HOMEWORK 5: MATH 223B (GALOIS COHOMOLOGY AND CLASS FIELD
THEORY)

1. EXERCISES

Exercise 1.1. Consider the short exact sequence in Modg
(1.1) 0= Ig—=2Z|GlSZ—0
defined by the augmentation map. Here Z has the trivial action. Show the following.

(1) (2 pts) By considering the long exact cohomology sequence of homology groups attached to

show that we have an tsomorphism

Hi(G,Z) ~ Ig/IE,

where Ié is the ideal generated by products of elements in Ig with elements in Ig.

(2) (2 pts) Show that I is generated as an ideal by the elements (g — 1).

(3) (2 pts) Consider the map

¢:G — Ig/IZ
sending ¢(g) to g — 1 mod 1%. Show that this is a well-defined homomorphism where I /I

s equipped with its additive group structure.

(4) (2 pts) Show that ¢ factors through G*® := G/[G,G], where [G,G] is the subgroup of

commutators and that the resulting map

o™ G — Ig/IE

is an isomorphism. Conclude that H1(G,7Z) ~ G® as abelain groups.

Exercise 1.2. Suppose we have a short exact sequence 0 — A i) B C = 0. Show the following.
(1) (2 pts) Check that we have a commutative diagram of the form

H;Y(G,A) —— H;'(G,B) —— H;'(G,0)

(1.2)
. —— H_1(G,0) Ac
Nmg
0 AG

Bg Ca
Nm¢g Nm¢g
B¢ c¢

Hp(G,A) —— H}(G,B) —— H}(G,C)

HY (G, A) — -

where the second and third row are given by the long exact sequence for homology and coho-
mology, respectively, and the remaining arrows are the obvious ones.
(2) (2 pts) Check that by applying the snake lemma to the middle part of that we obtain

a long exact sequence

(13) - = HYG,C) = HAG, A) Y9 gia, By T mive, o) HIFY (G A) > -

for alli € Z.
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Exercise 1.3 (Division Algebras over Finite and p-adic Fields). Fiz a prime p and let ¢ = p! for
some integer f > 1. Let g > 1 and consider the finite cyclic Galois extension Fqq /Fy. We write
Froby : Fy9 — Fy9 for the qth power Frobenius x — x9.

Similarly, we consider Qq/Q, to be an unramified extension of degree f (i.e the natural map
Gal(Qps /Qp) — Gal(F,s /Fy)) given by reduction mod p is an isomorphism. We let Qqa /Qq be the
unramified extension of Qq of degree g, and write 0 € Gal(Qgqe/Qy) to be the natural lift of Frob,
under the isomorphism Gal(Qg9/Qq) — Gal(Fye /Fy) given by mod p-reduction.

Recall that, for any finite extension K/Qy, with ring of integers Ok and uniformizing element
m € Ok, we have an isomorphism

(1.4) K* ~ O3 x (n?),
of abelian groups. Moreover, we have a short exact sequence
(1.5) 0= Uy — O = (O /m)* =0

of abelian groups, where the last map is given by mod mw-reduction. Show the following.
(1) (2 pts) Consider the norm map

LTk *
Nqug/Fq : ]F‘qg — Fq.

g—1
x H(Frobq)i(x).

i=0
Show that Nqug/IFq 1s surjective and compute the kernel. Describe the Tate cohomology
groups Hi(Gal(Fyo /Fy),Fig) for all i € Z.

(2) (1 pt) Using part (1), deduce the following.

Theorem 1.4. (The Artin- Wedderburn Theorem) Let F, be a finite field then every
finite-dimensional division algebra over Fy splits over a finite extension of F.

(3) (1 pt) Show that the short exact sequence when specialized to K = Qgo and K = Qq

gives rise to a commutative diagram

1 \ N

0 E— Uqu E— OQ;g 7 F;g 7 O
(16) J/Nm(@qg /@q lequ /Qq JNm]Fqg /]Fq
1 \ * s

O e UQq OQZ 7 Fqg 7 O

of short exact sequences.
(4) (8 pts) Show that Nmg_, g, : U(lbqg — Uéq is surjective (Hint: Use Hensel’s Lemma,).
(5) (2 pts) Combine (1), (3), and (4) with the product decomposition[1.]] to deduce that
QZ/Nqug/@q (Qf]g) ~ 7/gZ.

What can you conclude about division algebras over Qg%
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