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Abstract

We show that there are cofiber sequences relating power operations in Morava E-theory
modulo Lubin-Tate parameters p, · · · , ui−1 for various i’s and use this to inductively show
that certain Tor groups over the algebra of additive operations vanish in nonzero degrees.
These Tor groups compute the linearization of the E2-page of a bar spectral sequence
converging to the graded E-cohomology of configuration spaces on Rn.

1 Introduction

Let E = E(k,G0) be the Morava E-theory corresponding to a perfect field k of characteristic
p and a height h formal group G0 over k. In [SS25], we consider power operations modulo
Lubin-Tate parameters p, · · · , ui−1 for 0 ≤ i ≤ h which act on π0(−/p, · · · , ui−1) of K(h)-
local E∞-E-algebras. We show that the mod p, · · · , ui−1 analog Γ(i) of the additive operations
Γ considered in [Rez09, Rez17] is Koszul of length h − i + 1 i.e. that its Koszul complex has
length h−i+1. This supplies us with Koszul (hence finite length) resolutions for computational
purposes, which we will use here to gain insight into Morava E-theory of configuration spaces
on Rn.

The study of configuration spaces is a classical problem in mathematics. The ordered
configuration space of k distinct points on a manifold M is given by

Confk(M) = {(x1, · · · , xk) ∈Mk | xi ̸= xj for all i ̸= j}

and the corresponding unordered configuration space is Bk(M) = Confk(M)/Σk. More gener-
ally, the labeled configuration space with labels in a spectrum X is given by

Bk(M ;X) = Σ∞
+ Confk(M)⊗hΣk

X⊗k.

The case when M = Rn and X = Sℓ is a sphere is of particular significance since the direct
sum B(Rn, Sℓ) :=

⊕
k≥0Bk(Rn;Sℓ) is the free En-algebra freeEn(S

ℓ) on a single generator in
degree ℓ, whose homology parameterizes Dyer-Lashof operations on En-algebras. If ℓ > 0, by
Snaith’s theorem, freeEn

(Sℓ) is also equivalent to the iterated loop space Σ∞
+ ΩnSn+ℓ.

The ordinary homology of (unordered) configuration spaces on Rn is known [CLM76], but
not much is known for generalized homology theories. For each prime p and height h ∈ N, there
are two complex oriented cohomology theories central to chromatic homotopy theory: Morava
K-theory and Morava E-theory. For height 1, E1 recovers p-completed complex K-theory,
while K(1) is a variant of complex K-theory mod p. The case of height 1 has been solved by
Langsetmo [Lan93, Lan96].

The E-theory of the weight p part Bp(Rn;Sℓ) has been computed by [BHK24]. Their
approach utilizes a result of [Knu18] which expresses the stable homotopy type of configuration
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spaces in terms of certain Lie algebra homologies, and is based on the computation of operations
on K(h)-local Lie-E-algebras in [Bra17]. In light of the Koszul duality between the E∞ and
Lie operads, we approach this problem from the E∞ side based on an inductive understanding
of power operations.

Let σ denote the suspension map Γ−q → Γ−q−1 relating operations acting on πq to oper-
ations acting on πq+1 [Rez09]. Since all the Γ−q’s are isomorphic and σ is an isomorphism if
q is odd [Rez09], we will only consider double suspensions σ2 and regard it as a map Γ → Γ
where Γ = Γ0. Our main result is the following.

Theorem A (Tor vanishing, Theorem 6.0.1). For p = 2, 0 ≤ i < h, and all n ≥ 0,

Tor∗Γ(i)(Γ
(i)

σ2n , E0/ui−1) = 0

for ∗ > 0.

Here E0/ui−1 is E0/ui−1 considered as a trivial left Γ(i)-module, and the subscript in Γ(i)
σ2n

indicates that Γ(i) is considered as a right Γ(i)-module via σ2n. These Tor groups compute the
linearization of the E2-page of a spectral sequence computing the graded E-cohomology of
configuration spaces on Rn (see Section 2).

We first set up some notations and conventions in Section 3. To prove Tor vanishing, we
will show in Section 4 that at the prime 2, there are cofiber sequences relating Γ(i) to Γ(i+1),
which is Koszul of shorter length.

Theorem B (Theorem 4.0.1). For p = 2, 0 ≤ i < h, and n ≥ 0, there is a cofiber sequence

Γ(i)
σ2(n+1) ⊗L

Γ(i) E0/ui−1 → Γ(i)
σ2n ⊗L

Γ(i) E0/ui−1 → (Γ(i)//ui)σ2n ⊗L
Γ(i+1) E0/ui[1]

in the derived category of left Γ(i)-modules.

Here [−] is the shift functor and Γ(i)//ui is the quotient of Γ(i) with respect to the right
E0/ui−1-module structure and is generated from Γ(i+1) by an additional operation correspond-
ing to the Frobenius isogeny.

In Section 5, we will describe Γ(i)//ui in terms of isogenies and show that it is a free right
Γ(i+1)-module.

Proposition C (Proposition 5.4.1). For all primes p, the formal scheme Sub
(i)
k (G)//ui corre-

sponding to the dual Γ∨(i)[k]//ui is the union of closed subschemes

Sub
(i)
k (G)//ui = Xk ∪

Xk/u
pk−1

i+1

Xk−1 ∪Xk−1/u
pk−2

i+1

· · · ∪X1/ui+1
X0

where Xs = Sub(i+1)
s (φsG) and φ is the Frobenius. This becomes a disjoint union when re-

stricted to a fixed height by inverting ui+1.

We will use this to show that as a right Γ(i+1)-module, Γ(i)//ui can be expressed as a direct
sum of left Frobenius twisted Γ(i+1). This allows us to inductively prove Tor vanishing in
Section 6 where it is obvious for the base case Γ(h).

In Section 7, we use the decomposition in Proposition C to give a congruence criterion
analogous to Rezk’s, as promised in [SS25]. In Section 8, using a variant of the cofiber se-
quence in Theorem B, we will show that the Ext groups Ext∗Γ(ω

m, E0) considered by [Rez13],
where ωm := π2mE is acted on by Γ−2m, do not vanish. These Ext groups compute (the
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E2-page of a mapping space spectral sequence converging to) E∗
(
TAQSK(n)

(
S
S2m−1
+

K(n)

))
, the

E-cohomology of the topological André-Quillen homology of SK(n)-valued cochains on odd
spheres. [BR19] shows that this is equivalent to the Morava E-theory E∧

∗ (ΦS
2m−1)K(n) of the

Bousfield-Kuhn functor on odd spheres. Rezk showed that for heights n = 1, 2 and a ≥ 1, the
groups ExtsΓ(ω

m, E0) vanish except when s = n, thus the spectral sequence collapses. We show
that this is not true at higher heights.

Proposition D (Proposition 8.0.1). For p = 2 and heights n ≥ 2,

• If m = 0, ExtsΓ(ω
m,null) = 0 for all s.

• If m = 1, ExtsΓ(ω
m,null) ̸= 0 for all 2 ≤ s ≤ n.

• If m > 1, ExtsΓ(ω
m,null) ̸= 0 for s = 2 and n.

Finally, in Section 9, we consider the Tor groups

Tor∗Γ(i)(E0/ui−1, σ2nΓ(i))

obtained by swapping the terms of the Tor groups in Theorem A. Interestingly, they do not
have nice vanishing properties, even at p = 2 and height 2.

Acknowledgements. TODO

2 Motivation

Here we will explain the statement that the Tor groups compute the linearization of the
Morava E-theory of configuration spaces on Rn. For a functor F : A → B, [Rez17, Section 5]
defines its linearization to be a functor LF : A → B where LF (X) is the coequalizer

F (X ⊕X) F (X)
F (p1+p2)

F (p1)+F (p2)

where p1 and p2 are the projections.
All operads will be nonunital. For O an operad, the operadic suspension sO [ACBH25, Def

2.3] is defined such that the free algebra monad for sO is given by freesO = ΩfreeOΣ. This
is analogous to the suspension σ on power operations. Let L denote the spectral Lie operad
which is Koszul dual to the E∞ operad; it’s operadic suspension sL is the usual Lie operad.
[ACBH25] shows that there is an equivalence of symmetric sequences

1 ◦L snL→ En

where ◦ is the composition product. This recovers, for any spectrum X, the equivalence of
spectra [Knu18]

|Bar(1, L, freesnL(X))| ≃ freeEn
(X) ≃

⊕
k≥0

Bk(Rn;X),

hence a bar spectral sequence used in [BHK24] whose E2-page are Lie algebra indecomposables
and converges to the free En-algebra on X. Considering |Bar(1, L, freesnL(X))| as a graded
spectrum, its graded (Spanier-Whitehead) dual is Koszul dual to freesnL(X). Here Koszul
duality is considered in the graded sense [Heu24, 14.4].
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Lemma 2.0.1. If X is a positively graded spectrum which is levelwise dualizable, then freesnL(X)
is Koszul dual to Σn

E∞
trivE∞(Σ−nX∨), the n-fold suspension in E∞-algebras of the trivial E∞-

algebra (i.e. square zero extension) on Σ−nX∨.

Proof. The Koszul dual of an operad O is KO := (BO)∨, the levelwise dual of the cooperad
BO := Bar(1,O, 1). Koszul duality is the composite

AlgO
indecO−−−−→ coAlgdpBO

(−)∨−−−→ AlgKO
op,

where coAlgdpBO is the category of divided powerBO-coalgebras [Heu24] and indecO = Bar(1,O,−)
is the O-indecomposables functor. For graded spectra, indecO is an equivalence of categories
by [Heu24, Thm 14.14] and the levelwise dual (−)∨ is an equivalence of categories on levelwise
dualizable objects.

We apply this to O = L, where BL is the cocommutative cooperad and KL = E∞. We
have

indecL(freesmL(X)) = indecL(Ω
n
LfreeLΣ

nX) ≃ Ωn
BLindecL(freeLΣ

nX) ≃ Ωn
BLtrivBL(Σ

nX)

where trivBL is the trivial BL-coalgebra. To show that Ωn
BLtrivBL(Σ

nX) dualizes to
Σn

E∞
trivE∞(Σ−nX∨), it suffices to show that it is levelwise dualizable.
Since finite products in cocommutative coalgebras are given by the tensor product, ΩBL

is computed by the cobar construction cobar(−) := cobar(1,−, 1). By [Bur22, A.8,A.9], for
a positively graded spectrum Y , cobar(Y ) has a filtration with associated graded given by
(Σ−1Y )⊗k. Since (Σ−1Y )⊗k is concentrated in degrees ≥ k, in any fixed degree, cobar(Y )
is computed by a finite limit. Thus, if Y is levelwise dualizable, so is ΩBL(Y ) ≃ cobar(Y ).
Applying this repeatedly, we conclude that Ωn

BLtrivBL(Σ
nX) is levelwise dualizable.

In particular, this holds in the case where X = Sℓ is a sphere. We apply Morava E-
theory, where Rezk’s monad T act as an algebraic approximation to the E∞ monad. [Rez09]
shows that the primitives Γ of the Hopf algebra TE0 is (noncanonically) isomorphic to the
indecomposables ∆, so we can consider Γ as the linearization of TE0. The Tor groups above
are thus the linearization of the bar complex

ΣnBar
(
snE∞,E∞, trivE∞(Σ−n−ℓE)

)
≃ Bar

(
E∞, s

−nE∞, trivs−nE∞(Σ−ℓE)
)

which computes Σn
E∞

trivE∞(Σ−n−ℓE). This is the E2-page of the cohomological bar spectral

sequence computing the graded E-cohomology of freeEn(S
ℓ) ≃ B(Rn;Sℓ). The Tor groups in

Theorem A are the linearizations of this.

3 Preliminaries

We will freely use the notations in [SS25]. All spectra will be implicitly p-localized. Let
E = E(k,G0) be a Morava E-theory spectrum associated to a perfect field k of characteristic
p and a formal group G0 of height 0 < h <∞ over k. It is an even periodic complex orientable
spectrum whose associated formal group G is the universal deformation of G0. The coefficient
ring of E is given by

π∗E = Wk[[u1, · · · , uh−1]][u
±]
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where Wk is the Witt vectors on k, u ∈ π2E, and u1, · · · , uh−1 ∈ π0E are the Lubin-Tate
parameters pushed down to degree 0. We also set u0 := p and write (−)/ui for the quotient
(−)/p, · · · , ui.

We fix a p-typical complex orientation on E and let t ∈ E0(CP∞) be the orientation class
pushed down to degree 0. The Euler class of the reduced complex standard representation of
Σp is given by

x =

p−1∏
i=1

[i](t) ≡
p−1∏
i=1

ωi(t) ≡ (−1)ptp−1 mod [p](t)

where ω is a primitive (p− 1)st root of unity. Recall the definitions of ⟨p⟩(i) and f (i) in [SS25,
Def 4.1.1]

We will use the handedness convention in [SS25, Remark 2.0.2].

