
HOMEWORK 5: MATH 124 (NUMBER THEORY)

1. Exercises

Exercise 1.1. Let g be a primitive root modulo an odd prime p. Prove that the quadratic residues
mod p are given by g2, g4, . . . , gp−1 and that the nonresidues are congruent to g, g3, g5, . . . , gp−2. (4
pts)

Exercise 1.2. For all primes p show that

x8 ∼= 16 mod p

has a solution using the criterion described in class. (5 pts)

Exercise 1.3. Identify if the following congruences have solutions. Describe how many solutions
there are in each case. (2 pts each)

(1) x2 ∼= 2 mod 61
(2) x2 ∼= −1 mod 122.
(3) x2 ∼= −1 mod 59
(4) x2 ∼= 1 mod 244.

Exercise 1.4. Let p be a prime and (a, p) = (b, p) = 1. Show that if x2 ∼= a mod p and x2 ∼= b
mod p both do not have solutions then x2 ∼= ab mod p does have a solution. (3 pts)

Exercise 1.5. Let p be an odd prime. Let m ≥ 1 be an integer. Show the following.

(1) Prove that if 2m + 1 is prime then m is a power of 2. (Hint: Suppose the contrary, note
that this implies that m = ab for b > 1 an odd divisor). (4 pts)

(2) Combine Part (1) with Exercise 1.1 to conclude that every quadratic nonresidue modulo p
is a primitive root if and only if

p = 22
n
+ 1

for some integer n ≥ 0. (5 pts)
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