to reduce part (2) to the claim the functor 7Y is an equivalence, which
follows from the equivalence . The claim on Verdier duality follows from the fact that it sends
the constant sheaf to the constant sheaf.

Point (3) follows from [FS24, Proposition VIL.5.2] by taking the sheaf A in loc.cit to be IC, €
D¢t (Hekeg, Zg[\/p]), where we recall that this sheaf gives rise to ICL € Dm(Hckg, Zy¢[,/p]) under the
embedding (—) — D(—)V. O

To deal with the case of rational coefficients, we note that since the condensed ring F :=
OF®(.9F dischiSC agrees with colim,, Of - %n as a Op-module and the lisse category is stable un-
der colimits, it is itself a lisse Op-sheaf. We thus have an embedding

(93) Dys(Bung, F') < Dys(Bung, OF),
by forgetting the F-structure. It has a left adjoint given by the solid tensor product
(94) — ®5FF : Dys(Bung, Op) — Dys(Bung, F)

A A®p, F,

where this is well-defined by [FS24, Proposition VIL.6.2]. We write Sffs for the semi-orthogonal
decomposition on Dys(Bung, F) as above. Below we omit m from notation when the context is
clear.

Lemma 7.5. The functor satisfies the following.

24Strictly speaking, the proof is only for torsion coefficients. However, the proof with rational coefficients is exactly
the same.
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Or _, §F

(1) It upgrades to a natural transformation S 1is of semi-orthogonal decompositions.

(2) It restricts to a functor

— ®o, F: DI (Bung, Or) — DI (Bung, F),

lis lis
such that the natural map below is an isomorphism.

]D)Bul’lG,OF(_) ®OF F— DBung,F(_ ®OF F)

3) It is Hecke equivariant. In other words, for all p € X4(T= )™ we have a natural equivalence
Q
P
17" (=) @op F =T, (- ®o, F).

Proof. Part (1) follows from the fact that both *-pullback and !-pushforward along iy, v, : Bung1 —
Bu]rlg2 are compatible with — ®p, F. This is because *-pullback commutes with colimits, while
iy, v, satisfies the projection formula.

For part (2), we argue as in the proof of [F'S24, Proposition IV.2.19]. Namely, denote the structure
map Bung — % by w. Let A be an object in DHSLA(Bung, Or), and write Ap for the image under
. We consider the natural transformation

(95) DBung,OF (A) ®OF W*(—) — RHoleis(Bung,(’)F)(Av W*(—))

We only need to show that, when applied to the constant sheaf F', this becomes an isomorphism,
noting that by adjunction, we have (under )

RHoleis(Bung,F) (A7 F) = RHoleis(Bung,F) (AF7 F) = DBUHG7F(AF)'

For this purpose, it suffices to show that both sides commute with filtered colimits, because F' =
colim,, Op - %n and evaluated on Op is clearly an isomorphism. The left hand side commutes
with filtered colimits, since both 7* and tensor product do. For the right hand side, this follows
from the adjunction
Wh(A X _) = RHomDhS(BunG,OF)(Aa 77*(_))>
and the fact that the left adjoint m,(A® —) preserves compact objects (See [FS24, Lemma IV.2.20]).
Indeed, we can consider the compact generators AI}< defined in [FS24, Proposition VIL.7.4| for
varying b € B(G) and K C J,(Qp) an open pro-p subgroup. It follows from [FS24, Proposition
VII.7.6] that we have an isomorphism
(A ® Af) = RHomp, (Bung 0p) DBz A%, A),

where Dy is the Bernstein-Zelevinsky duality functor. However, the Bernstein—Zelevinsky dual
of A% is up to shift and twist i, C—Ind‘[]é’(Qp)(A) (cf. proof of |FS24, Proposition 7.6]). Hence the
right hand side is isomorphic to (up to shift and twist) (i})A)K , which is a perfect complex of Op-
modules by ULAness of A (|F'S24, Proposition VII.7.9]), which are in particular compact objects of
Diis(x, Op) ~ D(OF), as desired.

Point (3) is an application of projection formula for h? in the solid formalism ([F'S24, Proposition
VIIL.3.1 (i)]) and the fact that %-pullback is symmetric monoidal. O

We now restrict the coefficients to Setup [[.I7] and make the following construction in
Dys(Bung, A), similar to Definition In the case of rational coefficients, it is important for
us to work with lisse-étale sheaves, rather than the isogeny category of D¢ (Bung, OF), due to po-
tential unbounded /-torsion in ~7:—IC,§,OF~ Namely, for an admissible smooth representation M with
Op-coefficients, we would like the operation of passing to F' coefficients to kill all ¢-torsion in M.
But it can happen that M has unbounded torsion, which builds up a torsion-free part in the ¢-adic
completion. This part will survive in the isogeny category, though undesired. Therefore, we need
to work with a category which contains all (discrete) Z;-modules, instead of just ¢-complete ones,
where we can form tensor product with Q, as Zy-modules. The formalism of D)5 is suitable for this
purpose, see the comments on Page 24 of [FS24].
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Construction 7.6. If A is as in m (1) and & is an algebraic representation of Gg, defined over
A, we define
Feion = Feion € Dg(Bung, A) ~ Dys(Bung, A).

If A = Op and ¢ is defined over Op, we define F¢1c,0, € D (Bung,OF) to be the sheaf
corresponding to ﬁg,IC,OF € DgtLA(Bung, Or) (where we recall that this lies in the ULA subcategory
by Theorem and the fact that Op is regular) under the equivalence . Similarly, if A = F
is the fraction field, then we let F¢i1cr = Feic,0p ®(.9F”disc Fhise € DHS *(Bung, F') denote the
rationalization as in . If A= Op, F for F/Qu a (possibly infinite) algebraic extension, we define
Feica € Dig(Bung, A) to be the colimit of the intersection cohomology of the sheaves attached
to the finite subextensions of F/Q, (equivalently, since @™ commutes with colimits it is given by
Feic,L ®E F, where L/F is a finite subextension over which ¢ is defined). Similarly, we define it in
the case where A is an infinite extension of F, by taking colimits over the torsion case. As before,
these sheaves are supported on the open substack Bung ,-1 < Bung and we will occasionally abuse
notation and also write F¢ ¢ A € Dyis(Bung ,-1, A) for their restrictions.