3.1 Review of power operations

The algebra Γ of additive power operations acting on π0 of K(h)-local E∞-E-algebras is a
direct sum of weight pk operations Γ =

⊕
k≥0 Γ[k]. Each Γ[k] is both a left and right E0-module

and E0 = Γ[0] is not central in Γ. Its dual Γ∨ has an algebro-geometric interpretation in terms
of isogenies of formal groups. Let Γ∨[k] be the dual of Γ[k] with respect to the left E0-module
structure. Then

Γ∨[k] = E0(BΣpk)/tr ∼= OSubk(G)

classifies degree pk subgroups of G. Here tr is the ideal generated by the images of the transfer
maps associated to the subgroups Σi × Σpk−i ⊂ Σpk for 0 < i < pk. Let s, t : E0 → Γ∨[k]
denote the usual inclusion and the total power operations map P , respectively. On functor
of points, s is the source map sending H ≤ G to G and t is the target map sending H ≤ G
to G/H. These give left and right E0-module structures on Γ∨[k] dual to those on Γ[k]. The
tensor product Γ∨[k1]t⊗E0s · · ·t ⊗E0sΓ

∨[kq] classifies the following equivalent data:

• a sequence of subgroups H1 < G1, H2 < G2, . . . ,Hq < Gq where degHi = pki , G1 = G,
and Gi+1 = Gi/Hi.

• a chain of subgroups H1 ≤ · · · ≤ Hq < G where degHi = pk1+···+ki .

• a sequence f1, . . . , fi−1 of composable isogenies starting from G where deg fi = pki .

The multiplicative structure Γ[k1]t ⊗E sΓ[k2] → Γ[k1 + k2] on Γ coming from composing power
operations is dual to comultiplication Γ∨[k1 + k2] → Γ∨[k1]t ⊗E sΓ

∨[k2] on Γ∨ coming from
composing isogenies.

For each i, there is an algebra of power operations Γ(i) =
⊕

k≥0 Γ
(i)[k] which is a subquotient

of Γ acting on π0(−/ui−1) of K(h)-local E∞-E-algebras [SS25]. We have Γ(0) = Γ. Each Γ(i)[k]
is both a left and right E0/ui−1-module and E0/ui−1 = Γ(i)[0] is not central in Γ(i). Its left
E0/ui−1-dual Γ∨(i)[k] of Γ(i)[k] is a quotient of Γ∨[k] with left and right E0/ui−1-module
structures induced by the source and target maps, also denoted s, t. It is finitely generated
and free (finite free) as both a left and right E0/ui−1-module. When restricted to a fixed height
by inverting ui, u

−1
i Γ∨(i)[k] classifies degree pk étale subgroups. We write ⊗ for t ⊗E0/ui−1 s;

the ring (E0/ui−1 here) over which the tensor product is taken will be clear depending on
the context. The tensor product Γ∨(i)[k1] ⊗ · · · ⊗ Γ∨(i)[kq] classifies a sequence of subgroups
H1 < G1, · · · , Hq < Gq where each Hs < Gs avoids kerφi ([SS25, Def 4.4.3]). We do not know
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if this is the same as a chain of subgroups H1 ≤ · · · ≤ Hq < G with each Hs avoiding φi, but
they are equivalent after inverting ui [SS25, Rmk 4.4.8].

Γ(i) can also be described in terms of the Mackey functor Q(i) [SS25, Def 4.2.1] given in
terms of the generalized Tate construction. For a poset X with minimal and maximal elements
0 and 1, following [Rez17, Section 6.1], let X denote the quotient X/(X̂ ∪ X̌) where X̂ and
X̌ are the maximal subposets of X not containing 0 and 1, respectively. Explicitly, this is the
poset whose nonbasepoint nondegenerate q-simplices are chains [0 = x0 < x1 < · · · < xq = 1].
With this notation, there is an isomorphism of cosimplicial E0/ui−1-algebras [SS25, Prop 4.2.8]

Q
(i)
k (P

∨
m)

≃−→ B(Γ∨(i))[k]

where m = pk, Pm is the partition complex and B(Γ∨(i))[k] is the weight k part of the cobar
complex for Γ∨(i). This implies that Γ(i) is Koszul of length h + 1 − i. In particular, it is
generated by operations in Γ(i)[1], whose dual Γ∨(i)[1] is the closure of G[p] − 0 in G[p], the
subgroup of p-torsion points. The Koszul terms C(i)[k] = HkB(Γ(i))[k] are finite free left
E0/ui−1-modules and their left E0/ui−1-duals will be denoted C∨(i)[k].

There is also an inflated version Γ(i)//ui of Γ(i+1) ([SS25, Section 6]), where // denotes
the quotient with respect to the right E0/ui−1-module structure. It is the largest collection
of operations in Γ(i) which are defined modulo ui and contains Γ(i+1) as a subalgebra. It is
generated by Γ(i+1) together with an additional operation.

3.2 The suspension map

For each integer q ∈ Z, we write Γ−q for Rezk’s ring of additive degree q power operations
which acts naturally on πq of K(h)-local E∞-E-algebras [Rez13]. The ring Γ−q is endowed
with a canonical weight grading Γ−q =

⊕
k≥0 Γ

−q[k] where

Γ−q[k] ∼= ker

(
E∧

q BΣqρm
m

tr−→
⊕

0<i<m

E∧
q (BΣi × Σm−i)

qρ
pk

)
.

Here m = pk, ρm is the real standard representation of Σm and E∧
∗ = π∗LK(h)(E ⊗ −) is the

completed homology. There are analogs Γ(i)−q
of Γ−q acting on πq(−/ui−1) [SS25, Rem 4.4.2].

There are suspension homomorphisms Γ−q → Γ−(q+1) ([Rez17]) induced by the inclusion
1⊕ q · ρm → (q + 1) · ρm. Explicitly, this is the restriction of the map

E∧
q ((Sq)

⊗m
hΣm

) ≃ E∧
q+1(S1 ⊗hΣm

(Sq)⊗m) → E∧
q+1((Sq+1)⊗m

hΣm
).

Since the suspension map is an isomorphism if q is odd, we will only consider double suspensions
Γ−2q → Γ−2(q+1). We will denote this double suspension map by σ, refer to it as ”the suspension
map”, and regard it as a homomorphism Γ ↪→ Γ since all the Γq’s are isomorphic. Warning:
this is different from the notation used in the introduction and is the one which will be used

from now on. For each k, σ : Γ−2q[k] → Γ−2(q+1)[k] is dual to Γ∨[k]
·c

pk−−→ Γ∨[k], where cpk is
the Euler class of the reduced complex standard representation of Σpk [BHK24, Proposition
4.1].

There are mod p, · · · , ui−1 analogs σ : Γ(i) → Γ(i) given on left E0/ui−1-duals Γ
∨(i)[k]

·c
pk−−→

Γ∨(i)[k] by multiplication by the Euler class. Recall [SS25, Section 6] that Γ(i)//ui is the
quotient of Γ(i) by ui with respect to the right E0/ui−1-module structure. Γ(i)//ui is a left

6



Γ(i)-module by the projection Γ(i) → Γ(i)//ui [SS25, Lemma 6.0.7] and a Γ(i+1)-bimodule by
the inclusion Γ(i+1) ⊂ Γ(i)//ui of E0/ui-algebras [SS25, Lemma 6.0.6]. These correspond to the
fact that we can compose power operations. Since σ is a ring homomorphism whose restriction
to Γ(i)[0] = E0/ui−1 is the identity, it is a map of E0/ui−1-bimodules, so it descends to a map
σ on Γ(i)//ui.

4 The cofiber sequence

In this section, we show that for p = 2, there are cofiber sequences relating Γ(i) to Γ(i+1).
Let E0/ui−1 denote E0/ui−1 with the trivial Γ(i)-action and let [1] denote the shift functor.

Theorem 4.0.1. For p = 2, 0 ≤ i < h, and n ≥ 0, there is a cofiber sequence

Γ(i)
σn+1 ⊗L

Γ(i) (E0/ui−1) → Γ(i)
σn ⊗L

Γ(i) (E0/ui−1) → (Γ(i)//ui)σn ⊗L
Γ(i+1) (E0/ui)[1]

in the derived category of left Γ(i)-modules.

Here the subscript σn indicates that the right Γ(i)-module structure is given by the n-
fold (double) suspension σn. The map Γ(i)

σn+1 ⊗L
Γ(i) E0/ui−1 → Γ(i)

σn ⊗L
Γ(i) E0/ui−1 is given

by the suspension map σ : Γ(i) → Γ(i) on the base ring. In the next section, we will de-
scribe this as a map of Koszul complexes. Then, using the description of the Koszul terms as
Steinberg summands of certain rings with algebro-geometric interpretations, we will show that
(Γ(i)//ui)σn ⊗L

Γ(i+1) E0/ui[1] is its cofiber.

4.1 Description of the map

The first map in the cofiber sequence above is given by the suspension map σ : Γ(i) → Γ(i)

on the base ring. We will describe this explicitly in terms of the Koszul complex. Since Γ(i) is
Koszul and the Koszul terms C(i)[k] are finite free,

· · · → Γ(i) ⊗ C(i)[k] → Γ(i) ⊗ C(i)[k − 1] → · · · → Γ(i) ⊗ C(i)[0] → 0 (1)

is a Koszul resolution for E0/ui−1 of finite free left Γ
(i)-modules. Explicitly, C(i)[k] is the kernel

C(i)[k] = ker

(
k−1∑
i=1

(−1)idi : Γ
(i)[1]⊗k →

k−1⊕
i=1

Γ(i)[1]i−1 ⊗ Γ(i)[2]⊗ Γ(i)[1]⊗k−i−1

)
(2)

where di is the face map multiplying the ith and (i + 1)st terms. The boundary map ∂ :
Γ(i) ⊗C(i)[k] → Γ(i) ⊗C(i)[k− 1] is induced by the first face map µ⊗ 1k−1 : Γ(i) ⊗Γ(i)[1]⊗k →
Γ(i) ⊗ Γ(i)[1]⊗k−1 of the bar complex B(Γ(i),Γ(i), E0/ui−1) [BR19, (2.22)].

Γ(i)
σ ⊗L

Γ(i) E/ui−1 is computed by the complex

· · · → Γ(i)
σ ⊗ C(i)[k] → Γ(i)

σ ⊗ C(i)[k − 1] → · · · → Γ(i)
σ ⊗ C(i)[0] → 0. (3)

Since σ is the identity on E0/ui−1 = Γ(i)[0], the terms of this complex are equal to those of (1)
and its boundary maps are induced by

∂ ◦ σn : Γ(i) ⊗ Γ(i)[1]⊗k 1⊗σn⊗1k−1

−−−−−−−−→ Γ(i) ⊗ Γ(i)[1]⊗k ∂−→ Γ(i) ⊗ Γ(i)[1]⊗k−1.
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Since σ : Γ → Γ is a ring map, σ ⊗ σ restricts to a map on the kernel of the multiplication
map

ker ker

Γ(i)[k]⊗ Γ(i)[ℓ] Γ(i)[k]⊗ Γ(i)[ℓ]

Γ(i)[k + ℓ] Γ(i)[k + ℓ],

σ⊗σ

σ⊗σ

µ µ

σ

thus σ⊗k : Γ(i)[1]⊗k → Γ(i)[1]⊗k restricts to a map on C(i)[k]. The same is true for σn.

Definition 4.1.1. The map Γ(i)
σn+1 ⊗L

Γ(i) E0/ui−1 → Γ(i)
σn ⊗L

Γ(i) E0/ui−1 is given by the map
of chain complexes

1⊗ σ• : Γ(i)
σn+1 ⊗ C(i)[•] → Γ(i)

σn ⊗ C(i)[•]

Taking left E0/ui−1-module duals gives a map of cochain complexes

0 · · · Γ∨(i)
σn+1 ⊗ C∨(i)[k − 1] Γ∨(i)

σn+1 ⊗ C∨(i)[k] · · ·

0 · · · Γ∨(i)
σn ⊗ C∨(i)[k − 1] Γ∨(i)

σn ⊗ C∨(i)[k] · · · .

1⊗σ∨⊗(k−1) 1⊗σ∨⊗k

The suspension map σ : Γ(i)[1] → Γ(i)[1] is injective. Its dual is multiplication by the Euler class
of the reduced complex standard representation of Σp, which is an injective map Γ∨(i)[1] →
Γ∨(i)[1]. Since Γ(i)[1] and Γ∨(i)[1] are flat with respect to both the left and right module
structures, the map of chain and cochain complexes are componentwise injective, so their
cofibers can be computed by taking componentwise cokernels.

For a ring R, we denote by DModR the derived category of left R-modules. For M ∈
DModR, let DM denote its derived dual. If M is discrete, let M∨ denote its underived dual.

