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Abstract

We show that there are cofiber sequences relating power operations in Morava E-theory
modulo Lubin-Tate parameters p, - - - , u;—1 for various 4’s and use this to inductively show
that certain Tor groups over the algebra of additive operations vanish in nonzero degrees.
These Tor groups compute the linearization of the F2-page of a bar spectral sequence
converging to the graded E-cohomology of configuration spaces on R".

1 Introduction

Let E = E(k,Gg) be the Morava E-theory corresponding to a perfect field k of characteristic
p and a height h formal group Gq over k. In [SS25], we consider power operations modulo
Lubin-Tate parameters p,--- ,u;—1 for 0 < ¢ < h which act on mo(—/p,--- ,u;—1) of K(h)-
local Eoo-E-algebras. We show that the mod p, - - - ,u;_1 analog T'¥) of the additive operations
I' considered in [Rez09, [Rez17] is Koszul of length h — i 4+ 1 i.e. that its Koszul complex has
length h—i+1. This supplies us with Koszul (hence finite length) resolutions for computational
purposes, which we will use here to gain insight into Morava E-theory of configuration spaces
on R™.

The study of configuration spaces is a classical problem in mathematics. The ordered
configuration space of k distinct points on a manifold M is given by

Confy (M) = {(21,- -+ ,z1) € M* | 2; # x; for all i # j}

and the corresponding unordered configuration space is By (M) = Confy(M)/E,. More gener-
ally, the labeled configuration space with labels in a spectrum X is given by

Bi(M; X) = X Confy (M) @5, XOF.

The case when M = R” and X = S is a sphere is of particular significance since the direct
sum B(R", S%) := @, Br(R™; S) is the free E,-algebra freeg, (S*) on a single generator in
degree ¢, whose homology parameterizes Dyer-Lashof operations on E,-algebras. If ¢ > 0, by
Snaith’s theorem, freeg, (S*) is also equivalent to the iterated loop space Q" S™+.

The ordinary homology of (unordered) configuration spaces on R™ is known [CLMT76], but
not much is known for generalized homology theories. For each prime p and height A € N, there
are two complex oriented cohomology theories central to chromatic homotopy theory: Morava
K-theory and Morava E-theory. For height 1, F; recovers p-completed complex K-theory,
while K(1) is a variant of complex K-theory mod p. The case of height 1 has been solved by
Langsetmo [Lan93, [Lan96].

The E-theory of the weight p part B,(R";S*) has been computed by [BHK24]. Their
approach utilizes a result of [Knul8] which expresses the stable homotopy type of configuration



spaces in terms of certain Lie algebra homologies, and is based on the computation of operations
on K(h)-local Lie-E-algebras in [Bral]. In light of the Koszul duality between the Eo, and
Lie operads, we approach this problem from the E., side based on an inductive understanding
of power operations.

Let o denote the suspension map I'"? — I'"9~! relating operations acting on m, to oper-
ations acting on my41 [Rez09]. Since all the I'"9’s are isomorphic and o is an isomorphism if
q is odd [Rez09], we will only consider double suspensions o2 and regard it as a map I' — T
where I' = I'. Our main result is the following.

Theorem A (Tor vanishing, Theorem [6.0.1). For p =2, 0<i < h, and alln > 0,
Tor}) (T 2, Eg/ui—1) =0
for x > 0.

Here Ey/u;—1 is Ep/u;—1 considered as a trivial left F(i)—module, and the subscript in F(i)a-}n
indicates that ' is considered as a right I'¥-module via ¢2". These Tor groups compute the
linearization of the Es-page of a spectral sequence computing the graded E-cohomology of
configuration spaces on R" (see Section [2)).

We first set up some notations and conventions in Section [3] To prove Tor vanishing, we
will show in Section 4] that at the prime 2, there are cofiber sequences relating I' to T(+1)
which is Koszul of shorter length.

Theorem B (Theorem 4.0.1). Forp=2,0<1i < h, and n > 0, there is a cofiber sequence
IO 2sn) ®F Bo/ti1 = TW gon @Fy Bofui1 = (TP fui)o2n sy Eo/uill]
in the derived category of left T -modules.

Here [—] is the shift functor and T'¥) Ju; is the quotient of '™ with respect to the right
Ey/u;—1-module structure and is generated from '+ by an additional operation correspond-
ing to the Frobenius isogeny.

In Section [5, we will describe T'*) Ju; in terms of isogenies and show that it is a free right
I+ _module.

Proposition C (Proposition . For all primes p, the formal scheme Subg) (G)Ju; corre-
sponding to the dual TVO[k] Ju; is the union of closed subschemes

Sub (@) Ju; = X U, a1 Xim1 U

k=2 -+ U X
v inl/up Xl/uz+1 0

i+1
where Xy = Subgi"'l)(aps((}) and ¢ 1is the Frobenius. This becomes a disjoint union when re-
stricted to a fired height by inverting ;1.

We will use this to show that as a right I'*D-module, T'¥) /u; can be expressed as a direct
sum of left Frobenius twisted T'*1). This allows us to inductively prove Tor vanishing in
Section [6] where it is obvious for the base case I'(®).

In Section [7} we use the decomposition in Proposition C to give a congruence criterion
analogous to Rezk’s, as promised in [SS25]. In Section |8 using a variant of the cofiber se-
quence in Theorem B, we will show that the Ext groups Extf(w™, Ey) considered by [Rez13],
where w™ := Ty, F is acted on by I'"2™ do not vanish. These Ext groups compute (the



S2'm,—l
Es-page of a mapping space spectral sequence converging to) E* (TAQSKW <SKJEn) >), the

E-cohomology of the topological André-Quillen homology of Sk (,)-valued cochains on odd
spheres. [BRI9] shows that this is equivalent to the Morava E-theory E/M(®S5*™ 1)k, of the
Bousfield-Kuhn functor on odd spheres. Rezk showed that for heights n = 1,2 and a > 1, the
groups Ext{(w™, Eg) vanish except when s = n, thus the spectral sequence collapses. We show
that this is not true at higher heights.

Proposition D (Proposition . For p =2 and heights n > 2,
o If m =0, Exti.(w™, null) =0 for all s.
o Ifm=1, Exti(w™, null) # 0 for all2 < s <n.
o Ifm > 1, Extg(w™, null) # 0 for s =2 and n.
Finally, in Section [9] we consider the Tor groups
Torfi) (Eo/ti-1, o2 T'™)

obtained by swapping the terms of the Tor groups in Theorem A. Interestingly, they do not
have nice vanishing properties, even at p = 2 and height 2.

Acknowledgements. TODO

2 Motivation

Here we will explain the statement that the Tor groups compute the linearization of the
Morava E-theory of configuration spaces on R™. For a functor F' : A — B, [Rezl7, Section 5]
defines its linearization to be a functor Lp : A — B where Ly (X) is the coequalizer

FX®X) F(p1+p2) FX)
F(P1)+F(I)2§

where p; and p, are the projections.

All operads will be nonunital. For O an operad, the operadic suspension sO [ACBH25, Def
2.3] is defined such that the free algebra monad for sO is given by freeso = QfreepX. This
is analogous to the suspension o on power operations. Let L denote the spectral Lie operad
which is Koszul dual to the E., operad; it’s operadic suspension sL is the usual Lie operad.
[ACBH25)] shows that there is an equivalence of symmetric sequences

loy,s"L — E,

where o is the composition product. This recovers, for any spectrum X, the equivalence of
spectra [Knul§]
Bar(1, L, freeqn 1, (X))| ~ freeg, (X) ~ €D Be(R"; X),
k>0

hence a bar spectral sequence used in [BHK24] whose E2-page are Lie algebra indecomposables
and converges to the free E,-algebra on X. Considering |Bar(1, L, freesnr(X))| as a graded
spectrum, its graded (Spanier-Whitehead) dual is Koszul dual to freesnr(X). Here Koszul
duality is considered in the graded sense [Heu24, 14.4].



Lemma 2.0.1. If X is a positively graded spectrum which is levelwise dualizable, then freegnp (X)
is Koszul dual to X trivg, (27" XVY), the n-fold suspension in By, -algebras of the trivial B, -
algebra (i.e. square zero extension) on L"X V.

Proof. The Koszul dual of an operad O is KO := (BO)V, the levelwise dual of the cooperad
BO = Bar(1,0,1). Koszul duality is the composite

indeco

Algy —= coAlg%po i> Alg 0P,

where coAlg%po is the category of divided power BO-coalgebras [Heu24] and indeco = Bar(1, O, —)
is the O-indecomposables functor. For graded spectra, indecy is an equivalence of categories
by [Heu24, Thm 14.14] and the levelwise dual (—)V is an equivalence of categories on levelwise
dualizable objects.

We apply this to O = L, where BL is the cocommutative cooperad and KL = E,,. We
have

indecy, (freegm (X)) = indec, (Q} freer, 3" X) ~ Q% indecy, (freep, X" X ) ~ Q' trivpn (X" X)

where trivpy is the trivial BL-coalgebra. To show that Q% trivpr(X"X) dualizes to
g trive (87X V), it suffices to show that it is levelwise dualizable.

Since finite products in cocommutative coalgebras are given by the tensor product, Qpr,
is computed by the cobar construction cobar(—) := cobar(1,—,1). By [Bur22, A.8,A.9], for
a positively graded spectrum Y, cobar(Y') has a filtration with associated graded given by
(271Y)®%. Since (X71Y)®* is concentrated in degrees > k, in any fixed degree, cobar(Y)
is computed by a finite limit. Thus, if ¥ is levelwise dualizable, so is Qpr(Y) ~ cobar(Y).
Applying this repeatedly, we conclude that Q% trivp, (3™ X) is levelwise dualizable. O

In particular, this holds in the case where X = S? is a sphere. We apply Morava E-
theory, where Rezk’s monad T act as an algebraic approximation to the E., monad. [Rez09]
shows that the primitives I' of the Hopf algebra TEj is (noncanonically) isomorphic to the
indecomposables A, so we can consider I' as the linearization of TEy. The Tor groups above
are thus the linearization of the bar complex

Y"Bar (s"Eoo, Eoo, trive (27" “E)) ~ Bar (Eso, 8 "Eoc, trive-ng__ (X E))

which computes Yg trivg, (X~"*E). This is the Fy-page of the cohomological bar spectral
sequence computing the graded E-cohomology of freeg (S) ~ B(R™; S%). The Tor groups in
Theorem A are the linearizations of this.

3 Preliminaries

We will freely use the notations in [SS25]. All spectra will be implicitly p-localized. Let
E = E(k,Gg) be a Morava E-theory spectrum associated to a perfect field k of characteristic
p and a formal group Gg of height 0 < h < oo over k. It is an even periodic complex orientable
spectrum whose associated formal group G is the universal deformation of Gy. The coefficient
ring of E' is given by
7T*E = Wk[[ul, s ,uh,l]}[ui]



where Wk is the Witt vectors on k, u € mF, and uy,--- ,up_1 € moE are the Lubin-Tate
parameters pushed down to degree 0. We also set ug := p and write (—)/u; for the quotient
(*)/pv T Ui

We fix a p-typical complex orientation on E and let t € E°(CP>) be the orientation class
pushed down to degree 0. The Euler class of the reduced complex standard representation of
Yp is given by

o= L0 = [T« ()= (-1 mod [pl(0)

where w is a primitive (p — 1)st root of unity. Recall the definitions of (p)?) and f® in [SS25|
Def 4.1.1]
We will use the handedness convention in [SS25, Remark 2.0.2].

3.1 Review of power operations

The algebra I' of additive power operations acting on g of K (h)-local Ey-FE-algebras is a
direct sum of weight p* operations I' = @, ~, ['[k]. Each I'[k] is both a left and right Ep-module
and Ey = I'[0] is not central in I'. Its dual I'V has an algebro-geometric interpretation in terms
of isogenies of formal groups. Let T'V[k] be the dual of T'[k] with respect to the left Ey-module
structure. Then

TV[k] = E°(BEp0) /tr 2 Osupy ()

classifies degree p* subgroups of G. Here tr is the ideal generated by the images of the transfer
maps associated to the subgroups ¥; x ¥px_; C Xk for 0 < i < pk. Let s,t : By — T'V[K]
denote the usual inclusion and the total power operations map P, respectively. On functor
of points, s is the source map sending H < G to G and ¢ is the target map sending H < G
to G/H. These give left and right Fy-module structures on I'V[k] dual to those on I'[k]. The
tensor product I'V[k1],®p, , - - -t ®p, I [kq] classifies the following equivalent data:

e a sequence of subgroups Hy < G, Hs < Go,...,H; < G4 where deg H; = p*, G = G,
and Gi+1 = (Gl/l’fz

e a chain of subgroups H; < --- < H, < G where deg H; = pF1++ki,

e a sequence fi,..., f;_1 of composable isogenies starting from G where deg f; = p*.
The multiplicative structure I'[k1]; ® s'[ka] — T'[k1 + k2] on I' coming from composing power
operations is dual to comultiplication TV [ky + ko] — TV[k1]t @ sI'V[k2] on TV coming from
composing isogenies.

For each 4, there is an algebra of power operations TV = @, ., T [k] which is a subquotient
of T acting on 7o (—/u;_1) of K (h)-local E.-E-algebras [SS25]. We have I'®) = T". Each T(?)[k]
is both a left and right Fy/u;_;-module and Ey/u;_; = I'¥[0] is not central in (). Tts left
FEo/ui_1-dual TV@[E] of TW[k] is a quotient of I'V[k] with left and right Epo/u;_i-module
structures induced by the source and target maps, also denoted s, t. It is finitely generated
and free (finite free) as both a left and right Fy/u;_1-module. When restricted to a fixed height
by inverting w;, ui_va(i) [k] classifies degree p* étale subgroups. We write ® for ; ®Fo/ui_1 s}
the ring (Eg/u;—1 here) over which the tensor product is taken will be clear depending on
the context. The tensor product TV [k] @ --- @ TV [k,] classifies a sequence of subgroups
Hy < Gy, -+ ,H; < G, where each Hy < G, avoids ker ¢ ([SS25] Def 4.4.3]). We do not know



if this is the same as a chain of subgroups H; < --- < H, < G with each H; avoiding @', but
they are equivalent after inverting u; [SS25, Rmk 4.4.8].

I'® can also be described in terms of the Mackey functor Q) [SS25, Def 4.2.1] given in
terms of the generalized Tate construction. For a poset X with minimal and maximal elements
0 and 1, following [Rezl7, Section 6.1], let X denote the quotient X/(X U X) where X and
X are the maximal subposets of X not containing 0 and 1, respectively. Explicitly, this is the
poset whose nonbasepoint nondegenerate g-simplices are chains [0 =z < 21 < -+ < zqg = 1].
With this notation, there is an isomorphism of cosimplicial Ey/u;_1-algebras [SS25] Prop 4.2.8]

QY (P,) = BrV)[k]

where m = pF, P, is the partition complex and E(I‘v(i))[k] is the weight k part of the cobar
complex for TV® . This implies that I'® is Koszul of length h + 1 — 4. In particular, it is
generated by operations in T'”)[1], whose dual TV(®[1] is the closure of G[p] — 0 in G[p], the
subgroup of p-torsion points. The Koszul terms C[k] = HB(TW)[k] are finite free left
Eo/u;_1-modules and their left Ey/u;_1-duals will be denoted CV¥[k].

There is also an inflated version I'® fu; of TG+ ([SS25, Section 6]), where / denotes
the quotient with respect to the right Ey/u;_i-module structure. It is the largest collection
of operations in I'¥) which are defined modulo u; and contains I't1 as a subalgebra. It is
generated by I't1) together with an additional operation.

3.2 The suspension map

For each integer q € Z, we write I'"? for Rezk’s ring of additive degree ¢ power operations
which acts naturally on m, of K(h)-local E-E-algebras [Rezl3]. The ring I'"? is endowed
with a canonical weight grading '™ = @, ., I'"/[k] where

I'~9[k] = ker (EQBzgfm = P E) (B x zmi)q%’“> .

0<i<m

Here m = p*, p,, is the real standard representation of %, and E* = Ly (E @ —) is the
completed homology. There are analogs I'¥ ™~ ? of I'"7 acting on 7q(—/u;—1) [SS25, Rem 4.4.2].

There are suspension homomorphisms I'"¢ — T~ ([Rezl17]) induced by the inclusion
1®q-pm — (@+ 1) pm. Explicitly, this is the restriction of the map

EZ((85%,) = Egea (8! @, (8°™) = B (ST)55).

Since the suspension map is an isomorphism if ¢ is odd, we will only consider double suspensions
I'—2¢ — I'~2(¢+1) | We will denote this double suspension map by ¢, refer to it as ” the suspension
map”, and regard it as a homomorphism I" < T since all the I'?’s are isomorphic. Warning:
this is different from the notation used in the introduction and is the one which will be used
from now on. For each k, o : I~24[k] — I~2(+D[k] is dual to I'V[k] —2s I'V[k], where Cpr 18
the Euler class of the reduced complex standard representation of X,. [BIK24, Proposition
4.1].
.

There are mod p, - - - ,u;_1 analogs o : I'® — T'0) given on left Ey/u;_;-duals TV®[k] ——
I'V®[k] by multiplication by the Euler class. Recall [SS25, Section 6] that T'¥) Ju; is the
quotient of T by wu; with respect to the right Fy/u;_i-module structure. F(i)//ui is a left



I')-module by the projection I'® — T@ 4, [SS25, Lemma 6.0.7] and a T¢*+H-bimodule by
the inclusion T+ € T Ju; of Ey/u-algebras [SS25, Lemma 6.0.6]. These correspond to the
fact that we can compose power operations. Since o is a ring homomorphism whose restriction
to PW[0] = Ey/u;_1 is the identity, it is a map of Ep/u;_i-bimodules, so it descends to a map
o on T .

