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1. INTRODUCTION

Let Q denote the rational numbers with algebraic closure Q. A basic goal in algebraic number
theory is to understand the structure of the group Gal(Q/Q), known as the absolute Galois group
of Q. Roughly speaking, this is the collection of symmetries of the following sets

(L.1) {a € Qlp(a) =0}

for p(z) € Q[x] an irreducible polynomial. For example, when p(z) = 22 — 5, we have the solutions

{V/5,—+/5} and a corresponding surjection Gal(Q/Q) — Gal(Q(v/5)/Q) ~ Z/27Z = (—1), where

—1 € Z/2Z acts via the reflection v/5 <+ —/5. More interestingly, for the equation p(z) = 27 — 1

for ¢ a prime number, we have the solutions {C;|O < i < ¢q—1} for {; a non-trivial gth root of unity

and a surjection Gal(Q/Q) — Gal(Q({,)/Q) ~ (Z/qZ)*, where a € (Z/qZ)* acts via o4 : (} — (1O
More precisely, the absolute Galois group is the inverse limit in the category of groups of

(12) Gal(@/Q) = ljm Gal(L/Q),
L

where L/Q ranges over finite Galois extensions of Q, and the maps, for an inclusion Q C L' C L,
are given by the natural restriction map Gal(L/Q) — Gal(L'/Q). As we will discuss in the next
lectures, such a projective limit of finite groups gives examples of what are known as pro-finite
groups.

One of the basic reasons for wanting to understand the group Gal(Q/Q) is that it provides us
information about the structure of solutions to the equation p(z). E.g from Galois theory we know
that if the action of Gal(Q/Q) on the solutions of p(z) factors through a finite solvable group then
the solutions can be computed in terms of the coefficients and radicals. In this way, the group
Gal(Q/Q) together with its action on provides some kind of systematic generalization for the
notion of solvability of polynomial among radicals.

Another (perhaps more compelling reason) is that the group Gal(Q/Q) is intimately related to
many interesting arithmetic phenomena. For example, let’s consider the polynomial p(z) = 22 — 5
again. We may ask ourselves the following basic arithmetic question.

Question 1.1. When does x> = 5 have a solution modulo a prime number p?

This is the content of quadratic reciprocity; often phrased in terms of the Legendre symbol.
1
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Definition 1.2. Let p be an odd prime. The Legendre symbol

<)
p

0 ifp]|a,

(Z) = 1 if there exists x € Z such that > =a (mod p),

—1 otherwise.
This symbol can be completely understood in terms of quadratic reciprocity.

Theorem 1.3 (Quadratic Reciprocity). Let p and q be distinct odd primes. Then we have an

equality
P (p—1)(g—1) <q>
— |l =(-1 4 = ].
(5) -G

Moreover, for any odd prime p, we have equalities:

Specialized to the case of interest, this gives us the following.

Example 1.4. Let p # 5 be an odd prime then we have that

(1.3) (g) - <2>.

In particular, if we look at the squares mod 5 then we have that {12,22,32 42} =~ {1,-1,-1,1}
mod 5, which allows us to conclude.

Corollary 1.5. For p # 5 an odd prime number

)
<> =1 <= p=+41 modb5.
p
We claim that Corollary [I.5and indeed Theorem[I.3is a consequence of understanding the action
of the group Gal(Q/Q) on the set of solutions {v/5, —/5}. To see this, we recall that we have an

inclusion Q(v/5) C Q({5), as witnessed by the identity
2777) _ V5 -1
50 2

To proceed further, we recall some basic properties of the arithmetic of the cyclotomic fields Q({,)/Q.
In particular, we have the following.

G5+ G5 ' = cos(

Theorem 1.6. Let q be an odd prime and {; € Q a non-trivial qth root of unity.
(1) The extension Q((,)/Q is Galois with Galois group isomorphic to (Z/qZ)* via the mapping

avr>r 0g,

where 04((q) = (-

(2) The ring of integers of Q({q) is given by Z[(4].

(3) A prime p in Z is unramified in Q(,) if and only if p # q.

(4) If g # p then by (1)-(3), we have a factorization as prime ideals (p)Z[(q] = p1 - - pg, and for
alli=1,...,g that Z[Gy]/pi = F, for some f > 1 such that

(1.4) gf=q—1
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(5) For q # p as in (4), for any i = 1,...,g, we may look at the decomposition group Dy, C
Gal(Q(¢p)/Q) of elements fizing the prime ideal p;. Then the natural map

(1.5) Dp, = Gal((Z[¢g]/pi)/(Z/p)) ~ Gal(F s /Fp) = {x = aP}) ~ L/ fZ,
In turn, we obtain a lift Frob, € ®,, C Gal(Q((y)/Q) of the pth power map x +— xP on Fy,
which is given by oy, in the parametrization of (1).

Implicitly, we were invoking the abstract structure theory of a Galois extension of number fields

L/K specialized to the case of the Q((,)/Q.

Exercise 1.7. Let L/K be a finite Galois extension of number fields with Galois group G =
Gal(L/K). Let p C Ok be a nonzero prime ideal and fiz a prime ideal B C O lying above it
(i.e. PN Ok =p). Write ky = O /p and kg = O /*B for the residue fields, and denote by Ly and
K, the completions of L and K at ‘B and p respectively. We recall, since O, is Dedekind, we have
a unique factorization

g
(1.6) pOpL :Hmiei
=1

into prime ideals B; of O for integers e; > 1.
(1) Define the decomposition group of P by
DRlp) ={oceG:0(P) =P}

(a) Prove that D(B|p) is a subgroup of G.
(b) Show that G acts transitively on the set of primes of L above p and that the stabilizer
of B is D(B|p). Deduce that

9 =1G: D(Blp)]-

(2) Show that all the integers e; in (1.6) equal to a single integer e := e(B|p). In particular, the
decomposition (@ becomes

g
pOL = H‘Bf'
i=1

Show that there exists a single integer f = f(B/p) such that [ky, : ky] = f for all i. Deduce
the fundamental relation

[L:K|=efg.
(3) Consider the reduction map
I‘edcp : OL — k‘m.
(a) For o € D(B|p), show that o induces a well-defined automorphism & of kg by
G (redyp(x)) = redgp(o(x)).
(b) Deduce a group homomorphism
o : D(Plp) — Gal(kp/ky)-
(¢) Define the inertia group by

I(Plp) = ker(éy) = {0 € DORIp) : 7 = id on oy }.
Prove that I(B|p) is a normal subgroup of D(P|p).
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(4) Prove that ¢ is surjective and that there is a short exact sequence

1 — I(Plp) — D(Flp) =2 Gal(ky/ky) — 1.

Deduce in particular that

[DBlp)| = e(Blp) F(Blp),  LBIp)[ = e(Blp),  |Gal(kp/ky)| = f(Blp).

(5) (a) Show that the natural embedding K — K, extends to an embedding L — Ly and that
restriction induces a canonical isomorphism

D(¥lp) = Gal(Ly/Ky).

(b) Under this identification, interpret 1(B|p) as the subgroup of Gal(Ly/K,) acting triv-
ially on the residue field k.

(6) Assume p is unramified in L, i.e. e(P|p) = 1. Then I(P|p) = 1 and ¢y is an isomorphism.
Let Frob, € D(B|p) be the unique element whose image in Gal(kyp/kp) is the |ky|-power
map.