Lemma 4.1.2. Let M be a (discrete) finite free R-module and f : M → M an injective map
whose R-module dual f∨ : M∨ → M∨ is also injective. Suppose the cokernel M/f is an R/u-
module for some nonzero divisor u ∈ R. Then, M/f and M∨/f∨ are dual as R/u-modules.

Proof. The cofiber sequence M
f−→M →M/f in DModR induces a cofiber sequence

D(M/f) → DM → DM.

Since M is finite free, DM ≃M , so D(M/f) is concentrated in degree -1 with π−1 =M∨/f∨.
Since M/f is an R/u-module, by [SS25, Lemma 6.0.3],

ΣD(M/f) ≃ DR/u(M/f).

On π0, this tells us that M
∨/f∨ is the R/u-dual of M/f .

We will compute the cokernel K2[k] := cok(σ∨⊗k
: C∨(i)[k] → C∨(i)[k]) and show that it is

an E0/ui-module. The lemma above lets us recover the cokernel

K1[k] = cok(σ⊗k : C(i)[k] → C(i)[k])
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as the E/ui-dual ofK2. Thus, we have short exact sequences of chain (resp. cochain) complexes
of left Γ(i)-modules (resp. Γ∨(i)-comodules)

Γ(i)
σa+1 ⊗ C(i)[•] → Γ(i)

σa ⊗ C(i)[•] → Γ(i)
σa ⊗K1[•] (4)

Γ∨(i)
σa ⊗ C∨(i)[•] → Γ∨(i)

σa+1 ⊗ C∨(i)[•] → Γ∨(i)
σa ⊗K2[•] (5)

with K1[k] ∼= K∨
2 [k] as E0/ui-modules, and all the others are dual as E0/ui−1-modules.

4.2 The Steinberg idempotent

We recall the Steinberg idempotent, following [San19]. Let GLk := GLk(Fp), and let Σk

and Uk be the subgroups of permutation matrices and upper triangular matrices, respectively.
Associated to these two subgroups are elements Σk, Uk in the group ring Z(p)[GLk]

Σk =
∑
σ∈Σk

(−1)sgn(σ)σ, Uk =
∑
u∈Uk

u.

For a left GLk-action, the Steinberg idempotent is

ek =
1

ck
· ΣkUk ∈ Z[GLk],

where

ck =

k∏
i=1

(pi − 1).

Since ck is a unit in Z(p), we will drop it from our notation and write ek = ΣkUk. We will also
implicitly p-localize everywhere and denote Z(p) by Z. The left Z[GLk]-module Stk = Z[GLk]ek
is called the Steinberg module. For a left Z[GLk]-module M , the Z(p)-module ekM = {ekm |
m ∈ M} ⊆ M is called the Steinberg summand of M . There is a natural isomorphism of
Z(p)-modules [San19, Definition 2.2]

Stk ⊗Z[GLk] M
≃−→ ekM,

Aek ⊗m 7→ ek(A
−1m).

There are analogous constructions for a right GLk-action, where the Steinberg idempotent is
êk = unit · UkΣk and Stk = ekZ[GLk].

If f : M → N is a map of left Z[GLk]-modules, then f(ekm) = ekf(n). Thus, f restricts
to a map on Steinberg summands f : ekM → ekN .

4.3 Parsing the terms of the Koszul complex

The terms of the Koszul complex are given by the Steinberg summand

C(i)[k] ∼= Q
(i)
k (Σm/∆k)⊗Z[GLk] Stk

where m = pk [Rez17, ADL16, SS25]. In the notation of [ADL16], ∆k = Fp
k with automor-

phism group GLk := GLk(Fp). Choosing an identification of ∆k with m = {1, · · · , pk} and
letting ∆k act on itself by left translation identifies ∆k as a subgroup of Σm with normalizer
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Affk = ∆k ⋊ GLk. The Weyl group GLk acts on Σm/∆k on the right. This gives a right
(resp. left) action on the covariant (resp. contravariant) part of the Mackey functor Q(i). In
particular, the E0/ui−1-dual

C∨(i)[k] ∼= Stk ⊗Z[GLk] Q
(i)
k (Σm/∆k) = ekQ

(i)
k (Σm/∆k)

for the left GLk-action.
By definition, C(i)[k] is a subset of Q

(i)
k (Σm/Cp ≀ · · · ≀Cp) (2). Since Q

(i)
k (Σm/Σp ≀ · · · ≀Σp) is

a direct summand of Q
(i)
k (Σm/Cp ≀ · · · ≀ Cp), C

(i)[k] can be considered as a direct summand of
the latter. We claim that the identification of C(i)[k] with the Steinberg summand is induced
by a Σp-equivariant map Σm/∆k → Σm/Cp ≀ · · · ≀ Cp.

Proposition 4.3.1. An identification ∆k ↔ m gives a map Σm/∆k → Σm/Cp ≀ · · · ≀ Cp of
Σm-sets.

• The covariant part of Q
(i)
k gives a map Q

(i)
k (Σm/∆k) → Q

(i)
k (Σm/Cp ≀· · ·≀Cp) under which

Q
(i)
k (Σm/∆k)⊗Z[GLk] Stk corresponds to C(i)[k].

• The contravariant part of Q
(i)
k gives a map Q

(i)
k (Σm/Cp ≀ · · · ≀Cp) → Q

(i)
k (Σm/∆k) under

which C∨(i)[k] corresponds to Stk ⊗Z[GLk] Q
(i)
k (Σm/∆k).

Proof. We trace through the proof in [ADL16]. Let B be the nerve of the poset of proper
nontrivial subgroups of ∆k, which is the Tits building for GLk and has a right action by Affk.
There is an isomorphism of right Z[GLk]-modules [San19, Proposition 2.7], [Rez17, 6.1]

Stk = ekZ[GLk] ∼= Hk−2(B;Z(p)) ∼= Hk(B;Z(p)).

Let G = Σm, N = Affk, W = GLk, and Q = Q(i). Define an N -equivariant map B → P := Pm

by assigning to a subgroup V ≤ ∆k, the partition of m given by the cosets of V in ∆k (there
is a version for each of the variants in [Rez17, 6.1]). This extends to a G-equivariant map
G ×N (EW × B) → P which is an isomorphism in Bredon (co)homology for the Mackey
functors Q(i) [ADL16, Thm 1.1].

We will consider spaces as simplicial sets and consider the covariant part of Q (the con-
travariant part is analogous). For a G-simplicial set X whose terms are finite G-sets, the
Bredon chains (resp. cochains) [ADL16, Section 2] is equal to the complex Q(X) coming from
the covariant (resp. contravariant) part of Q. Since we are only dealing with finite G-sets,
we will identify the two. The G-equivariant map G ×N (EW × B) → P factors through the
projection onto G×N B. This induces a map of chain complexes

Q(G×N (EW ×B)) → Q(G×N B) → Q(P ) (6)

hence a map of normalized chain complexes NQ(−) (obtained by quotienting out by the image
of degeneracy maps) [Rez17, 4.1].

The set of q-simplices Xq of a G-simplicial set X is the disjoint union of the G-invariant
sets of degenerate and nondegenerate simplices, denoted X0

q and X1
q , respectively.

• B: Since B is a W -simplicial set (hence an N -simplicial set), Bq = B
0

q ⊔B
1

q. Elements of

B
1

k are complete flags 0 ⊂ Fp ⊂ · · · ⊂ Fk
p. W acts transitively on B

1

k with stabilizer Uk,

so B
1

k = N/∆k ⋊ Uk and G×N B
1

k = G/∆k ⋊ Uk. Since B
1

k+1 = ∅, there is an inclusion

HkQ(G ×N B) ↪→ NkQ(G ×N B) = Q(G/∆k ⋊ Uk), where the latter is the kth term of
the complex NQ(G×N B).
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• Stk: Since Stk is the kth homology of B, there is an inclusion Stk ↪→ Z[B1

k].

• G ×N (EW × B): Since EW × B is a W -simplicial set, (EW × B)q = (EW × B)0q ⊔
(EW ×B)1q as a W -set. Since W acts freely on EW ×B, there are natural isomorphisms

Q(G×N (EW ×B)) ≃ Q(G/∆k)⊗Z[W ] Z[EW ×B]

NQ(G×N (EW ×B)) ≃ Q(G/∆k)⊗Z[W ] NZ[EW ×B]

of complexes [ADL16, Example 2.3] and the canonical map

Q(G/∆k)⊗Z[W ] Hk(B) → Hk

(
Q(G/∆k)⊗Z[W ] NZ[EW ×B]

)
is an isomorphism [ADL16, Proof of Corollary 1.2]. Since Hk(B) = Stk is a projective
Z[W ]-module, the inclusion Hk(B) ↪→ Z[(EW ×B)1k] induces an inclusion

Q(G/∆k)⊗Z[W ] Hk(B)
≃−→ Hk ↪→ Q(G/∆k)⊗Z[W ] Z[(EW ×B)1k]

The G-equivariant map G×NB → P induces a G-equivariant map G/∆k⋊Uk → G/Σp ≀· · ·≀
Σp on nondegenerate k-simplices which restricts to a G-equivariant map G/∆k → G/Cp ≀· · ·≀Cp.
Since we are working with the covariant part of Q, there is a commutative diagram

NkQ(G×N (EW ×B)) NkQ(G×N B) NkQ(P )

Q(G/∆k)⊗Z[W ] Z[(EW ×B)1k] Q(G/∆k ⋊ Uk) Q(G/Σp ≀ · · · ≀ Σp)

Q(G/∆k) Q(G/Cp ≀ · · · ≀ Cp).

We want to show that the dotted map exists. The leftmost horizontal map is induced by
the projection EW × B → B. Since W acts freely on the normalized complex of EW × B,

(EW × B)1k = (EWk × B
1

k) ⊔ (EW 1
k × B

0

k) is the disjoint union of disjoint unions of W -sets

W/1. On each component W/1, the map EWk × B
1

k = ⊔W/1 → W/Uk = B
1

k differs from the
canonical projection W/1 →W/Uk by an automorphism of W/1, so it factors as⊔

W/1 →W/1 →W/Uk.

This induces a factorization

Q(G/∆k)⊗Z[W ] Z[EWk ×B
1

k]
∼=
⊕

Q(G/∆k) → Q(G/∆k) → Q(G/∆k ⋊ Uk).

Since the image of EW 1
k × B

0

k is degenerate in B, Q(G/∆k) ⊗Z[W ] Z[EW 1
k × B

0

k] → Z[B1

k] is
the zero map. Putting these together gives a factorization

Q(G/∆k)⊗Z[W ] Z[(EW ×B)1k] → Q(G/∆k) → Q(G/∆k ⋊ Uk)

where the first map is induced by tensoring with Q(G/∆k) the Z[W ]-module map Z[(EW ×
B)1k]

∼=
⊕

Z[W ] → Z[W ], thus the dotted map exists.
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Since the normalized chain complexes are truncated above, there are inclusions from the
top degree homology to the top nonzero terms

Q(G/Cp ≀ · · · ≀ Cp) Q(G/Σp ≀ · · · ≀ Σp)

Q(G/∆k)⊗Z[W ] Z[(EW ×B)1k] Q(G/∆k) Q(G/∆k ⋊ Uk)

Q(G/∆k)⊗Z[W ] Hk(B) HkQ(G×N B) HkQ(P ) = C(i)[k].

Since Q(G/Σp ≀· · ·≀Σp) is a direct summand of Q(G/Cp ≀· · ·≀Cp), HkQ(P ) includes into the latter
as a direct summand. The composite (6) induces an isomorphism in homology, so the bottom
horizontal composite is an isomorphism and the map Q(G/∆k) ⊗Z[W ] Hk(B) → Q(G/∆k) is
injective. This is the map taking the Steinberg summand of Q(G/∆k) since it is induced by a
Z[W ]-module map Hk(B) = Stk → Z[W ].

Extracting the relevant parts gives the following conclusion. An identification ∆k ↔ m
gives an inclusion ∆k → Σm. Since W acts on G/∆k on the right, for the covariant part of Q,
there is a right action of W on Q(G/∆k) and the canonical map Q(G/∆k) → Q(G/Cp ≀ · · · ≀Cp)
maps Q(G/∆k)⊗Z[W ] Stk isomorphically onto C(i)[k].

Q(G/∆k) Q(G/Cp ≀ · · · ≀ Cp)

Q(G/∆k)⊗Z[W ] Stk C(i)[k]≃

Dually, for the contravariant part of Q, there is a left W -action on Q(G/∆k) and the map
Q(G/Cp ≀ · · · ≀ Cp) → Q(G/∆k) maps C∨(i)[k] isomorphically onto Stk ⊗Z[W ] Q(G/∆k).