4 The cofiber sequence

In this section, we show that for p = 2, there are cofiber sequences relating I'D to [0+,
Let Eo/u;_1 denote Fg/u; 1 with the trivial I'¥-action and let [1] denote the shift functor.

Theorem 4.0.1. Forp=2,0<1¢ < h, and n > 0, there is a cofiber sequence
IO i @pe (Bo/uis1) = TWon @fa (Eo/uimt) = (T fus)on @Fsn (Eo/us)(1]
in the derived category of left T -modules.

Here the subscript o™ indicates that the right T'¥-module structure is given by the n-
fold (double) suspension ¢”. The map '™ n41 @ Eo/ui—1 — r@, ., @ Eo/ui—1 is given
by the suspension map o : I'@ — T on the base ring. In the next section, we will de-
scribe this as a map of Koszul complexes. Then, using the description of the Koszul terms as
Steinberg summands of certain rings with algebro-geometric interpretations, we will show that

(T fuy)gn @41y Eo/us[1] is its cofiber.

4.1 Description of the map

The first map in the cofiber sequence above is given by the suspension map o : 'V — ')
on the base ring. We will describe this explicitly in terms of the Koszul complex. Since I'® is
Koszul and the Koszul terms C(V)[k] are finite free,

s TOQCOE - TO oWk -1 - 5 TO 0 Cc®0] =0 (1)

is a Koszul resolution for Ey/u;_; of finite free left T'¥-modules. Explicitly, C*)[k] is the kernel

k-1 k-1
c@® [k] = ker (Z(_l)idi . I‘(i)[l}@k N @P(i)mi—l Q@ T® 2] ® F(i)[1]®k—i—1> (2)
i=1 i=1

where d; is the face map multiplying the ith and (¢ + 1)st terms. The boundary map 0 :
'@ CWk - T'® e C®[k—1] is induced by the first face map p® 15~ : T @ TO[1]®F —
I @ T®[1]®F~1 of the bar complex B(I'D, T Ey/u; 1) [BRII, (2.22)].

I‘(i)g ®H1:<i) E/u;_1 is computed by the complex

T, 00Ok 5TV, @CO k-1 — - - TO, @ CcD[0] — 0. (3)

Since o is the identity on Ey/u;_, = I'?[0], the terms of this complex are equal to those of
and its boundary maps are induced by

) ) noqk— . ) ) .
doog” T ® @ m@k % r® ® F(z)m@k i r® ® @ [1]@)1@71.



Since o : I' = T' is a ring map, ¢ ® o restricts to a map on the kernel of the multiplication
map

ker ------- A A > ker

r®k @ TO[] 227, TO[k] @ T[]
4l I
IOk 4+ —2— TO[k 41,
thus o®F : T [1]®% — TO[1]®* restricts to a map on CV[k]. The same is true for o™.

Definition 4.1.1. The map I'¥) i1 ®H1:(i) Eo/ui—y — T, ®%(i) Eo/ui—1 is given by the map
of chain complezes ‘ ' ‘ .
1®0°: F(l)a.n-Pl ® c® [O] — F(Z)Jn ® c® [0]

Taking left Ep/u;—1-module duals gives a map of cochain complexes

0 — -+ — IV i @CVOE -1 — TVO o @ CVOI[E] —— ---
1®O_v®(k—1)T T1®U\/®k

00— i — = TVO L @CVOk -1 —— TVO . @ CVO[k] —— ---.
The suspension map o : T [1] — T@[1] is injective. Its dual is multiplication by the Euler class
of the reduced complex standard representation of X,, which is an injective map v 1] —
V@], Since TW[1] and TV®[1] are flat with respect to both the left and right module
structures, the map of chain and cochain complexes are componentwise injective, so their
cofibers can be computed by taking componentwise cokernels.

For a ring R, we denote by DModp the derived category of left R-modules. For M €
DModg, let DM denote its derived dual. If M is discrete, let M denote its underived dual.

Lemma 4.1.2. Let M be a (discrete) finite free R-module and f : M — M an injective map
whose R-module dual f¥ : MY — MV is also injective. Suppose the cokernel M/f is an R/u-
module for some nonzero divisor w € R. Then, M/ f and M" /fV are dual as R/u-modules.

Proof. The cofiber sequence M ENS Yy, /f in DModp induces a cofiber sequence
D(M/f) — DM — DM.

Since M is finite free, DM ~ M, so D(M/f) is concentrated in degree -1 with 71 = MY/ fV.
Since M/ f is an R/u-module, by [SS25, Lemma 6.0.3],

ED(M/f) ~ Drju(M/[).
On 7, this tells us that M"Y /fY is the R/u-dual of M/f. O

We will compute the cokernel Ky[k] := cok(a¥®* : CV@O[k] — CV@[k]) and show that it is
an Ey/u;-module. The lemma above lets us recover the cokernel

K1 [k] = cok(c®* : CO[k] — CD[k])



as the F/u;-dual of K5. Thus, we have short exact sequences of chain (resp. cochain) complexes
of left I'®-modules (resp. I'V(")-comodules)

T e @ CW0e] - TW 0 @ CWe] = T ,0 @ K[o] (4)

VO o @ CVOe] 5 TV i @ CYD o] = TV o @ Ky |o] (5)

with K [k] = KY[k] as Fo/u;-modules, and all the others are dual as Ey/u;—1-modules.

4.2 The Steinberg idempotent

We recall the Steinberg idempotent, following [Sanl9]. Let GLy := GLy(Fp), and let X,
and Uy, be the subgroups of permutation matrices and upper triangular matrices, respectively.
Associated to these two subgroups are elements X, Uy, in the group ring Z,)[G L]

ik = Z (71)Sgn(0)0', Uk = Z u.

oEX) ueUy

For a left G Lg-action, the Steinberg idempotent is

1 — —
e = ; Uy € Z[GLk],
k

where
k

o= [J@" - 1).

=1

Since ¢y, is a unit in Z(py, we will drop it from our notation and write e, = L5Uj. We will also
implicitly p-localize everywhere and denote Z ) by Z. The left Z[G Ly]-module Sty = Z[G Ly ey,
is called the Steinberg module. For a left Z[G Ly]-module M, the Z,)-module e, M = {exm |
m € M} C M is called the Steinberg summand of M. There is a natural isomorphism of
Z(py-modules [San19, Definition 2.2]

Sty ®Z[GLk] M E—) erM,
Aep @m — ep(A™Im).

There are analogous constructions for a right G Lg-action, where the Steinberg idempotent is
€, = unit - Ukik and Sty = exZ[GLy].

If f: M — N is a map of left Z[GLg]-modules, then f(exm) = erf(n). Thus, f restricts
to a map on Steinberg summands f : ex M — ex V.

4.3 Parsing the terms of the Koszul complex
The terms of the Koszul complex are given by the Steinberg summand
COk] = ff)(zm/Ak) ®ziG Ly Stk
where m = p* [Rezl7, [ADLI6] [SS25]. In the notation of [ADLI6], A}, = Fpk with automor-

phism group GLj; := GLi(F,). Choosing an identification of Ay with m = {1,---,p*} and
letting Ay act on itself by left translation identifies Ay as a subgroup of ¥,, with normalizer



Affy, = A x GL;. The Weyl group GLj acts on X,,,/Ag on the right. This gives a right
(resp. left) action on the covariant (resp. contravariant) part of the Mackey functor Q). In
particular, the Ey/u;_1-dual

CYO[k] = Sty @zi01,) QY (Sm/Ak) = ex QY (S /Ar)

for the left G Li-action. ‘ ‘

By definition, C)[k] is a subset of Q4 (£,,/Cp2---2C,) [@). Since QU (S /Sp1---15,) is
a direct summand of Q,(;)(Zm /Cp -+ 2C,), CYIK] can be considered as a direct summand of
the latter. We claim that the identification of C¥[k] with the Steinberg summand is induced
by a ,-equivariant map X, /Ar — 3., /Cp -1 Cy.
Proposition 4.3.1. An identification Ay <> m gives a map X /A — X5 /Cp -1 Cp of
Ym-sets.

e The covariant part of Q,(f) gives a map Q,(f)(Em/Ak) — Q,(f)(Em/sz- -1C,) under which
,(;)(Zm/Ak) ®zGLy Stk corresponds to CW[k].

e The contravariant part of QS) gives a map Q,&i)(Em/Cp - 1Cp) — QS)(Em/Ak) under
which CV@[k] corresponds to Sty ®z(@Ly) Q,(;)(Em/Ak).

Proof. We trace through the proof in [ADLI16]. Let B be the nerve of the poset of proper
nontrivial subgroups of Ay, which is the Tits building for GL; and has a right action by Affy.
There is an isomorphism of right Z[GLy]-modules [San19, Proposition 2.7], [RezI7) 6.1]

Stk = ekZ[GLk] = Hk,Q(B;Z(p)) = Hk(E; Z(p))

Let G =%,,, N = Affy, W = GLy, and Q = Q). Define an N-equivariant map B — P := P,,
by assigning to a subgroup V < Ay, the partition of m given by the cosets of V' in Ay (there
is a version for each of the variants in [RezI7, 6.1]). This extends to a G-equivariant map
G xy (EW x B) — P which is an isomorphism in Bredon (co)homology for the Mackey
functors Q) [ADL16, Thm 1.1].

We will consider spaces as simplicial sets and consider the covariant part of @ (the con-
travariant part is analogous). For a G-simplicial set X whose terms are finite G-sets, the
Bredon chains (resp. cochains) [ADLI6l Section 2] is equal to the complex Q(X) coming from
the covariant (resp. contravariant) part of Q). Since we are only dealing with finite G-sets,
we will identify the two. The G-equivariant map G x (EW x B) — P factors through the
projection onto G x 5 B. This induces a map of chain complexes

Q(G xn (EW x B)) = Q(G xy B) — Q(P) (6)

hence a map of normalized chain complexes N'Q(—) (obtained by quotienting out by the image
of degeneracy maps) [Rezl7, 4.1].

The set of g-simplices X, of a G-simplicial set X is the disjoint union of the G-invariant
sets of degenerate and nondegenerate simplices, denoted X, g and X ql, respectively.

5. a: = - . .. . .. - -0, 51
e B: Since B is a W-simplicial set (hence an N-simplicial set), B, = B, U B,. Elements of
E,lc are complete flags 0 CF, C --- C JF’; . W acts transitively on E,lc with stabilizer Uy,

=) E; = N/Ag x Uy and G Xy E,lc = G /Ay x Uy. Since E,ICH = (), there is an inclusion
HiQ(G xn B) = NxQ(G xn B) = Q(G/Ay x Uy), where the latter is the kth term of

the complex NQ(G xn B).
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e Sti: Since Sty is the kth homology of B, there is an inclusion Stj, < Z[P,lﬂ].
e G xy (EW x B): Since EW x B is a W-simplicial set, (EW x B), = (EW x B)) U
(EW x E)é as a W-set. Since W acts freely on EW x B, there are natural isomorphisms
Q(G xn (EW x B)) = Q(G/Ar) @) ZIEW x B]
NQ(G xn (EW x B)) ~ Q(G/Ar) @zw) NZEW x B
of complexes [ADL16, Example 2.3] and the canonical map

Q(G/Ay) ®zw) Hy(B) = Hi (Q(G/Ak) ®zw) NZ[EW x B)

is an isomorphism [ADLI6, Proof of Corollary 1.2]. Since Hy(B) = Sty is a projective
Z[W]-module, the inclusion Hy(B) < Z[(EW x B):] induces an inclusion

Q(G/Ar) @zw) Hi(B) = Hy, — Q(G/Ay) ®zw) Z(EW x B)j}]

The G-equivariant map G x y B — P induces a G-equivariant map G /Ay, x Uy, — G/Zpl--
¥, on nondegenerate k-simplices which restricts to a G-equivariant map G/A, — G/Cpl- - 10,
Since we are working with the covariant part of @), there is a commutative diagram

NiQ(G xn (EW x B)) ———— NpQ(G xny B) ———— NyQ(P)

Q(G/Ay) @zw) Z[(EW x B)i] —— Q(G/Ar x Uy) —— Q(G/Sp - 15)

-3

Q(G/Ay) —— Q(G/Op RN Cp)-

We want to show that the dotted map exists. The leftmost horizontal map is induced by
the projection EW x B — B. Since W acts freely on the normalized complex of EW x B,

(EW x B)L = (EW}, x Ei) U (EW}! x EZ) is the disjoint union of disjoint unions of W-sets
W/1. On each component W/1, the map EW}, x E,t =UW/1 - W/U; = E,lc differs from the
canonical projection W/1 — W/U, by an automorphism of W/1, so it factors as

| |w/1—w/1— w/u,.
This induces a factorization
Q(G/Ar) @z ZIEWx x By = D Q(G/Ax) = Q(G/Ar) — Q(G/Ax » Up).

Since the image of EW}! x EZ is degenerate in B, Q(G/Ay) Qzw) ZIEW} x Fg] — Z[E,lc] is
the zero map. Putting these together gives a factorization

Q(G/Ay) @ziw) ZI(EW x B)i] = Q(G/Ar) = Q(G/Ak x Uy)

where the first map is induced by tensoring with Q(G/Ax) the Z[W]-module map Z[(EW x
B)i] =2 @ Z[W] — Z|W], thus the dotted map exists.
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Since the normalized chain complexes are truncated above, there are inclusions from the
top degree homology to the top nonzero terms

Q(G/Cr1--1Cy) —— Q(G/EZp -1 Ey)
Q(G/Ar) @zw) Z[(EW x B)i] —— Q(G/AL) —— Q(G/Ay x Uy)
Q(G/Ay) @zwy Hi(B) H,Q(G xn B) ——» HpQ(P) = CO[k].

Since Q(G/Zp1- - 1%,) is a direct summand of Q(G/Cpe- - 1Cp), HyQ(P) includes into the latter
as a direct summand. The composite @ induces an isomorphism in homology, so the bottom
horizontal composite is an isomorphism and the map Q(G/Ay) @zw) He(B) = Q(G/Ay) is
injective. This is the map taking the Steinberg summand of Q(G/Ay) since it is induced by a
Z[W]-module map Hy(B) = St — Z[W].

Extracting the relevant parts gives the following conclusion. An identification Ap < m
gives an inclusion Ay — X,,,. Since W acts on G/Aj on the right, for the covariant part of @,
there is a right action of W on Q(G/Ay) and the canonical map Q(G/Ag) = Q(G/Cpl---1Cp)
maps Q(G/Ay) @z Sty isomorphically onto C)[k].

Q(G/Ar) ——— Q(G/Cp1--1Cy)

J J

Q(G/Ay) ®zpwy Sty ————— CO[K]

Dually, for the contravariant part of @, there is a left W-action on Q(G/ Ay) and the map
Q(G/Cy1-+1Cp) = Q(G/Ay) maps CV)[k] isomorphically onto Sty @z Q(G/A). O

We choose an identification Ay <+ m such that Ay embeds diagonally into Cp0---2Cy,. This

is the inclusion which is defined inductively by

F,F "l x Fy = (Cp---1Cy) x By 225 (Cor - 0C)P 3 Cp = Cp 11 C. (7)

y [SS25l Cor 3.4.2, Prop 4.2.8], there are isomorphisms

B[k = Q) (Pr), Q1 (es)) ~ Q1 (Pn), E°(tr))
(QY (P, Q1 (1) =~ (QV(P,,), B (res)) = B ) [k]

of simplicial left Ep/u;—1-modules and cosimplicial Fy/u;_1-algebras, respectively. Unless oth-

erwise stated, we will be working with the contravariant part (Q,(;) (F:l), EC(res)) since it has an
algebra structure. We have, and will continue to abuse notation by identifying P, with its dual

PY . We will consider Q,(f)(G/H) as a quotient of EY(BH) and say that amap f: G/H — G/K
induces a map Q?(G/K) — Q,(;)(G/H) if it is the quotient of E°(f) : EY(BK) — E°(BH);
this is the map Q! (fY).
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4.3.1 Understanding Q,(j) (X /Ak)

In this section, we write down an explicit formula for Q,(j)(Em /Ay) consider its algebro-
geometric description. We first consider the case before modding out by p,--- ,u;—1. Under
our choice of identification Ay ++ m , the inclusion Ay, = F,* — C),1---1C, induces a ring
map

Qr(Em/Cpl--1Cp) — Qk(Em/Fpk)

on the contravariant part of the Mackey functor @ = ,(CO).

Notation 4.3.2. If f(t) = 3. c;it* € R[[t]] is a power series and ¢ : R — S is a ring map, we
denote by f? the power series

£ = dlen)t’ € S]]

obtained by applying ¢ to the coefficients of f.

By the argument in Proposition [SS25| Prop 3.3.4], Qx(X.,/Cp - -1 Cp) is the quotient of
E°(BC,1---1C,) by transfers induced by * — C,, ranging over each component.

Qr(Em/Cpl--1Cy) = (EO(BCp)/tT)®l€ = Eol[t1, ta, -, trl]/(p)t1, () ta, - 7<P>Pk71tk7

where (p) is the reduced p-series and P*: Ey — E°(%,,/Cp1---1C,) is i iterations of the power
operation map P. It is the ring classifying a sequence of points

qSEGS<p>7 5:13"'7k

where G; = G and Gy, = G,_1/(gs—1) is the quotient of Gs_1 by the degree p subgroup
generated by ¢gs_1. Here G{(p) C GJ[p] is the closure G[p] — 0 of strict the p-torsion points.