(a) Show that Froby is characterized by

Froby(z) = 2™ (mod R) for allz € Of.
(b) Show that if P’ = 7(P) for some T € G, then
Froby (') = 7 Frob, () 7~ 1.

In particular, the conjugacy class of Froby, in G is independent of the choice of Blp.
(c) If L/K is abelian i.e Gal(L/K) is abelian, deduce that the Frobenius element Frob, € G
(for p unramified) is independent of the choice of Blp as an element of G (not just up

to congugacy).

With this in hand, let’s go back to the original problem. In particular, suppose we have a prime
p, then we were interested in determining when (%) = 1 or equivalently when 2?2 = 5 has a solution
modulo p. We recall that the ring of integers of Q(v/5) is given by Z[/5] (since 5 = 1 mod 4). In
particular, it follows that 22 = 5 has a solution modulo p if and only if the prime p splits in Z[v/5],
which is equivalent to the g appearing in Theorem [1.6| (4) being equal 2 (resp. 4) or equivalently
that f is equal to 2 (resp. 1). However, in light of (5) this is equivalent to p = £1 mod 5. In

particular, we see that this exactly recovers Corollary and this perspective is powerful enough
to capture the general picture.

Exercise 1.8. Use Theorem[1.4 to establish Theorem [I.5 Let q # p be odd primes and set K =
Q(¢y), for ¢4 a non-trivial qth root of unity.

(1) Show that
(5)- =

(2) Set H C (Z/qZ)* be the subgroup of squares, and let K+ = K denote the fived field. Prove
that

K* = @( (—1)q5lq) :

(Hint: Compare discriminants.)
(3) Show that p splits completely in KT if and only if the image of Frob, lies in H.

(4) Deduce that
(;) =1 <= p splitsin Q( (—1)(151q> .
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(5) Use (1) and (8), to show that

(©)-co= 2)

In this way, we see that Corollary is a consequence of understanding the structure of Gal(Q/Q)
and in particular its quotient Gal(Q((,)/Q). More specifically, we may organize what happened
above as follows. We view the Legendre symbol as giving rise to a map

Xq : Gal(Q(¢,)/Q) = (Z/qZ)* — (+1) C C*
a— <§>

where we note that, it easily follows from Definition we have an equality (%) (g) = (%b) SO

this is indeed a multiplicative character. Then quadratic reciprocity follows by explicating the lifts
of Frobenius Frob, € Gal(Q(¢,)/Q) of the pth power map for ¢ # p and interpreting them in terms
of the arithmetic of the cyclotomic field.

In the hopes of generalizing this arithmetic phenomenon, we fix a number field K /Q with algebraic
closure K C K, and a homomorphism

x : Gal(K/K) — C*,
where Gal(K/K) := fm Gal(L/K) over finite Galois extensions L/K, as in |) Since C* is
abelian, the character x will factor through the abelianization Gal(K /K )aiof this group. This can
be thought of as the Galois group of an algebraic extension K C K® C K. In particular, K2 is

the union of finite Galois extensions K C L C K such that Gal(L/K) is abelain, and is known as
the maximal abelian extension of K. We may write

lim Gal(L/K) =: Gal(K*"/K),
L

and one can check that the natural map Gal(K/K) — Gal(K?"/K) identifies with the abelinization
of Gal(K/K). To our aim of generalizing the above story, we would now like to define Frobenius
elements inside this group. In light of exercise (6.c), we see that it is important to pass to
the quotient Gal(K®/K), as in general these will only be defined up to conjugacy. However, we
still have a problem that in general the existence of Frobenius elements are only well-defined for
unramified extensions, as seen in exercise (6). For a finite set of prime ideals S of K, we may
consider the quotients

lim Gal(L%/K) := Gal(K*/K),

LS

(resp. lim Gal(L®/K) := Gal(K**"/K))
LS
defined by the set of finite extensions K C L° C K (resp. K C L C K?) such that, for all prime
ideals p ¢ S, p is unramified inside L°. As before, the algebraic extension K ¢ K° C K (resp.
K Cc K% C K) is defined by the compositum of the collection of all the finite extensions appearing
in the above limits, and we refer to them as the maximal unramified extension outside S (resp.
maximal abelian unramified extension outside S). The groups Gal(K°/K) (resp. Gal(K%2P/K))
are the infinite Galois groups of these infinite extensions. As before, it is clear from the definition
that there is a natural map Gal(K*/K) — Gal(K 2" /K), which one can verify identifies with the
abelianization of Gal(K*/K).
Inside these infinite Galois groups, we can now construct our Frobenius elements.

Construction 1.9. For a number field K/Q and a finite set of prime ideals S of K and allp ¢ S, we
construct a conjugacy class of elements Frob, € Gal(K®/K) (resp. element Frob, € Gal(K%*/K))
as follows.
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(1) For all finite Galois extensions K C L C K®, we fix an unramified prime B(L)|p lying
above p. We consider the conjugacy class of elements [Froby(B(L))] C Gal(L/K) given by
Ezercise[1.7 6 (b).

(2) We choose the prime ideals in (1) such that if we have an inclusion K C L; C Ly C K¥,
we have that B(Lo)|P(L1) then it follows that if we look at the restriction map

Gal(Ly/K) — Gal(L1/K)

that the conjugacy class [Frob,(B(La))] maps to the conjugacy class [Froby(PB(L1))].

(3) In light of (2), we may choose a choice of representatives {Froby(B(L))}xcrcrs €
Wm, s Gal(L/K) = Gal(K®/K) of the conjugacy classes compatible under restriction.
One can check that this is well-defined up to conjugacy in Gal(K°/K) (cf. the last part of
the proof of Proposition .

(4) As the natural map Gal(K°/K) — Gal(K%2/K) identifies with the abelianization, the
construction in (3) gives rise to a well-defined element Frob, € Gal(K**"/K) which only
depends on the prime ideal p ¢ S.

With the Frobenius elements now constructed, we might worry that we have departed too much
from our original goal of explicating characters of the form

X Gal(?ab/K) — C*,

as we have only constructed Frobenius elements in a certain quotient of Gal(K 2P /K) of the group

Gal(Fab /K). However, we recall that, for any finite extension L/K, it must be unramified outside
of some finite set of prime ideals S (as any ramified prime ideal must occur in the factorization of
the discriminant of the extension L/K). In particular, this formally implies that we have

Gal(K/K) = lim Gal(K*/K)
S

and

Gal(K**/K) = lim Gal(K>*"/K)
S

where the map is induced by the natural quotient maps, and we note that, for any inclusion S C
T of sets of prime ideals, we have a natural inclusion K7 C K® and therefore a natural map
Gal(K°/K) — Gal(K”/K). In particular, all characters x of arithmetic interest will always factor
through Gal(K*®/K) for some finite set of prime ideals S of K.

We now come to the main Theorem describing the structures of these groups in the case of K = Q,
which tells us that Theorem [1.6]is sufficient for completely understanding Gal(Q*?/Q) and in turn
a general character x : Gal(Q/Q) — C*, at least assuming it factors through Gal(Q®/Q) for some
finite set of primes S.

Theorem 1.10 (The Kronecker—Weber Theorem and Class Field Theory over Q). The following
18 true.
(1) There is an equality of fields
Q* = |J Q)
n>1

where (, is a primitive n-th root of unity. In particular, every finite abelian extension
Q c L c Q? is contained in a cyclotomic field.
(2) In light of the identification

Gal(Q(¢n)/Q) = (Z/nZ)Xv
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of Theorem (1), passing to the inverse limit yields a canonical isomorphism of profinite
groups
Gal(Q**/Q) = Lm(Z/nZ)* =:Z*.