We choose an identification ∆k ↔ m such that ∆k embeds diagonally into Cp ≀ · · · ≀Cp. This
is the inclusion which is defined inductively by

Fp
k−1 × Fp → (Cp ≀ · · · ≀ Cp)× Fp

∆×1−−−→ (Cp ≀ · · · ≀ Cp)
p ⋊ Cp = Cp ≀ · · · ≀ Cp. (7)

By [SS25, Cor 3.4.2, Prop 4.2.8], there are isomorphisms

B(Γ(i))[k]
≃−→ (Q

(i)
k (Pm), Q

(i)
k (res)) ≃ (Q

(i)
k (Pm), E0(tr))

(Q
(i)
k (P

∨
m), Q

(i)
k (tr)) ≃ (Q

(i)
k (P

∨
m), E0(res))

≃−→ B(Γ∨(i))[k]

of simplicial left E0/ui−1-modules and cosimplicial E0/ui−1-algebras, respectively. Unless oth-

erwise stated, we will be working with the contravariant part (Q
(i)
k (P

∨
m), E0(res)) since it has an

algebra structure. We have, and will continue to abuse notation by identifying Pm with its dual

P∨
m. We will consider Q

(i)
k (G/H) as a quotient of E0(BH) and say that a map f : G/H → G/K

induces a map Q
(i)
k (G/K) → Q

(i)
k (G/H) if it is the quotient of E0(f) : E0(BK) → E0(BH);

this is the map Q
(i)
k (f∨).
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4.3.1 Understanding Q
(i)
k (Σm/∆k)

In this section, we write down an explicit formula for Q
(i)
k (Σm/∆k) consider its algebro-

geometric description. We first consider the case before modding out by p, · · · , ui−1. Under
our choice of identification ∆k ↔ m (7), the inclusion ∆k = Fp

k → Cp ≀ · · · ≀ Cp induces a ring
map

Qk(Σm/Cp ≀ · · · ≀ Cp) → Qk(Σm/Fp
k)

on the contravariant part of the Mackey functor Qk = Q
(0)
k .

Notation 4.3.2. If f(t) =
∑
cit

i ∈ R[[t]] is a power series and ϕ : R → S is a ring map, we
denote by fϕ the power series

fϕ(t) =
∑

ϕ(ci)t
i ∈ S[[t]]

obtained by applying ϕ to the coefficients of f .

By the argument in Proposition [SS25, Prop 3.3.4], Qk(Σm/Cp ≀ · · · ≀ Cp) is the quotient of
E0(BCp ≀ · · · ≀ Cp) by transfers induced by ∗ → Cp ranging over each component.

Qk(Σm/Cp ≀ · · · ≀ Cp) ∼=
(
E0(BCp)/tr

)⊗k ∼= E0[[t1, t2, · · · , tk]]/⟨p⟩t1, ⟨p⟩P t2, · · · , ⟨p⟩P
k−1

tk,

where ⟨p⟩ is the reduced p-series and P i : E0 → E0(Σm/Cp ≀ · · · ≀Cp) is i iterations of the power
operation map P . It is the ring classifying a sequence of points

qs ∈ Gs⟨p⟩, s = 1, · · · , k

where G1 = G and Gs = Gs−1/⟨qs−1⟩ is the quotient of Gs−1 by the degree p subgroup
generated by qs−1. Here G⟨p⟩ ⊂ G[p] is the closure G[p]− 0 of strict the p-torsion points.

The same argument shows that Qk(Σm/∆k) ∼= Qk(Σm/Fp
k) is the quotient of E0(BFp

k) ∼=
E0[[t1, · · · , tk]]/[p]t1, · · · [p]tk ∼= OG[p]k by transfers from Fp

s−1 × ∗ × Fp
k−s for s = 1, · · · , k.

Equivalently, it is the image of the map into the Tate construction which is a localization
inverting the Euler class cpk . Since the reduced standard representation of Σpk restricts to the

reduced regular representation of Fp
k which splits as the tensor product of line bundles, this is

the Euler class

e

 ⊕
(a1,··· ,ak)∈Fp

k

(a1,··· ,ak )̸=0⃗

La1
1 ⊗ Lak

k

 =
∏

(a1,··· ,ak)∈Fp
k

(a1,··· ,ak )̸=0⃗

([a1]t1 +F · · ·+F [ak]tk)

where Ls is the tautological line bundle over the sth summand BFp of BFp
k.

Definition 4.3.3. Let

ϕ⟨i1,··· ,is−1⟩(t) =
∏

(a1,··· ,as)∈Fp
s

(a1,··· ,as )̸=0⃗

(t+F [a1]ti1 +F · · ·+F [as−1]tis−1).

Then ϕ̃⟨i1,··· ,is−1⟩(t) := tϕ⟨i1,··· ,is−1⟩(t) is an isogeny whose kernel is the degree ps−1 subgroup
generated by ti1 , · · · , tis−1

.
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The Tate construction inverts ϕ̃⟨i1,··· ,is−1⟩(tj) for all {i1, · · · , is−1} and j /∈ {i1, · · · , is−1}.
In particular, it inverts each ts, so there is a surjection E0[[t1, · · · , tk]]/⟨p⟩t1, · · · , ⟨p⟩tk →
Qk(Σm/Fp

k).

This shows that Qk(Σm/Fp
k) is the ring classifying a sequence of points

qs ∈ G⟨p⟩, s = 1, · · · , k

such that for all subsets {s1, · · · , sj} ⊆ {1, · · · , k} and s /∈ {s1, · · · , sj}, the image of the point
qs in G/⟨qs1 , · · · , qsj ⟩ lies in

(
G/⟨ts1 , · · · , tsj ⟩

)
⟨p⟩ i.e. qs is not in the degree pj subgroup

generated by qs1 , · · · , qsj . This is equivalent to the condition that for all s, the image q′s of
qs in Gs = G/⟨q1, · · · , qs−1⟩ lies in Gs⟨p⟩. We can write this in formulas. Over E0[[t1]]/⟨p⟩t1,
since the subgroup generated by t1 is contained in G[p], the p-series for t2 factors as

[p](t2) = ϕ̃⟨1⟩(t2)r1(t2)

for some power series r1(t) ∈ (E0[[t1]]/⟨p⟩t1) [[t]], so the reduced p-series for t2 factors as

⟨p⟩(t2) = ϕ⟨1⟩(t2)r1(t2).

Since the Tate construction inverts ϕ1(t2), we have r1(t2) = 0. This is the condition for t2 to
be in G⟨p⟩ = G1⟨p⟩ and to have image in G2⟨p⟩ under the quotient map G1 → G2. So,

Q2(Σp2/Fp
2) ∼= E0[[t1, t2]]/⟨p⟩t1, r1(t2).

In general, for k < n, over Qk(Σm/Fp
k), the p-series is divisible by ϕ̃⟨1,··· ,k⟩(t) since the

subgroup generated by t1, · · · , tk is contained in G[p].

Definition 4.3.4. For 0 ≤ k < n, define rk to be the power series over Qk(Σm/Fp
k) such that

[p](t) = ϕ̃⟨1,··· ,k⟩(t)rk(t).

In particular, ⟨p⟩(t) = ϕ⟨1,··· ,k⟩(t)rk(t). rk is well-defined since ϕ̃⟨1,··· ,k⟩(t) is not a zero

divisor in Qk(Σm/Fp
k)[[t]]. Indeed, the constant term in ϕ⟨1,··· ,k⟩(t) is the Euler class cpk

which is inverted by the Tate construction, so cpk is not a zero divisor in Qk(Σm/Fp
k).

Since the Tate construction inverts ϕ⟨1,··· ,k⟩(tk+1), rk(tk+1) = 0 in Qk+1(Σpk+1/Fp
k+1).

This is the condition for tk+1 to be in G⟨p⟩ and to have image in (G/⟨t1, · · · , tk⟩)⟨p⟩. Thus,

Qk+1(Σpk+1/Fp
k+1) ∼= E0[[t1, · · · , tk+1]]/⟨p⟩t1, r1(t2), · · · , rk(tk+1).

Note thatQk+1(Σpk+1/Fp
k+1) is symmetric in t1, · · · , tk+1 and we could have replaced {1, · · · , k+

1} by any of its permutations. In particular,

Qk+1(Σpk+1/Fp
k+1) ∼= E0[[tk+1, · · · , t1]]/⟨p⟩(tk+1), r1(tk), · · · , rk(t1).

If k > h, the reduced p-series for th+1 is both 0 and invertible in the Tate construction since
it is equal to ϕ⟨1,··· ,h⟩(th+1), so Qk(Σm/Fp

k) = 0.
Since the isomorphism Qk(Σm/Σpk2 ≀Σpk1 ) ∼= Γ∨[k1]t⊗sΓ

∨[k2] reverses the order of the kis,
E0(BCp)/tr⊗E0(BCp)/tr corresponds to t1, · · · , tk while Cp ≀ · · · ≀Cp corresponds to tk, · · · , t1.
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Thus, on functor of points, the map Qk(Σm/Cp ≀ · · · ≀ Cp) → Qk(Σm/Fp
k) induced by the

inclusion Fp
k → Cp ≀ · · · ≀ Cp is given by sending q1, · · · , qk to q′k, · · · , q′1. This is the map

E0[[t1, t2, · · · , tk]]/⟨p⟩t1, ⟨p⟩P t2, · · · , ⟨p⟩P
k−1

tk → E0[[t1, · · · , tk]]/⟨p⟩t1, r1(t2), · · · , rk−1(tk)

sending ts to ϕ̃⟨k,··· ,k−s+2⟩(tk−s+1).

We modify the above argument for Q(i). We will construct the analogs r
(i)
s of rs in the

proof of the following lemma.

Lemma 4.3.5. For 1 ≤ k ≤ h− i,

Q
(i)
k (Σm/Fk

p)
∼= E0/ui−1[[t1, · · · , tk]]/⟨p⟩(i)(t1), r(i)1 (t2), · · · , r(i)k (tk)

is a regular local Noetherian ring with a regular system of parameters (t1, · · · , tk, ui+k, · · · , un−1).

If k > h− i, Q
(i)
k (Σm/Fk

p) = 0.

Proof. Let S[k] = Q
(i)
k (Σm/Fk

p). It is clear that S[k] is a local Noetherian ring being a quotient
of the local Noetherian ring E0/ui−1[[t1, · · · , tk]]. It remains to show that it is regular. We will
denote the maximal ideal in a local ring by m and use the following facts about regular local
rings.

(i) A power series ring over a regular local ring is a regular local ring.

(ii) [May, Theorem 2.1] The quotient of a regular local ring by a subset of a regular system
of parameters is a regular local ring.

S[k] is the ring classifying a sequence of points

qs ∈ G(i)⟨p⟩, s = 1, · · · , k

such that for all {s1, · · · , sj} ⊆ {1, · · · , k} and s /∈ {s1, · · · , sj}, the image of the point qs in

G/⟨qs1 , · · · , qsj ⟩ lies in
(
G/⟨ts1 , · · · , tsj ⟩

)(i) ⟨p⟩, where G(i)⟨p⟩ is the closure G[p]− 0 of strict
the p-torsion points over Spf(E0/ui−1). S[k] = 0 if k > h− i.

For k = 1, E0/ui−1[[t1]] is a regular local ring with (t1, ui, · · · , uh−1) a regular system of
parameters. Since ⟨p⟩(i)(t1) = ui + t1(· · · ), it is part of a basis of m/m2, so

S[1] ∼= E0/ui−1[[t1]]/⟨p⟩(i)(t1)

is regular with (t1, ui+1, · · · , uh−1) a regular system of parameters.

Over E0/ui−1, and hence S[1], [p](t2) = g(tp
i

2 ) = tp
i

2 g
′(tp

i

2 ) and ⟨p⟩(i)(t2) = g′(tp
i

2 ) for some
power series g and g′ (the isogeny G → G/G[p] ≃ G factors through φi as G → φiG → G).

Over S[1], g′ has roots tp
i

1 , ([2]t1)
pi

, · · · , ([p− 1]t1)
pi

. Since S[1] is regular, hence a UFD,

g′(y) =

p−1∏
j=1

(
y − ([j]t1)

pi
) r(y)

for some power series r, so
∏p−1

j=1

(
tp

i

2 − ([j]t1)
pi
)
, which is a unit multiple of ϕ⟨1⟩(t)

pi

, divides

⟨p⟩(i)(t). So,
⟨p⟩(i)(t2) = ϕ⟨1⟩(t)

pi

r
(i)
1 (t2)
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where r
(i)
1 (t2) is of the form h(tp

i

2 ).

Under the map S[1][[t2]] → E0/ui[[t2]] which quotients out t1, ⟨p⟩(i)(t2) maps to tp
i(p−1)⟨p⟩(i+1)(t2)

and
∏p−1

j=1

(
tp

i

2 − ([j]t1)
pi
)
maps to tp

i(p−1), so r
(i)
1 (t2) maps to ⟨p⟩(i+1)(t2) = ui+1 + t2(· · · )

since the target is a UFD. This implies that

r
(i)
1 (t2) = ui+1 + t2(· · · ) + t1(· · · )

in S[1][[t2]]. Since S[1][[t2]] is regular with (t1, t2, ui+1, · · · , uh−1) a regular system of parame-
ters, r1(t2) is part of a basis for m/m2, so the quotient

S[2] ∼= S[1][[t2]]/r
(i)
1 (t2) ∼= E0/ui−1[[t1, t2]]/⟨p⟩(i)(t1), r(i)1 (t2)

is regular with a regular system of parameters (t1, t2, ui+2, · · · , uh−1).