We now assume that A = Op or A = F for F//Qy an algebraic extension and & is an algebraic
representation of G@e defined over F' or that A is an algebraic extension of Fy, and & is defined over
a finite subextension of Fy. Let (G, X) be a Shimura datum as in Assumption [1.1| with reflex field E
and Hodge cocharacter p. We let L"glg be the lisse sheaf with coefficients in A determined by £ on
the inverse system of Shimura varieties {Sh*(G, X) - g}k, for K C G(Ay) sufficiently small compact
opens, as defined in [Pin92, Section 5.1]. We set IC(G, X, {)k,a 1= RI'(Sh*(G, X) g, ICsn3, (ﬁ?lg))
to be the intersection cohomology at level K, and, as in the torsion case, consider the smooth
admissible G(Qy)-representation with coefficients in A
(96) IC(G, X, &) kp . == hgl IC(G, X, &) kv, A-

K,—{1}
It is also equipped with a continuous Galg-action and an away-from-p Hecke action.

With Construction [7.6] in hand, we can now carry over the results of Theorems [6.3] and [7.3] to
the case of the coefficient systems considered in assumption As before, we fix an isomorphism
Q, ~ C D E, and let £ be the completion of E at the induced p-adic place and p the cocharacter
corresponding to the Hodge cocharacter of the Shimura datum under this isomorphism.

Theorem 7.7. We let A/Zy[\/p] be as in Setup (1.17 and & be an algebraic representation of G@z
defined over A. The following is true.

(1) (Stalks) For all b € B(G, u~'), we have natural, Hecke-equivariant identifications

Veroap[—db] =~ iy Fe 1o
as smooth Jy(Qp)-representations, where the LHS is defined exactly as in (without
requiring A to be as in Setup .
(2) (Verdier self-duality) If A is self-injective, then we have DBUHG,M% (Fe1o,n) 2 Fev IC,A-
(3) (Perversity) If A is self-injective, then we have Fe1c a € Pervyg(Bung -1, A).
(4) (ULAness) If A is regular, then we have F¢ 1o € DA (Bung, A).
(5) (Hecke operator) We have a away-from-p Hecke- and G(Q,) x Wg-equivariant isomorphism
i TuFerca ~1C(G, X, kv -

Proof. For A finite, part (1) is already established in Theorem [6.3] (2)-(4) in Theorem [6.15|and part
(5) is established in Theorem

Let F/Qg be a finite extension. For A = Op, since it is not self-injective, only part (1), (4),
(5) are relevant. We recall that the inverse functor to the equivalence WELA of (91)) is given by the
functor of taking smooth vectors in an f-adically complete representation, as in . Hence part (1)
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follows from Theorem Lemma Lemmas (1)-(2). Part (4) follows from Theorem [6.15]
and Lemma [7.4)2). Part (5) again follows from the {-complete case (obtained by taking an inverse
limit of Theorem and using Remark , using Lemma (3), and the isomorphism (104
below.

For A = F, part (1) follows from the case of A = Op and Lemma (1). Part (2) needs some
justification: By applying Construction to ICge (Le) € Dgi(Igs®, OF) and then using proper
pushforward Ty, «, we obtain a natural map

Ferc,op = DBung, 1 Fev 1C,0p

which, by applying the equivalence ySLA

Bung ,—1 given by Lemma [7.4] (1) and (2), gives us a natural
map

Ferc,op = DBung, 1 Fev1c,0r
in DULA(BHHG’#—l,OF). Applying and using Lemma (2), we obtain a natural map

lis
Feic,r = DBung, 1 Fevic,F
As discussed above, we have computed the *-stalks of the source of the map as
. b 1
colimy,>1 RI'(Ig,", IC .- (L5 m))[=ds].

in terms of a colimit of the usual algebraic intersection cohomology with F-coefficients. Similarly,
we can compute the x-stalks of the target using Theorem [6.3] and Lemma [6.14] as

colimp,>1 RT(Ighy, Dy os (IC . (L85, ) [—d)

Moreover, through a lengthy but straightforward calculation (using that Construction respects
perverse t-exact proper pushforwards and smooth pullbacks) the natural map on *-stalks identifies
with the natural map

colimy,>1 RT(Ighy, IC o (L35 ))[=dp] = colimyn>1 R (Igyt, Dy o (IC o (L85, 1)) [—d]

on algebraic intersection cohomology with coefficients in F', which is an isomorphism by classical
results on the intersection cohomology of algebraic varieties.

Part (3) follows from (1)-(2) and Artin vanishing as in the proof of Part (4) follows from
the case A = Op, combined with Lemma [7.5(2). Part (5) reduces to the case of A = Op using
Lemma [7.5] (3).

Parts (1)-(5) when A = Op, F for F/Qy an infinite algebraic extension is easily checked to follow
formally from the case of a finite extension by taking colimits, where, for Part (2), we argue as in
the proof of Lemma (2). Similarly, the case where A is an infinite extension of Fy, follows from
the case of a finite torsion algebra by taking colimits. O

7.2. The Mantovan product formula for intersection cohomology. In this section, we estab-
lish a version of the Mantovan product formula for the intersection cohomology of Shimura varieties.
Let (G, X) be a Shimura datum satisfying Assumption as before.