H
n

We note, by the Chinese remainder theorem, we have an identification
(1.7) z* ~1]z,
q

where Z; denotes the invertible elements in the q-adic integers, for q varying over prime
numbers.

(3) Let S be a finite set of primes of Q. Forn € Z, we write supp(n) for the collection of primes
dividing n. Then

Q= |J Q).

n>1
supp(n)CS

and there is a canonical isomorphism

Gal@/Q) = lm (Z/n2)".

n
supp(n)CS

Equivalently,
(1.8) Gal(Q**/Q) = []z;,

qeS

under the identification of .
(4) As in Theorem[1.6 (4), under the identification

Gal(Q(¢r)/Q) = (Z/nZ)™,
the Frobenius element Frob,, corresponds to the residue class

Frob, <— p mod n.

forptn.
Passing to the inverse limit, the Frobenius element at a prime p ¢ S corresponds in
Gal(Q®/Q) to the element

(p)qGHZ;’ (p)q:PGZqX-
qeS

In particular, we observe that the group Gal(Q*/Q) has a remarkably simple structure which is
completely describable in terms of the multiplicative structure of certain completions attached to Q
(namely, Z; for varying primes q). Moreover, this is setup in such a way that passing to the Galois
group Gal(Q%2P /Q) with restricted ramification corresponds to only looking at the completions for
q € S and such that the Frobenius element at p corresponds to the g-adic unit p € Z.

As we will discuss in more detail later in the course, this is indeed a general phenomenon. In
particular, for any number field K/Q, the profinite group Gal(K?P/K) will be explicitly describable
in terms of the multiplicative structure of the groups Ky, and Gal(K ab,5 / ) will be describable
in terms of the completions K, for g € S. In such a way that the Frobenius elements Frob, will
correspond to certain units in O, . This comprises the main content of what is known as global class
field theory. The goal of the course will be to explain the statement and proofs of these statements,
and show how it can be used to illuminate arithmetic phenomenon such as quadratic reciprocity.



8 LINUS HAMANN

2. GAaLois COHOMOLOGY, REFERENCE: |[SER94|

We saw in the §I] that of utmost interest for us will be groups of the form
G:= @ G,
el
which are projective limits of finite groups G;, as in (|1.2)). This is what is known as a pro-finite
group. In particular, we were interested in understanding the abelianization

G* .= G/[G,G]

of such a group where [G,G] C G denotes the subgroup of commutators. In the interest in the
abelianization came from the technical requirement to have well-defined Frobenius elements, as in
(6)-(c). However, the passage to this abelianization will accomplish much more. In particular,
as we will see, the abelianization of the group may be re-expressed

Gab =~ H17cont (G, Z)

where the RHS will be the 1st continuous homology group of the profinite group G, where Z will
be the integers equipped with the trivial G-action and the discrete topology. As the notation
suggests, this group is part of a family H; cont(G,Z) for i € N>g. These will be known as the
continuous homology groups of G, which will provide us the essential computation tool for computing
H{"(G,Z) and in turn proving the main results of class field theory. To this aim, we begin by
describing the structure of profinite groups and building up this algebraic machine known as group
(co)-homology.

2.1. Preliminaries.
2.1.1. Profinite Groups. We start with the basic definition.

Definition 2.1. A topological group G is a said to be profinite if it is the projective limit of finite
groups

@1 G, =G,

1€l
where each of the groups is endowed with the discrete topology, and the inverse limit is computed
in the category of topological groups (so that G is endowed with the minimal topology such that
the projection maps G — G; are continuous for all i € T).

One of the basic reasons to keep track of the topology is the following alternative characterization
of such groups.

Proposition 2.2. A topological group G is profinite if and only if it is compact, totally disconnected,
and Hausdorff.

Proof. We prove the two implications separately.

(=) It follows from the definition of profinite, that there exists some directed set (I,>) such that
we have a continuous map
a:G— H Gi,
el

where the target is endowed with the product topology, and the image is identified with the set of
tuples (g;)icr such that fji(gr) = g; for all j < k in I. Here fj : G} — G; denotes the transition
maps in a presentation of G := @ie I G as a projective limit with respect to the directed set (I, >).

In particular, for varying j < k in I, the image of « is the intersection of the A;, :=
{(94s)ier| fir(gr) = g;}. However, A is the preimage of diagonal in X; x X; under the tauto-

logically continous map [[;.; Gi bipw, Gj x Gy, ﬂ) Gj x Gj. In particular, Ajj is closed inside

[Lic; Gi and therefore so is G. By the Tychonoff theorem, we know that [[;.; G; is compact, and
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therefore G is as well. Similarly, [[,.; G; is easily checked to be Hausdorff and totally disconnected
so that G is as well.

(<) Let G be a compact totally disconnected Hausdorff topological group. For any locally compact
totally disconnected group, it follows (e.g by van-Dantzig’s theorem) that the identity element has
a basis of open neighborhoods given by open subgroups U C G. We consider such a U C G. This
automatically has finite index since G is compact. Hence, its conjugates gUg ™! are finite in number
and therefore their intersection V' C G is an open normal subgroup. Therefore, we conclude the set
of open normal subgroups V' C G form a basis of open neighborhoods of the identity element. We
consider the natural continous map
G —1mG/V,

where V' ranges over all such subgroups. The map is injective continuous, and has dense image,
and therefore it is an isomorphism. Indeed, both sides are easily verified to be compact Hausdorff
by the argument given above (see Lemma (1)), so the map is automatically closed. O

Note that in the proof we also exhibited proofs of the following claims, which we record for future
use.

Lemma 2.3. The following is true.

(1) A projective limit X := @ie[ X; of compact (resp. totally disconnected, Hausdorff) topo-
logical spaces X; endowed with the inverse limit topology is also compact (resp. totally
disconnected, Hausdorff).

(2) For a profinite group G, the identity element has a basis of open neighborhoods U; C G
for some directed set (I,>) given by open (hence of finite index) normal subgroups and the
ordering is determined by inclusion. In particular, we can always find an isomorphism

G = lim G/U;,
el

of topological groups.

Remark 2.4. For (2), we note that, given a presentation

G = lim G,
el
we may simply take U; := Ker(G =5 G;).
We have the following basic examples.
Example 2.5. (1) Let L/K be an extension of fields which can be written as the union of its

finite Galois subextensions K C L; C L. We then define the infinite Galois group
Gal(L/K) := @Gal(Li/K),
€]
where the limit is over finite Galois extensions K C L; C L and the ordering on [ is
determined by inclusion. Since the compositum of two finite Galois extension is again finite
Galois, the set I is directed and therefore Gal(L/K) is a profinite group.
(2) We recall that the p-adic numbers Z,, are a profinite group with presentation

Ly ~ lGm Z/p"Z.

%1
Similarly, if we consider the group GL,(Z,) of n x n invertible matrices with coefficients in
Z,, then this is also a profinite group with presentation given by

GL,(Zp) ~ 1&1 GL,(Z/p"Zy).

n>1
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(3) Let G be a discrete topological group, and let G be the projective limit of the finite quotients

of G. The group G is known as the pro-finite completion of G. We note that there is a
natural map

G- G

with kernel given by the intersection of all groups of finite index. If we apply this to the
group Z then we obtain what is known as the Priifer ring

Z:=limZ/nZ
nez
which by the Chinese remainder theorem is isomorphic to a direct product

(2.1) z~1]z

indexed by all prime numbers p.
We also have the following important examples of profinite groups coming from duality.