Repeating this process, we obtain power series r
(i)
s such that

S[k] ∼= E0/ui−1[[t1, · · · , tk]]/⟨p⟩(i)(t1), r(i)1 (t2), · · · , r(i)k−1(tk)

is regular with (t1, · · · , tk, ui+k, · · · , uh−1) a regular system of parameters. Over S[k], g has

roots ([j]ts)
pi

for 1 ≤ s ≤ k and 0 ≤ j ≤ p − 1. Since g is an isogeny on φiG, all linear

combinations ([a1]t1)
pi

+F i · · ·+F i ([ak]tk)
pi

= ([a1]t1 +F · · ·+F [ak]tk)
pi

are roots of g, where
F i denotes the formal group law on φiG. The same argument as before shows that over S[k],

ϕ⟨1,··· ,k⟩(t)
pi

divides ⟨p⟩(i)(t).

Definition 4.3.6. For 0 ≤ k < h − i, define r
(i)
k to be the power series over Q

(i)
k (Σm/Fp

k)
such that

[p](i)(t) = ϕ̃⟨1,··· ,k⟩(t)
pi

r
(i)
k (t).

r
(i)
k (t) is of the form h(tp

i

). Under the map S[k][[tk+1]] → E0/ui+k−1[[tk+1]] which quo-

tients out t1, · · · , tk, ⟨p⟩(i)(tk+1) maps to t
pi(pk−1)
k+1 ⟨p⟩(i+k)(tk+1) and ϕ̃⟨1,··· ,k⟩(tk+1)

pi

maps

to t
pi(pk−1)
k+1 , so r

(i)
k (tk+1) maps to ⟨p⟩(i+k)(tk+1) = ui+k + tk+1(· · · ). This implies that in

S[k][[tk+1]],

r
(i)
k (tk+1) = ui+k + tk+1(· · · ) + terms involving at least one of t1, · · · , tk.

Thus,

S[k + 1] ∼= S[k][[tk+1]]/r
(i)
k (tk+1) ∼= E0/ui−1[[t1, · · · , tk+1]]/⟨p⟩(i)(t1), r(i)1 (t2), · · · , r(i)k (tk+1)

is regular with a regular system of parameters (t1, · · · , tk+1, ui+k+1, · · · , uh−1).

To summarize, we have the following.

Lemma 4.3.7. For the contravariant part Q
(i)
k ,

• The ring

Q
(i)
k (Σpk/Cp ≀ · · · ≀ Cp) ∼= E0/ui−1[[t1, · · · , tk]]/⟨p⟩(i)t1, · · · , ⟨p⟩(i)

Pk−1

tk

classifies a sequence of points {qs ∈ G(i)
s ⟨p⟩}ks=1 where G1 = G and Gs = Gs−1/⟨qs−1⟩ is

the quotient of Gs−1 by the degree p subgroup generated by qs−1.
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• The ring

Q
(i)
k (Σpk/Fp

k) ∼= E0/ui−1[[t1, · · · , tk]]/⟨p⟩(i)(t1), r(i)1 (t2), · · · , r(i)k−1(tk)

classifies a sequence of points {qs ∈ G(i)⟨p⟩}ks=1 such that for all s, the image q′s of qs in

Gs lies in G(i)
s ⟨p⟩. It is 0 if k > h− i.

• Under our choice of inclusion Fp
k → Cp ≀ · · · ≀ Cp (7), the map Q

(i)
k (Σpk/Cp ≀ · · · ≀ Cp) →

Q
(i)
k (Σpk/Fp

k) sends ts to ϕ̃⟨k,··· ,k−s+2⟩(tk−s+1). It is the map which sends q1, · · · , qk to
q′k, · · · , q′1.

4.3.2 The GLk-action

Since the standard basis of Fp
k corresponds to q1, · · · , qk, a matrix g ∈ GLk acts on the

right on the scheme Spf
(
Q

(i)
k (Σm/Fp

k)
)

by sending a sequence of points
[
q1 · · · qk

]
to[

q1 · · · qk
]
· g. On its ring of functions Q

(i)
k (Σm/Fp

k), g acts on the left by sending ts to

g⃗s · t⃗, where g⃗s is the sth column of g and t⃗ =
[
t1 · · · tk

]
.

Example 4.3.8. For k = 2, g =

[
a b
c d

]
acts on the scheme Spf

(
Q

(i)
2 (Σp2/Fp

2)
)
by

[
q1 q2

]
· g =

[
q1 q2

] [a b
c d

]
=
[
aq1 + cq2 bq1 + dq2

]
and on the ring Q

(i)
2 (Σp2/Fp

2) by

t1 7→ at1 + ct2

t2 7→ bt1 + dt2,

where all the operations are formal group law operations (+ := +F , a := [a]F ).

4.4 Computing the cokernel

The goal of this section is to show the following.

Proposition 4.4.1. For p = 2, the cokernel of σ∨⊗k
: C∨(i)[k] → C∨(i)[k] is isomorphic to

C∨(i+1)[k − 1].

Let

R[k] = Q
(i)
k (Σpk/Cp ≀ · · · ≀ Cp) (8)

S[k] = Q
(i)
k (Σpk/Fp

k) (9)

The map σ∨⊗k
: C∨(i)[k] → C∨(i)[k] is induced by the map on Γ∨(i)[1]⊗k which is multipli-

cation by the Euler class x1 · · ·xk. On R[k] and S[k], it corresponds to

k∏
s=1

(
p−1∏
i=1

[i]ts

)
= (−1)pk(t1 · · · tk)p−1 and ηk :=

∏
(a1,··· ,ak)∈Fp

k

(a1,··· ,ak )̸=0⃗

([a1]t1 +F · · ·+F [ak]tk) ,
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respectively. By Proposition 4.3.1, under our choice of map R[k] → S[k], C∨(i)[k] corresponds
to the Steinberg summand of S[k]. Since the Steinberg module is a projective Z[GLk]-module

and the Euler class in S[k] is GLk-equivariant, the cokernel of σ∨⊗k
: C∨(i)[k] → C∨(i)[k] is

the Steinberg summand of the cokernel A[k] of multiplication by ηk on S[k].
Let

A[k] = S[k]/ηk

B[k] = S[k]/
∏
i ̸=0

[i]t1 = S/tp−1
1 = E0/ui[[t1, t2, · · · , tk]]/tp−1

1 , r
(i)
1 (t2), · · · , r(i)k−1(tk)

B′[k − 1] = S[k]/t1 = E0/ui[[t2, · · · , tk]]/⟨p⟩(i+1)t2, · · · , r(i+1)
k−2 (tk) ∼= Q

(i+1)
k−1 (Σpk−1/Fk−1

p ).

Note that B[k] and B′[k − 1] are E0/ui-modules and there are canonical projection maps
A[k] → B[k] → B′[k − 1].

Example 4.4.2. For k = 0, A[0] = 0. For k = 1, S[1] ∼= E0[[t1]]/⟨p⟩(i)t1, e1S[1] ∼= Γ∨(i)[1] ∼=
E0/ui−1[[x1]]/f

(i)(x1), and the Euler class is x1 =
∏p−1

i=1 [i]t1 = (−1)ptp−1. Since e1 is taking
Cp fixed-points,

e1A[1] = E0/ui = C∨(i+1)[0].

We will use results about the Steinberg idempotent from [HP14, Section 1.3].

Notation 4.4.3. • A left G-action on a set S is equivalent to a right Gop-action on S by
g ·x := xg−1. For a subgroup H ≤ G, the left G-set G/H can be identified with the right
G-set of left cosets H\G by gH ↔ Hg−1. Under this identification, the corresponding
right Gop-action on H\G is equivalent to the left G-action on G/H.

• Let Inj(k−1, k) be the set of all Fp-linear injections Fp
k−1 → Fp

k, which can be regarded
as a subset of matrices Matk×(k−1)(Fp). Then Inj := Fp[Inj(k − 1, k)] is naturally a
GLk-GLk−1-bimodule.

• Let Pr(k, k−1) be the set of all Fp-linear surjections Fp
k → Fp

k−1, which can be regarded
as a subset of matrices Mat(k−1)×k(Fp). Then Pr := Fp[Pr(k, k−1)] is naturally a GLk−1-
GLk-bimodule. Equivalently, it as a GLop

k -GLop
k−1-bimodule where g ·W ·h := h−1Wg−1.

• Let U1 ≤ GLk be the subgroup of matrices


∗

I
...
∗

0 ∗

. Then U1 = StabGLk

([
I
0

])

for the left GLk-action. Its normalizer Bk1 = NGLk
(U1) ≤ GLk is the subgroup of

matrices


∗

∗
...
∗

0 ∗

 and its Weyl group WGLk
(U1) = GLk−1 × 1. Inj(k − 1, k) =

GLk/U1 has a left action of GLk and a right action of WGLk
(U1).

• Let U2 ≤ GLk is the subgroup of matrices


∗ ∗ · · · ∗

0 I

. Then U2 = StabGLk

([
0 I

])
for the right GLk-action, equivalently, the left GLop

k -action. Its normalizer Bk2 =

18



NGLk
(U2) ≤ GLk is the subgroup of matrices


∗ ∗ · · · ∗

0 ∗

 and its Weyl group

WGLk
(U2) = 1×GLk−1. Pr(k, k−1) = U2\GLk as a right GLk-set and a left WGLk

(U2)-
set. Equivalently, Pr(k, k − 1) = GLk/U2 as a left GLk-set and a right WGLk

(U2)-set.

Proof strategy. To prove Proposition 4.4.1, we compute the cokernel

cok
(
σ∨⊗k

: C∨(i)[k] → C∨(i)[k]
)
= ekA[k]

as follows. In Proposition 4.4.9, we will show that there exists a GLk-equivariant map

A[k] → Pr⊗GLk−1
B′[k − 1].

This induces a map on Steinberg summands

ekA[k] → ek Pr⊗GLk−1
B′[k − 1] ∼= ek−1B

′[k − 1]

where the isomorphism comes from a key fact in [HP14, Prop 1.3.8]. We then show (Proposition
4.4.13) that for p = 2, the map ekA[k] → ek−1B

′[k − 1] is injective with image isomorphic to
ek−1B

′[k − 1], which is C∨(i+1)[k − 1]. This is the only part where we use the fact that p = 2.

4.4.1 The GLk-equivariant map

We will construct a GLk-equivariant map A[k] → Pr⊗GLk−1
B′[k− 1] which induces a map

ekA[k] → ek−1B
′[k − 1] on Steinberg summands.

Lemma 4.4.4. For A a left GLk-module and B a left GLk−1-module, there are natural bijec-
tions

HomGLk
(A, Inj⊗GLk−1

B) ↔ HomBk1
(A,B)

where Bk1 acts on B by the projection Bk1 ↠ GLk−1 × 1 onto the top left and

HomGLk
(A,Pr⊗GLk−1

B) ↔ HomBk2
(A,B)

where Bk−2 acts on B by the projection Bk2 ↠ 1×GLk−1 onto the bottom right.

Proof. For a subgroup N ≤ G, the restriction from Z[G]-modules to Z[N ]-modules has left and
right adjoints Z[G]⊗Z[N ] − and HomZ[N ](Z[G],−), which are naturally isomorphic.

ModZ[N ] ModZ[G]

Z[G]⊗Z[N]−

HomZ[N](Z[G],−)

res

Under the restriction and coinduction adjunction, an N -equivariant map f : A → B corre-
sponds to a G-equivariant map A →

∏
i giN ⊗N B. Since we will need this later, we give an

explicit description of this correspondence.
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Let g1N, · · · , grN be a complete set of left cosets in G/N . Then Ng−1
1 , · · · , Ng−1

r is a
complete set of right cosets in N\G. These give bases for Z[G] as a free right and left Z[N ]-
module, respectively. Thus, there are isomorphisms

HomZ[N ](Z[G],−) ∼=
∏
i

HomN (Ng−1
i ,−) ∼=

∏
i

giN ⊗N − ∼= Z[G]⊗Z[N ] −.

For f : A→ B an N -equivariant map, the G-equivariant map A→
∏

i giN ⊗N B is given by

x 7→
∏
i

giN ⊗N f(g−1
i x).

This notation means that the image of x on the component indexed by i is f(g−1
i x). The map

f can be recovered by postcomposing this with the projection onto the component indexed by
N .