We follow the approach of [HL26, Corollary 3.22| and |[DHKZ24, Theorem 8.5.7]. We already
showed that the intersection cohomology groups of Sh(G,X)g is obtained by applying a Hecke
operator to the complex F¢ica. The desired formula follows from using excision with respect
to the Newton stratification on Bung, and rewriting the graded pieces in terms the (compact
support) cohomology of local Shimura varieties and the intersection cohomology of partial minimal
compactification of Igusa varieties. The last step uses our computation of stalks of F¢ 1c o obtained
in Theorem

Again, we let k = FF,, and consider Diagram over * = Spd k. Let u, E, C ~ @p, E, d=(2p,u)
be as before, and A be as in Setup [L.I7]
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7.2.1. Recall from § that for b € B(G,u™'), we have the moduli space of local shtukas
Sht(G, b, tt)so, which is a v-sheaf over E, the compositum of F with the maximal unramified ex-
tension of Z,. This represents the functor sending S € Perf to the set of all pairs (S#,«) where
S# is an untilt of S over E’, and o is a modification & g --» &, 5 from the trivial G-bundle with
meromorphy along S# and bounded by u. Here &Ev,s (resp. &y,5) is the pullback of the G-bundle &,
attached to b on Xgpqy along the natural map Xg — Xgpqx. The space Sht(G, b, 1)~ is equipped
with a natural action of G(Qp) (resp. J,(Qp)) via automorphisms of & (resp. &).
We define the complex

(97) RTo(G,b,u,A(dy)) = lig RT, (Sht(G, b, 1)oo.c/ Ko, A(db))
Kp—{1} o

of G(Qp) x Jp(Qp) x Wg-modules, where K, runs over compact open subgroups of G(Q),) and where
A(dp) is the sheaf with J,(Qy)-action given as in [Kos21b| Lemma 7.4|.

Corollary 7.8. (Mantovan product formula) For A a coefficient system as in Setup the com-
plex IC(G, X, &) kv a is equipped with a Hecke- and G(Qp) x Wg-equivariant filtration indexed by
be B(G,u™Y), with graded pieces isomorphic to

(RTe(G, b, i, Aldy))d) © | |*2) @) Veonplds).

Here |- | : Wg — A* denotes the norm character and H(Jp) is the Hecke algebra for J(Qp) with A
coefficient.

Proof. This follows from Theorem @ and excision applied to the sheaf F¢jc a with respect to
the semi-orthogonal decomposition. To identify the graded pieces, we combine the computation
in Theorem part (1) and (5), with |[Ham26b, Lemma 10.1], just as in the proof of [HL26,
Corollary 3.22]. O

7.2.2. Variants of the Mantovan product formula. For [P] a conjugacy class of admissible parabolic
subgroups, we recall the cartesian diagram

Scpp] —55 Flg

h<ppy
Tes <Pl g
ng[P} ung,

of Theorem[5.4] and the analogous diagram for the [P]-condition in place of < [P]. We can use these
diagrams to obtain variants of the Mantovan product formula for the cohomology of the boundary.
Indeed, we pass to the quotient by G(Q)) to obtain a commutative diagram

Sem/GQ)] T [Flo,/GQ)] 5 [+/G(@,)
(98) Jﬁg[r’] lhl

T<[P)
IgSS [P] > BUHG R

where h; and hg are as in Lemma [7.1] and the left square is cartesian.

Definition 7.9. Fix a conjugacy class [P] of admissible parabolic subgroups and a Zg[,/p]-algebra
A as in Setup
(1) If A is finite, we let Fepp p == R<pl A and Fyp) o := R7ppA in Dgi(Bung, A).
(2) More generally, if A is as in cases (2)-(5) of Assumption we define Fepjp €
DHSLA(Bung,A) and Fyp) A € DHSLA(Bun(;,A) by the same recipe as in Construction

where the required ULAness follows from the same proof as Theorem [7.7] part (4).
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For these sheaves, we obtain the following analog of Theorem 7.7 and Corollary [7.8] which is proved
in essentially the same way, but is strictly easier (cf. the proof of [HL26, Proposition 3.6]). We leave
the details to the interested reader.

Theorem 7.10. Let A be as in Setup [I.17
(1) (Stalks) For all b € B(G,pu~"Y), write 9b,p] Igl[’P] — Igl’S[P} for the natural open immer-
sion of Igl[’P} into its closure. We have natural, prime-to-p Hecke- and Jy(Qp)-equivariant
identifications
Voa,<ip) i= RF(Igbg[p]aA)sm ~ iy F<[p),A
and
Vo p] = RF(Igbg[Ppgb,[P}!A)sm ~ i} Fi[p] A
where the LHS denotes smooth vectors in the usual étale cohomology with A-coefficients, i.e.
the colimit of the cohomology of the strata on finite level Igusa varieties.
(2) (Semi-perversity) We have Fypja, F<[p|,a € le%SO(BunGM_l,A).
(3) (ULAness) The sheaves Fy p) x, F<p),a are ULA if A is reqular.
(4) (Hecke operator) We have prime-to-p Hecke and G(Qp) x Wg-equivariant isomorphisms
i1 T F<p)n = hﬂ RT(Sh*(G,X)KprS[P]E,A),
Kp—{1}
and
iTTu-E,[P],A = hﬂ RFc(Sh*(va)Kme[p]EaA)‘
Kp—{1}
(5) (Mantovan product formula) The colimit hﬂKPﬁ{l} RT'(Sh*(G, X)KPKP,S[P},E’ A) of cohomol-
ogy groups is equipped with a Hecke- and G(Qp) x Wg-equivariant filtration indexed by
be B(G,u™t), with graded pieces isomorphic to

(RUe(G, b, 1y A(dp)) @3q(3,) Vo, <(P),a[2d0))
The analogous result holds for liﬂKp_){l} RT'.(Sh*(G, X)KPK,,,[P],Ev A) and Vi, pj a-

7.3. Vanishing Results. In this section, we will use our main results on the construction of ¢ ¢ a
and its properties, to prove that under a certain genericity assumption, the intersection cohomology
of the minimal compactification of Shimura varieties is concentrated in degree 0. This is consistent
with the conjectures of Koshikawa—Shin [KS25|, as explained in below.

Throughout this section, we fix an algebraically closed perfectoid field C'/Q, and base-change
Diagram to x = Spd C. We moreover impose the following assumption.