Exercise 2.6. If M is an abelian group then we define its Potryagin dual to be M* =
Hom(M,Q/Z).
(1) Construct isomorphisms of the form

(Z/nZ)Y ~ 7/nZ
(Qu/Zp)" = Zy,

for p a prime number and n > 1 an integer. Show that
QY ~0.

(2) Suppose that M is a torsion abelian group endowed with the discrete topology. Endow M*
with topology given by pointwise convergence (I.e consider the embedding M — MYZ where
MYZ s given the product topology and M is given the subspace topology). Prove that M*
is a commutative profinite group (Hint: write M* as a directed limit or union of its finite
subgroups).

(3) For M a torsion abelian group check that the natural evaluation map

evy : M — (M™)*
m = (x = x(m))
is an isomorphism of abelian groups. We let let TorAb be the category of discrete tor-

sion abelian groups. Let ProFinAb be the category of profinite (equivalently: compact,
Hausdorff, totally disconnected topological) abelian groups (with morphisms being continu-
ous homomorphisms). The above duality upgrades to a contravariant equivalence

TorAb°®? ~ ProFinAb.

of categories. This is known as Pontryagin duality.

(4) Prove that Pontryagin dual of a torsion-free profinite abelian group is a divisible abelian
group.

(5) Combine (1), (4), and Ezercise below, to deduce that any commutative torsion free
profinite group is isomorphic to a (possibly-infinite) product of copies of Z, for some prime
numbers p.

Exercise 2.7. Let A be a divisible abelian group, i.e. for every a € A and every integer n > 1 there
exists b € A with nb = a.

(1) Show that a finite divisible abelian group is trivial.
(2) Show that A a divisble abelian group is a Q-vector space if and only if it is torsion-free.
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(3) Let
Agors :={a € A| In > 1 with na = 0}.
Show that Aiors ts a divisible subgroup of A.
(4) Prove that Aiors decomposes canonically as a direct sum of its p-primary components

Ators = @A[poo], Alp™] :={a € A| In with p"a = 0}.
p

(5) Fiz a prime p. Show that every divisible p-primary (in the sense that for every element a
there exists n > 0 such that p"a = 0) abelian group D contains a nonzero element of order
p" for all n > 1 unless D = 0.

(6) Show that Q,/Z,, is a divisible p-primary group.

(7) Prove that any divisible p-primary abelian group is a direct sum of copies of Qp/Zy.

(8) Show that there exists a (non-canonical) decomposition

A = Ators @ A/Ators‘

(9) Show that A/Aiors is torsion-free and divisible, hence a Q-vector space by (3).
(10) Deduce that there exist cardinals k and {\,}, such that

A =0 o P@yz)™,
p

where p varies over all prime numbers.

(Hint: Use that divisible abelian groups are injective objects (See Deﬁnitz’on in the category
of abelian groups, so short exact sequences with divisible terms split. For the p-primary case, reduce
to showing that a nonzero divisible p-group contains a copy of Q,/Zy, and then use Zorn’s lemma to
obtain a mazximal direct sum of such copies.)

With the basic examples out of the way, let’s turn towards the structure of the subgroups profinite
groups

Lemma 2.8. Let H C G be a subgroup of a pro-finite G. Then the following is true.

(1) If H C G is an open subgroup then it is also closed.
(2) If H C G is a closed subgroup then H is also profinite.

Proof. For (1) is an easy consequence of the fact that since G is compact any open H is of finite
index. In particular, we can write H as the complement of its finitely many non-trivial translates
implying it is closed.
For (2), we consider a presentation
G= 1&1 G/U;,

1€l

as in Lemma (2). We then have a natural map
H— @H/(HﬂUi),
el

which is easily checked to be continuous and injective with dense image. However, since H C G is
closed, this is a map of compact Hausdorff spaces using Lemma (1), so we conclude that is an
isomorphism. O

We now have the following technical lemma, which will play an important technical role in
explicating the cohomology of groups.

Proposition 2.9. Suppose K C H C G are an inclusion of two closed subgroups of G. Then the
natural map G/K — G/H admits a continuous section s : G/H — G/ K.
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Proof. We start out with the following special case.

Lemma 2.10. Suppose that K C H is an inclusion of closed subgroups such that K has finite index
in H then G/K — G/H admits a continuous section.

Proof. Let U be an open normal subgroup of G such that U N H C K. The restriction of the map
G/K — G/H to the image of U in G/K will then be injective. Its inverse map is therefore a section
over the image of U inside G/H which is open by the finite index assumption. One may then extend
to a section over all of G/H by translation. O

For the general case, first note that, by replacing G with G/K, we may assume without loss of
generality that K = 1.

Let X be the set of pairs (S,s), where S C H is a closed subgroup of H and s is a continous
section of G/H — G/S. This is equipped with a natural partial ordering (S, s) > (5',¢') if S € 5’
and the induced diagram

s:G/H < G/S' - G/S

commutes. Suppose we have a totally ordered family (.S;, s;) of elements of X with respect to the
partial ordering defined above. We set .S = NM;c1S;. We note that S C G is closed and the natural
map
G/S — @G /Si
1]

is an isomorphism of topological groups. Indeed, it is injective and continuous with dense image,
and all the spaces are compact Hausdorff using Lemma (2). Using this, we may find an element
(S, s) that lies above all the (.S;, s;) in the partial ordering.

We are therefore in a position in which we may invoke Zorn’s lemma. We let (S, s) be the resulting
maximal element. Let us show that S = 1. Suppose that this is not the case. Then, by Lemma
(2) and Lemma (2), this would imply that there exists an open subgroup U C G such that
UNS #S. We apply Lemma G/(SNU) — G/S to deduce a section of the natural map, and
composing this with the section s : G/H — G/S gives a contradiction to maximality of (5,s) in
light of Lemma (1). O

A protypical example of a closed subgroup which is not open is the subgroup Z, C 7 given by
the inclusion of the pth coordinate in the isomorphism . The notion of index of course does
not make sense for such a subgroup in any kind of naive way. However, as profinite groups are built
out of limits of finite groups, this does make sense up to modifying are expectations in a controlled
way.

Definition 2.11. We define the following.

(1) A supernatural number is a formal product Hp p"?, where p ranges over all prime numbers
and n, is an integer that is > 0 or is equal to co. We note that we may define the lem and
ged of such numbers in the obvious way.

(2) For H C G, the inclusion of a closed subgroup into a profinite group G. We define the index
[G : H] to be the supernatural number defined as the lem of the indeces [G/U : H/(HNU)]
as U runs over the set of open normal subgroups of G. We define the order of a profinite G
to be [G : 1].

(3) We say a group G is pro-p if the supernatural number given by its order is a power of p.
Equivalently, if it is a projective limit of finite p-order groups.

(4) We say a closed subgroup H C G is a p-Sylow subgroup if it is pro-p and the index [G : H]
is of order prime to p.

We can now bootstrap the usual Sylow theorems to the profinite context.
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Proposition 2.12. Every profinite subgroup G has Sylow p-Sylow subgroup, and these are all con-
Jugate.