The same argument shows that Qg (S, /Ak) = Qi (X, /F,") is the quotient of EO(BF,*) =
EO[ty, - t]]/[plt1, - - [Pltr = Ogppe by transfers from F,° " x * x F, % for s = 1,--- , k.
Equivalently, it is the image of the map into the Tate construction which is a localization
inverting the Euler class c,». Since the reduced standard representation of ¥,» restricts to the
reduced regular representation of Fpk which splits as the tensor product of line bundles, this is
the Euler class

€ D rrerp|l= II («t+r+rlalt)
(a1, ,an)EFL" (a1, ,ar)EFp*
(a1, ,ax)#0 (a1, ,ax)#0

where L is the tautological line bundle over the sth summand BF, of BIFpk.

Definition 4.3.3. Let

Gliriey® = JI  C+rlalt, +r-+rlasalti_ ).
(a1, as)€F,°
(a1, ,as)#0

1

Then (;3<i17...,i571>(t) = 1P, ... i._,)(t) is an isogeny whose kernel is the degree p*~" subgroup

generated by t; -+ ,t;, .
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The Tate construction inverts é(il’...’isil><t]‘) for all {i1, - ,is—1} and j & {é1, - ,is—1}
In particular, it inverts each t,, so there is a surjection E°[[ty, -, t&]]/(p)t1,---, (P)tr —
Qk(Sm /Fp").

This shows that Q,(2,,/F,") is the ring classifying a sequence of points

QSGG<P>7 S:].,"',k

such that for all subsets {s1,---,s;} C{1l,--- ,k} and s ¢ {s1,---,s;}, the image of the point
qs in G/(gs,, - ,qs,) lies in (G/(tsl, e ,tsj>) (p) i.e. g is not in the degree p’ subgroup
generated by gs,,---,¢s,. This is equivalent to the condition that for all s, the image ¢ of

gs in Gs = G/{q1, -+ ,qs—1) lies in G4(p). We can write this in formulas. Over Fyl[[t1]]/(p)t1,
since the subgroup generated by ¢; is contained in G[p], the p-series for to factors as

[p](t2) = Py (t2)r1(t2)

for some power series 11 (t) € (Eo[[t1]]/(p)t1) [[]], so the reduced p-series for to factors as

(p)(t2) = Py (t2)r1(ta).

Since the Tate construction inverts ¢ (t2), we have r1(t2) = 0. This is the condition for 5 to
be in G{p) = G1(p) and to have image in Gy(p) under the quotient map G; — Ga. So,

Q2(3y2 /Fp?) = Eo[t1, t2]]/(p)t1, 71 (t2).

In general, for k < n, over Qk(Em/Fpk), the p-series is divisible by <;~S<1).,. k) () since the
subgroup generated by ¢1,- - ,t is contained in G[p].

Definition 4.3.4. For 0 < k < n, define ry to be the power series over Qk(Em/IFpk) such that

Pl(t) = b1, iy (D) TR (2).

In particular, (p)(t) = ¢(1,... xy(£)7x(t). 7% is well-defined since <5<1,..,,;€> (t) is not a zero
divisor in Qg(Xm/F,")[[t]]. Indeed, the constant term in ¢, ky(t) is the Euler class cpx
which is inverted by the Tate construction, so ¢, is not a zero divisor in Q (3, /]Fpk).

Since the Tate construction inverts ¢ ... gy (tx+1), 7&(tx+1) = 0 in Qk+1(2pk+1/Fpk+1).
This is the condition for t511 to be in G(p) and to have image in (G/(t1,--- ,tx))(p). Thus,

Qk+1(2pk+l/FPk+l) = EO[[tlv T 7tk+1H/<p>tla 1 (t2)7 ce ark(tk+1)'

Note that Qk+1(2pk+1/FPk+1) issymmetricinty, -+, tg41 and we could have replaced {17 ok
1} by any of its permutations. In particular,

Q1 (Zprer /B 2 Bo[[trgr, -+ )]/ (0) (bgr)s 1 (), -+, ra(ta).

If & > h, the reduced p-series for t;,1 is both 0 and invertible in the Tate construction since
it is equal to ¢(q,... p)(ths1), 50 Qr(Zm/F,F) = 0.

Since the isomorphism Qp (X, /X ks 18k, ) = TV [k1]; @ TV [ka] reverses the order of the ks,
E°(BC,)/tr@ E°(BC,)/tr corresponds to t1,- - - , tx while Cp1---1C,, corresponds to ty, -+ , 1.
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Thus, on functor of points, the map Qx(X,/Cpl---1Cp) = Qr(Sm/F,") induced by the
inclusion Fpk — Cp -1 C) is given by sending g1, -+ , gk to g}, -+ ,¢;. This is the map

Eo[[t1, ta,- -, t1]]/0)te, (9 tay -, ()7t = Eo[[ta, -+, 1]/ (p)tr, m(t2), - e ()

sending s t0 Gk... p—s+2) (thess1)-
We modify the above argument for Q. We will construct the analogs 7' of r, in the
proof of the following lemma.

Lemma 4.3.5. For 1 <k<h—1,

D (S JFE) = By fuia[ltrs- 0]/ (0) D (1) (82), - o ()

is a reqular local Noetherian ring with a reqular system of parameters (t1, -« ,tk, Wisk, s Un—1)-
Ifk>h—i, QY (S, /Fk) = 0.

Proof. Let S[k] = ,(j) (3m/F%). Tt is clear that S[k] is a local Noetherian ring being a quotient
of the local Noetherian ring Eo/u;—1[[t1,- - ,tx]]. It remains to show that it is regular. We will
denote the maximal ideal in a local ring by m and use the following facts about regular local
rings.

(i) A power series ring over a regular local ring is a regular local ring.

(ii) [Mayl, Theorem 2.1] The quotient of a regular local ring by a subset of a regular system
of parameters is a regular local ring.

S[k] is the ring classifying a sequence of points
qSEG(l)<p>v Szla"'ak

such that for all {sy,---,s;} € {1,---,k} and s ¢ {s1,---,s;}, the image of the point g5 in

G/{qsy, s, lies in (G/{ts,, " 7tsj>)(z) (p), where G (p) is the closure G[p] — 0 of strict
the p-torsion points over Spf(Eg/u;—1). S[k]=0if k > h —i.

For k = 1, Ey/u;—1[[t1]] is a regular local ring with (t1,u;, - ,up—1) a regular system of
parameters. Since (p)(?)(t1) = u; +t1(---), it is part of a basis of m/m?, so

S[1] 2 Eo/ui—1[[t1]]/ ()7 (t1)

is regular with (¢1, w41, ,un—1) a regular system of‘ parameters. _

Over Ey/u;_1, and hence S[1], [p(t2) = g(t2 ) = 5 ¢’ (') and (p)(®) (t2) = g’(tgl)l for some
power series g and g’ (the isogeny G — G/G[p] ~ G factors through ¢' as G — ¢'G — G).
Over S[1], ¢ has roots t7, ([2]t1)P,--- , ([p — 1]t1)?". Since S[1] is regular, hence a UFD,

9'(v) = H(y—([j]tl)pi) r(y)

for some power series r, so Hf;ll (tgi — ([j}tl)l’i), which is a unit multiple of q&(l)(t)l’i, divides

(P (2). So, | o
D) D(ta) = by ()P 1 (t)
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where r%i)(tg) is of the form h(tgi). ‘

Under the map S[1][[t2]] — Eo/u;[[t2]] which quotients out ¢, (p)® (ty) maps to tP' (P~ (p)(+1)(t,)
and Hf;% (tgl - ([j}tl)pl) maps to t?' =1 5o T’gi)(tg) maps to (p) D (ty) = w1 + taf---)
since the target is a UFD. This implies that

7 (t2) = wir ol ) F ()

in S[1][[t2]]. Since S[1][[t2]] is regular with (¢1, 2, w;y1, -+ ,up—1) a regular system of parame-
ters, r1(t2) is part of a basis for m/m?, so the quotient

S(2] & S[[[ta]] /ri (t2) 2 Eofuia[[tr, ta]]/(9) D (1), 1 (£2)

is regular with a regular system of parameters (t1,ta, Uijt2, - , Up—1)-
Repeating this process, we obtain power series rgz) such that

SIK) = Eo/uiallts, - tx])/ () (1), 7 (t2), - i (8

is regular with (t1,--- ,tg, Witk, -+ ,up—1) a regular system of parameters. Over S[k], g has
roots ([j]ts)pi for 1 < s <kand 0 < j < p-—1. Since g is an isogeny on 'G, all linear
combinations ([a1]t1)?" +pi -+t (Jarlte)? = ([a1]t1 +5 - - +r [ar]te)? are roots of g, where
F' denotes the formal group law on ¢'G. The same argument as before shows that over S[k],

Bt sy (B divides (p)@ (2).

Definition 4.3.6. For 0 < k < h — 1, define 7",(:) to be the power series over QS)(Em/]Fpk)
such that

Pl (t) = dae iy OF i (8).
ri(t) is of the form h(t*"). Under the map S[k][[tss1]] = Eo/witk—1[[tkr1]] which quo-

tients out ty,--- ,tx, (p)@(tx11) maps to t21€k71)<p>(i+k)(tk+1) and (25(1’...’;@ (tk+1)Pi maps
to ti:ﬁ’fk_l), SO r,(f)(tlﬁ_l) maps to (p)*® (ty41) = wiyk + tgp1(--+). This implies that in
STE][[Er+all;
T](j)(tk_i'_l) = Ujrk + tpr1(- -+ ) + terms involving at least one of t1,- -+, tg.
Thus,
STk + 1] = STR][[tera]l/ri” (tr1) = Eofusalts, - sl (9) O (1), 17 (t2), -+ o7 (tr)
is regular with a regular system of parameters (t1,- - ,tgt1, Witkt1, " * , Uh—1)- O

To summarize, we have the following.

Lemma 4.3.7. For the contravariant part QS),
o The ring

k—1
P

(g /Cp - 1Cy) 2 Bofuia[[tr, -+ i)/ 0)Dtr, - ()P 4

classifies a sequence of points {qs € G (p)}r_, where Gy =G and Gy = Gy_1/{(qs—1) is
the quotient of Gs—_1 by the degree p subgroup generated by qs—.
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o The ring
Y (S [F,0) 2 Bofuicalltr, - a])/ (0) D (10), 71 (t2), - i, (1)
classifies a sequence of points {qs € G (p)}¥_, such that for all s, the image q. of qs in
G; lies in Ggl)<p>. Itis 0if k> h—i.

e Under our choice of inclusion F,* — C,1---1C, @), the map Q,(f)(Epk [Cpt--1Cy) —
](;)(Epk/]Fpk) sends tg to (;~S<k,... Jo—s+2) (tk—st1). It is the map which sends qu,--- ,qr to
q;g) e aQi .
4.3.2 The GL,-action

Since the standard basis of Fpk corresponds to q1,- -+ ,qr, a matrix g € GLy acts on the
right on the scheme Spf (Q,(j)(Em/lek» by sending a sequence of points [¢1 -+ gqx] to

[(h qk] - ¢g. On its ring of functions Q,(:)(Zm/IFpk), g acts on the left by sending ¢, to
g. - t, where g is the sth column of ¢ and t = [tl e tk].

Ezxample 4.3.8. For k=2, g = [CCL d

b] acts on the scheme Spf ( g)(Epz /IFp2)) by

b
[ @] 9=[a ¢ [Z d} = [aq1 +cqz  bqy + dga]

and on the ring Qéi)(Epz /F,?) by

t1 — aty + cto
to — btl + dtg,

where all the operations are formal group law operations (4 := +p, a := [a]r).

4.4 Computing the cokernel
The goal of this section is to show the following.

Proposition 4.4.1. For p = 2, the cokernel of oV®* : CYO[k] — CVD[K] is isomorphic to
CVEHD[E —1].

Let
Rk = QV (S /Cpt--1Cy) (8)
S[K] = Q) (8,0 /F,") (9)

The map oV®* : CV@O[k] — CV@O[k] is induced by the map on I'V®[1]®* which is multipli-
cation by the Euler class z1 - - - zx. On R[k] and S[k], it corresponds to

k p—1
11 <H[i]fs) = (=Dt t)P"" and = II (ot +r - +r fanlts),

i=1 (al’...’ak)e[ﬁ‘pk
(a1, ,ax)#0
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respectively. By Proposition under our choice of map R[k] — S[k], OV [k] corresponds
to the Steinberg summand of S[k]. Since the Steinberg module is a projective Z[G Lj]-module
and the Euler class in S[k] is GLg-equivariant, the cokernel of ¢¥®" : CV()[k] — CVDI[K] is
the Steinberg summand of the cokernel A[k] of multiplication by 7 on S[k].

Let

A[K] = S[k] /m
Bk = SkI/ T ]lilts = /87" = Eo/uilltr.ta, - 1]/ r (), o1 ()
i#0

Bk —1] = Sk /ty = Eo/uilltz, -~ 4]/ () Vb2, i) (00) = QU (S EST).
Note that B[k] and B’[k — 1] are Ey/u;-modules and there are canonical projection maps
Alk] — B[k] — B'[k —1].

Ezample 4.4.2. For k = 0, A[0] = 0. For k = 1, S[1] = E°[[t1])/(p)Pt1, e1S[1] = TVO[1] =
Eo/ui_1[[x1]]/f® (x1), and the Euler class is z; = f;ll [i]t; = (—=1)Pt*~1. Since e; is taking
C) fixed-points,

e1A[l] = Eo/u; = CY0HV(0].

We will use results about the Steinberg idempotent from [HP14, Section 1.3].

Notation 4.4.3. e A left G-action on a set S is equivalent to a right G°P-action on S by
g-x =g~ t. For asubgroup H < G, the left G-set G/H can be identified with the right

G-set of left cosets H\G by gH > Hg~!. Under this identification, the corresponding
right G°P-action on H\G is equivalent to the left G-action on G/H.

o Let Inj(k —1, k) be the set of all F),-linear injections Fpk -1 Fpk, which can be regarded
as a subset of matrices Matyy (x—1)(Fp). Then Inj := F,[Inj(k — 1,k)] is naturally a
G Ly-G Ly, _1-bimodule.

o Let Pr(k, k—1) be the set of all F,-linear surjections IFpk — Fpk_l, which can be regarded
as a subset of matrices Mat(,_1)x(Fp). Then Pr := Fy[Pr(k, k—1)] is naturally a GL_1-
G Ly-bimodule. Equivalently, it as a GL;?-GL;” ;-bimodule where g-W -h := h='Wg~1.

*

e Let U; < GLj be the subgroup of matrices E . Then U; = Stabgy, ([é})
*

. Then Uy = StabGL,C ([0 I])

for the right GLy-action, equivalently, the left GLj"-action. Its normalizer By =
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Ne¢r, (Us) < GLy is the subgroup of matrices and its Weyl group

Wer, (Uz) =1 X GLg_1. Pr(k,k—1) = Us\GLy, as a right GLg-set and a left Wep, (Ua)-
set. Equivalently, Pr(k,k — 1) = GLy/U; as a left GLy-set and a right W, (Uz)-set.

Proof strategy. To prove Proposition [£.4.1] we compute the cokernel
cok (aV®’“ L OVO[E] — VO [k]) = ey Alk]
as follows. In Proposition [£.:4.9] we will show that there exists a G Li-equivariant map
Alk] = Pr®gr, B[k —1].
This induces a map on Steinberg summands
erAlk] = ex Pr@gr, B’k — 1] 2 ex_1B'[k — 1]

where the isomorphism comes from a key fact in [HP14] Prop 1.3.8]. We then show (Proposition
4.4.13)) that for p = 2, the map e, A[k] — ex_1B’[k — 1] is injective with image isomorphic to
ex_1B'[k — 1], which is CV0+D [k — 1]. This is the only part where we use the fact that p = 2.
4.4.1 The GLi-equivariant map

We will construct a G Lg-equivariant map A[k] — Pr®qyr,_, B’[k — 1] which induces a map
erA[k] — ex—1B'[k — 1] on Steinberg summands.

Lemma 4.4.4. For A a left GLi-module and B a left GLi_1-module, there are natural bijec-
tions
HOHlGLk (A, Inj QGLy,_1 B) > HOIIlB,C1 (A, B)

where By, acts on B by the projection Bx1 — GLi_1 X 1 onto the top left and
HOmGLk (A, Pr ®GLk,1B) > HOIanz (A, B)
where Bi_o acts on B by the projection Bio — 1 X GLi_1 onto the bottom right.

Proof. For a subgroup N < G, the restriction from Z[G]-modules to Z[N]-modules has left and
right adjoints Z[G] ®zn] — and Homgn1(Z[G], —), which are naturally isomorphic.

ZIG)®z N —
/—\
Modz[]\[] & Modz[G]

Homgzn(Z[G],—)

Under the restriction and coinduction adjunction, an N-equivariant map f : A — B corre-
sponds to a G-equivariant map A — [[, ;N ®x B. Since we will need this later, we give an
explicit description of this correspondence.
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Let ¢1N, -+ ,g-N be a complete set of left cosets in G/N. Then Ngl_l,~-~ ,Ng-tisa
complete set of right cosets in N\G. These give bases for Z[G] as a free right and left Z[N]-
module, respectively. Thus, there are isomorphisms

Homgn(Z[G], —) = HHomN(Ngi_l, —-) = HgiN ®N — 2 Z[G] ®zn] —-

For f: A — B an N-equivariant map, the G-equivariant map A — [], ;N @ B is given by

z e [[o:N @n £g; ')

(2

This notation means that the image of 2 on the component indexed by i is f(g; *x). The map
f can be recovered by postcomposing this with the projection onto the component indexed by
N.