Let G = GLk, H = Ui, N = Bki, and W = N/H = GLk−1 × 1 or 1 × GLk−1. Let A be
a left GLk-module and B a left GLk−1-module considered as a Bki-module by the projection
of Bki ↠ W . By the restriction and coinduction adjunction, an N equivariant map A → B
corresponds to a G-equivariant map A→ Z[G]⊗Z[N ] B ∼= Z[G/H]⊗Z[W ] B since H acts on B
trivially. The result follows since Inj = Z[GLk/U1] and Pr = Z[GLk/U2].

We apply this to A = A[k], B = B[k], and B′ = B′[k − 1].

Lemma 4.4.5. The projection A ↠ B′ is a Bk2-equivariant map. Thus, it induces a GLk-
equivariant map A→ Pr⊗GLk−1

B′.

Proof. The map A ↠ B′ sends t1 to 0 and ti>1 to ti. For h =


λ ∗ · · · ∗

0 h′

 ∈ Bk2,

h · t1 = λt1 and h · ti>1 = ∗t1 + h′ · ti. These map to 0 and h′ · ti in B′, respectively.

Lemma 4.4.6. There is an isomorphism of Fp[GLk]-modules

Pr⊗GLk−1
B′ ∼=

∏
A/(v⃗ · t⃗),

where v⃗ ranges over all 1-dimensional subspaces of Fp
k and v⃗ · t⃗ = [v1]t1 +F · · · +F [vk]tk for

any representative
[
v1 · · · vk

]
of v.

Proof. Let g =

 | |
g⃗1 · · · g⃗k
| |

 ∈ GLk. The action of g on
∏
A/v⃗ · t⃗ is induced by its action on

A which sends t1 to g⃗1 · t⃗1
A A

A/t1 A/g⃗1 · t⃗1

g

g

where the vertical maps are the canonical projections.

20



TheBk2-equivariant mapA→ B′ corresponds to aGLk-equivariant mapA→ Pr⊗GLk−1
B′.

As a free right Z[GLk−1]-module, Pr has basis {W} consisting of equivalence classes of pro-
jections Fk

p → Fk−1
p , which can be represented by (k − 1)× k matrices. Thus, Pr⊗GLk−1

B′ ∼=∏
W W ⊗B′ and the isomorphism of the lemma is given by identifying W ⊗B′ with A/v⃗ · t⃗ for

any nonzero v⃗ in the orthogonal complement of W . In particular,
[
0 I

]
⊗ B′ corresponds to

A/t1 under the projection A↠ A/t1 = B′.

The following key fact from [HP14] allows us to relate ek to ek−1.

Lemma 4.4.7. [HP14, Prop 1.3.8] For a left GLk−1-module M , there is an isomorphism

ek−1M
≃−→ ek Pr⊗GLk−1

M.

Proof. We reproduce the proof in [HP14, Proposition 1.3.8], keeping track of the corresponding
actions. Consider Pr as a subset of matrices Mat(k−1)×k(Fp) with its left GLop

k and right

GLop
k−1 actions. Let Tk ≤ Σk be the cyclic subgroup generated by (1, · · · , k) and let T k =∑

σ∈Tk
(−1)σσ. The map f : ek−1M → ek Pr⊗GLk−1

M is given by

ek−1m 7→ Ik−1,kT k ⊗ ek−1m,

where Ik−1,k =
[
I 0

]
∈ Pr. For A ∈ Pr, ek ·A = AUkΣk = Aek. Note that the first ek denotes

the Steinberg idempotent for the left GLop
k -action and the latter for the right GLk-action.

Since Pr is a free right GLop
k−1 and Ik−1,kT k is a sum of distinct basis elements, this map

is a monomorphism. To show that it is an epimorphism, let A =
[
A′ v

]
∈ Pr and m ∈ M .

ek · A⊗m =
[
A′ v

]
ek ⊗m = 0 if rankA′ ≤ k − 2 [HP14, Lemma 1.3.4]. If rankA′ = k − 1,

there exists C ∈ GLk−1 and B ∈ Uk such that CAB = Ik−1,k. Then

ek ·A⊗m = C−1Ik−1,kB
−1ek ⊗m

= C−1Ik−1,kek ⊗m

= Ik−1,kek ⊗ Cm

= (ek−1Ik−1,kT k)⊗ Cm, by [HP14, Lemma 1.3.7]

= Ik−1,kT k · ek−1 ⊗ Cm

= Ik−1,kT k ⊗ ek−1Cm = f(ek−1Cm).

Remark 4.4.8. Note that for any σ ∈ Tk, Ik−1,kT k = (−1)σ(Ik−1,kσ)T k. Thus, the isomorphism
f : ek−1M → ek Pr⊗GLk−1

M above could have been defined by

f(ek−1m) = (Ik−1,kσ)T k ⊗ ek−1m.

With this definition, there is a commutative diagram

ek Pr⊗GLk−1
M ek−1M

Pr⊗GLk−1
M M

≃

where the bottom map is projection onto the factor indexed by Ik−1,kσ.
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Putting things together, with σ = (1 · · · k) in Remark 4.4.8, we obtain the following.

Proposition 4.4.9. The map

A[k] →
∏

A[k]/v⃗ · t⃗ ∼= Pr⊗GLk−1
B′[k − 1]

given by canonical projections onto each component is GLk-equivariant, where the product
ranges over 1-dimensional subspaces of Fp

k. Taking Steinberg summands induces a map

ekA[k] → ek−1B
′[k − 1]. (10)

4.4.2 The cokernel on Steinberg summands

To identify ekA[k], we first compute the image of the map ekA[k] → ek−1B
′[k − 1], then

show that this map is injective for p = 2.

Proposition 4.4.10. The map ekA[k] → ek−1B
′[k− 1] (10) has image ηk−1 · ek−1B

′[k− 1] ∼=
ek−1B

′[k − 1].

We consider Pr as a GLop
k -GLop

k−1-bimodule (Notation 4.4.3).

Lemma 4.4.11. The image of the map (10) contains ηk−1 · ek−1B
′[k − 1].

Proof. Let {W} ⊂ Pr = Mat(k−1)×k(Fp) be a basis for Fp[Pr] as a free right Fp[GLk−1]-module
such that each matrixW is in row reduced echelon form. For eachW , let gW ∈ GLk be such that
W = gW ·

[
0 I

]
=
[
0 I

]
g−1
W . The canonical projection f : A[k] → B′[k − 1] corresponds to

the GLk-equivariant map A[k] → Pr⊗GLk−1
B′[k−1] ∼=

∏
W W⊗B′[k−1] ∼=

∑
W W⊗B′[k−1]

(Lemma 4.4.4) given by

y 7→
∏
W

W ⊗ f(g−1
W y) =

∑
W

W ⊗ f(g−1
W y).

This notation means that it is f(g−1
W y) on the component indexed by W .

On Steinberg summands, eky maps to
∑

W

(
ek ·W ⊗ f(g−1

W y)
)
=
∑

W

(
Wek ⊗ f(g−1

W y)
)
,

whereWek denotes the Steinberg summand for a right GLk-action (4.2). By analogs of Lemmas
1.3.3 and 1.3.4 in [HP14] for general primes, Wek = 0 if W =

[
W ′ v⃗

]
with rankW ′ ≤ k − 2.

If rankW ′ = k − 1, then W =
[
I v⃗

]
, so eky maps to

∑
v⃗∈Fk−1

p

ek ·
[
I v⃗

]
⊗ f




0 1

I v⃗

 y


Since

ek·
[
I v⃗

]
=
[
I 0

]  I v⃗

0 1

UkΣk = Ik−1,kUkΣk = Ik−1,kek = ek−1Ik−1,kT k = (Ik−1,kT k)·ek−1,
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this is equal to

∑
v⃗∈Fk−1

p

Ik−1,kT k ⊗ ek−1f(g
−1
W y) = Ik−1,kT k ⊗

 ∑
v⃗∈Fk−1

p

ek−1f(g
−1
W y)

 .

Let ψ denote the map (10). By Lemma 4.4.7, ψ(eky) =
∑

v⃗∈Fk−1
p

ek−1f(g
−1
W y).

To simplify notation, we shift the indices in B′[k − 1] = A[k]/t1 down by 1 such that

t2, · · · , tk becomes t1, · · · , tk−1, B
′[k − 1] = E0/ui[[t1, · · · , tk−1]]/⟨p⟩(i+1)t1, · · · , r(i+1)

k−2 (tk−1),

and the projection map f is given by f(t1) = 0 and f(ti<k) = ti−1. For W =
[
I v

]
,

g−1
W =


0 1

I v⃗

 and

f(g−1
W ti<k) = ti

f(g−1
W tk) = v⃗ · t⃗

where t⃗ = t1, · · · , tk−1.
Elements inB′[k−1] can be represented by power series h(t1, · · · , tk−1). If y = h(t1, · · · , tk−1)

∏
w⃗∈Fk−1

p −0⃗(tk+F

w⃗ · t⃗),

ψ(eky) =
∑

v⃗∈Fk−1
p

ek−1

h(t1, · · · , tk−1)
∏

w⃗∈Fk−1
p −0⃗

(v⃗ · t⃗+F w⃗ · t⃗)

 .

If v⃗ ̸= 0⃗, then −v⃗ ̸= 0⃗ so
∏

w⃗∈Fk−1
p −0⃗(v⃗ · t⃗+F w⃗ · t⃗) = 0. Thus,

ψ(eky) = ek−1

h(t1, · · · , tk−1)
∏
w⃗ ̸=0⃗

w⃗ · t⃗

 .

Each g ∈ GLk−1 permutes the set Fk−1
p − 0⃗, so it fixes

∏
w⃗ ̸=0⃗ w⃗ · t⃗ = ηk−1, which is the Euler

class in B′[k − 1].

ψ(eky) =
∑

σ∈Σk−1,b∈Uk−1

(−1)σ (σb · h(t1, · · · , tk−1)) (σb · ηk−1)

= ηk−1ek−1h(t1, · · · , tk−1).

Thus, ηk−1 · ek−1B
′[k − 1] is contained in the image of (10).

Proof of Proposition 4.4.10. A[k] is generated by elements h(t1, · · · , tk−1)t
i
k ranging over all

power series h and i ≥ 0. If y = h(t1, · · · , tk−1), then eky = 0 since the stabilizer of y in Uk

has order divisible by p [HP14, Lemma 1.3.3]. If y = h(t1, · · · , tk−1)t
i
k with i > 0,

ψ(eky) =
∑

v⃗∈Fk−1
p

ek−1

(
h(t1, · · · , tk−1)(v⃗ · t⃗)i

)
= ek−1

h(t1, · · · , tk−1)

∑
v⃗ ̸=0⃗

(v⃗ · t⃗)i
 .
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Each g ∈ GLk−1 permutes the set Fk−1
p − 0⃗, so g ·

∑
v⃗ ̸=0⃗(v⃗ · t⃗)i =

∑
v⃗ ̸=0⃗(v⃗ · t⃗)i.

ψ(eky) =
∑

σ∈Σk−1b∈Uk−1

(−1)σ (σb · h(t1, · · · , tk−1))

σb ·∑
v⃗ ̸=0⃗

(v⃗ · t⃗)i


=

∑
v⃗ ̸=0⃗

(v⃗ · t⃗)i
 ek−1h(t1, · · · , tk−1).

Since elements in B′[k − 1] are power series h(t1, · · · , tk−1), the image of (10) is the sum
+i≥1pi ·ek−1B

′[k−1] where pi = pi
(
v⃗ · t⃗ | v⃗ ∈ Fk−1

p

)
=
∑

v⃗ ̸=0⃗(v⃗ · t⃗)i is the ith power sum in the

elements v⃗ · t⃗. Since the image of (10) contains ηk−1 · ek−1B
′[k − 1], to prove the proposition,

it suffices to show that ηk−1|pi in B′[k − 1] for all i ≥ 1.
Consider the isogeny G → G/H over B′[k−1] which quotients out the subgroupH generated

by t1, · · · , tk−1. On coordinates, it is given by t 7→ f(t) for f(t) =
∏

v⃗∈Fk−1
p

(t +F v⃗ · t⃗) =:∑
i≥1 cit

i. Since the Weierstrass polynomial

w(t) =
∏

v⃗∈Fk−1
p

(t+ v⃗ · t⃗), (11)

for f is an isogeny with kernel H, ηk−1|c1. In B′[k−1]/ηk−1, t
2|f(t), so f(t) ≡ g(tp) mod ηk−1

for some power series g [Rav23, Lemma A2.2.7]. We say that a polynomial or power series
h(t) =

∑
cit

i over B′[k − 1] satisfies ⋆ if ηk−1|ci if p ∤ i. Thus, f satisfies ⋆. ⋆ is equivalent
to the condition that the image of h in (B′[k− 1]/ηk−1)[[t]] lands in (B′[k− 1]/ηk−1)[[t

p]]. The
condition ⋆ is closed under multiplication and inverses (if exists).