Proof. The key will be to use the following lemma, which is of manifold use when bootstraping
claims from the finite context to the pro-finite context.

Lemma 2.13. A projective limit X := @iel X; for a directed set (I,>) of non-empty finite sets
18 non empty.

Proof. Recall, as in the proof of the forward implication of Proposition we have that X may be
identified with the intersection of the closed subsets

Aji = {(@i)i € X | fjn(zr) = x5}

For all j < k in I inside [[,.; X;, where X; is endowed with the discrete topology and [],.; X; is
endowed with the product topology. The claim is reduced to showing that the intersection of all
these sets is non-empty.

As in , [L;c; Xi is compact by Tychonoff and therefore so is Aj;. By a standard compactness
argument, the claim is therefore reduced to showing that given finitely many A; x,,..., Ajx, their
intersection is non-empty. Let J be the finite set of indices appearing. Since I is directed, there
exists m € I with m > k for all j € J. Choose any z,, € X,,. For each k € J define xj, := frx(xm),
and choose arbitrary elements in [[;.; X; for indices outside J. This defines an element in the
intersection Aj x, N--- N Aj x,, showing the claim. O

Now let I be the directed set determined by a family of open normal subgroups {U;};cr of G as
in Lemma (2). For each i € I, let P(U;) be the set of Sylow p-subgroups in the finite group
G/U. We consider the inverse system Hm, _, P(U;) noting that this is well-defined as the transition
morphisms G/U; — G/U; are all surjective maps of finite groups, which therefore carries p-Sylow
subgroups to p-Sylow subgroups. By applying Lemma [2.13] and invoking the usual Sylow theorems,
we obtain a subgroup H = T&lie I H;, which one easily checks will be a p-Sylow subgroup of H.
Given any two such choices H and H' of such a p-Sylow subgroup, we consider, for i € I, the set
Q(U;) of elements which conjugate the image of H in G/U; to H'. By applying Lemma to the
inverse system @ie s Q(U;) and invoking the usual Sylow theorems, we construct an element x € G

such that zHx~' = H’, as desired. O

We now turn to the cohomology of groups. We begin first with the finite case.

2.2. Cohomology of Finite Groups. For the rest of this subsection, we will let G denote a finite
group.

2.2.1. A Bit of Abstract Nonsense. We write Modg for the abelian category with objects given by
abelian groups (A, +) with a left action G x A — A (g,a) — g.a of the group G, and morphisms
given by G-equivariant maps f: A — B.

Remark 2.14. We can consider the group ring Z[G] which is given by the collection of formal
linear combinations deG agg, where ag € Z and g € G is an element. This has an obvious
addition operation given by adding the coordinates and an obvious (not necesarilly commutative)
multiplication induced by the multiplication on G. We note that we can identify Modg with the
category of left Z|G]-modules under this ring.

We will be interested in the functor

(2.2) (=)¢ : Modg — Ab
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of G-invariants, where Ab denotes the category of abelian groups. I.e A% := {a € A|g.a = a} is the
subgroup of elements which are fixed under the action of G. The cohomology of groups arises by
considering how this functor interacts with the notion of short exact sequences

(2.3) 0+A—-B—->C—=0

in the category Modg. These are just usual short exact sequences in the category of abelian groups,
but we insist that the morphisms are in the category Modg. In particular, given such a short exact
sequence, we obtain an induced left exact sequence

(2.4) 0— AY - BY - 0¢,

where injectivity of the map A® — BY is clear; however, surjectivity of the map B¢ — C¢ does
not hold in general.

Exercise 2.15. Let G = C), be the cyclic group of order p, and let k = F,. We consider the
G-modules

M=k[G] N=Ek,

where k[G] is the group ring of G introduced above. We consider the natural map.

e k[G] — k, € Zagg :Zag.

geG geG
which is known as the augmentation morphism

(1) Show that € is sujrective.
(2) Show that M€ is one-dimensional and is spanned by

=Y 0
geG
(3) Compute the induced map on G-invariants
e MY — N¢
and show that it is the zero map.

Our main goal will be to extend the sequence (2.4) to a long exact sequence of abelian groups.
The main tool will be to use the following, which is the basic building block of all homological
algebra.

Lemma 2.16. (Snake Lemma) Consider a commutative diagram of abelian groups with ezact
TOWS:

ALl ¢ > 0
(2.5) la lﬂ b
0 /A N
Then there exists a connecting homomorphism
0: ker(y) — coker(«)
such that the following sequence is exact:
(2.6) ker(a) — ker(8) — ker(vy) N coker(a) —» coker(f) — coker ()

Moreover, if f is injective then this is exact on the left and if g’ is surjective then this is exact on
the right.
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Proof. This is a standard diagram chase. In particular, we can construct the map § by taking an
element ¢ € Ker(y) C C and lifting it to an element in B and then pushing to an element B’ by
the map . By the commutativity of the diagram and the fact that ¢ € Ker(y), this element will
vanish upon applying ¢’ and therefore lie in Im(f’) (cf. [Wei0|). By similar arguments, one may
check it is well-defined and gives rise to a sequence with the claimed exactness properties. (I

The basic idea is now that we can use Lemma [2.16]to build up further terms of left exact sequence
of abelian groups, by embedding the terms of the original sequence in Modg into another
sequence defined by objects that behave in a simpler way with respect to taking invariants, and then
using the snake lemma to conclude some consequences for the sequence by taking invariants.
More precisely, we want to consider the following.

Definition 2.17. An object M € Modg is said to be injective if for every commutative diagram

ALM

|

B ;

in Modg, where ¢ : A — B is an injective map of G-modules, there exists a map ¢ : B — M such
that the diagram commutes.

Remark 2.18. We note that we may equivalently think of injectivity as saying that the natural map
Hom(B, M) — Hom(A, M)

induced by an injection ¢ : A — B is always surjective, where we note that the injectivity is
automatic by the injectivity of 1.

Now suppose we have a short exact sequence

0—>Ai>B—>C—>O,

where the object A is assumed to be injective. Then, by taking ¢ = id 4 in Definition [2.17] we note
that injectivity allows us to deduce the existence of a splitting

0 yA—> B > C 0

which gives us an isomorphism B ~ A® C'. Similarly, if we take G-invariants then we get a diagram

0 AG ., BG y Y
~__ _~

G

which would in turn gives us a splitting B¢ ~ A% @ C®. In turn applying, this a priori only left
exact sequence is right exact for injective objects. Therefore, by embedding a general short exact
sequence ([2.3]) into a short exact sequence involving injective objects, we will obtain an interesting
structure by taking G-invariants and using Lemma [2.16] We now have the following basic fact which
tells us that we can always do this.

Exercise 2.19. Show that, for every A € Modg, there exists an injection A — M in Modg such
that M is injective (Hint: first think about the case of usual abelian groups (e.g when G is trivial).
We already discussed examples of injective objects in this category in Exercise .

This exercise allows us to deduce the existence of the following.
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Definition 2.20. We say an injective resolution of M € Modg is a long exact sequence

0 1 2
(2.7) N gy LRUANG SR & N

in Modg, where the objects I7 are all injective in the sense of Definition We note that the
existence of such a resolution is guaranteed by iteratively applying Exercise We will denote
such a resolution by the notation M — I*.

We now have the following sequence of invariants attached to any M € Modg.