Let G =GLy, H=U;, N = By, and W = N/H = GLy_1 x 1 or 1 x GLj_;. Let A be
a left GLi-module and B a left GLi_1-module considered as a Bg;-module by the projection
of By; — W. By the restriction and coinduction adjunction, an N equivariant map A — B
corresponds to a G-equivariant map A — Z[G] ®@z;n) B = Z[G/H] @z B since H acts on B
trivially. The result follows since Inj = Z[|GLy/U1] and Pr = Z[G Ly, /Us]. O

We apply this to A = Alk], B = B[k], and B’ = B'[k — 1].

Lemma 4.4.5. The projection A — B’ is a Bpa-equivariant map. Thus, it induces a GLy-
equivariant map A = Pr®qyr, B’

Proof. The map A — B’ sends t; to 0 and t;-1 to t;. For h =

h-ty =Xy and h - t;~1 = *t; + b’ - t;. These map to 0 and I’ - t; in B’, respectively. O

Lemma 4.4.6. There is an isomorphism of F,[GLy]-modules
Pr ®GLk—lB/ = HA/(’U 7?)’

where U ranges over all 1-dimensional subspaces of Fpk and T -t =[]ty +F - +F [v]ts for
any representative [vl vk] of v.

Proof. Let g = |gi -+ §i| € GL. The action of g on [[ A/¥ - is induced by its action on

| |
A which sends t; to g7 - t
A—9 A

| !

Alty —5— A/gi -t

where the vertical maps are the canonical projections.
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The Bja-equivariant map A — B’ corresponds to a G Li-equivariant map A — Pr®¢yr, _, B’.
As a free right Z[GLyj_1]-module, Pr has basis {W} consisting of equivalence classes of pro-
jections IF’; — ]F’;’l, which can be represented by (k — 1) X k matrices. Thus, Pr®gr, , B’ =
[Isw W ® B’ and the isomorphism of the lemma is given by identifying W ® B’ with A/ - for
any nonzero v in the orthogonal complement of W. In particular, [0 I ] ® B’ corresponds to
A/t under the projection A - A/t; = B'. O

The following key fact from [HP14] allows us to relate ey, to eg_1.

Lemma 4.4.7. [HP1], Prop 1.3.8] For a left GL;_1-module M, there is an isomorphism
ep—1M = ex Pr®qgr, M.

Proof. We reproduce the proof in [HP14] Proposition 1.3.8], keeping track of the corresponding
actions. Consider Pr as a subset of matrices Mat(,_1)xx(Fp) with its left GL” and right
GL)® | actions. Let T}, < ¥ be the cyclic subgroup generated by (1,---,k) and let T, =
> per, (—1)70. The map f: ex_1M — ex Pr@gy, , M is given by

ep—1m > I_1 Tk @ eg_1m,

where Iy, = [I 0] € Pr. For A € Pr, e,- A = AU, = Aey,. Note that the first e, denotes
the Steinberg idempotent for the left G Ly"-action and the latter for the right G Lj-action.
Since Pr is a free right GL}” ; and 1T} is a sum of distinct basis elements, this map
is a monomorphism. To show that it is an epimorphism, let A = [A' v} € Pr and m € M.
er-ARm = [A' v} e, ®@m =0 if rank A’ < k — 2 [HP14, Lemma 1.3.4]. If rank A’ = k — 1,
there exists C € GLy_1 and B € Uy, such that CAB = I;,_; ;. Then
e, - A@m = Cilfk_LkBilek Xm
= C_lfkfl’kek Xm
= Ik—l,kek ®Cm
= (ex—111—1 £Tk) ® Cm, by [HP14, Lemma 1.3.7]
=Ii-1,6Th - €1 ®Cm
=Ip—1,6Tk ® ex—1Cm = f(ex—1Cm).

O

Remark 4.4.8. Note that for any o € Ty, I—1 Tk = (=1)° (Ix_1,10)Tk. Thus, the isomorphism
frex-1M — e Pr®cr,_, M above could have been defined by

flex—1m) = (Iy—1,,0)Tk @ ex_1m.
With this definition, there is a commutative diagram

e Pr ®GL;€,1M —— e 1M

[ |

Progr, M ——» M

where the bottom map is projection onto the factor indexed by I;_; xo.
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Putting things together, with o = (1---k) in Remark we obtain the following.

Proposition 4.4.9. The map
Alk] = [ AlK)/5 - T2 Progr, B[k - 1]

giwen by canonical projections onto each component is GLy-equivariant, where the product
ranges over 1-dimensional subspaces of Fpk, Taking Steinberg summands induces a map

exAlk] = ex_1B'[k — 1]. (10)

4.4.2 The cokernel on Steinberg summands

To identify ey A[k], we first compute the image of the map exA[k] — ex—1B’[k — 1], then
show that this map is injective for p = 2.

Proposition 4.4.10. The map e A[k] — er—1B'[k — 1] @ has image Ng—1 - e—1 B'[k — 1] &
ex—1B'[k —1].

We consider Pr as a GL;”-GL;” ;-bimodule (Notation [4.4.3).
Lemma 4.4.11. The image of the map (10) contains ny_1 - ex—1B'[k — 1].

Proof. Let {W} C Pr = Mat(;_1)xx(FF,) be a basis for F,[Pr] as a free right F,,[G'Lj_1]-module
such that each matrix W is in row reduced echelon form. For each W, let gy € G Ly, be such that
W = gw - [O I] = [0 ]] g‘jvl. The canonical projection f : A[k] — B'[k — 1] corresponds to
the GLj-equivariant map A[k] = Pr®gy, ,B'[k—1] =], WeoB'[k-1]= %, W B'[k—1]
(Lemma given by

y=[[We flaw'y) =D W e flow'y).
w w

This notation means that it is f (gljvly) on the component indexed by W.

On Steinberg summands, exy maps to Y (e - W ® f(g37'9) = S Wer ® fla'y)),
where Wey, denotes the Steinberg summand for a right G Lg-action (4.2)). By analogs of Lemmas
1.3.3 and 1.3.4 in [HP14] for general primes, Wey = 0 if W = [W’ o] with rank W' < k — 2.
If rank W/ =k — 1, then W = [I 17], SO exy maps to

Since
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this is equal to

S LeiTe®@en1flgn'y) =L sTh® | D en1flgn'y)

TeFk—t TeFE—t

Let 1) denote the map . By Lemma , Y(ery) = Ferk—1 ex—11(9w'y)-

To simplify notation, we shift the indices in B[k — 1] = A[k]/t; down by 1 such that
ta,-+ ), becomes ty,--- b1, B'lk — 1] = Eo/usl[ts, -+, tr_1]]/(p) Dy, v (t1),
and the projection map f is given by f(t1) = 0 and f(ticx) = t;—1. For W = [I ],

and
Flow'tick) = ti
flgwtr) =01
where {: t17 s ;tk—l-
Elements in B’[k—1] can be represented by power series h(ty,- - ,tx—1). Hy = h(t1, - ,tx_1)

W - 1),
P(ery) Z er—1 | h(t1, - th—1) H (0t +p @ 1)
S BEFE™1 -0

If 7 # 0, then —7 # 0 so HﬂeFk 1_g(T {4 -t) = 0. Thus,

Y(ery) = ex—1 | h(t1,-- tlewt
W0

—

Each g € GLi_, permutes the set IE"’C L O so it fixes H g W -t = ng_1, which is the Euler
class in B[k — 1].

Vlery) = > (D)7 (ob- bty tka)) (b mi1)
c€X_1,b€UL_1
= Nk—1ek—1h(t1, -+ tg—1).
Thus, nk—1 - ex—1B'[k — 1] is contained in the image of (10). O

Proof of Proposition[[.{.10. A[k] is generated by elements h(t1,--- ,t;_1)t; ranging over all
power series h and ¢ > 0. If y = h(t1, -+ ,tx—1), then exy = 0 since the stabilizer of y in Uy
has order divisible by p [HP14, Lemma 1.3.3]. If y = h(t1,- -, tx—1)t} with i >0,

dley) = D e (- toon) (@ 1)) = e |ty s tima) | D (@8

TeFk—1 7£0

23

weF’;’I—ﬁ(tk—’_F



Each g € GLj_1 permutes the set FE~1 — 0,50 g - > i5(T t) = > o5(U t)%.

Ylewy) = Y. (=17 (ob-h(tr, b)) [ ob > (5 1)

€S, _1bEU,_1 F£0

Z(ﬁ' 0" | ex—1h(ty, -+ k1)

720

Since elements in B’[k — 1] are power series h(t1,--- ,tr—1), the image of is the sum
+iz1pi-ex 1 B'[k—1] where p; = p; (71| 7 € FE™') = Y. 5(¥-#)" is the ith power sum in the
elements @ - t. Since the image of contains n_1 - ex—1B’[k — 1], to prove the proposition,
it suffices to show that ng_1|p; in B'[k — 1] for all ¢ > 1.

Consider the isogeny G — G/H over B’[k—1] which quotients out the subgroup H generated
by t1,--- ,tk—1. On coordinates, it is given by t — f(¢) for f(¢) = ﬁer—l(t +pT-1) =
>;sq cit'. Since the Weierstrass polynomial

wty= [ t+v-9, (11)

geFE~!

for f is an isogeny with kernel H, ng_1|c1. In B'[k—1]/nx_1, t2|f(t), so f(t) = g(t?) mod nx_1
for some power series g [Rav23, Lemma A2.2.7]. We say that a polynomial or power series
h(t) = c;t* over B'[k — 1] satisfies % if n,_1|c; if pti. Thus, f satisfies %. ¥ is equivalent
to the condition that the image of h in (B’[k —1]/nk—1)[[t]] lands in (B’[k — 1]/nk—1)[[t?]]. The
condition % is closed under multiplication and inverses (if exists).

In a math overflow answer, Lubin gives an algorithm to compute the Weierstrass polynomial
[bL). Let d = p*~! and let S denote the degree-d shift operation: Sf = Y",o, catit’. Step 0
fi=f/Sf,s0Sfi =1 mod m where m is the maximal ideal in B[k — 1]. Step i: repeat. At
each step we get a power series f; such that Sf; =1 mod m*. The Weierstrass polynomial is
the limit of the f;s. Since f satisfies %, so does Sf, 1/Sf, and hence f;. Repeating, we get
that for all ¢, f; satisfies %, thus so does the limit.

By uniqueness of the Weierstrass polynomial, this limit is equal to . The coefficient of
t4=% in w is the elementary symetric function e; := e; (17~ t|ve Fpkfl). Since w satisfies %,
Ne—1le; if ptd—iie. pti. The power sums are related to the elementary symmetric functions
by the following identities.

(=D tses + Zf:_ll(—l)s_lﬂes,ipi ifl<s<d
s Zf;slfd(—l)s_l“es_ipi if1<d<s.
Since ni—1 | p, by induction, ng_1|p; for all ¢ > 1 (if p — 114, we could have used the fact that
p; = 0). Thus, the image of is equal to ng_1 - ex—1 B'[k — 1].

For the last part, since B’[k — 1] = S[k — 1] in an integral domain (Lemma [4.3.5), multi-
plication by n;_; on B’[k — 1] and hence e,_1 B'[k — 1] is injective, so ng_1 - ex,_1 B'[k — 1] =
ex_1B'[k — 1]. O
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Lemma 4.4.12. The G Ly -equivariant map

AW - ] (A[k}/ 3 (G t‘>> =T 5

1s injective, where ¥ ranges over all 1-dimensional subspaces of ]Fpk and v-t = [1]t1 +F - +F
[vk]tr for any representative [v1  --- vy of v.

In particular, for p = 2, the map

Alk) = Pregr,  B'lk -1 = [[ Bk -1]

is injective since B[k] = B’[k — 1]. Thus, the map ey A[k] — ex_1B'[k — 1] in obtained by
taking Steinberg summands is injective.

Proof. The kernel of the map into the product is the intersection of the kernels

Oker (A[lc] — (A[k]/H[z’](ﬁ-f))) =N (Hmw-f}) = OL;.

3] i=1

We claim that the intersection is equal to the product of ideals
N=][lr=m=0
¥ ¥

in A[k], which will imply that the map from A[k] into the product is injective.
Suppose by induction that for any n — 1 distinct 1-dimensional subspaces ¥y, - - - , ¥, 1, the
intersection Iy, N---N1y, _, is equal to the product Iy, --- Iy, ,. We need to show that for any

n distinct subspaces 7, -+ , Uy,
Iy NN, = (e n—1) N Ig, = Ty oI5, = (1,0 n1)
in A[k], where 0y ... p_q =1 iy (i 1) e (i1 Ty - 1) and m = [1°=) (i¥, - ). Anel-

ity
ement in the intersection of ideals can be represented by g(t1,- -« , k)M, n—1 = h(t1,- -+, tg)7
in Alk] = S[k]/ng. This means that n; divides the difference g(f)n1... 1 — h(f)7 in S[k].
In the UFD S[k], M1, n—1,7T | Mk, SO N1, p—1 | h(f)w and 7 | g(t‘)mf..’n_l. For a nonzero
vector W, @ - t is irreducible in S [k] since there is a change of coordinates taking it to ¢, so
S[k]/w - T = S[k]/t1 = S[k — 1] is an integral domain. Since the irreducible factors in 7y ... 1
and 7 are not unit multiples of each other, we must have 71 ... ,—; | h(f) and 7 | g(Z). Thus,
g(t_>’l717... n—1= h(i?)ﬂ' € 1171 cee L—,‘” and 1171 n---N Ign =1z - L—;n. ]

Combining Proposition and Lemma gives the following.

Proposition 4.4.13. For p = 2, the map e Alk] — ex—_1B'[k — 1] of (@) is injective with
image ng—1 - ex—1 B[k — 1] X ey - B'[k —1].

Conjecture 4.4.14. For all primes p, the GLy-equivariant map Alk] — Pr®cgr,_, B'[k — 1]
induces an injective map on Steinberg summands

exAlk] = ex Pregr, B[k —1] = ep_1B'[k —1].
Thus, the map ey Alk] — ex—1B'[k — 1] of (10) is injective with image ny_1 - ex—1B'[k — 1] =
ex_1- B[k —1].

25



4.4.3 Compatibility with differentials

Having identified the levelwise cokernels in and , we now identify the boundary maps
to conclude the proof of Theorem For simplicity, we do the case n = 0. The general case
follows by postcomposing with the n-fold suspension o”. Recall that R[k] = R[1]®* and the

dual to the map Fgf) ®H1:(,-> Ey/ui—1 — Eo/u;—1 in Definition is induced by commutative
squares

3 V®Ek )
VO @ Rlk] =22 TV g R[k]

aﬁ <aoo)ﬁ

V0 @R[k —1] —— IV® @ R[k —1].

1®0v®(k—
Lemma 4.4.15. There are commutative squares

VO @ S[k] —=2 VO & S[k]

BVT (800)VT

V0 @ Sk 1] s TV @ S[k — 1]

compatible with the maps R[k] — S[k].

Proof. Recall that the boundary maps in the Koszul complex I'¥ ® C')[e] are induced by the
first face map 0 = p@1*~1 . T ®F(i)[1}®k - TOer® [1]®%~1 of the bar complex. p®1F~1is
induced by the Cp-version p@1k~1 I‘(i)(X)Qgi)(EP/CID)@"c — F(i)®F(i)[1]®Q§i)(Ep/Cp)®k*1 —
I g Q" (x,/C,)® 1. Since TV® = @IVO[(], the dual 8" is the direct sum of maps

rv@) [ ® R[l]®k <L V@) +1]® R[l}@”“*l

(H <G, {g, € G (P} y) — (H+(a1), {a.}5 )
where G; = G/H, Gy = Gs_1/(¢s—1), and H 4 (q1) < G is the subgroup generated by H and

the inverse image of (g1). Since R[k] — S[k] maps t; to ¢,... k—i+2)(tr—i+1), these correspond
to maps

VO[] © QP (S /F,*) 22— VO + 1] @ Q)2 (Spr1 /F, )

(H <GY {qs € GO/HY_)) —— (H + (g}, {d}, € GO/H + (qi) }r_,),

where ¢ is the image of ¢; in H + (gx). Since all maps involved are ring maps, by checking on
functor of points, we obtain a commutative diagram

V@ @ Sk] —— VO @ R[K]

6@ Tav

Vo @ Sk —1] — VO @ R[k — 1].
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Similarly, the twisted differentials are induced by

oo : TW @Ik 180811 1) ® D[1)8* 9, 10) r@p)et-1,

so (0o o)V is induced by

v . 4P—1 .
(80 O_)\/ . ]_'\\/(i) ® R[1]®(k71) i_) 1-\\/(1) ® R[]_]@k tl_) I\\/(’L) ® R[]_]@k
This corresponds to the composite

-t -1

@00) : TV @ Sk —1] 25 TVO @ §[k - TVO) & S[R].