Assumption 7.11. The coefficient ring A/Zy[\/p] is an algebraically closed field as in Setup .
If A is torsion then we also assume that ¢t mo(Z(Q)).

We let ®%°(G) denote the set of @—Conjugacy classes of continuous semisimple homomorphisms
¢ Wo, — G(A), see |FS24, Definition VIIL3.1]. We recall |HL26, Appendix A] that, for each
¢ € ®%(G), we can form the full subcategory Dys(Bung, A)y — Diis(Bung, A) of objects for which
the endomorphism defined by f € Z°P°(G) \ my is an isomorphsim. Here Z(G) := Ox(Xp) is
the ring of global functions of X5 / Spec A, the stack of Langlands parameters constructed in |[FS24,
Section VIIL.1| base-changed along Zy, — A, my C Z%°°((G) is the maximal ideal corresponding to
the semisimple parameter ¢ via [F'S24, Proposition VIII.3.2], and Z%P¢¢(G) acts on Dys(Bung, A) by
the excursion action. The localized category is a full subcategory of Djis(Bung, A) and the natural
inclusion Djjs(Bung, A)y < Diis(Bung, A) admits a left adjoint given by an idempotent localization
map

(_)¢ : D]iS(BUHG, A) — Dlis(BunGv A)(]ﬁa
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as described in [HL26, Appendix A]. We recall, by |[HL26, Lemma 4.2 (1)|, that if A is a field,
the category Djjs(Bung, A)y has (and is essentially characterized by) the property that any Schur-
irreducible object A € Dys(Bung, A), has Fargues-Scholze parameter ¢. By [HL26, Lemma 4.2],
the Hecke action Ty : Dys(Bung, A) — Dys(Bung, A)ZVe for V' e Rep, (“G) described in
induces a localized Hecke operator
BWy,
¢ )
which sits in an obvious commutative square involving Ty and the localization map (—)g.

For pn € X*(T@p)+ a geometric dominant cocharacter of G' with reflex field E,,, we recall the Hecke

~

operator attached to the tilting module 7, € Rep(G)
T, : Djis(Bung, A) — Dyis(Bung, A)BWEM.

(99) Tv, : Diis(Bung, A)g — Dis(Bung, A)

This gives rise to a localized Hecke operator T, 4.
Consider the inclusion of the open locus

iy-1 : Bung -1 — Bung
corresponding to B(G,u~!) C B(G) under the bijection B(G) ~ |Bung|. By |Rapl8, Proposi-
tion A.9|, the restriction of the Hecke operator i}7), factors through the idempotent operation

i;*l iu—l 1
Dhs(Bung, A) —_— DliS(BunG#rl,A) — Dhs(Bung, A)
We abusively still write i77}, for the corresponding operator
i‘{Tuiﬂq’! : Dlis(Buncyuq,A) — Dhs(Bunb,A) ~ D(G(Qp), A).

The localization map (—)g respects the semi-orthogonal decomposition of Dyjs(Bung, A) described
in § In particular, if we restrict to the full subcategory iy : D(G(Qp),A) — D(Bung, A)
corresponding to the locus of Bung defined by the trivial G-bundle then we obtain a localization
map

(=) : D(G(Qp), A) = D(G(Qp), M),
which we may apply to the complex of G(Qp)-representations.

By the perfect admissibilityﬁ of the complex in , these localization maps induce a direct sum
decomposition

(100) IC(GX,Orra~ B ICGX,Errae
PEP==(G)

by [HL26|, Proposition A.5.]. We have the following variant of Theorem [7.7|(5) linking these direct
summands to the localized Hecke operators which follows from combining the above discussion
and Theorem (5).

Corollary 7.12. Let A be a coefficient system as in Assumption [7.11}, and & be an algebraic rep-
resentation of G defined over A. We let Fe¢ic.a be obtained via Construction , We have an
isomorphism

i1T,¢(Feicn)e = 1C(G, X, &) kv A4,

of objects in D(G(Q,), A\)BVE, i.e complezes of smooth G(Q,) representations with a commuting
continuous action of Wg.

The following assumption is key to bounding the cohomological amplitude of IC(G, X, £) k» 4.

25This is guaranteed by the assumption that A is a field.
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Assumption 7.13. The parameter ¢ € ®3(G) has the property that the localized operator
ifTM#ﬁ : DHSLA(BU.HG’“ng)(z, — DPfAdm(G(@p), A)¢

18 t-exact with respect to the perverse t-structure on DESLA(BUHG’M717A)¢ and the standard t-
structure on Dpiaam (G(Qp), )y C D(G(Qp), A)g, where we note that the perverse t-structure is
well-defined on the ULA subcategory by the assumption that A is a field [Han24, Proposition 1.2.1].

Remark 7.14. We have restricted to the ULA subcategory (which is preserved under Hecke operators
by |[FS24, Theorem 1.7.2]), since in several cases where we can verify this assumption, we only know
on this subcategory that the assumption is satisfied, see for example [HL26, Corollary 4.27]. We do
not know whether we should expect such a thing to hold on the whole Djis(Bung, A)g, cf. Conjecture
[HL26, Conjecture 6.4]. Indeed, |YZ25, Theorem 3.38| establishes the claim on the full category
of sheaves defined by the formal completion around the parameter ¢ in the stack of parameters.
However, one can only compare the localization around ¢ with the formal completion around ¢ after
restricting ULA objects [YZ25, Remark 3.28|. It seems essential to work with the localization as
opposed to the formal completion in general, as the former will be readily related to the localization
around maximal ideals in the spherical Hecke algebra.

As a consequence, we deduce the following theorem.

Theorem 7.15. Let A be a coefficient system as in Assumption[7.11], and assume Assumption[7.13]
holds. The complex IC(G, X, &) kp p ¢ is concentrated in degree 0. In particular, if A =F; and G, ¢,
¢, and p are of the form described in [HL26, Corollary 4.29] or [Pen25, Theorem 8.2.1] then loc.cit
implies that this is true.