Definition 2.21. Given M € Modg, we consider the injective resolution
0 1 2
J ANy S RN C SR
of M, and apply (—)G : Modg — Ab. This gives us a sequence of maps
0\G NG 2\G
(IO)G ﬂ) (II)G %]2 % 7

however this is not exact. Nonetheless, we still have, for all i > 0, an inclusion Im((d")%) C
Ker((d))%), where we set (d~)“ to be the natural map 0 — (I°)¢. We form the cohomology groups

HY(G, M) := Ker((d)%)/Im((d"1)%) € Ab

which are known as the group cohomology groups of M. We observe, by the exactness of the sequence
defining the notion of injective resolution and the left exactness of the functor (—)%, that we
have a canonical identification

H(G,M) ~ M.

We note that a priori this depends on the choice M — I* of injective resolution. We will come
back to this point in a second. For now, let us consider a G-module map f : M — N, and suppose
that we have an injective resolutions 0 — M — I* and 0 — N — J*. We note that, by the lifting
property of injective objects , we may inductively lift f to a map f*: I* — J* for all i > 0,
giving rise to a commutative diagram

0 M 0,4
0 y N N (AN £ N

If we take G-invariants then we note that this is induces for us a morphism
H(f): H(G,M) — H'(G,N)
on group cohomology. We now have the following basic lemma checking that this is well-defined.

Lemma 2.22. The map Hi(f) only depends on f and not on the choice of injective resolutions or
of lifts f* filling in the commutative diagram .

Proof. 1t suffices to check that if f = 0 then H Y f) = 0 for all i > 0, regardless of the choice of
the lifts f*. If f = 0 then for any choice of lifts f*, we may, by exercise construct morphisms
g’ : I't' — J¥ satisfying the identity
f’i — gz o dz +di—1 Ogi_l,
In particular, if we take G-invariants and evaluate this on a € Ker((d))%)) c (I')¢ representing a
class in H'(G, M) then we see that
(£)(a) = (@ 0 6)C(a) € Im((@ "))

which implies that it vanishes in H'(G, N). O

In the above proof, we implicitly used the following which we leave as an exercise.
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Exercise 2.23. Show that if we are given a map f: M — N in Modg such that f =0 then, for
any lifts f* filling in a commutative diagram

» M I I
lf if“ lfl
y N JO J!

between injective resolutions M — I* and N — I*, we may construct morphisms g* : I't1 — J°
such that

d° d!

0

\ 5 S e e
4 4 4

0 1
\ d \ d
7 7

0

5> e e
>

f’i —_ gz Odi +di—1 Ogi_l,
(Hint: Proceed by induction on i and use the lifting property for injective objects).

We now have the following promised Corollary of this.

Corollary 2.24. For M € Modg, the cohomology groups H*(G, M) do not depend on the choice
of injective resolution M — I*.

Proof. We apply Lemma to M = N, the identity map, and two different injective resolutions
of M. We see that the resulting map must give the identity on H'(G, M). U

In particular, as a consequence of the above discussion, we obtain well-defined functors
H'(G,—) : Modg — Ab

extending the functor of G-invariants. These are known as the right derived functors of (—)%. We
now have the following important property, which is easy consequence of Lemma [2.16

Proposition 2.25. Suppose we have a short exact sequence

0—>Ai>B1>C—>O

m Modg. Then we have a long exact sequence

0 0 1 . . .
0 - 2@, 4) Y moG, By 9D w06, 0) 2wl A) Y m G o) B BV G A) < -
in Ab.

These cohomology groups will be of utmost importance for us. We now turn our attention to
computing with them.

2.2.2. From the Abstract to the Concrete. In order to render the cohomology groups computable,
we note that they can be computed in terms of the following.

Definition 2.26. We define the following.
(1) We say that M € Modg is acylic if HY(G, M) = 0 is trivial for all i > 1.
(2) We say an acylic resolution of M € Modg is a long exact sequence
0 1
0—M— My vy &
in Modg, where each M; for i > 0 is acyclic in the sense of (1).

We now have the following, which essentially tells us that acylic resolutions are sufficient for
computing cohomology.

Exercise 2.27. Show the following.
(1) Show that if M € Modg is injective then it is acyclic. I.e that

HY(G, M) =0.

(Hint: We discussed how an injective map from an injective module must split, so apply this
to the injective resolution. ).
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(2) Let M — M, be an acyclic resolution of M € Modg. We apply G-invariants to the terms
of the resolution and consider the resulting complex

(d)< (d)<

M§ = MF — - MF = M5, — -

and consider, for all i > 0, the resulting cohomology
Ker((d'))/Tm((d"~")%).

where we set d%; : 0 — ME. Show that this is isomorphic to H'(G, M) (Hint: inductively
apply the long exact cohomology sequence).

We will now be interested in constructing an acyclic resolution of a general G-module M. The
recipe for doing this will be using the following functors.

Definition 2.28. Let H C G be a subgroup. We define the following.
(1) We consider the functor
Ind$ : Modg — Modg
M = Z[G] @z1m M,
where we have implicitly used the description of G and H-modules described in Remark

214
(2) We consider the functor

Res% : Modg — Mody
given by remembering the H-action and forgetting the rest of the action.
Remark 2.29. Alternatively, we may identify Indg(M ) as the set of functions ¢ : G — M such that
¢(hg) = h.¢(g) together with the G-action given by translation on the left. In particular, we may
think of elements in Z[G] ®z) M in terms of sums of elements
where [g] denotes a coset representative of g € G inside G/H. Given such a element, it corresponds

to the function ¢y, taking an g € G to (¢'g).m if g'g € H and 0 otherwise.

We now have the following fundamental property of these operations, which effectively say they are
an adjoint pair.

Proposition 2.30. (Frobenius Reciprocity) Let H C G be a subgroup, M a G-module, and N
an H-module. Then we have the following isomorphisms between G-equivariant and H -equivariant
Hom spaces

(2.9) Homg (M, Ind%(N)) ~ Homp (Res% (M), N)
and
(2.10) Homg(Ind% (N), M) ~ Homp (N, Res$ (M),

which are natural in both M and N.

Proof. We first consider the case where N = Res%(M). Then the statement says that the identity
map Res% (M) — Res$ (M) is supposed to correspond to maps

Ind%Res$ (M) — M
and

M — Ind$Res$(M).
We write down these maps explicitly. The map

(2.11) Ind%Res$ (M) — M
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is given by

Z l9] ® mg Zg'mga

[9]eG/H geG

where we use the description of Ind%(—) as a tensor product over group rings spelled out in Remark

Moreover, the map

(2.12) M — Ind%Res$ (M)
is given by
m Z ® gi-m
lgleG/H

We see that, this is independent of the set of coset representatives of H in G. In particular, for a
set, of cosets representatives g; € G for i € I and g € GG, we can use g;g instead to see that

gm Z (9:i9)-m = [9)- > _[(9:9) "] © (9i9)-m)
i€l
which shows us that this map is indeed G-equivariant.
Now let NV be general. Given a homomorphism RestM — N of H-modules, we can apply Ind%
to obtain a homomorphism
Ind%Res% M — Ind% N
which we can then precompose with the map (2.12) to get a map
M — Ind$ResG M — IndG N
as desired. In summary, we have constructed a map
Homp (Res$ M, N) — Homg (M, Ind% N).

We now need to see that we have an inverse map. Consider a homomorphism M — IndgN and
apply Resg to obtain a map
Res% M — Res$Ind$ N.