In a math overflow answer, Lubin gives an algorithm to compute the Weierstrass polynomial
[hL]. Let d = pk−1 and let S denote the degree-d shift operation: Sf =

∑
i≥0 cd+it

i. Step 0:
f1 = f/Sf , so Sf1 ≡ 1 mod m where m is the maximal ideal in B′[k − 1]. Step i: repeat. At
each step we get a power series fi such that Sfi ≡ 1 mod mi. The Weierstrass polynomial is
the limit of the fis. Since f satisfies ⋆, so does Sf , 1/Sf , and hence f1. Repeating, we get
that for all i, fi satisfies ⋆, thus so does the limit.

By uniqueness of the Weierstrass polynomial, this limit is equal to (11). The coefficient of

td−i in w is the elementary symetric function ei := ei

(
v⃗ · t⃗ | v⃗ ∈ Fp

k−1
)
. Since w satisfies ⋆,

ηk−1|ei if p ∤ d− i i.e. p ∤ i. The power sums are related to the elementary symmetric functions
by the following identities.

ps =

{
(−1)s−1ses +

∑s−1
i=1 (−1)s−1+ies−ipi if 1 ≤ s ≤ d∑s−1

i=s−d(−1)s−1+ies−ipi if 1 ≤ d < s.

Since ηk−1 | p, by induction, ηk−1|pi for all i ≥ 1 (if p− 1 ∤ i, we could have used the fact that
pi = 0). Thus, the image of (10) is equal to ηk−1 · ek−1B

′[k − 1].
For the last part, since B′[k − 1] ∼= S[k − 1] in an integral domain (Lemma 4.3.5), multi-

plication by ηk−1 on B′[k − 1] and hence ek−1B
′[k − 1] is injective, so ηk−1 · ek−1B

′[k − 1] ∼=
ek−1B

′[k − 1].
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Lemma 4.4.12. The GLk-equivariant map

A[k] →
∏
v⃗

(
A[k]/

p−1∏
i=1

[i](v⃗ · t⃗)

)
∼=
∏
v⃗

B[k]

is injective, where v⃗ ranges over all 1-dimensional subspaces of Fp
k and v⃗ · t⃗ = [v1]t1 +F · · ·+F

[vk]tk for any representative
[
v1 · · · vk

]
of v.

In particular, for p = 2, the map

A[k] → Pr⊗GLk−1
B′[k − 1] ∼=

∏
v⃗

B′[k − 1]

is injective since B[k] = B′[k − 1]. Thus, the map ekA[k] → ek−1B
′[k − 1] in (10) obtained by

taking Steinberg summands is injective.

Proof. The kernel of the map into the product is the intersection of the kernels⋂
v⃗

ker

(
A[k] →

(
A[k]/

p−1∏
i=1

[i](v⃗ · t⃗)

))
=
⋂
v⃗

(
p−1∏
i=1

[i](v⃗ · t⃗)

)
=:
⋂
v⃗

Iv⃗.

We claim that the intersection is equal to the product of ideals⋂
v⃗

Iv⃗ =
∏
v⃗

Iv⃗ = ηk = 0

in A[k], which will imply that the map from A[k] into the product is injective.
Suppose by induction that for any n− 1 distinct 1-dimensional subspaces v⃗1, · · · , v⃗n−1, the

intersection Iv⃗1 ∩ · · · ∩ Iv⃗n−1
is equal to the product Iv⃗1 · · · Iv⃗n−1

. We need to show that for any
n distinct subspaces v⃗1, · · · , v⃗n,

Iv⃗1 ∩ · · · ∩ Iv⃗n = (η1,··· ,n−1) ∩ Iv⃗n = Iv⃗1 · · · Iv⃗n = (η1,··· ,n−1π)

in A[k], where η1,··· ,n−1 =
∏p−1

i1,··· ,in−1=1(i1v⃗1 · t⃗) · · · (in−1v⃗n−1 · t⃗) and π =
∏p−1

i=1 (iv⃗n · t⃗). An el-

ement in the intersection of ideals can be represented by g(t1, · · · , tk)η1,··· ,n−1 = h(t1, · · · , tk)π
in A[k] = S[k]/ηk. This means that ηk divides the difference g(⃗t)η1,··· ,n−1 − h(⃗t)π in S[k].
In the UFD S[k], η1,··· ,n−1, π | ηk, so η1,··· ,n−1 | h(⃗t)π and π | g(⃗t)η1,··· ,n−1. For a nonzero
vector w⃗, w⃗ · t⃗ is irreducible in S[k] since there is a change of coordinates taking it to t1, so
S[k]/w⃗ · t⃗ ∼= S[k]/t1 ∼= S[k − 1] is an integral domain. Since the irreducible factors in η1,··· ,n−1

and π are not unit multiples of each other, we must have η1,··· ,n−1 | h(⃗t) and π | g(⃗t). Thus,
g(⃗t)η1,··· ,n−1 = h(⃗t)π ∈ Iv⃗1 · · · Iv⃗n and Iv⃗1 ∩ · · · ∩ Iv⃗n = Iv⃗1 · · · Iv⃗n .

Combining Proposition 4.4.10 and Lemma 4.4.12 gives the following.

Proposition 4.4.13. For p = 2, the map ekA[k] → ek−1B
′[k − 1] of (10) is injective with

image ηk−1 · ek−1B
′[k − 1] ∼= ek−1 ·B′[k − 1].

Conjecture 4.4.14. For all primes p, the GLk-equivariant map A[k] → Pr⊗GLk−1
B′[k − 1]

induces an injective map on Steinberg summands

ekA[k] → ek Pr⊗GLk−1
B′[k − 1]

≃−→ ek−1B
′[k − 1].

Thus, the map ekA[k] → ek−1B
′[k − 1] of (10) is injective with image ηk−1 · ek−1B

′[k − 1] ∼=
ek−1 ·B′[k − 1].
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4.4.3 Compatibility with differentials

Having identified the levelwise cokernels in (4) and (5), we now identify the boundary maps
to conclude the proof of Theorem 4.0.1. For simplicity, we do the case n = 0. The general case
follows by postcomposing with the n-fold suspension σn. Recall that R[k] ∼= R[1]⊗k and the

dual to the map Γ
(i)
σ ⊗L

Γ(i) E0/ui−1 → E0/ui−1 in Definition 4.1.1 is induced by commutative
squares

Γ∨(i) ⊗R[k] Γ∨(i) ⊗R[k]

Γ∨(i) ⊗R[k − 1] Γ∨(i) ⊗R[k − 1].

1⊗σ∨⊗k

∂∨

1⊗σ∨⊗(k−1)

(∂◦σ)∨

Lemma 4.4.15. There are commutative squares

Γ∨(i) ⊗ S[k] Γ∨(i) ⊗ S[k]

Γ∨(i) ⊗ S[k − 1] Γ∨(i) ⊗ S[k − 1]

1⊗ηk

∂∨

1⊗ηk−1

(∂◦σ)∨

compatible with the maps R[k] → S[k].

Proof. Recall that the boundary maps in the Koszul complex Γ(i) ⊗C(i)[•] are induced by the
first face map ∂ = µ⊗1k−1 : Γ(i)⊗Γ(i)[1]⊗k → Γ(i)⊗Γ(i)[1]⊗k−1 of the bar complex. µ⊗1k−1 is

induced by the Cp-version µ⊗1k−1 : Γ(i)⊗Q(i)
1 (Σp/Cp)

⊗k → Γ(i)⊗Γ(i)[1]⊗Q(i)
1 (Σp/Cp)

⊗k−1 →
Γ(i) ⊗Q

(i)
1 (Σp/Cp)

⊗k−1. Since Γ∨(i) = ⊕Γ∨(i)[ℓ], the dual ∂∨ is the direct sum of maps

Γ∨(i)[ℓ]⊗R[1]⊗k Γ∨(i)[ℓ+ 1]⊗R[1]⊗k−1

(H < G(i), {qs ∈ G(i)
s ⟨p⟩}ks=1) (H + ⟨q1⟩, {qs}ks=2)

∂∨

where G1 = G/H, Gs = Gs−1/⟨qs−1⟩, and H + ⟨q1⟩ < G is the subgroup generated by H and
the inverse image of ⟨q1⟩. Since R[k] → S[k] maps ti to ϕ̃⟨k,··· ,k−i+2⟩(tk−i+1), these correspond
to maps

Γ∨(i)[ℓ]⊗Q
(i)
k (Σpk/Fp

k) Γ∨(i)[ℓ+ 1]⊗Q
(i)
k−1(Σpk−1/Fp

k−1)

(H < G(i), {qs ∈ G(i)/H}ks=1) (H + ⟨qk⟩, {q′s ∈ G(i)/H + ⟨qk⟩}ks=2),

∂∨

where q′s is the image of qs in H + ⟨qk⟩. Since all maps involved are ring maps, by checking on
functor of points, we obtain a commutative diagram

Γ∨(i) ⊗ S[k] Γ∨(i) ⊗R[k]

Γ∨(i) ⊗ S[k − 1] Γ∨(i) ⊗R[k − 1].

∂∨ ∂∨
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Similarly, the twisted differentials are induced by

∂ ◦ σ : Γ(i) ⊗ Γ(i)[1]⊗k 1⊗σ⊗1k−1

−−−−−−−→ Γ(i) ⊗ Γ(i)[1]⊗k ∂−→ Γ(i) ⊗ Γ(i)[1]⊗(k−1),

so (∂ ◦ σ)∨ is induced by

(∂ ◦ σ)∨ : Γ∨(i) ⊗R[1]⊗(k−1) ∂∨

−−→ Γ∨(i) ⊗R[1]⊗k ·tp−1
1−−−→ Γ∨(i) ⊗R[1]⊗k.

This corresponds to the composite

(∂ ◦ σ)∨ : Γ∨(i) ⊗ S[k − 1]
∂∨

−−→ Γ∨(i) ⊗ S[k]
·tp−1

k−−−→ Γ∨(i) ⊗ S[k].

Since the maps R[k] → S[k] are compatible with both maps, they are compatible with (∂ ◦σ)∨.
σ∨k is multiplication by the Euler class (t1 · · · tk)p−1 and corresponds to multiplication by

the Euler class ηk on S[k]. We want to show that for all ℓ, the square

Γ∨(i)[ℓ]⊗ S[k] Γ∨(i)[ℓ]⊗ S[k]

Γ∨(i)[ℓ+ 1]⊗ S[k − 1] Γ∨(i)[ℓ+ 1]⊗ S[k − 1]

1⊗ηk

∂∨

1⊗ηk−1

(∂◦σ)∨

commutes. Since ∂∨ factors as

∂∨ : Γ∨(i)[ℓ+ 1]⊗ S[k − 1] → Γ∨(i)[ℓ]⊗ Γ∨(i)[1]⊗ S[k − 1]
1⊗∂∨

−−−→ Γ∨(i)[ℓ]⊗ S[k],

it is enough to show that the square commutes for ℓ = 0.
For a ∈ Γ∨(i)[1] and b ∈ S[k − 1].

(∂ ◦ σ)∨ ◦ (1⊗ ηk−1)(a⊗ b) = tp−1
k ∂∨(a⊗ ηk−1b) = tp−1

k ∂∨(ηk−1)∂
∨(a)∂∨(b)

(1⊗ ηk) ◦ ∂∨(a⊗ b) = ηk∂
∨(a)∂∨(b).

We claim that tp−1
k ∂∨(ηk−1) = ηk in S[k]. To see this, consider the commutative square

R[1]⊗R[k − 1] ∼= R[k] S[k]

Γ∨(i)[1]⊗R[k − 1] Γ∨(i)[1]⊗ S[k − 1].

∂∨ ∂∨

Since the right vertical map sends q1, · · · , qk to ⟨qk⟩, q′1, · · · , q′k−1, where q
′
s is the image of qs

in G(i)/⟨qk⟩, ∂∨(x1 ⊗ 1) = tp−1
k . The images of x1 ⊗ (t2 · · · tk)p−1 ∈ Γ∨(i)[1] ⊗ R[k − 1] under

the two ways of going around the square are the same, so ηk = ∂∨(x1 ⊗ ηk−1) = tp−1
k ∂∨(ηk−1).

Thus, the square commutes for ℓ = 0, hence for all ℓ.

This induces a map on the cokernels

(∂ ◦ σ)∨ : Γ∨(i) ⊗A[k − 1] → Γ∨(i) ⊗A[k].
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The map A[k] → B′[k − 1] = A[k]/t1 sends q2, · · · , qk to 0, q2, · · · , qk. By checking on functor
of points, there is a commutative diagram

Γ∨(i)[ℓ]⊗ S[k] Γ∨(i)[ℓ]⊗B′[k − 1]

Γ∨(i)[ℓ+ 1]⊗ S[k − 1] Γ∨(i)[ℓ+ 1]⊗B′[k − 2]

∂∨ ∂∨

for ℓ = 0, hence for all ℓ, as in the proof of the above lemma (here the rightmost vertical map
is obtained by tensoring the Γ∨(i+1)-module map ∂∨ with Γ∨(i)/ui on the left). Postcomposing
with multiplication by tp−1

k gives a corresponding diagram for (∂ ◦ σ)∨. Since the horizontal
maps factor through A[k] and A[k − 1] and the projection maps S[k] → A[k] → B′[k − 1] are
surjective, there are commutative diagrams

Γ∨(i)[ℓ]⊗ S[k] Γ∨(i)[ℓ]⊗A[k] Γ∨(i)[ℓ]⊗B′[k − 1]

Γ∨(i)[ℓ+ 1]⊗ S[k − 1] Γ∨(i)[ℓ+ 1]⊗A[k − 1] Γ∨(i)[ℓ+ 1]⊗B′[k − 2].