Proof. This follows from combining Corollary with Part (3) and (4) of Theorem O

We now want to extract an analogous statement at finite level for compact open subgroups
K, C G(Qp) by applying a Hochschild-Serre type argument. For this, we will impose an additional
banality assumption on the prime ¢ when A is torsion, because passing to a finite level K, can be
done fairly routinely when K, is pro-p. We denote by Hx» the Hecke algebra of bi-K-invariant,
compactly supported, A-valued smooth functions on G(Qy).

Lemma 7.16. For A a coefficient system as in Assumption & an algebraic representation of
G@[ defined over A, and K, C G(Qp) a compact open subgroup whose pro-order is coprime to £, we
have an H,-equivariant identification

RT'(K,,IC(G, X, &) kr a) ~ IC(G, X, f)Kpr,A,

where the LHS denotes continuous group cohomology, where we equip the A-module with the discrete
topology.

Proof. We set L = L¢ to be the étale A-local system on Igs* defined by . We first explain the
proof in the case of finite coefficients. We have an identification of complexes of smooth G(Q,)-
representations

(101) RT(Sjers hinin(IC1ge+ (£))) =~ IC(G, X, &) kv A

by applying RI'(Sj,, —) to the isomorphism ajc of G(Q))-equivariant sheaves of Corollary
The LHS of (101]), a priori just a sheaf on #, in fact comes from a sheaf on [/ &], via base-change

along the diagram
S;{p — [S;{P/&}
s« —— [x/Kp).
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This justifies the fact that we have an isomorphism

(102) RU(Kyp, RT(Sjcr, Puin (IC1gs+ (£))) 2 RT([Sico /Ky P, mnin (ICkgs (£))),
By combining (101)) and (102]), we obtain an isomorphism
(103) RT(K,,1C(G, X, &) cr,0) = RY([Sier / K, HR (IC1gs+ (£))).

Now, by factorizing the morphism [Sg.,/Kp| — * as [Sk, /K] 1, Skrk, — *, We can rewrite
the RHS of (103)) via the isomorphism
RY([Sir/ Kpl, g, IC1gs+ (£))) = RT(Skok,» aryeh, IC1gs+ (£))),

and this identifies with IC(G, X, £) krk, by Corollary (where the condition on the pro-order of
K, is used) and Proposition [2.9|(3), as desired. Let F//Q, be a finite extension. The case of rational
coefficients formally follows from the case of A = Op by tensoring with F'. For the case of A = Op,
we may deduce from the torsion case and Remark [2.27] that we have an isomorphism

(104) RI(K,, IC(G, X, &) kr.05) = IC(G, X, ) krk,,0p
for any pro-p compact open K, C G(Q,). Here
IC(G, X, &) kr,0p = limy o0 colimy 113 1C(G, X, &) ki, 0y /e
and RT(K,, —) is as defined in .
However, as in the proof of Lemma (104) implies that
5(fa(G7 X7 é.)KP,OF) € D(G(Qp)7 OF)
is precisely IC(G, X, &) kr,0,. Then it is a straightforward calculation to show that
RT(K,, 6(IC(G, X, &) ier 0,,)) = RI (K, IC(G, X, &) v 00,

see the proof of [Han20, Proposition 2.6]. This gives the desired claim when combined with (104]).
When A is as in Setup [L.17] (4)-(5), the claim follows by taking colimits of the coefficient systems
for F' running over finite extensions of Q. ]

We have the following lemma, which gives us slightly stronger results when working with rational
coefficients.

Lemma 7.17. For K;,, C G(Q,) a compact open subgroup such that the pro-order of K, is invertible
in A as in Setup @, we have a natural Hr, -equivariant

IC(G, X, é)Kpr,A — RF(KP, IC(G, X, f)KmA)
map, which induces an injection on each cohomology group.

Proof. Let KI’, C K, denote an open and normal pro-p subgroup and let d := [K]; : K] denote the

index. We set £ := Eglg to be resulting local systems on the tower Sh*(G, X) . g defined by &. We
consider the finite étale Galois covering

f: Sh(G,X)KpKZ/NE — Sh(G7X)Kpr,E

of degree d of finite type schemes over E and write f for the corresponding finite morphism on the
minimal compactification. Recall that we have the trace and restriction morphisms
t
JR I L Ny
whose composite is multiplication by d. We now apply the intermediate extension operation along
the open immersion Sh(G, X) ., K, E Sh*(G, X) x¢p K,,£» Which induces a diagram
(105) Csyep e (£) = 7*(10811;@% (£)) = 1Csnr,, . (L),

KPKp
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where the composite arrow is also given by multiplication by d by A-linearity of the intermediate
extension. Here we have used the perverse {-exactness and properness of f, (since f is a finite
morphism) to identify the middle term with f *(ICSh*KpK/ (£)).

P

Applying RT'(Sh*(G, X)KZ};SKP,E’ —) to (D gives us a diagram
(106) IC(G,X,{)KpKP,A — IC(G, X, g)KpKZ/ﬂA — IC(G,X,&‘)KPKP7A,

where the composite is multiplication by d. Here the first map is precisely the transition morphism

in the colimit . In particular, the first map factors over the invariants IC(G, X, §) xp Kp” ', and

the resulting map
K, /K
IC(G, X, §) krk, A — IC(vaﬁg)Kzé(;:A

is Hx,-equivariant and is injective on cohomology groups, because d is invertible in A and hence
the composite map in (106) is an isomorphism. We may rewrite the middle term as

IC(G, X, §)kriy ~ RU(K, IC(G, X, &) ke a)
since K, is pro-p, using Lemma [7.16, Moreover, we have an isomorphism
(RD(K,1C(G, X, €) o 0)) </ F7 = R (K, IC(G, X, €) ker,),

since

RU(K,/ K}, RU(K,, IC(G, X, €)kr.0)) = RU(K,, IC(G, X, €) kv )

and the higher cohomology of RF(K]/,/KP, —) is all trivial (using that d is invertible in A by our
assumption on K,). This gives us the desired map IC(G, X, &) krr,,a — RI'(Kp, IC(G, X, &) kr ).