Using Remark [2 we may identify Res%Ind% N with functions ¢ : G — N, therefore we have a
natural map Res HInd N — N taking ¢ to ¢(e). In particular, postcomposing with this we obtain
a map Res$ M — N, as desired. This establishes the isomorphism (2.9).

For (]Zg , we proceed snnllarly In particular, we consider a homomorphism N — ResHM of
H-modules and apply Ind¢ fr to it. This gives us a map

Ind% N — Ind4Res$ M,
which we may postcompose with the map (2.11)) to get a morphism
nd% N — IndGResG M — M.

Therefore, we have given a map
Homy (N, Res M) — Homeg(IndG N, M).
To exhibit an inverse, we consider a map Ind%N — M of G-modules and then apply Resg to get

a morphism Res%Ind% N — Res% M. Now we note that we have a natural map N — ResGIndG N
given by sending n +— [e] ® n, where e is the identity element. O

This in particular implies that Resg and Indg are both left and right adjoints of one another.
In other words, we have a repeating sequence of adjunctions
-4 Ind$ 4 Res% 4 Ind%
To deduce something interesting from this, we have the following basic categorical lemma which
now helps us out.
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Lemma 2.31. Suppose C and D are locally small categories (in the sense that the set of maps
between objects X and Y is a set) and that we have a pair of adjoint functors

FAG.

Then F' commutes with colimits and G commutes with limits.

Proof. Suppose we have a colimit colim;c7 ¢; in C for some index set I then we want to show that
the natural map

F(Colimiej CZ') — COlimlE[ F(Cl)
induced by the universal property of the colimit is an isomorphism. The Yoneda lemma now tells
us that to check this is an isomorphism, it suffices to show the induced map

Hom(colim;er F(¢;)),d) — Hom(F'(colim;ey ¢;), d)
for all d € D is an isomorphism. However, now note that we can rewrite the RHS, as
Hom(colim;es ¢;, G(d)) ~ lim;e; Hom(¢;, G(d)) =~ lim;er Hom(F(¢;), d) ~ Hom(colim;e F'(¢;),d),
which implies the desired claim for F'. The proof for the claim for G is completely analogous. [

In particular, given a map f: A — B in Modg, we note that the kernel is the limit with respect
to the following diagram

0
ALHI%

and the cokernel is the colimit with respect to the diagram

A—1.B
|
0

In particular, any functor that commutes with colimits will be right exact, and any functor that
commutes with limits will be left exact. In particular as a consequence of Lemma 23T} we deduce
the following Corollary of Proposition [2.30

Corollary 2.32. For H C G an inclusion of finite groups, the functors Indg and Res% are exact.
We also have the following basic consequence.

Corollary 2.33. Suppose I is an injective H-module then Ind%([) is an injective G-module.

Proof. This immediately follows from combining Remark with Proposition [2.30 (|

We now have the following basic result, which is known as Schapiro’s lemma, and will provide us
our main source of acyclic resolutions of G-modules M.

Lemma 2.34. For a subgroup H C G, there is a canonical isomorphism for all H-modules N
HY(G,Ind%(N)) = H'(H,N).

Proof. Choose an injective resolution

(2.13) 0N—=I"—=T1' - ...

of N as a H-module. Now apply the functor Indg,

0 — Ind4N — Ind41° - Ind§1t — - -+,
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which, by Corollaries and we note is an injective resolution of Ind§;N. Hence, after taking
G-invariants, the resulting complex

(2.14) (Ind$19¢ — (Ind% 1% — ..

computes H'(G,Ind%(N)). However, now for any G-module N, we note that we have an identifi-
cation Indg(N )¢ ~ NH . Indeed, this follows from identifying Ind% with a subspace of functions

f G — N, as in Remark This tells us that (2.14) identifies with (=) applied to (2.13)),
implying the desired claim after taking cohomology. O

This gives us the following example of acyclic objects.

Definition 2.35. We say an object M € Modg is induced if it is isomorphic to IndS(N) for N an
abelian group. Here e € GG is the identity element.

Now the following is a consequence of Lemma and the fact that H*({e}, M) = 0 tautologically
for any i > 0.

Corollary 2.36. If M is an induced G-module then we have that
HY(G,M)=0
for all i > 0.

This finally allows us to answer the question of how to explicitly compute H*(G, M) for a G-
module M. Indeed, in light of Corollary and (2), we see that it suffices to resolve M by
induced G-modules. To this end, we consider for all n > 0 the set of functions

¢: G - M
with G-action given by
(9-0)(90 -+ 9n) = 9-0(9 g0, -9 " gn)-
We denote the set of all such functions by C"™(G, M). This is equipped with a natural differential

(2.15) d": C™(G, M) — C"(G, M)
n+1
dn(¢)(gla .. 7gn+1) = Z(_l)ld)(goa ... 7§j7 ... 7g’VL+1)7
=0

where g; means you omit the coordinate. We can check that this does indeed have all the properties
we would like for an acyclic resolution.

Exercise 2.37. Show that the following is true.

(1) Show that the G-module C"™(G, M) is expressible as IndS (C™(G, M)o), where C™(G, M) is
the subset of C™(G, M) of functions for which ¢(go, ..., gn) =0 when gy # e. In particular,
we have that CO(G, M) = Indf(M) which using Frobenius reciprocity is equipped with a
natural G-equivariant embedding M — IndS (M),

(2) Check that map the d™ is indeed G-equivariant for the above G-action on C™(G, M).

(3) Show that for all n > 0, we have that

d"od” = 0.
(4) Check that we have an exact complex of G-modules
0= M — %G, M) S oty L
and deduce that we have an isomorphism
H™(G, M) ~ Ker((d™)%)/Im((d"~1)%).
for all n >0, where we set (d~1)%: 0 — C°(G, M)C.
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(5) Show, for all n > 0, that we have an isomorphism
C™(G,M)¢ ~ C(G™, M),
where C(G™, M) denotes the space of all functions ¢ : G — M. Show that, under this
isomorphism, we have an identification of
(dY : C(G™, M) — C(G"TL, M)

with
(2.16)

n

(@)(D)(g1s - gnt1) = 91092, 90)+ D (=1 691, -, Gigit1 -+ gnr)+H(=1)" b1, -, gn).-
=1

Remark 2.38. We call the functions ¢(gi,...,9,) € C(G™, M) which lie in the kernel of (d")¢
cocycles. In particular the condition that

g1:0(92: -5 9n) + D _(=1)'G(g1, - gigit1s - gnr1) + (1) Bg1, - ) = 0
i=1

is known as the cocycle condition. Similarly, we call the functions in Im((d" 1)) the coboundaries.
This leads to the terminology that H" (G, M) is the quotient of the cocycles by the coboundaries in
C(G™, M).

To illustrate the utility of these resolutions, we now given an explicit interpretation of H(G, M)

and H%(G, M).

Example 2.39. Using Exercise and in particular Exercise (4), we may identify a class in
H'(G, M) with a function ¢ : G — M which satisfies, for all h € G, the cocycle condition

h.¢(g) — ¢(hg) + ¢(h) =0,
as in (2.16]) or equivalently,
h.¢(g) = ¢(hg) — ¢(h).
Moreover, it is a coboundary if an only if there exists m € M such that
o(g) =g.m—m

for all m € M. For m € M, we write ¢,, for the function defined by this relationship. In summary,
we have an isomorphism

HYG,M):={¢: G — M | h.¢(g) = ¢(hg) — ¢(h) = 0}/(¢m , m € M)

We now specialize to the case where M = Z is the trivial G-module. In this case, we see that
¢m = 0 and we are simply looking at functions ¢ : G — Z such that ¢(hg) = ¢(h) + ¢(g). In other
words, homomorphisms, in summary we have

HY(G,Z) = Hom(G, Z) ~ Hom (G, 7).