Since the maps R[k] — S[k] are compatible with both maps, they are compatible with (Joa)V.
oV* is multiplication by the Euler class (¢; ---#,)?~! and corresponds to multiplication by
the Euler class n, on S[k]. We want to show that for all ¢, the square

VO[] @ S[k] ——=" 5 TVO[(] @ S[k]

aVT T(aoo)V

VO + 1)@ Sk - 1] o TYO[(+ 1] @ S[k - 1]

commutes. Since 9V factors as
8 TVO[ + 1@ Sk — 1] - TVO [ @ TVO[1] @ S[k — 1] 2225 VO[] © S]],

it is enough to show that the square commutes for ¢ = 0.
For a € TV®[1] and b € S[k — 1].

(@o0) o(1@m_1)(a®b) =120V (a @ nk_1b) = 20" (x_1)0" (a)d" (b)
(1®@nk) 00" (a®b) =nd"(a)d” (b).

We claim that 2719V k—1) = M in S[k]. To see this, consider the commutative square
k n n

R ®R[k —1] = R}k] —— S[k]

1 I

VO[] ® Rk — 1] —— TVO[1] @ S[k — 1].

Since the right vertical map sends ¢1,--- ,¢x to (gk), ¢}, - ,q\_q, Where ¢, is the image of g,
in G® /(q,), 0¥ (z1 ®1) = ti_l. The images of z; @ (ta---t;)?~* € IV¥[1] ® R[k — 1] under
the two ways of going around the square are the same, so 1 = 0V (21 @ nK_1) = tﬁ_lav(nk,l).
Thus, the square commutes for £ = 0, hence for all £. O

This induces a map on the cokernels

(Do) : TV @ Ak —1] = TV® @ A[k].
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The map A[k] — B'[k — 1] = A[k]/t1 sends g2, -+ ,qr t0 0,¢2,- -+, ;. By checking on functor
of points, there is a commutative diagram

VO @ Sik] ———— VO @ B'[k — 1]

BVT Tav

VO +1)® Sk —1] — TVO + 1)@ B'[k — 2]

for £ = 0, hence for all ¢, as in the proof of the above lemma (here the rightmost vertical map
is obtained by tensoring the I'V(*+1)_module map 9V with I'V(® /u; on the left). Postcomposing
with multiplication by t£71 gives a corresponding diagram for (9 o ¢)V. Since the horizontal
maps factor through A[k] and A[k — 1] and the projection maps S[k] — A[k] — B’[k — 1] are
surjective, there are commutative diagrams

VO @ S[k] ————— TVO [ @ Alk] ———» VO[] @ B'[k — 1]

(BOG)VT T(aoa)v T(aog)v

VO + 1@ Sk—1 — TVOU+ 1@ Ak — 1] — VO +1)® B'[k - 2].

Since the leftmost vertical map restricts to a map TVO[¢ + 1] @ ex_1S[k — 1] — VO[] @
erS[k] and the projection S[k] — A[k] is GLy-equivariant, the middle vertical map restricts
to TVl + 1) @ ep_1 Ak — 1] — TVO[(] ® e, A[k]. By Remark |4.4.8] there is a commutative
diagram

BkA[k] — e Pr ®GL,C,1B/['Z€ — 1] — ek_lB’[k: — 1]

l I I

Alk] —— Pregr, ,B'lk—1 —— B[k —1]

where the bottom row is the GLy-equivariant map A[k] — Pr®gyp,_, B'[k — 1] followed by
projection onto the component indexed by [O I]. This composite is the projection map
A[k] — B'[k — 1], which is compatible with (Doo)Y. Since the vertical maps are inclusions and
(0o0)Y on Alk] and B'[k — 1] restrict to the Steinberg summands, ex A[k] — ex_1 B[k — 1] is
compatible with (9o ).

Combining this with Proposition [4.4.10] gives a commutative diagram

~

/—\)
]_—‘V(") X ekA[k] _ F\/(’L) ® ek_lB'[k — 1] 1<®77_)k—1 F\/(z) X ek—lB/[k - 1]

(aoa)ﬁ T(aon)v T (12)

VO @ ep1Alk —1] —— TVO @ ey B'lk = 2] g TV @ e 2 B[k — 2]

v/

~

where the top and bottom composites are isomorphisms if p = 2. Since multiplication by 7x_1
and 7,_2 are injective, there is exactly one possibility for the dotted map. By Lemma [£.4.15]
it must be 9V.

For each k, B'[k] is an Eg/u;module, so VY @ /. | ex_1B'[k — 1] 2 (IVO Ju;) @p, /0,
CV+)[E — 1]. Thus, we obtain the following.
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Lemma 4.4.16. For p = 2, there is a cofiber sequence
VD@5, ,CVO[6],0") = (V@ 0, ,CY V0], (900)") = (TV) Ju;@ g, f, OV HV [0-1],8").

We now dualize this to obtain the cofiber sequence in Theorem [4.0.1} Recal the cofibers
sequences and (). Since Ki[k] = Ky [k] is a left Ey/u;-module, is equivalent to the
cofiber sequence

IV, @ CWe] - TW o CWe] = TV @ Ky[o] ~ (I'V Ju;) @ Ky [o]
of left T)-modules.
Lemma 4.4.17. The boundary map 0 of (I'D) Ju;) @ Ky/[e] is
9= (T Ju;) @paen 9,
where U1 is the boundary map of the Koszul complex for Eo/u;.

Proof. By [SS25, Cor 6.0.5], applying ©D =~ D, /,,, to the cofiber IV @ K[o] ~ (I'V(®) fu;) @
Ks[e] € DModp, /,, shows that it is Eo/u;-dual as a complex to (I'V Ju;) ® Ky'[e]. By
and checking on functor of points, the boundary map 8% of (TV® Ju;) ® Ky[e] sits in the
commutative square

(TVO Juy) @ Ky[k] —— TVOHD @ Ko [k]

8\/T Tav(iﬁ—l)

TV Ju;) @ Kok — 1] — TVOHD @ K[k — 1].
Since this is a diagram in DModg, /., applying XD shows that 0 fits in the diagram

(D Ju;) @ Ky [k] +—— DD @ Ky [k]

6l la(?ﬁl)

(T Juy) @ Ky [k — 1] «+—— T @ KY [k — 1].

(T Ju;) @ Ky [8] is a derived left T(¥-module with the usual action of I'¥). In particular,
the boundary map 0 is a map of left I'¥-modules and is uniquely determined by its values on
1®y for all y € K[k]. Since the map T0H+Y — T'() fy; is an inclusion of algebras, its image
contains 1 ® y, so (1 ® y) = 0t (1 @ y). But (T Ju;)®pa+1 is a T-linear map which
agrees with 90+1) on all 1 ® 5. By uniqueness, we must have 9 = (I'D Ju;) @pa+ny 00D, O

Thus, for p = 2, the cofiber T() @ K [e] is equivalent to (I'®) Ju;) ®%(i+1) (Eo/u;). Post-
composing with ¢” completes the proof of Theorem [{.0.1]

5 Inflated I

In order to use the cofiber sequence in Theorem to prove Tor vanishing, we need
to understand the cofiber (I‘(i_l)//ui,l)an ®H1:(i) Ey/u;—1, where we have shifted the index i

for notational convenience. In particular, we would like to understand T¢—1) fu;_; as a right
I'®-module. The main goal of this section is to prove the following.
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Proposition 5.0.1. TG~ Ju; ;1 is a free right T -module.
Ezample 5.0.2. T = k is the base field and T"=Y Ju,, _; = k[Q] is a polynomial algebra on
the Frobenius Q.

re=1 Jui—1 can be thought of as an inflated version of ') generated by an additional
operation corresponding to the Frobenius isogeny ¢ [SS25, Section 6]. We will see that an
isogeny classified by Fv(i_l)//ui,l is given by a sequence of Frobenii followed by a subgroup
avoiding ker ' ([SS25], Def 4.4.3]). Heuristically, this allows us to decompose I'=1) J/u; _; into
pieces isomorphic to '™ corresponding to the number of iterates of Frobenii.
Notation 5.0.3. e If Ris aring, u € R, and X is a scheme over R, we will write X/u for
the base change Spf(R/u) Xgpe(r) X.

e If R is an Fy-algebra, we write G for the base change of the universal formal group G
to R.

e Let (Hy, -+, H,) denote a chain of subgroups Hy < G; = Gs_1/H,_1 and (Hq,--- , Hy)
denote the subgroup of G which is the kernel of the composition of isogenies given by
Hy,--- ,H,.

o Let Spy ook, =TV[k1]: ® - @, TV [kg] and Suby, ... &, (G) = Spf(Sk, .. .k, ). We will often
drop the group G when the formal group is clear.

o Let SV, =TVOk], @ @, IVO[ky) and Subl) _, (G) = Spf(S{ ., ). Then
Sub,(:)(G) = Spf(Sk) is a closed subscheme of Suby(G) and Sub,(jl)7,.. g (G) is the closed
subscheme of Suby, ... x,(G) such that each H; < G; is in Sub,(fi)(Gi).

Note that for an Ep/u;_1-algebra R, Subg(Gr) = Subp(G)r := Spf(R) Xspe(Ey/ui_s)

Suby(G) ([Stx97]). For i > 0, we do not know whether a sequence of subgroups {Hs; <
Gs |1 <s<q,|Hs| =pr} with H, € Sub,(js) (Gs) is the same as a filtration of subgroups

{Hi < - <Hy;<Gpg||Hs/Hs_1| = p*} with Hy € Subffs) (Gs). However, they are the same
after inverting u; [SS25, Remark 4.4.8].
5.1 Preliminaries

Definition 5.1.1. Let X = Spf(R) be a scheme and W = Spf(R/I), Z = Spf(R/J) closed
subschemes. The intersection and union of W and Z in X are defined to be

WnNZ=Spt(R/I+J) and WUZ=Spf(R/INJ),
respectively. These fit into pullback and pushout diagrams

wnz ——27 wnzg —— 7
W —X W ——WuZz.

Lemma 5.1.2. Let X = W U Z be a union of closed subschemes. Let s,t : X — Y be flat
maps of schemes. Then the fibered product Xy xy (X is the union of closed subschemes

XxX=WxW)U(Wx2Z)U(ZxW)U(Zx Z),

where X := ¢ Xyg.
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Proof. Tt suffices to show that X x Z = (W x Z)U (Z x Z). Since s, t are flat, applying — x Z
to the pullback and pushout square

WnNnzZ —— 7

| |

W ——X=WuZ

gives a pullback and pushout square

WnNZ)xZ —— ZxZ

! !

WxZ ——— X xZ
Since intersections commute with pullbacks,
WxZ)N(ZxZ)=WnZ)xZ.
Thus, X x Z = (W x Z)U(Z x Z). O

Definition 5.1.3. Let R — S be a map of rings. The image of a closed subscheme Spf(S/I)
is Spf (R/ker(R — S — S/I)).

Lemma 5.1.4. If R — S is an injective map of rings and W and Z are closed subschemes,
then the union of the images of W and Z in Spf(R) is the image of the union

im(WuUZ) =im(W)Uim(Z)
and the intersection of the images contains the image of the intersection
im(W)Nim(Z) 2 im(W N 2).

Proof. We may assume that R < S is an inclusion. Let W = Spf(S/I) and Z = Spf(S/J).
Since WU Z = Spf(S/INJ),

im(WUZ)=Spf(R/RNINJ)=Spf(R/(RNI)N(RNJ))=im(W)Uim(Z).
The statement about intersections follows from the surjection

Oim(W)ﬁim(Z) = R/(Rﬂ[—f—RﬂJ) - R/Rﬂ (I+ J) = Oim(WﬂZ)~

5.2 Union of subschemes

Our goal here is to prove Proposition which expresses Sub,(j_l) (G) fui—1 := Spf(TVEV[E] fus_1)
as a union of closed subschemes. This is saying that a subgroup classified by Sub,(;_l) (G)Jui-1
is given by a sequence of k — s Frobenii followed by a subgroup avoiding ker ¢*, for some
0<s<k.

Let i > 1, R = TVO-D[1], and f = f)(z) [SS25, Lemma 4.3.2]. Then R/x = Eo/u;_1,
R/f =TVO[1], R/xf = TVE=Y[1] Ju;_y, and

(R/f) @r (R/x) = Eo/u;.
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Lemma 5.2.1. There is a pullback of rings
R/xf —— R/x

Proof. Ey/u; = R/(z, f) and the maps R/ f — Ey/u; and R/x — Ey/u; are the quotient maps.
The pullback is given by
R/f Xgyju, R/z={(r1 mod f,r2 mod x) € R/f x R/x|ry =72 mod (z, f)}

={(r+zs1+ f@n mod f,r+xs2+ fgo mod x) | s1,52,¢1,¢2 € R}
={(r+axs;y mod f,r+ fgz mod x) | s1,q2 € R}.

The map R/xf — R/f x R/x given by the respective quotients on each components has

kernel (f) N (xz). R is a UFD since it is a regular local ring. Since R/x = Ey/u,—1 and

R/f = TV[1] are integral domains, = and f are irreducible, hence (f)N(x) = (xf) and the map

R/xf — R/f x R/x is injective. It is surjective since for any s1,q2 € R, r +x$1 + fg2 € R/zf
is an element which maps to (r +xs; mod f,7 + fg2 mod x) € R/f xg,/u, R/x. O

Let X = Spf(R/zf) = Subl™" Ju;_1, W = Spf(R/f) = Sub{”(G), and Z = Spf(R/z) =
Spf(Eop/u;—1). Z classifies the degree p subgroup “ker ¢” where ¢ is the Frobenius isogeny,
which is the relative Frobenius ¢ — t* on G [SS25| Section 2.1]. The lemma above tells us that
X =WUZ and WNZ = Spf(Fy/u;) i.e. that a degree p subgroup in Subg%l)(((})//ui,l is
either ker ¢ or avoids ker (.

By [SS25 Lemma 6.0.2],

i . . ®k
Sii.%).,l//“i—l = (Fv(z 1)[1]®k) Nui-1 = (Fv( 1)[1]//%—1) = (R/zf)®".
X
Since both the source and target maps factor as Fo/u;—2 — I‘V(Fl)[k} SN I‘V(ifl)[kl] ®
V@D [ky] for all k = k; + ko,
S P 2= (VO ] fui ) @ - @ (DO D] fus ).
Writing x for the pullback ¢ Xgpeg, /u, 1 s» DY Lemma
Sl (@) fuir 2 X x-xX= ] Yix--xY
Y,e{W,Z}

classifies a sequence of subgroups, where each one is either ker ¢ or avoids ker ¢’ (or both).
This gives the following.

Proposition 5.2.2. Sub(f_l) 1(G)J/ui-1 is the union of closed subschemes
) )

k

subgi’j{>.71//ui,1= L Spt(R,),
N——

pe{0,1}F
k

where Ry = R/x, Ri =R/f, and R, =R, ® ---Q Ry, if p=(p1,- -, ).
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Note that the source and target maps s,t : Eg/u;—1 — R/x = Eg/u;—1 are the identity
and Frobenius maps, respectively. These are not the same as the source and target maps for
IV®1[0] = Ey/u;—1, which are both the identity map. Thus, Spf ((R/2)®*~*) & (R/f)®*)) =
Sub(li) 1(50’“*5((}) is a closed subscheme of Sub(li_l) 1 (G)/u;—1, where G is the pullback of

bl bl b b

k

G under the Frobenius ¢ [SS25], Def 2.1.3].

Definition 5.2.3. Let S(k)0 K kg = (R/z)®Fo @IV [k |@- - -@TV @ [k,]. Then Sub,(c?_,, s (p*G) =
Spf(S)

v ). We will denote Sub,(:l)y,_”,C (PFoG) by Sub"?) (G).

ko ky,- kg ©F0 k1,0 kg

Lemma 5.2.4. For (0 <s <k, Sub( . . o(G) is a closed subscheme of Sub,(f*l)(G)//ui,l, It is
the image ofSub( ko1, 1(G) in Sub(l 1)( G) Jui—1 under the restriction map S,gi_l)//ui,l —
H/—’

S0, Jusy = (R/af)®.

Proof. Consider the commutative diagram

TVGE=Dk] fu;_y (R/xf)®*

l I+

(R/xf)®*=) @ DVEDs] fuiy —— (R/af)** ) & (R/xf)®*

l |

(R/2)20=2) @ TV[s] ———— (R/2)®*~) @ (R/f)®*

The map Sub( (G) — Sub 1) ( )//ui—1 corresponds to the left vertical composite. We
want to show that 1t is a SuI‘JGCthB map of rings.

Since the source and target are finite free over the base Ey/u,;—1, it is a finite map. It is
injective on functor of points: if (ker o* =%, H) and (ker ¢*~*, H') compose to the same isogeny,
then H = H' since ©*~* is an isogeny, and isogenies are epimorphism. So, it is a monomorphism
of schemes, thus an epimorphism of rings, and finite epimorphisms of rings are surjective. [

For a binary sequence p, let |u| = 1 + - - - + g denote the sum of its digits.

Lemma 5.2.5. If |u| = s, the image of Spf(R,) in Subl(ffl)(G)//uiA is contained in the
image of Spf (R/z)®*~%) @ (R/f)®*). Equivalently, the map 81(7271)//%,1 — (R/xf)%F
R,, factors through the quotient (R/xf)®* — (R/z)®*=%) @ (R/f)®*.

Since the map Subgi’il’)l (G)Jui—1 — Subff_l)(G)//ui,l is given by composition of isogenies,
this is equivalent to the fact that every isogeny g(t) can be written as h(t?) for some j > 0
with h/(0) # 0 ([Rav23, Lemma A2.2.7]), so we can always move the Frobenius to the left.