To see that it is injective on each cohomology group, we note that by construction it fits into the
commutative diagram as follows

RT (K, IC(G, X, &) kv a)

(107) / \

IC(G,X,&)KPKZ,’A RP(Kéalc(G7X7£)KP,A)

This forces the desired injectivity by injectivity of the bottom map on cohomology groups. ([l

Remark 7.18. One should also be able to deduce Lemma more directly using a version of
Lemma [7.16] that works with rational coefficients Q. However, this would require a six functor
formalism with Qg-coefficients in which [x/K] — x is ¢-cohomologically proper, without assuming
that K is pro-p, which would take us too far afield. For this reason, we have opted for the above
argument. Although it establishes a weaker claim, it suffices for our purposes.

We now use this to deduce the following Corollary.

Corollary 7.19. Let K}}s C G(Qp) be a hyperspecial subgroup (whose existence is guaranteed by
our running Assumption . Let A be as in Assumption and assume that the pro-order of K,
is invertible in A. For a mazimal ideal m C Hens in the spherical Hecke algebra, let ¢ € P5(Q)
denote the corresponding semisimple L-parameter. Assume Assumption[7.13 holds for ¢m. We then
have that

IC(Gv X, g)KPKI}}S,Am
is concentrated in degree 0. In particular, if A = Fy, £ is banal with respect to G, p > 2, m is generic
in the sense of [HL206, Definition 1.1/, and G is a product of groups of the form in [HL26, Table (1)]

and [Pen25, Theorem 8.2.1] then by loc.cit the complex IC(G, X, §)KPK£S7A7m is concentrated in degree
0.
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Proof. We look at the decomposition

RT(K}°,IC(G, X, )krn) ~ @  RIT(E},IC(G, X, &) kv a0)
P25 (G)

induced by the direct sum decomposition .

It follows by |HL26, Lemma 4.2 (1)|] and the fact that the L-parameter given by usual Sa-
take and the Fargues—Scholze correspondence agree for unramified irreducible representations that
RT(K}}S,IC(G,X,S)Kp,Aﬁ) = 0 unless ¢ = ¢ for ¢y the semisimple L-parameter attached to a
maximal ideal m C H Kb in the spherical Hecke algebra. Moreover, again by [HL26, Lemma 4.2

(3)], for such a maximal ideal m C H Kbs one has an isomorphism RI(K), 15 TO(G, X, €) kp A ) =

RF(KhS IC(G, X, &) kp A)m of H s modules where the RHS is the usual localization under the

spherical Hecke algebra. Now the claim follows immediately from Lemma [7.16] and Lemma [7.17]
using the assumption on K. ]

7.3.1. Relationship to the work of Koshikawa—Shin. For K = KPK, C G(Ay) a sufficiently small
open compact subgroup, we consider RI'()(Shg (G, X)(C)*", C), the L?-cohomology with coefficients
in C of the complex analytic variety Shg (G, X)(C)*" attached to the Shimura variety of level K
together with its structure as a real manifold. We then pass to infinite level at p

(108) RT(5)(G,X)k» = lim  RI(3)(Shy (G, X)(C)™, C).

It is well known that tempered representations contribute only to the middle degree of this cohomol-
ogy complex. The recent work of Koshikawa—Shin [KS25| studies the question how representations
whose Arthur parameters have nontrivial Arthur SLy could spread out in different degrees of co-
homology. This is connected to the intersection cohomology via results of Looijienga |Loo88| and
Saper—Stern [SS90]. Namely, they prove, after fixing an isomorphism i : C ~ Qy, that one has an
identification

(109) IC(G, X) g, = RT(2)(G, X)cr[d].

In light of this, one may wonder how our vanishing results (Theorem compare with the
conjecture of Koshikawa—Shin (JKS25, Conjecture 1.4]) on L?-cohomology.

To understand this, we recall that we expect the optimal condition under which Assumption[7.13
is expected to hold is when ¢ is of weakly Langlands—Shahidi type in the sense of |[HL26| (see

[HL26, Conjecture 6.4]). More precisely, assume that ¢ is induced (up to G-conjugaction) from a
supercuspidal parameter ¢y : Wo, — LM (Qy) for a Levi subgroup M C G, under the natural (up to

@—conjugacy) embedding “M(Q,) — *G(Qy). The condition that ¢ is of weakly Langlands-Shahidi
type says that

H?(RT(Wa,, Tad,p © $1))
vanishes for all proper parabolics P = MU with Levi factor M, where r,q p is the natural repre-

sentation of “M(Q,) induced by the action of M on the Lie algebra of U by the adjoint action.
On the other hand, [KS25, Conjecture 1.4] bounds the degrees of cohomology in which a smooth
representation m, of G(Q),) can contribute to IC(G,X)g». This bound (see the discussion before
|[KS25, Conjecture 1.4]) is computed in terms of the size of the Weil-Deligne SLo of the L-parameter
of 7y, the Aubert dual of m,, under a Local Langlands correspondence satisfying certain desideratam
By the closure ordering conjecture [KS25| Section 3.1], this should be an optimal bound (in the sense
of the natural ordering of nilpotent orbits) for the size of the Arthur SLy of any local A-parameter
1 such that m, € II,(G) lies in a local A-packet for G. In particular, if the Arthur SLs of all such

261y this discussion, we do not distinguish the f-adic and Weil-Deligne forms of L-parameters, see |DHKZ25|
Remark 7.1.7].
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1 is trivial, then the conjecture of Koshikawa—Shin predicts that m, can only contribute to middle
degree.