This tells us that H'(G,Z) is dual as an abelian group to the abelianization G2 of G. This is what
what was alluded to in the introduction, where there we were discussing homology which is the dual
to the cohomology we are discussing here.

We can similarly find an interpretation for the H?2.

Example 2.40. We claim that H2(G, M) can be interpreted as extensions
0O—-M-—-FE—-G—1
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in the category of G-modules, where we note that E is it not necesarilly abelian. In particular,
it is the space of such extensions up to equivalence. In particular, we say two such extensions are
equivalent if there exists a commutative diagram

0 > M » E —"— G 1
(217) lid]\/[ l lidg
0 s M E -5 q s 1.

We note (e.g by the Snake Lemma [2.16]) that this guarantees that the E ~ E’. However, even if we
fix the isomorphism class of the central term, there may be multiple extensions. In particular, we
note that there are p — 1 equivalent extensions of abelian groups

0 — Z/pZ — Z|p*Z — Z/pZ — 0

given by sending 1 +— ap, where a € (Z/pZ)* is a unit. Indeed, if we consider G = M = Z/pZ where
the G-action is trivial then we have an isomorphism H?(G, M) ~ Z/pZ, where (Z/pZ)* C Z/pZ
corresponds to the extensions described above, and 0 € Z/pZ corresponds to the split extension

0 — Z/pZ — (Z/pZ)** — Z/pZ — 0.

To see why such extensions are parametrized by classes in H?(G, M), we choose a set-theoretic
section s : G — E (e.g using Proposition [2.9)). This gives rise to a function

¢(g,h) = s(g)s(h)s(gh)™"

which a priori defines a function ¢ : G2 — E. However, now we note that if we apply the map
7w : G — E then this maps to 1, which implies that the function lands in M < E. In particular, we
get a well-defined function ¢ : G> — E which will represent the class in H?(G, M). One can check
that the associativity of the group law in F will guarantee that the function ¢(g, h) will guarantee
the cocycle condition is satisfied. Moreover, note that this a priori depends on the choice of section
s. In particular, suppose we have two sections s and s’, and let ¢ be the analogous function as
constructed above. We may then consider the function

b(g) :=s'(g)s(g)”" € Ker(m) = M.

Then one may check that

¢'(g,h) = ¢(g, h) + g.b(h) — b(gh) + b(g)

where we note that the RHS is precisely given by applying (dl)G to b. In particular, the class
in H?(G, M) represented by ¢(g,h) does not depend on s. Moreover, if we are given a section
s: G — FE and an equivalent extension given by a commutative diagram ([2.17)) that if we consider

the induced section G % E — E’ the resulting functions in C?(G, M) will be the same by the
commutativity of the diagram.

We now verify some additional functoralities of group cohomology in the finite case before pro-
ceeding to treat profinite groups.

2.2.3. Additional Functorality. We already saw that if we have a map f : M — N of G-modules
that we obtain a well-defined functor

H'(f): H(G,M) — H'(G,N)

on the cohomology groups. We now want to ask about functorality with respect to a homomorphism
a: G — G’ of groups. To this end, we have the following definition.
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Definition 2.41. Let G, G’ be finite groups and M € Modg and M’ € Mod¢r. Suppose that we
have a homomorphism « : G’ — G and §: M — M’. We say that these are compatible if

Blalg’).m) = g'.B(m)
for all ¢ € G’ and m € M.
Now in this situation, we construct a natural map H'(G, M) — H*(G', M").

Construction 2.42. Suppose we are in the situation of Definition then we claim that we
obtain a map

(2.18) HY(G, M) — H(G',M")
as follows. We first have a map ' .
H'(G,M) — H'(G',M),
where M is regarded as a G'-module via the map o : G' — G. In terms of the description of
cohomology given in (4), this may be described in terms of the restriction map

C(G™", M) — C(G"", M)
taking a function G — M to the function (G/)" LN M,. In particular, one checks that this
commutes in the obvious sense with the differentials , giving rise to a natural map
HY(G, M) - H(G', M)
by taking cohomology. We then compose this with the natural map
HY(G',M) — H (G, M)
induced by H'(B).

Now we study various examples of this construction, where it gives rise to various important
maps.

Example 2.43. Consider a subgroup H C G. We specialize (2.42)) to the case where M’ = M, 3 is
the identity map, and o : H — G is the inclusion of the subgroup. Then we obtain a natural map

Res : H{(G, M) — H'(H, Res%(M))
known as the restriction maps. Alternatively, we may construct this as follows, we consider the
natural adjunction map
M — IndGRes$ (M)
given by applying Proposition [2.30] to the identity element. We then obtain a map
HY(G,M) — H(G,Ind$%Res% (M)) ~ H' (G, Res% (M)),
where the last isomorphism is Lemma [2.34]

We similarly obtain the following dual notion, which comes from the alternative description of
the restriction map in using Schapiro’s Lemma and the adjunction morphisms of Proposition
2.50)

Example 2.44. For M a G-module, we consider the natural map
Ind%Res% (M) — M
given by Proposition 2.30] By Lemma [2:34] this gives rise to a natural map
Cor : HY(H,Res% (M)) = HY(G,Ind%Res% (M)) — H{(G, M)
known as the corestriction homomorphism.

The corestriction and restriction homomorphism are very useful tools for gaining some basic
insight into the structure of the groups H'(G, M). In particular, we have the following.
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Lemma 2.45. Suppose H C G is a subgroup of a finite group G. Then the natural map
Cor o Res : H'(G, M) — H'(G, M)
is given by multiplication by [G : H].
Proof. We recall from the proof of Proposition that the natural adjunction map
M — Ind$Res$ M

is given by
m— > g ®g.m,
i

where the sum is over coset representatives g; of G/H for i € I. The natural adjunction map

Ind%ResG M — M

Z lg] ® mg = Z g-m[g]-

l9leG/H e
In particular, we see that the composite

M — IndGResG M — M

is given by

is given by
mHZm:[G:H]m.

i
Therefore, by the description of Cor o Res provided in Examples .43 and [2.44] this identifies with
the natural map on H'(G, M) induced by multiplicaiton by [G : H] on M. O

We now deduce the following nice consequence of this.

Corollary 2.46. For G a finite group, the cohomology groups

HY(G, M)
are torsion of order dividing |G| for i > 1.

Proof. We apply lemma to the case where H = {e} is the trivial group. In this case, we observe
that CoroRes is given by multiplication by |G| on H*(G, M). On the other hand, it factors through

HY(G,M) — H(G,Ind%Res% (M)) ~ H'({e},Res%(M)) — H'(G, M).
However, H*({e}, Res%(M)) = 0 tautologically. O
We now leave off with one more important example of Construction [2.42

Example 2.47. Let H C G be a normal subgroup of G and let a : G — G/H be associated
surjection. We let 8 : MH < M be the injection of the H-invariants and note that G'/H acts on
MH  In this case, Construction yields a morphism

Inf : H/(G/H, M") — HY(G, M)
which is known as the inflation map.

We are now in good shape to bootstrap to the profinite case.
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