Proof. It suffices to prove the lemma for k¥ = 2 and p = (1,0). The map Spf(R,,) = Subgi)(G) —
Subgfl)(((})//ui,l sends H < G to the subgroup (H,¢) = (¢, pH) [SS25, Def 2.1.3] of G. By
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[SS25, Lemma 5.0.3], if H avoids ker ¢*, then so does pH. So, Subgi) (G) — Subg_l)(G)//ui_l
factors as

Sub{”(G) — Subl’, (G) — Sub§™V(G) Jui_1,
where the first map is the relative Frobenius sending H to ¢H and the second sends H' < oG
to (¢, H'). Thus, the image of Sub(li) (G) = Spf(R/f) is contained in the image of Subg?l(((})
Spf(R/x ® R/ f).

0

Proposition 5.2.6. Subg_l)(G)//ui_l is the union of closed subschemes

k
Sub}(clfl) (G)//uz—l = U Subgz) (@k_SG).

s=0

Proof. Since the restriction map S,Ei_l)//ui_l — 51(2_1)1 Jui—1 = (R/xzf)®* is an injective map

of rings, by Lemma and Proposition Sub,(f_l)(G) Ju;—1 is the union of the images
of Spf(R,,) for all length & binary sequences p. Thus, the proposition follows from Lemmas
(.24 and (.25 O

5.3 Intersection of subschemes
Since we have a cover of Sub,(ffl)(G) Jui—1 by closed subschemes, we would like to under-
stand their intersections.

Lemma 5.3.1. For0<j<s <k,

sub 1 . 1 @)nsw) | (6) = Spf ((R/2)°*) @ Eo/fui @ (R/)*C 77D @ (R/)™)) .

j s
Proof. Since R/x and R/ [ are flat as left and right Fy/u;_i-modules, it suffices to prove the
lemma for j =0 and s = k. (R/z)®* = R/I and (R/f)®* = R/J where

I:(ﬂﬁ,"' ,xk)
k—1

I = (f(z1), f(w2), - ST ().
Since f(z1) = u; + x1(---),

I+J=(z1, -, xK,uy, Plug), - 7Pk*l(ui)).

By [Rez09, Proposition 3.25], the composite of P followed by projection E £, po (BX,) — Ey
is the Frobenius, so P(u;) = v} mod z in R and

I+J:(xl7"'7xk7ui7up c Uy ):(xla"'7xk7ui)~

i

Thus,
R/(I+J)=R/(z,u;) ® (R/z)**" ) = EyJu; ® (R/x)®* .
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Lemma 5.3.2. For 0 < j < s <k, the image of Subgzﬂ. 1... 1(G) ﬂSubSifs 1... 1G)in
1= . ) il : 3
Sub,(j*l)(((})//ui,l is
Spt ((B/2)*4=9 @ Bo/u; © (R/x)*C 77D o TVOj]).
Proof. There is a commutative diagram
Fv(i—l) [k?]/ui—l Fv(i_l)[1]®k/ui_1
(R/2)2¢~) @ TVOj] (R/2)209) & (R} )

| |
(

(R/2)*%9) @ (Eo/ui) ® (R/2)®C77D @ TVO[j] —— (R/2)®* %) @ (Eo/u;) @ (R/2)*¢~71 @ (R/ £)®I

where the top part is from Lemma Since TV(®[j] is a direct summand of TV(®[1]®/ =
(R/f)®7, the bottom horizontal map is an inclusion of a direct summand, hence injective. [J

Lemma 5.3.3. For0<j <s <k,

slegg_j) G)n subgg_as((g) — Spf ((R/w)éb(k—s) ® Eo/u; ® (R/x)®¢=~1) g VO U])

J

— (3) (4)
=im Subw_ﬂv’17 ... 1G)Nn Sub(pkfs 1

N

1(G)

i
Proof. By Lemmas and the right hand side is contained in the left hand side. In
terms of rings, both sides are given by (R/z)®*~%) @ stuff. Since (R/z)®*~*) is flat as both
a left and right Fy/u;—1-module, it suffices to do the case s = k.
Subf;,z,j’j G)n Subgg,s,s(G) corresponds to the ring

A= ((R/m)®(kﬂ') ®TV® [ﬂ) ®pvi-v] fus_, TV,

which is both a quotient of B = (R/x)®* =7 @ TV)[j] and C = I'V¥[k]. A surjects onto the
right hand side (Ey/u;) ® (R/2)®*~1=1 @ TVO[j], which is the quotient of B by ;. To show
that they are the same, it suffices to show that u; = 0 in A.

Over V() [k], the universal degree p* subgroup has equation [Str98, Proof of Theorem 9.2]

) =cpy+y2(),

while the degree p* subgroup coming from (R/z)®*~7) @ I'V(¥[j] has equation

fu(y) = g(y”

for some power series g. In order for fx and fg to define the same subgroup over A, they must
differ by a unit in A[[y]]. Since y is an indeterminate, this means that c,x = 0 in A, so the
quotient map C' — A factors through the projection C'— C/c,x. By [SS25, Lemma 4.4.7], c,»
divides u; in C. Thus, C' — A factors through the projection C' — C'/u;, so u; = 0 in A. O

k—j —J
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Corollary 5.3.4. If0<j<s<s <k,

Subl)_, (G)NSubll_, (G) > Subl), (G)n Subij,l_s,,s, (G).

k—j7j k—j7j
Thus,
subl), ()N |J sl (G)=subl), (G)nSubl)_,_, . (G)=Subl), (G)/P*~I7 (u,).

jH1<s<k

Here P* is the target map on (R/z)®%, which is the s-fold Frobenius on Eg/u;_1, so
PF=i=Y ;) = ufkﬂil in (R/x)®%*=9) @ TV®[j] and P°(u;) = u;. Killing P5~(u;) in (R/x)®*
is equivalent to killing u; on the sth R/z factor in (R/z)®® i.e. (R/2)®%/P%(u;) = (R/x)®5 JJu;
and ((R/2)®* =) @ TVO[j]) /PF=I7 (u;) = (R/2)** 77D @ EoJu; @ (R/x) @ TVW[j].

For X a scheme over Spf(FEy/u;—1), let u; ' X denote its base change to Spf(u; ' Eo/u;_1).
The following tells us that any two closed subschemes in the cover intersect trivially away from
u;, so the union becomes a disjoint union.

Corollary 5.3.5. For0<j<s<k,
u;1Sub§i)(ka_jG) N Sub (0F*G) = 0.

Thus, u;lsubg_l)(G)//ui,l is the disjoint union of closed subschemes

k
u;lsub,(j_l)(((})//ui_l = |_| u;lsubgi)(g)k*s(@).
s=0

Proof. The localization Ep/u;—1 — u; 1E0 /u;—1 commutes with unions and intersections of
schemes. Since the target map on R/z is the ring Frobenius, the ring corresponding to the

intersection Subg) G)n Subgz_s > (G) is u;-power torsion by Lemma so it is zero

k=i pi
after inverting u,;. O

5.4 A direct sum decomposition

Proposition and Corollary allow us to express Sub,(jfl)(((}) Jui—1 as an iterated

pushout of schemes, equivalently, I'V*=U[k] Ju;_1 as an iterated pullback of rings.

Proposition 5.4.1. There is an isomorphism of rings

S(i)

V(i—1 ~ (Z)
TV )[k;]//ui,l ~ S\ X ok—1p XSS;EA,I,/PRJ(M) T

S /PR (s X g oy S
ot XS0 /P ) 5O o) Sp

The following will allow us to write this pullback as a direct sum decomposition.

Lemma 5.4.2. Let R be a ring and M, N left R-modules. Suppose M is an R-algebra with
u € M a non-zerodivisor. Given a map h : N — M of R-modules, we can form the pullback
M X pp/ N by postcomposing with the the projection map M — M /u. There is an isomorphism
of (left) R-modules

36



natural in (M, N, h,u). Explicitly, given (M,N, h,u), (M',N',h,u'), a map of R-algebras
M — M' u — u' and a map of R-modules and N — N’ compatible with h and h', the
following diagram commutes.

MXM/UN — M XM’/u’ N’

[2 [
M&N — M o N’

Proof. The isomorphism is given by M & N — M Xp/, N by (m,n) + (um + h(n),n).
m—h(n)

u

Its inverse (m,n) — (
straightforward. O

,n) is well-defined since u is not a zero divisor. Naturality is

Proposition 5.4.3. There is an isomorphism of left Eo/u;_1-modules

k
F\/(z 1) //’LL g@ (zk) S
7=0

Proof. We will apply the above lemma to the pullback decomposition in Proposition For

0<j5 <k, let
L Subgi-e .
J<s<k
By Corollary Subgi—; piNXj41 = Subge—i i /P*771(1;), so the map OX i SSg,j’pj J PRI (uy)
factors through the projection Ox, , — S(pk),j,lypjﬂ. To apply Lemma we need to pro-
vide Ep/u;—1-module lifts

SOy i > 88, = SUL, L/ PI),

P pk=3,pi

Let hy : R/f — R/x be the Ey/u;_1-bimodule map sending Qo+ Q12+ -+ to Q. The desired
lifts are given by tensoring

hia 1 TYOL +1] = (R/f) @ TYO[] 225 (R/a) @ TYO[j]

with (R/x)*=7=!. Thus, we obtain the direct sum decomposition by repeated application of
Lemma [5.4.2
O

Let Eo/ui_lwk denote Fy/u;—1 with the usual left Ey/u;_1-module structure and with a
right Fo/u;—1-module structure given by k iterations of the Frobenius. Since the target map ¢
on R/z is the Frobenius, Eo/ui—1,. = (R/z)%k.

Corollary 5.4.4. There are isomorphisms of left Eo/u;—1-modules

FV(i_l)//uifl ~ (R/x)®k QTVE = @EO/WAM ®@TV®
k>0 k>0
PO fu; g = @ Eo/ui—1,6 ® .

k>0
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Proof.
Ve fy, 4 = EBFV“'*U[/%]//W_1 = EB (R/z)®F=1) @ TV 4] = @(R/m)@’k ®TV®

k>0 k>0 k>0
0<j<k
as left Ey/u;—1-modules. The dual statement follows by self-duality of Eg/u;—1 ok O

Indeed, for a local ring S, if P,@ are S-bimodules which are finitely generated projective
left S-modules, then rank(P ®g @) = rank P - rank Q. Since R/x = Ey/u;—1 is a left Eo/u;_1-
module of rank 1,

Fv(i_l)//ui,l o~ (R/x)@’k ® Fv(z‘) o~ @Fv(z‘)
E>0 E>0
as left Fo/u;—1-modules.
Proposition 5.4.5. There is an isomorphism of right TV -comodules

F\/(i—l)//uiil o GB(R/x)@k @ TV () o @Eo/uiq@k ® F\/(i)7
k>0 k>0

dually, an isomorphism of right T -modules

F(iil)//’u,i_l = @ EO/ui—lwk (24 F(l)
k>0

Proof. We will show the statement on the dual. Let T¥(") [1] := (R/z)® @ TV@[j]. The right
'V _comodule structure is given by maps

VO Dk + ) fuiy = TV D] fuimg @ TV D[] fuimg — TV DE] fuimy @ TV [r]

for k,7 > 0 coming from comultiplication on Fv(i_l)//ui,l. For r < 5 < k + r, there are
commutative diagrams

rve-u UC + T} //ui,1 5 TVE-D [k‘]//ul,1 X rve-1 [’I"]//ui,1 — MO [k]//ui,1 X v [7‘}

| L

Ty 9L+ 1] RO EINRIG]

These induce a map on pullbacks

" x (T O erv ),
(13)
where the target is isomorphic to VO D[k] fu;—1 @ TV@[r] since TV@[r] is a finite free left
FEo/ui_1-module hence distributes over the pullback decomposition of TVC=1[k] fu;_;.
To apply naturality of Lemma [5.4.2] we need to check that the lifts provided in the proof
of Proposition are compatible with the right T'V()-comodule structure. Ignoring the

(R/x)k=7 factor, this is the condition that the left square in

[7"} XFZ(i) [T]/Pkfl(ui) e XFB/('L) [k—'—?”] — (F;C/(’L) [O}@Fv(l) [7”]) X (FX('i) [0]/Pk71 (ui))®Fv(i) [T]

YO + 7] YO @ YOl «———— (R/f) @ (R/ £’

J/hj*,,» J/hJ@l J{h1®1

(R/z) @ TVW[j —147] —— (R/z) @ TVO[j —1] @ VO[] —— (R/z) @ (R/f)7*"
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commutes. This is true since the right and outer square commute and the horizontal maps are

injective. Hence, the map (13]) commutes with the direct sum decomposition on both sides.
V(5)

By mapping the terms I'; 17 .

[7] to 0 if j < r, we get the following commutative diagram

Fv(iil)[k} + T’]//’U,i_l Fv(iil)[k]//ui_l ®FV(1) [’I"}

l l

YOy prrri X T0 Ol 4+ 7] — @YD) @TVO[]) x.. - x (TY O [k] @ TVO )

! J

Y90 e eTy Ok +1] ————— TP IVOF) @ - Ty VK @ VO ).

T/ [0] %

Thus, the direct sum decomposition is compatible with the right T'V(Y)-comodule structure on
VGE=1 fu;_ 1, equivalently, the right I'¥-module structure on T¢=1 fu; ;.
O

Since Ey/u;—1 = Fp[[u;, - -+ ,uy—1]], the Frobenius ¢ : Ey/u;—1 — Eo/u;—1 is a finite free
map, 80 Eo/u;j—1, is a finite free right Fo/u;—1-module. Therefore, TG fu; s a free right
I'“-module, concluding the proof of Proposition m

Remark 5.4.6. Proposition is not an isomorphism of left T'¥-modules. The lifts provided
in the proof of Proposition are not compatible with the left T'V(¥)-comodule structure since
the left TV(®)-comodule structure involves commuting past a series of Frobenii.

However, things are much simpler after inverting u;. Corollary shows that all inter-
sections are empty away from wu;, so the pullback decomposition in Proposition is just a
finite product.

Corollary 5.4.7. There is an isomorphism of left and right u;lFV(i)-comodules

u;lfv(i_l)//ui,l o~ @UZIEO/uiflwk ® u;er(i),
k>0

dually, an isomorphism of u;ll"(i)-bimodules
u;lf(i_l)//ui,l =] @u;lEO/ui,lwk ® u;ll"(i).
k>0
6 Tor vanishing
Putting things together, we obtain the following.
Theorem 6.0.1 (Tor vanishing). For p=2,0<i<h, and alln >0,
TOI';“) (F(Z)o-n, EO/Ui_l) =0
for x > 0.

Here Eg/u;_; is the trivial left I'¥-module and the subscript in T¥) . indicates that I'(¥)
is considered as a right T'¥-module by the n-fold (double) suspension o™.

39



Proof. We proceed by descending induction i. For i = h, I'") is the base field so the statement
is true. Suppose by induction that the statement is true for ¢ + 1. We will prove the statement
for 4 by induction on n, using the cofiber sequence

I i ®% (Eofui—1) = Do @56 (Bo/ui-1) = T fui)on @iy (Eo/us)[1]

in Theorem E.0.11

For n = 0, Tor vanishing is obvious. Suppose by induction that Tor vanishing is true for
n, so the middle term of the cofiber sequence is discrete. Since o : DU¢+TD — T Jy; factors as
L+ 2 Pt oy 1O fy,,

(F(i)//ui)aa+1 ®HE<7¢+1) (Eo/ui) ~ (F(i)//ui) ®Hf(7:+1) 0D ®Hf<i+1> (Eo/us).
By Proposition [5.0.1] T® Ju; = @ T0+Y is a free right T0+D-module, so the last term

(T Jui)gn Ssn (Bof/ui) ~ @ T @pin T gn @F i (Bo/us)
=~ @F(H_l)a" ®%(i+1) (EO/uz)

in the cofiber sequence is discrete. Thus, the first term is discrete by the long exact sequence
in homology, completing the proof. O

7 Congruence criterion

In [Rez09, Thm A], Rezk shows that a p-torsion free I'-algebra B lifts (necessarily uniquely)
to a T-algebra if and only if it satisfies the congruence criterion

o(b) =b" mod p

for all b € B, where o € T is a lift of & € I'/p classifying the Frobenius isogeny. Here we give
a congruence criterion analogous to Rezk’s, as promised in [SS25]. This will be an application

of Corollary [5.3.5]

In [SS25], we saw that there is a monad T analogous to T. Let i > 0 and [') :=
6= Ju;_; and let T be the monad in [SS25]. Recall that Algr C Algq, is the full
subcategory consisting of objects on which Qg acts by the ring Frobenius, where Qg € L@ [1] is
the operation corresponding to the ring map Q) 1] = Ep/ui—1,2 — 0. The mod p,--- ,u;—1
analog of the congruence criterion will give a sufficient condition for a T'(¥-algebra whose
underlying E/u;_1-module is u;-torsion free, to lift to a T(?)-algebra. This is much easier than
the original case in Rezk since unlike T(Ep), T (Ey/u;_1) is an algebra of power operations.

Let Qo, -+ ,QnN € fv(i)[l] and Qf), - -+ ,Q’y_, bedual to the bases 1, z,- -+ , 2™ and 1,2, - , 2N ~1
for IV [1] and TV®[1], respectively, where N = rank TV [1].

Lemma 7.0.1. There exists at most one lift of a u;-torsion free ' -algebra to a TV -algebra.