Now if 7, contributes to the direct summand IC(G, X) kP Q6 then, as discussed above, this forces
that gbﬂf = ¢. If ¢ is of weakly Langlands—Shahidi type, then, under the belief that the Fargues—
Scholze correspondence is the semi-simplification of any reasonable local Langlands correspondence
with coefficients in C compared under the isomorphism 7, we claim that it is impossible for 7, to lie
in a local A-packet Il (G) attached to a local A-parameter ¢ with non-trivial Arthur SLy. Indeed,
suppose such a 9 existed, then, by semi-simplifying the Weil-Deligne SLy using the natural map

1
Wi < Wg x SLy(C) : g lg12 0_1 ,
0 g|2

we would obtain a non-Frobenius semi-simple deformation of the full semi-simplification of v, which
we would expect to be precisely qbgs up to @—conjugacy (i.e that the Fargues-Scholze correspondence
is compatible with our assignment of A-parameters under the fixed choice of isomorphism ¢, where
we normalize the Fargues-Scholze correspondence with respect to the choice of square root i(y/p)).
In other words, there would be a non-trivial lift

LP(Qy)

3

Wo — EM(Qy),

P

which is non-Frobenius semisimple. However, this would give rise to a class in H Q(WQP, Tad,P O OM)
(see [HL26, Remark 6.5]), which would contradict the assumption that ¢ is of weakly Langlands-
Shahidi type.

Analogously, one can connect our results with the conjectures of Koshikawa—Shin with torsion
coefficients (|[KS25, Conjecture 6.15]), by using that the Langlands—Shahidi condition mod ¢ also
prevents the existence of non Frobenius-semisimple deformations for any lift of the parameter to
characteristic 0 (see [KS25, Remark 5.2]).

7.4. Eichler—Shimura Relation. Following the strategy of |XZ19|, |Kos21a|, [DHKZ24} Section
9] and |Hov24|, we use Theorem to establish the Eichler-Shimura congruence relation on the
intersection cohomology of Shimura varieties at Iwahoric levels.

Let A over Zy[/p] be a coefficient ring as in Setup such that ¢ 1 mo(Z(G)) if A is integral
or torsion. Let (G, X) be a Shimura datum as in Assumption and we have y, E, E as before.
Let ¢ be the cardinality of the residue field of F. Fix a hyperspecial subgroup K};S C G(Qp), as
well as an Iwahori subgroup I, C K}},‘S. Recall that H Kb and Hy, denote the corresponding Hecke
algebras with A-coefficients and let Zj, denote the center of the Iwahori Hecke algebra Hp,. Tt
can be identified with the spherical Hecke algebra H Kb via the Bernstein isomorphism, see |[Vigl4,
Theorem 1.2] for the statement in this generality. For K C G (A’}) a neat compact open subgroup,
we set K := [,KP. Let { be an algebraic representation of G@(Z defined over A. The intersection

cohomology complex IC(G, X, §)k,a has an action of Zj, x Wg.
Consider the stack of L-parameters

X = (2" (Wo,.C)r/C)
as constructed in |[FS24, Section VIII|. This is an algebraic stack over A. We write ¢V for the

universal L-parameter on Z 1(I/V@p, G), restricted to Wg C Wg,. Let r, be the representation of
G x Wg, whose restriction to G is the highest weight representatio labeled by p, with Wg acting

2TWe note that this is well-defined and agrees with the tilting module 7, with A-coefficients because y is minuscule.
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trivially on the highest weight vector. It gives rise to a vector bundle V,, on X5, whose spectral
action (see [F'S24, Section IX.2, X]) on Djis(Bung, A) agrees with the Hecke operator T),. The vector

bundle V), carries an action by W, because the pullback of V), to Z 1(WQp7 @) is the trivial bundle
Vi Zl(WQp, @) It carries a Wg-action through r,, o gi)uEniV and this Wg-action commutes with the
diagonal action of G via
(v,8) = (ru(9)v, 9697 ).
Hence, it descends to an action on V,,.
Now let Z°P°(G) := Ox(Xg) be the spectral Bernstein center, as before. Choose alift o5 € W

of the (arithmetic) ¢-Frobenius. As in [DHKZ24| Definition 9.3.2|, we can define the spectral Hecke
polynomial attached to og as the characteristic polynomial of its action on V),

(110) HEP (X)) i=det (X — 1y 0 ¢V (0p)) € Z%°(G)[X].

HOE

Theorem [7.7] implies that there is a A-algebra homomorphism
Endx_ (Vi) = Endpe(g,).a) (IC(G, X, §) ke a),
cf. [DHKZ24 Theorem 9.1.4], which restricts to a A-algebra map
ZP(G)[X]/(HEy7 (X)) = Endpag,)a) (IC(G, X, §) kr.a),

HOE

sending X to og. The latter acts on IC(G, X, §)kr o through its action on V,, and the formula
ZTVH * (Fg,IC,A> = iTT,uI"&,IC,A ~ IC(G, X, f)[(p,/\.

from Theorem (5). But the spectral Weil group action agrees with the usual geometric action
coming from the structure map of the Shimura variety to Spa E, see [DHKZ24, Theorem 9.1.4].
Hence we deduce that H, 5y, (X) annihilates o for its usual geometric action on IC(G, X, &) kr .

In addition to ¢ { mo(Z(G)), suppose that I, has pro-order coprime to ¢ if A is integral or torsion
(e.g £ 1q—1if G issplit). In that case, we can pass to Iwahori level as in [Hov24, Theorem 5.4,
using the Hochschild—Serre spectral sequence for intersection cohomology in the case of torsion or
integral coefficients, cf. Lemma [7.16] and Lemma [7.171 We deduce that the following diagram is
commutative

Z%(G)[X]/(Hbs 5 (X)) —— Endpga,),a) (IC(G, X, &) kr )

! |

21, [X]/(Hpop (X)) ———— Endpn)(IC(G, X, §) k),

where the left vertical map exists through [Hov24, Proposition 4.4|, cf. |[DHKZ24, Lemma 9.4.4,
Proposition 9.4.8] and all other maps are the natural ones. Moreover, under the Bernstein isomor-
phism Zj, ~ Hyens, the image of H ihow(X) in Z7 [X] agrees with the Hecke polynomial

H,(X) = det(X — (9. 0p)) € iy [X],

which no longer depends on the choice of the lift o of the g-Frobenius. So all in all, we have
reached the following theorem:

Theorem 7.20. Suppose that the coefficients A is as in Setup and £ 1 |mo(Z(G))|, in addition,
that I, has pro-order coprime to £ if A is integral or torsion (e.g £ 1 q — 1 if G is split). For
K = I,KP?, the inertia subgroup Ir C Wg acts unipotently on 1C(G, X, &)k .a. Moreover, the action
of any lift of the (arithmetic) q-Frobenius op € Wg on IC(G, X, &)k a satisfies H,(og) = 0.
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7.5. A conjectural connection between Arthur’s conjectures and categorical local Lang-
lands. In view of the existing results on the compactly-supported and usual cohomology of Shimura
varieties, the applications we have discussed so far are not completely surprising once we established
our main result, Theorem [I.2] However, we envision further applications of our construction of the
perverse sheaf Fic a.