Proof. Write f®) (x) =cot+crx+--- +en_12N "1 4+ 2N where ¢y = u - u; for some unit u. Then
Q;- =Q; —cjQn for 0 < 7 < N —1. Since @ acts on a T()-algebra by the ring Frobenius
and u; is not a zero divisor, there is at most one way to extend a I'(¥-algebra structureto a
T()-algebra structure. O
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[Rez09, Prop 8.3] shows every rational I'-algebra extends uniquely to a T-algebras. Let
Algra) ,, C Algre and Algre) ,,, C Algpe denote the full subcategories on objects in which
u; is invertible.

Lemma 7.0.2. The forgetful functor Algyuy — Algpw induces an equivalence of subcategories
Alg']r(i)’ui — Algl"(i)’ui .

Proof. Given A € Algr ,,,, by Lemma|7.0.1} it suffices to show that there exists a T(-algebra
structure on A compatible with the I'¥-algebra structure. By Corollary w7 TV O[] splits
as a product. Since A®,TV®[k] =2 A®,u; ' TVO[K], to construct a map P: A — A@TVO[k],
it suffices to construct maps P : A — (u; 'R/z)*~° @ u;'TV[s] for each 0 < s < k, where
R/x =TV0=D[1]/z as in Section 4.

Define P : A — A®u; 'R/x = A to be the ring Frobenius. This is the map u;lSubg) (G4) —
Spf(A) classifying ker ¢. All the other maps are obtained by composing operations. Explicitly,

AL Agu'R/z £ A® (u'R/2)" ' @ (uy 'R/x)
is the k-fold Frobenius and A — A ® (u; *R/x)*~* @ u; 'TV(#[s] is the composite
AL Agu TV ) 224 A (ui 'R/2)F @ uy TV )

where the first map comes from the I'(D-algebra structure of A. B

This makes A into a I'()-algebra compatible with the I'(¥-algebra structure. Since u; 'TV®[1] =
u; 'R/x x u; 'TV®[1] where the projection onto the first factor is given by 2 + 0, R/x corre-
sponds to Qq, so A is indeed a T("-algebra. ]

Lemma 7.0.3. If A € Algp), then ui_lA € Algruy and the localization map A — ui_lA s a
map of T')-algebras.

Proof. The power operations map P : Eg/u;_1 — I'V®[k] extends to a map ui_lEO/ui_l —
P(u;)'TV@[E]. Since P(u;) divides u; in TV@[k] ([SS25, (10)]), inverting u; inverts P(u;),
so we can postcompose this with the localization map to u; 'TV®[k] 2= u; ' Eg/u;—y @ TVO[k].
Thus, u[lEo/ui_l is (uniquely) a T()-algebra. Since u;lA ~ u;lEo/ui_l ® A and Algpe) is
symmetric monoidal, the lemma follows. O

The following says that the only ”critical weight” ([Rez09]) is p.
Lemma 7.0.4. Let M € Algps and N C M a subobject in Algpu) . If the dotted map Py in

N——— M

P.| l (14)

v

N@TVO[k] —— M @IVOE],

exists for k = 1, then it exists for all k > 0. In particular, there is a unique T)-algebra
structure on N such that the inclusion N — M is a map of T()-algebras.
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Proof. Py clearly exists and P; exists by assumption. Suppose by induction that we have
defined Pj_;. For k > 1, consider the diagram

N M
ol |
N@IVO[]] —= \f\ M @TV®[]
-, ~ )
Pr_1®1 N® Fv(i) [k’] J M® Fv(i) [k]
N@TVO[k -1 @ VO[] M@ITVOk -1 oIVO[]

where Py, is the dotted arrow. Then im N, the image of N in M @ TV® [k — 1] @ TV@[1], is
contained in the intersection of N ® IV@[k — 1] @ TV®[1] and M © [V®[k], which is equal to
N @ TV@ k] since TV#[E] is a direct summand of TV® [k — 1] @ TV®[1]. Thus, Py exists. [

Definition 7.0.5. We say that an object A € Algpu) satisfies the congruence condition if
Qba = a? mod u; for all a € A.

Note that @} is a lift of a class in T'”[1]/u; which classifies the Frobenius isogeny.

Proposition 7.0.6 (Congruence criterion). An object A € Algpruy which is u;-torsion free
admits the structure of a T™ -algebra (necessarily uniquely), if and only if it satisfies the con-
gruence condition.

Proof. By Lemma applied to the localization map A — u; L 4, it suffices to show that the
map P; in exists. By the proof of Lemma Qb = Qo + u;Qn. Since Qp acts on a
T(®)-algebra by the ring Frobenius, the action of Q is uniquely determined if u; is not a zero
divisor. This applies to both A and ui_lA. Since A — ui_lA is a map of I'¥-algebras, the
action of QN on A and ui_lA agree. Thus, there exists a map P; : A - A® fv(i)[l] making
the diagram commute for k = 1. 0O

8 Rezk’s Stuff

In [Rez13], Rezk considers the Ext groups Exty (w™, null), which compute (the E»-page of a

2m—1

s
mapping space spectral sequence converging to) E* (T AQs,. m S KJEh) , the E-cohomology

of K (h)-local TAQ of Sk (s)-valued cochains on odd spheres; [BR19] identifies these groups with
the Morava E-theory E[(®52™ 1) () of the Bousfield-Kuhn functor on odd spheres.

Recall that the I'-action for a I'-module M is denoted by Py : M — M @4 'V [k] for all
k > 0. We will be dealing with 3 different I'-modules below, all whose underlying Fp-module
is Eo.

e Fj has the usual ['-action Py : Eg — TVI[k].

e null, also denoted Ey, has the trivial I'-action i.e. P, =1id and P, =0.

ull,o ull, %
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o W™ = Ty, F is acted on by I'"2™. It is obtained by postcomposing the I'-action on Ey
with o™ : "' = T, so
_an
Py g« By 25 TV [k] =5 TV (K]
where c,x is the Euler class of the reduced complex standard representation of 3.

Rezk showed that for heights n = 1 and 2, the groups Ext{.(w™, null) vanish except when s = n,
thus the spectral sequence collapses. Unfortunately, this is not true at higher heights.

Proposition 8.0.1. For p =2 and heights n > 2,
o Ifm =0, Exti.(w™, null) =0 for all s.
o Ifm=1, Exth(w™, null) # 0 for all2 < s <n.
o Ifm > 1, Exti(w™, null) # 0 for s =2 and n.

Since I' is Koszul of length n + 1, these Ext groups vanish when s > n. We will prove the
proposition using some variant of the cofiber sequence in Theorem There are obvious
mod u; versions of Ep, null, and w™, which we also denote by Ey/u;, null, and w™.

Let

Ai(G, Eo/ui—1) = OSubiw [© VO
k
k—1 k—1 ) . ) ) )
By (G, Ey/u;—1) = OSusz)ﬂz.,.l(G) — @Fv(z) [1]]*1 ® rv@ [2] ® rve [”k*]*l
j=1 j=1

Kk((G, Eo/uz;l) = COk(Bk(G, Eo/ui,l) — Ak(G, E()/Uifl)) = Cv(i) [k],

where G the universal formal group over Ep/u;—1. Let R be a u 1E0 Ju;—1-algebra. Let

Ak(G,R), Bx(G,R), and K (G, R) denote their base changes to R. By [SS25, Lemma 5.0.5],

since u; is invertible in R, R®pg, /u,_, Osub(i) ©) classifies filtrations (Hy < --- < H; < GR)
ki, kg

consisting of étale subgroups. We will often drop the G and R from the notation when it is

clear. Let D(G, Ey/u;—1) be the diagram

T

Bk E— Ak
D(G, Eo/ui—1) = 1’H®ST Tﬁ*l@s

Bry —— Apa

[ [

where the vertical maps 171 @ s: Ay_; = A’fl QR R — A’ffl ® A1 = Ay are given on functor
of points by forgetting the last subgroup

(H <Gy, - Hpy <Gy) — (H <Gy, ,Hi1 < Gp_q).
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Here G411 = G4/ H,. These induce maps Kj_; — K} making
K(G,Eo/ui—1) :=(+— Kx_1 = K — )

into a cochain complex. Let D(G,R) = R ®g,/u,_, D(G, Eo/u;—1), which is well-defined
since all the maps involved are left ui_lEo /u;—1-linear. Note that we do not always have a
theory of power operations over an arbitrary u; 'E, /u;—1-algebra R since the target maps
t:R— ReTVO [k] do not always exist, but we always have source maps given by the usual
inclusion s : R — R@TV®k]. Since D(G, R) can be defined without invoking the target map,
it has the expected interpretation in terms of subgroups of G. We define K(G, R) similarly.

Notation 8.0.2. For a k-algebra R, a surjective map of finite sets f : S — T induces a map
of k-algebras [[ R — [[4 R where each component R; maps diagonally into the product of
components indexed by the fiber f~!(¢). We will denote this map by [[ A and refer to it as the
”diagonal” map. Under the isomorphism [[ R = @ R (we will use [] and € interchangeably),
this map is given by a matrix with entries 0 or 1.

For an integer h > 0 and a ring R, let D(h, R) = D(G, R) for G = (Q,/Z,)", the height h

constant p-divisible group over R. Strictly speaking, R is not necessarily a u; 'E, Ju;—1-algebra
but we can still make sense of the complex D(G, R) by taking A; = OSubl 1@ instead
7 )

k
and similarly for By. Since Ogup,, ., (¢) & HSubvl o) B each term in D(G) is a direct
FEERIN k3 yig

sum of R indexed by appropriate subgroups of (Q, /Zp)h and each map is given by a matrix
with integer entries. Thus, D(h, R) = R ®z D(h,Z). We will sometimes drop h or R from the
notation when it is clear.

Let CVW[e] := K(G, Eg/u;_1) = (CV[e],0"?). We can also form the m-twisted complex
CVD[0]ym 1= (CVD]e],8Y{) whose boundary maps are induced by

AN
1*~1s k 1" @z k
A1 —— A =A7] ——— AT = A,
where xj, is the Euler class in the rightmost A; factor.

Lemma 8.0.3. Ext}, (w™, null) is computed by the complex CV()[e],m.

Proof. This is explained in [Rezl3, 7.3-7.6], but note [SS25, Remark 2.0.2] on the different
handedness conventions. The Koszul complex is a free left I'¥-module resolution for w™. Its
kth term is T @ CO[k] @ w™ = T @ CW[k] ® Ey/u;_; and its boundary maps are given
by Ok = 0, mult — (_1)k8k,actv defined as follows. Let ¢ : CW[k] — TW[1] @ C¥[k — 1] and
r: COE] = CY[k —1] @ TW[1]. Define

0

emults Fpact : TO © COk+1] @ w™ - TW @ O] @ w™

by
8k)mult = (mult ® idc(i)[k} ® idwm) o (idr(i) ®£ ® idwm)
8k,act = (idpe ®idc(i)[k] ®act) o (idpe) ®r @ idym ).
The complex for computing Ext is then given by

Hompe) (I @ C]e], null) = Hompg, /v, , (C D[], null) = Vo).
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6k,mu1t vanishes since I'D acts trivially on null, so only Oy act remains. The fact that the action
map ') ® Eq/u;_1 — Eo/u;_1 is left Eg/u;_i-dual to the source map s : Eg/u;_; — TV [1]
lets us identify the boundary maps. O

Remark 8.0.4. [BR19] also mentions that the Ext groups are computed by the dual Koszul
complex CV[e],m. However, they claim [BRI9, Thm 10.3] that the boundary maps in the
dual Koszul complex are induced by the target instead of the source map i.e. that this is the
modular isogeny complex. In private communication with Rezk, we confirm that the boundary
maps are indeed induced by the source map. The point is that the action map I'[1] ® Ey — Fy
is Ep-dual to the source and not the target map.

Lemma 8.0.5. For p=2 and m > 0, there is a cofiber sequence

CVDlo]ym1 — YD o] = CY e —1].
Proof. The map C¥@[e],m-1 — CY?[e] is given levelwise by ¢¥*, similar to Definition
Let R[k], S[k], and ni be as in [8| Proposition lets us choose an identification Ay <> p
such that the induced map R[k] — S[k] is given on functor of points by q1,--- ,qx — ¢}, ,q}-
Under this identification, GLg(F,) acts on R[k] by its usual action on g1, - - - , gx. Let B'[k—1] =
S[k]/tx. There is a commutative diagram

R[K] S[k] B'lk —1]
a\/(i)zlk—1®81\ 6\/(1‘)1\ Tav(wl) (15)
Rlk—1] — S[k—1] — B'[k —2]

given on functor of points by

Rlk—1] = Rk, q,-  qe = @1, k-1
S[k*l}‘)S[k], g1, 59k > Q2,0 5 Gk
S[k] —>B/[k_1]a q1, " s qk—1 > q1, 7Qk—1a0'

As before, let Us < G Ly be the subgroup of matrices . Let N be its normal-

izer and W = GLp_1 x 1 its Weyl group. Since Us is conjugate to Us, GL/Us = GLy,/Us, so
GLy/Us = Pr(k,k — 1) as a left GLg-set and right W-set.

The map S[k] — B'[k—1] is N-equivariant and Us acts on B’[k—1] trivially. By adjunction,
this corresponds to a G Lg-equivariant map S[k] = GLy®n B'[k—1] 2 GL;/Us®@w B’'[k—1] &
Pr@gr,_, B'[k—1]. By Lemmal[d.4.7, postcomposing this with the projection Pr®cqr,_, B[k —
1] — B’lk — 1] and taking Steinberg summands gives a map exS[k] — ex_1B’[k — 1]. By
Proposition it has image ng_1 - ex—1B’[k — 1], which is isomorphic to ex_1B'[k — 1] &
CV+D [k — 1]. This gives the cokernel of oV : CV@O[k] — CVO)[k].
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It remains to identify the boundary maps, which is the dotted map below.
R[k] ——— S[k] — B[k — 1] <% B'[k —1]

'(—tk)(pfl)"ﬁ -(nk/nkfl)"ﬁ T‘(nk—l/nk—ﬁmp i

R[k] —— S[k] — B'[k —1] |

avu)T av(i)T Ta\/(i+1)

Rlk—1] —— S[k—1] — B'[k — 2] <%= B[k — 2]

A~

Here ny, /ng—1 is the quotient of n, € S[k] by the image of n,_1 € S[k— 1] and ng_1 /n—2 is de-
fined similarly for B’. It follows that the dotted map must be 9¥V(+1) followed by multiplication
by (1k—1/mk—2)"" " O

Lemma 8.0.6 ([Kuhl5] Whitehead Conjecture and Tower of S! Conjecture). If n > 0, the
untwisted complex (CV[e],dY) is ezact.

Proof. This is the Whitehead and Tower of S conjectures proven in [Kuh15]. Kuhn considers
families of maps

d_1 o .
1 % QLl(O) :l<:>0 QLl(l) j<:>1 QLl(Q) <:> (16)

where the si’s are given by deloopings of the attaching maps of the Goodwillie tower of the
identity functor on S' and the dj’s are infinite loop maps coming from the symmetric power
filtration on the sphere. By [Kuhl5, Theorem 1.1], disk + Sp—1dx—1 : QL1(k) — QL1(k) is a
homotopy equivalence. Here dydj_; = 0 but spsp_1 is only null after applying QF.

Let ®@,, denote the height n Bousfield-Kuhn functor. Applying E}®,Q™ (for m > n) to
results in a chain complex, so dsg + sk_1dr_1 gives a contracting chain homotopy. Since
®,, preserves limits and E is 2-periodic, the sequence

0 — E}®,(S") = E}®,L.(0) = E}®,Li(1) — - — E}®,Li(n) =0

is exact. [BR19] identifies the Koszul complex (CV[e], 9¥) with the Goodwillie tower E{ ®,, L1 (o).
Thus, the lemma follows since

®,(S") = ®,(BZ) = ®,Q0°(LHZ) = L (ySHZ =0
if n > 0. O]

However, by dimension counting, C'V([e] is not exact for i > 0. In fact, it is not exact in
the worst possible way.

Lemma 8.0.7. Forp=2,i>0, and 0 < k < n —i, u; "H*(CV?[e],0V") is nonzero, thus
HE(CV@ ], 0V is nonzero.
Note that H° = 0 since the zeroth boundary map is injective. To prove that H* # 0, it

suffices to show that H* # 0 after a flat base change. As mentioned in the proof of [SS25, Prop
4.5.3], Stapleton constructed a ring C; over which G splits as G @ (Q,/Z,)"~". Let R = C;/I;

where I; = (p,--- ,u;_1). R is a faithfully flat u; ' Ey/u;_i-algebra. We will make the flat base
change Eo/u;—1 — u; *Ey/u;—1 — R over which everything will be p-divisible groups. We first
show that H' # 0 and use it to show that H* # 0. From now on we set p = 2.
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Lemma 8.0.8. For alli > 0, over R,
HY(CYD[6],0V0)) = (Rlz] /") /R
as R-modules.

The idea is that for i = 0, any two degree p étale subgroups are contained in some degree p?
étale subgroup, so H' = 0. However, this fails if i > 0 since there are degree p étale subgroups
which differ by some ker ¢ (see proof of [SS25, Prop 4.5.3]). Any degree p? subgroup containing
both of them must also contain ker ?, hence cannot be étale.

Let A = Q,/Z,. Over R, the connected-étale sequence 0 — G* -+ G — G’ — 0 for G splits

and G’ ~ A"~%. The p-series (p)()(t) is equal to g(xpi) for some g, where z = Hf;ll [i]t. Let f
be the Weierstrass polynomial of g.
To compute H', we consider the following parts of D(G, R) and K(G, R).