One of the most interesting facts about the intersection cohomology of Shimura varieties, unlike
compactly-supported or usual cohomology, is that it admits a very clean and simple description
without passing to any localization by a Hecke algebra, via the relationship to L?-cohomology given
in . In particular, for KP C G(A’}) a neat compact open subgroup, we recall, by the work of
Borel-Casselman [BC83|, that we have the following Hx» x G(Qp)-equivariant isomorphism

(111) R (9)(G, X) kv = @m 27, @ (P @ RD((g, Koo)s Too),
where
(1) m := Too @ m, ® wP runs over discrete automorphic representations of G(A), with multi-

plicity m() in the discrete automorphic spectrum; we may restrict to those automorphic
representations that are cohomological (regular algebraic) of trivial weight at oco.
(2) RT'((9, Kxo), Too) is the complex of C-vector spaces attached to the (g, K )-cohomology of
the archimedean component 7y, of .
(3) Hir denotes the away from p Hecke algebra with coefficients in C; it acts on the space of
invariants (77)%".
Now, fixing an isomorphism ¢ : Q, ~ C as before, by and Theorem we obtain a chain of
Hir x G(Qp)-equivariant isomorphisms

T, Fieg, 2 1C(G, X) 5, = BT (9)(G, X) ko d],

where Fi 5 , denotes the perverse ULA sheaf in Dys(Bung, Q) constructed in By combining
with ( - this gives us an identification

(112) T Fiog, = @mim) @ () @ BT ((g, K, 7o) d

under the fixed isomorphism ¢. If we compare both sides, this leads to the following natural question.

Question 7.21. Does the sheaf Fin T, decompose as a direct sum of sheaves in Dys(Bung, Q) in
such a way that, after applying i7T,,, one recovers the direct sum decomposition appearing in ?

We strongly suspect that the answer should be indeed yes. To explain further, let us write
Az = RI((9,Kx),To0) € D(C) for the complex of C-vector spaces attached to the (g, Koo)-
cohomology of 7. Recall that the cohomological amplitude of A, admits an alternative description
in terms of the Arthur SLo oAf the global representation 7, an explicit algebraic representation, de-
noted x|sr,(c) : SL2(C) — G(C) attached to the global representation 7 in which 7 occurs under
Arthur’s ConJectures (see |[KS25, Section 2| for a discussion of Arthur parameters and the Arthur
SLy). Writing 7, : G — GL(V,) for the algebraic representation attached to the Hodge cocharacter
of the Shimura datum, we may decompose V,, := @, ., Vi ™™ in terms of the weight spaces of
the diagonal G, < SL2(C) acting on V), via ¥z[g1,(c). Now one can show, using the theory of
Adams—Johnson packets [AJ87] and the Vogan—Zuckerman classification of cohomological represen-
tations [VZ84], that the degrees of cohomology of RI'((g, Ko), Too) Will be related to the degrees
of cohomology of @,,c; Vi ™" [—d + n] (see [KS25, Proposition 6.1.4] and |Art89, Proposition 9.1]
for a more precise discussion), where as before d is the dimension of the Shimura variety.

This kind of “shearing” by the weights of the Arthur SLo directly mimics the behavior of
certain purely local generalized eigensheaves that are being constructed in forthcoming work of
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Bertoloni-Meli and Koshikawa |[BK]| which is strongly inspired by the p-adic ABV theory described
in [CFMMX22|. In particular, for each local Arthur parameter ¢, at p, assuming categorical lo-
cal Langlands and the compatibility with geometric Eisenstein series, they construct a perverse
ULA Hecke eigensheaf F,,, € Dy;s(Bung, Qp), whose stalks at the neutral components are the local
A-packets. Moreover, this is a “sheared Hecke eigensheaf” in the sense that one has an isomorphism

Tu(Fy,) = Fy, @ ED V" [n])
nez

of sheaves on Bung for all cocharacters p after forgetting the Weil group action, where V,;/” "[—n]
is defined as above with respect to the Arthur SLy of the local parameter 1,. This leads to a nat-
ural expectation that Fj a, should decompose in terms of certain direct summands of Fy, (after

restricting to the open substack Bung ,~1 < Bung corresponding to B(G, u~') C B(G)) in a way
that is consistent with the behavior of the (g, K )-cohomology described above, as well as with
Arthur’s description of the discrete spectrum in terms of local A-packets. In future work, we will
formulate the precise statement of this conjecture. We believe that this so-called “eigensheaf con-
jecture” is the correct interpretation of Fargues’ local-global compatibility conjecture, as discussed
in |[Far25, Section 7].

Remark 7.22. It would be very interesting if, in the context of function fields and moduli of global
shtukas, one could give a construction of the analog of the sheaf ‘FIC,@Z over all of Bung, as is done
in |Li-26, Theorem E| for the sheaf computing compactly supported cohomology of the Shimura va-
riety. In particular, this analog should have a very similar direct sum decomposition. The spectral
counterpart of this sheaf seems to be intimately related with recent conjectures in unramified geo-
metric Langlands, describing the discrete L2-spectrum in terms of the global unramified geometric
Langlands conjecture (see |Ras25, Conjecture 3.4.1]).
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