Osub;’”((s) ’ Osubg? (G) » V02
T Talvu)
Osubg“(G) — VO]
T oy
R CcV@|o]
H' =ker8)" /im 8y'” = D/R where D is the pullback
Osubg“(@) ’ Osubg? (G)

w w &

1

D— OSubgi)(G)'

Since G’ ~ A", everything is discrete hence splits over R. Write

pler(t) = [t =)

cel
f(x) = H(m—a).
aceJ
Then
Osubs () = Rlz1]/f (1) = HR[xl]/:I?l g H R
a Suby (An—1)
Osubiy (@) = Rlav, o]/ f(21), f P (22) =[] Rlev,aal/wy —ar,22 = Plas) = [[ R
a1,a2€J Subiq (A1)

Osuby(G7) = H R.
Subs (An—1)
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Lemma 8.0.9. For all integers h > 0 and any ring S, the pullback D(h,S) of the diagram
corresponding to A" over S is isomorphic to S. Let D' be the pullback of the diagram
corresponding to G'. Then D' = R.

In particular, D(n — i, R) = R.

Proof. By Lemma [8.0.6] for Gy, the universal formal group over the height 2 Morava E-theory
E' := E}, the complex KC(Gy, E{) is exact. Let Cy be Stapleton’s ring ([Stal3l Corollary 2.18])
over which Cy ® G, ~ A". The diagrams D(h,Cy) and K(h,Cp) are obtained by tensoring the

~

corresponding diagrams for G /E’ with Cy. In particular, K(h,Cp) is exact, so D(h,Cp) =
im 9y = Cy, where D(h, Cy) is the pullback of the diagram (17) corresponding to A" over Cy.
This also implies that

Subg(A”’i) — Subu(A”*i)
% ¢ Suby (A7)
is a pushout of sets. Thus, for any ring S, the pullback D(h,S) = S and H'K(h,S) =0. O

Since [p|g(t) = [ple (tpi) splits, the analogous formulas for O and

sub{(G)’ OSubg?(G)’

OSub(i)(G) are obtained from the formulas for G’ by replacing = by z? . Since G ~ G° & G/,
2 .

there exists a section G’ — G, so all ¢, a, and b := P(a) have pth roots in R, denoted by ¢, a, b.

For each r € R, there is an isomorphism of R-algebras

R[r]/:z:pi — R[:z:]/:z:pi frpi, T x—T (18)

Thus, there are isomorphisms

ptp ' ' ~ ,
HSubu(A"*i) R[xlv $2]/51:1 » Lo HSubu(A"’i) R[$17 $2]/x1 —a,ry; —b= OSub(lll)(G)
HSubl(Anfi)(AOil)T Tl@s

Hsubl(An—i) R[xl]/xf % HSubl(Anfi) R[l’l]/.’ﬂij —a = OSub(li)(G)

(19)
where A are ”diagonal” maps (Notation [8.0.2) induced by Suby;(A"%) — Sub;(A"%) and i,
the inclusion Rz1]/af — R[r1,x0]/at b .
Lemma 8.0.10. There is an isomorphism of R-algebras
OSubgi)(G) = H R[xh $2]/$110 7',1;22)
Subs (A7)

compatible with the inclusion

a
Osub;“ (©) Osubg? (©)

i 1

HSubQ(An—i) R[zy, 2o]/2} 2 —— Hsllbn(/\n—i) Rlw1, 2] /2, oh

where the top horizontal map is [ [, (an-iy A induced by Subi1(A™"~") — Suby(A™ ™).
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Proof. Let R = Rlay, xg]/xﬁ’i, xgi, S = Spec(R), and S = Spec(R). Consider the diagram

Sub?(G) +—— Subl)(G)

R e

Subg (G/) — Sub11 (G/)

For K’ € Suby(A"), let Subl, ,(G), Subi, |, (G), Subsy (G’) be the inverse images in Suby” (G), Sub{? (G), Suby; (G')
of Subg 2(G’), the component in Suby(G’) indexed by K’. Then is the disjoint union of
diagrams

Sub, ,(G) «—— Sub |, (G)

| 1 >

S +— SubK/711(G/).

over all K.
If K’ = 7/p?, since a degree p* cyclic subgroup has a unique degree p subgroup, the map

Sub(I?,,ll(G) — Sub&?,)Q(G) is an isomorphism. The isomorphism Og 6 = [T R (where

ubig)
the product is over the appropriate subset of Suby; (A" %)) identifies this with the identity map.

If K" = Z/p® Z/p, then Subg: 11(G’) = | |Spec(R[z1,x2]/71 — a,x2 — b) ~ | ]S and
Sub(I?, 11(G) = || Spec(R[z1, :Eg]/xfl —a, x’; —b) ~ | | S, where both disjoint unions are over all
a,be J which generate K'. Each such pair a,b, gives a section S — Subg- 11(G’) classifying
a given pair H' < K’ and lifts to a map S = Sub(I?, 11(G) under the isomorphism These
form a diagram 7

T :=Sub®, ,(G) «—— Sub{, |, (G) =[|S +— 8

| l |

Suszg(G’) =5 +—— SubK/,H(G’) = [_lS +— S

where the bottom composite is the identity.

We will show that the top composite is an isomorphism by showing that they classify the
same data. Indeed, T classifies degree p? étale subgroups K < G which are lifts of K’ < G', S
classifies pairs H < K which map to H' < K’, and the map S — T sends H < K to K. Pick
a level structure f : Z/p® Z/p — G on K. This gives a level structure f' : Z/p®Z/p — G’
on K'. Let i :Z/p — Z/p ® Z/p be the inclusion such that f’ o1 is a level structure on H'.
Then f o1 is a level structure which forgets to a subgroup H < K. We claim that H does not
depend on the choice of level structure f. Let fo be another level structure with f}, is, and Hs
defined analogously. Since H and Hy both map to the same étale subgroup H', f’oi and f}ois
must differ by an automorphism of Z/p. Let ¢ € Aut(Z/p) be such that i = i3 0 o, so i and
iy o o are lifts of the same level structure on G’, hence differ by some h € Hom(Z/p, G°) since
G ~ G° ® G’ splits. Since H, Hy < K, the image of h is contained in K. But K is étale, so its
formal part K NG is trivial, hence h = 0, i 0 0 = ¢, and Hy = H. Thus, each K classified by
T corresponds uniquely to a filtration H < K classified by S. So, each such pair a,b gives a
map S — Subg?,’ll(([}) — T whose composite is an isomorphism.

49



Let Levelg 11(G’) be the scheme classifying level structures on K’. The transitive GLy(F))
action on Levelg: 11(G’) lifts to a transitive GLy(F,) action on its inverse image Levelg: 11(G)
in Level;1(G). This action descends to an action on Subg- 11(G) compatible with the map to

Subg 2(G) and sections S = §a7b C Subg/11(G) for each pair a,b. So, the isomorphisms
(=N §a7b C Subgkr 11(G) — T does not depend on the choice of a, b, giving an identification of
T with S.
Taking the disjoint union over all K’ € Suby(A"~%) gives the lemma.
O

Proof of Lemma[5.0.8 By and the lemma above, the pullback D of is isomorphic to
the pullback Dy of the diagram

HSubg(An*i) R[mh xQ]/lej ,l‘g — Hsubll(An*i) R[xlv xQ]/lJl) 7*7"127

|

HSubl(A"*i) R[]/}

which contains R[xl]/xfi. In fact, Dy = R[xl]/mfi since is a pushout of sets. O
Proof of Lemma[8.0.7 To compute H*, consider the following part of D(G, R) and K(G, R).

Byt = (Be® A1) @ (Ak-1 ® Og 00 ) Ap CYO [k +1]
By, Ag CVO[K]
Ap_1

Then H* 2 (im Dy,)/(By + Ax_1) where Dy, is the pullback

(B ® A1) ® (Ak-1 @ Og00(g)) — Akt

I T

Dy, Ay

and im Dy, is its image in Aj. By the same argument as the one for H' in the proof of Lemma
this diagram is isomorphic to

(Br @ A1) @ (HSublmw(A"*i) Ek-i-l) —— Agqa(n =i, Ryya)

T T

Dk Ak(n — i,Ek)

whose pullback we also denote by Dj. Here Ry = Rlzy,- - ,xk]/x’fi, e ,mzi and iy : Ry —
Ry is the usual inclusion.
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im Dy, contains D A, Nim(By ® A1) + A N (Ap_; @ TVE [2]). Since the first term contains
A Nim By = im By, and the second term is isomorphic to Ag_; ® D (where D is the pullback
of , there is a containment

imDy 2imBy+ A1 ®D 2Dim By + Ap_1.

To show H* # 0, it suffices to show that the second containment is strict.

Suppose by contradiction that im By + Ax_1 ® D = im By + Ax_1 in A;. Note that
Ap1 = Apoa(n — i, Re—1) = [[Rp—1, Ap1 @ D = Ap_y(n — i, Ry) = J[ Rk, and the map
Ap—1 — Ag induces a map Ax_1 ® D — Ag. Consider (z,0,0,--+) € Ap_1®D =[] Rx which
maps to (A(zx),0,0,--+) € im By 4+ Ax—1 ® D C A. Since im By + A1 ® D = im By, + Ag_1,
there exists (f1(2%), f2(2%), -+ ) € Ag—1 such that

(A(zx),0,0,- ) + (A f1(@%), Afa(2k), -+ ) € im By,

where f; (%) are polynomials in 1, - - - ,xx—1 and each A is the diagonal corresponding to each

component of A1 ® D =[] Ry, (equivalently, components of Ax_; = [[ R). By definition of
By, there exists

g_j"(mla"' 7xk):(gj1(f>7gj2(f)’)elm H Rk
Subj...o...1 (A7)

(with the 2 in the subscript in the jth position) such that
k—1
(A(24),0,0,---) + (Af1(€0), Afa(@n), ) = D Gilwn, - ).
j=1

Since By, — Ay is a direct sum of "diagonal” maps, g;j(z1,- - ,Tx—1,0) € im Hsubl.uz.nl(/\n—i)
and

k—1
Zg;(xl7 7xk:—170) = (ana) + (Afl(fk)aAfZ(xAk)v) S lmBk
j=1

Thus, (A(xg),0,0,---) € im By.

In fact, the same argument shows that all (0,---,0,A(z),0,---) € im By + Ax—1 ® D are
in im By. Since im By, is symmetric in x1, -, zg, (0,---,0,A(x),0,---) € im By, for all s, so
imBy D Ar_1 ® D D Ai_1, a contradiction by the lemma below. O

Lemma 8.0.11. For R as above, Ay_1(G,R) € im Bx(G, R) if k <n —i.

Proof. Note that A(G, R) = Ay(n—i, Ry) and By (G, R) = By (n—i, Ry,). Since im By (G, R) is
symmetric in 1, - - - , @k, if im B (G, R) 2 Ax—1(G,R) = Ap—1(n—i, Rx_1), then im B (G, R) D
Ag—1(n — i, Ri), which is a contradiction by the lemma below. O

Lemma 8.0.12. For all integers h > 0 and any ring S, Ax—1(h,S) € im Bk (h,S) if k < h.
FEquivalently, 8,\6/_1 : Ki_1 — Ky is nonzero.

Proof. This is true for h = 0 and 1. Suppose that it is true for h =n—1. Let A = Q,/Z,. For
h =mn, since A™ =2 A1 x A,

Sub, ... i, (A™) = Suby, ... ;, (A" ) U Suby, .. ;, (A"71)°

tq tq
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is the disjoint union of the set of increasing chain of subgroups all contained in A”~! and its
complement. This splits each Ag(n) into Ag(n — 1) x A} =2 Ax(n — 1) & Aj,, and similarly for
By, (n). The map By (n) — Ag(n) is the direct sum of maps By(n—1) — Ag(n—1) and B;, — A},
so Ki(n) = Ax(n—1)/Br(n—1)® A}, /B}, = Ki(n—1)® K. Since the map A,_1(n) — Ax(n)
is the direct sum of maps Ay_1(n — 1) — Ag(n) ® A, and A} _; — A}, the boundary map
0 _1(n): Kx_1(n) — Ki(n) is the direct sum of maps Kj_1(n — 1) = Ki(n — 1) & K, which
is 9)_,(n — 1) on the first component, and Kj,_; — Kj.. If k <n —1, 9/_,(n — 1) is nonzero,
so 9)_,(n) is nonzero.

It remains to show that 9_;(n) is nonzero. The inclusions of chains of p-torsion subgroups
Subfiff’ffq (A") C Suby, ... ;,(A") induce splittings Ay, := Ag(n) = AV @ A}, (analogously
for By and K}), hence a diagram

p—tors
Bn

Bn An Ag—tors Kﬁ—tors _ Ag—tors/Bg—tm“s
T F Jo-

p—tors p—tors
-1 ———» _—> .
An 1 Anfl an 1

The map AP~%"® — AP=t°"s i an isomorphism since the last subgroup in a p-torsion chain of
length n must be G[p]. To show 9)_; is nonzero, it suffices to show that K2~ is nonzero.

We first claim that Ki(S) := Ki(n,S) # 0 if k < n. To see this, note that Kj(Z) is finitely
generated since it is a quotient of the finitely generated free abelian group Ay (Z). Let G be the
universal formal group over E = E,,. Let Cjy be Stapleton’s ring ([Stal3l Corollary 2.18]), which
is faithfully flat over p~!'Fy and over which G ~ (Q,/Z,)". Then Cy ® Ky(Z) = Ky(Co) =
Co ®p, Kr(Ey) = Co ®g, CV[k] is a nonzero finite free Cp-module of rank d = rankg, C"[k].
So, K1 (Z) contains a nonzero direct sum Z®? hence K (S) = S ® Kj(Z) is nonzero.

Since K, & KE~'"s ¢ A] /B! # 0, to show that KP~t"s =£ 0, it suffices to show that
Al /B], = 0. Given a chain of subgroups H; < --- < H, of A" not all of which are p-torsion,
consider the minimal &k such that Hyo/Hj is not p-torsion, so Hyio/Hj ~ Z/p2 has a unique
degree p subgroup. Thus, H; < --- < H,, is uniquely determined by Hy < --- < Hp, < Hp42 <
.-+ < Hy, € Suby...2..1(A™). Therefore, B], — Al is surjective, A/, /B, =0, and 9,)_; #0. O

Corollary 8.0.13. Fori >0, m >0, and 0 <k <n —i, u; "H*(CV?[e],m) is nonzero, thus
HE(CV@)[e],m) is nonzero.

Proof. Since C’V(”l)[o]amfl is a complex of Eg/u;-modules and w; is invertible in R; :=
C;i/ I, CV0tD 6] ;mp—1 becomes 0 after base changing to R;. Thus, by Lemma m the map
CV@D o] pm-1 — CV@[e],m becomes an equivalence after base changing to R; and the corollary
follows from Lemma [R.0.7 O

Proposition follows by applying the above corollary to the long exact sequence of Ext
groups from the cofiber sequence in Lemma [8.0.5
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9 Tor non-vanishing

Since the Tor groups with I on the left vanish in nonzero degrees, one might ask if the same
is true for Tor groups with I'" on the right. In Example below, we show that this is not
true at p = 2 height 2, which leads us to conjecture the following.

Conjecture 9.0.1. Tor}(Ey,,mT) is nonzero if 0 < * < n.
The Koszul resolution implies that the Tor groups vanish if * > n.

Proposition 9.0.2. Forp=2,0<i<n, and m > 0, there is a cofiber sequence
Eo/ui_l ®%(77) UmF(i) — Eo/ui_l ®%(7¢) omle(i) — (Eo/ui ®Hf(i+1) Ump—lF(i)/ui> [1]

Here I'®) /u; := @, -, T [k]/u; is the quotient of I'®) by u; with respect to the left Eq/u;_1-
module structure and is a left I*1)-module as follows. @ € T't1) is an operation on o /Ui
and Q" € T'™ /u; is an operation mg/u;_1 — mo/u;i, so their composite QQ’ := Q o Q' is an
operation 7o /u;—1 — To/U;.

Proof. The proof is similar to the proof of Lemma with the maps in replaced by
direct sums over ¢ > 0 of

R[k - 1] ®FV(Z)[€+ 1] — R[k] ®FV(Z)[Z]5 (q17' o aqk7H) — (q17 oy qk—1, <qk> +H)
Sk—-1@IVOE+1] = SK@TYOW], (g1, qx, H) = (g2, , i {q1) + H)
S[k] ®F\/(Z)[£] — Bl[k - 1] ®FV(Z)[€]5 (q17' o ;qk71;H> — (q17' o ,Qk,]_,O,H).

The proposition will imply the conjecture if
Tor 1) (Eo/ti, om T fu;) # 0 (22)

for i >0, x <n —1i, and m > 0.

Ezample 9.0.3. At the prime p = 2 and height 2, [Rez08] gives a description of I" by generators
and relations. Using this, we see that I'/p = I'/p is generated by Qo,@1,Q2 and T'M is
generated by Q) = Qo + u1Q2, Q1. The relations in I'/p are the mod p Adem relations

Q1Qo =0
Q2Q0 = QoQ1 + u1QoQ2.

The cofiber Eq/p ®HI:(1) om1'/p is computed by the complex
do(c™@1)
Tl eT/p = (Eo/p){ay, i} @ T/p ——=T/p =TV 0] @ '/p.
If m > 0, the boundary map is not injective since o(q)) = u1q1, 0(q1) = ¢, and (g1 ® Qo) = 0,
pog

hence Tor%(1>(E0/p, #mI/p) # 0. Clearly Tor # 0. Thus, by Proposition 2L if m > 0,
Torp(Ep, omI') # 0 for ¢ = 0 and 1.
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