(∂◦σ)∨ (∂◦σ)∨ (∂◦σ)∨

Since the leftmost vertical map restricts to a map Γ∨(i)[ℓ + 1] ⊗ ek−1S[k − 1] → Γ∨(i)[ℓ] ⊗
ekS[k] and the projection S[k] → A[k] is GLk-equivariant, the middle vertical map restricts
to Γ∨(i)[ℓ + 1] ⊗ ek−1A[k − 1] → Γ∨(i)[ℓ] ⊗ ekA[k]. By Remark 4.4.8, there is a commutative
diagram

ekA[k] ek Pr⊗GLk−1
B′[k − 1] ek−1B

′[k − 1]

A[k] Pr⊗GLk−1
B′[k − 1] B′[k − 1]

≃

where the bottom row is the GLk-equivariant map A[k] → Pr⊗GLk−1
B′[k − 1] followed by

projection onto the component indexed by
[
0 I

]
. This composite is the projection map

A[k] → B′[k−1], which is compatible with (∂ ◦σ)∨. Since the vertical maps are inclusions and
(∂ ◦ σ)∨ on A[k] and B′[k − 1] restrict to the Steinberg summands, ekA[k] → ek−1B

′[k − 1] is
compatible with (∂ ◦ σ)∨.

Combining this with Proposition 4.4.10 gives a commutative diagram

Γ∨(i) ⊗ ekA[k] Γ∨(i) ⊗ ek−1B
′[k − 1] Γ∨(i) ⊗ ek−1B

′[k − 1]

Γ∨(i) ⊗ ek−1A[k − 1] Γ∨(i) ⊗ ek−2B
′[k − 2] Γ∨(i) ⊗ ek−2B

′[k − 2]

≃

1⊗ηk−1

(∂◦σ)∨

≃

(∂◦σ)∨

1⊗ηk−2

(12)

where the top and bottom composites are isomorphisms if p = 2. Since multiplication by ηk−1

and ηk−2 are injective, there is exactly one possibility for the dotted map. By Lemma 4.4.15,
it must be ∂∨.

For each k, B′[k] is an E0/ui-module, so Γ∨(i) ⊗E0/ui−1
ek−1B

′[k − 1] ∼= (Γ∨(i)//ui)⊗E0/ui

C∨(i+1)[k − 1]. Thus, we obtain the following.
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Lemma 4.4.16. For p = 2, there is a cofiber sequence

(Γ∨(i)⊗E0/ui−1
C∨(i)[•], ∂∨) → (Γ∨(i)⊗E0/ui−1

C∨(i)[•], (∂◦σ)∨) → (Γ∨(i)//ui⊗E0/ui
C∨(i+1)[•−1], ∂∨).

We now dualize this to obtain the cofiber sequence in Theorem 4.0.1. Recal the cofibers
sequences (4) and (5). Since K1[k] ∼= K∨

2 [k] is a left E0/ui-module, (4) is equivalent to the
cofiber sequence

Γ(i)
σ ⊗ C(i)[•] → Γ(i) ⊗ C(i)[•] → Γ(i) ⊗K∨

2 [•] ≃ (Γ(i)//ui)⊗K∨
2 [•]

of left Γ(i)-modules.

Lemma 4.4.17. The boundary map ∂ of (Γ(i)//ui)⊗K∨
2 [•] is

∂ = (Γ(i)//ui)⊗Γ(i+1) ∂(i+1),

where ∂(i+1) is the boundary map of the Koszul complex for E0/ui.

Proof. By [SS25, Cor 6.0.5], applying ΣD ≃ DE0/ui
to the cofiber Γ∨(i)⊗K2[•] ≃ (Γ∨(i)//ui)⊗

K2[•] ∈ DModE0/ui
shows that it is E0/ui-dual as a complex to (Γ(i)//ui) ⊗ K∨

2 [•]. By (12)

and checking on functor of points, the boundary map ∂∨ of (Γ∨(i)//ui) ⊗ K2[•] sits in the
commutative square

(Γ∨(i)//ui)⊗K2[k] Γ∨(i+1) ⊗K2[k]

(Γ∨(i)//ui)⊗K2[k − 1] Γ∨(i+1) ⊗K2[k − 1].

∂∨
∂∨(i+1)

Since this is a diagram in DModE0/ui
, applying ΣD shows that ∂ fits in the diagram

(Γ(i)//ui)⊗K∨
2 [k] Γ(i+1) ⊗K∨

2 [k]

(Γ(i)//ui)⊗K∨
2 [k − 1] Γ(i+1) ⊗K∨

2 [k − 1].

∂ ∂(i+1)

(Γ(i)//ui)⊗K∨
2 [•] is a derived left Γ(i)-module with the usual action of Γ(i). In particular,

the boundary map ∂ is a map of left Γ(i)-modules and is uniquely determined by its values on
1 ⊗ y for all y ∈ K2[k]. Since the map Γ(i+1) → Γ(i)//ui is an inclusion of algebras, its image
contains 1 ⊗ y, so ∂(1 ⊗ y) = ∂(i+1)(1 ⊗ y). But (Γ(i)//ui)⊗Γ(i+1) is a Γ(i)-linear map which
agrees with ∂(i+1) on all 1⊗ y. By uniqueness, we must have ∂ = (Γ(i)//ui)⊗Γ(i+1) ∂(i+1).

Thus, for p = 2, the cofiber Γ(i) ⊗ K1[•] is equivalent to (Γ(i)//ui) ⊗L
Γ(i+1) (E0/ui). Post-

composing with σn completes the proof of Theorem 4.0.1.

5 Inflated Γ(i)

In order to use the cofiber sequence in Theorem 4.0.1 to prove Tor vanishing, we need
to understand the cofiber (Γ(i−1)//ui−1)σn ⊗L

Γ(i) E0/ui−1, where we have shifted the index i

for notational convenience. In particular, we would like to understand Γ(i−1)//ui−1 as a right
Γ(i)-module. The main goal of this section is to prove the following.
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Proposition 5.0.1. Γ(i−1)//ui−1 is a free right Γ(i)-module.

Example 5.0.2. Γ(h) = k is the base field and Γ(h−1)//un−1 = k[Q] is a polynomial algebra on
the Frobenius Q.

Γ(i−1)//ui−1 can be thought of as an inflated version of Γ(i) generated by an additional
operation corresponding to the Frobenius isogeny φ [SS25, Section 6]. We will see that an
isogeny classified by Γ∨(i−1)//ui−1 is given by a sequence of Frobenii followed by a subgroup
avoiding kerφi ([SS25, Def 4.4.3]). Heuristically, this allows us to decompose Γ(i−1)//ui−1 into
pieces isomorphic to Γ(i) corresponding to the number of iterates of Frobenii.

Notation 5.0.3. • If R is a ring, u ∈ R, and X is a scheme over R, we will write X/u for
the base change Spf(R/u)×Spf(R) X.

• If R is an E0-algebra, we write GR for the base change of the universal formal group G
to R.

• Let (H1, · · · , Hq) denote a chain of subgroups Hs < Gs = Gs−1/Hs−1 and (H1, · · · , Hq)
denote the subgroup of G which is the kernel of the composition of isogenies given by
H1, · · · , Hq.

• Let Sk1,··· ,kq
= Γ∨[k1]t ⊗ · · · ⊗s Γ

∨[kq] and Subk1,··· ,kq
(G) = Spf(Sk1,··· ,kq

). We will often
drop the group G when the formal group is clear.

• Let S(i)
k1,··· ,kq

= Γ∨(i)[k1]t ⊗ · · · ⊗s Γ
∨(i)[kq] and Sub

(i)
k1,··· ,kq

(G) = Spf(S(i)
k1,··· ,kq

). Then

Sub
(i)
k (G) = Spf(Sk) is a closed subscheme of Subk(G) and Sub

(i)
k1,··· ,kq

(G) is the closed

subscheme of Subk1,··· ,kq (G) such that each Hi < Gi is in Sub
(i)
ki
(Gi).

Note that for an E0/ui−1-algebra R, Subk(GR) = Subk(G)R := Spf(R) ×Spf(E0/ui−1)

Subk(G) ([Str97]). For i > 0, we do not know whether a sequence of subgroups {Hs <

Gs | 1 ≤ s ≤ q, |Hs| = pks} with Hs ∈ Sub
(i)
ks
(Gs) is the same as a filtration of subgroups

{H1 < · · · < Hq < GR | |Hs/Hs−1| = pks} with Hs ∈ Sub
(i)
ks
(Gs). However, they are the same

after inverting ui [SS25, Remark 4.4.8].

5.1 Preliminaries

Definition 5.1.1. Let X = Spf(R) be a scheme and W = Spf(R/I), Z = Spf(R/J) closed
subschemes. The intersection and union of W and Z in X are defined to be

W ∩ Z = Spf(R/I + J) and W ∪ Z = Spf(R/I ∩ J),

respectively. These fit into pullback and pushout diagrams

W ∩ Z Z W ∩ Z Z

W X W W ∪ Z.

⌟

⌟

⌟

Lemma 5.1.2. Let X = W ∪ Z be a union of closed subschemes. Let s, t : X → Y be flat
maps of schemes. Then the fibered product Xt×Y sX is the union of closed subschemes

X ×X = (W ×W ) ∪ (W × Z) ∪ (Z ×W ) ∪ (Z × Z),

where × := t×Y s.
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Proof. It suffices to show that X ×Z = (W ×Z)∪ (Z ×Z). Since s, t are flat, applying −×Z
to the pullback and pushout square

W ∩ Z Z

W X =W ∪ Z

gives a pullback and pushout square

(W ∩ Z)× Z Z × Z

W × Z X × Z

Since intersections commute with pullbacks,

(W × Z) ∩ (Z × Z) = (W ∩ Z)× Z.

Thus, X × Z = (W × Z) ∪ (Z × Z).

Definition 5.1.3. Let R → S be a map of rings. The image of a closed subscheme Spf(S/I)
is Spf (R/ ker(R→ S → S/I)).

Lemma 5.1.4. If R ↪→ S is an injective map of rings and W and Z are closed subschemes,
then the union of the images of W and Z in Spf(R) is the image of the union

im(W ∪ Z) = im(W ) ∪ im(Z)

and the intersection of the images contains the image of the intersection

im(W ) ∩ im(Z) ⊇ im(W ∩ Z).

Proof. We may assume that R ↪→ S is an inclusion. Let W = Spf(S/I) and Z = Spf(S/J).
Since W ∪ Z = Spf(S/I ∩ J),

im(W ∪ Z) = Spf(R/R ∩ I ∩ J) = Spf(R/(R ∩ I) ∩ (R ∩ J)) = im(W ) ∪ im(Z).

The statement about intersections follows from the surjection

Oim(W )∩im(Z) = R/(R ∩ I +R ∩ J) ↠ R/R ∩ (I + J) = Oim(W∩Z).

5.2 Union of subschemes

Our goal here is to prove Proposition 5.2.6, which expresses Sub
(i−1)
k (G)//ui−1 := Spf(Γ∨(i−1)[k]//ui−1)

as a union of closed subschemes. This is saying that a subgroup classified by Sub
(i−1)
k (G)//ui−1

is given by a sequence of k − s Frobenii followed by a subgroup avoiding kerφi, for some
0 ≤ s ≤ k.

Let i ≥ 1, R = Γ∨(i−1)[1], and f = f̃ (i)(x) [SS25, Lemma 4.3.2]. Then R/x = E0/ui−1,
R/f = Γ∨(i)[1], R/xf = Γ∨(i−1)[1]//ui−1, and

(R/f)⊗R (R/x) = E0/ui.
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Lemma 5.2.1. There is a pullback of rings

R/xf R/x

R/f E0/ui

⌟

Proof. E0/ui = R/(x, f) and the maps R/f → E0/ui and R/x→ E0/ui are the quotient maps.
The pullback is given by

R/f ×E0/ui
R/x = {(r1 mod f, r2 mod x) ∈ R/f ×R/x | r1 ≡ r2 mod (x, f)}

= {(r + xs1 + fq1 mod f, r + xs2 + fq2 mod x) | s1, s2, q1, q2 ∈ R}
= {(r + xs1 mod f, r + fq2 mod x) | s1, q2 ∈ R}.

The map R/xf → R/f × R/x given by the respective quotients on each components has
kernel (f) ∩ (x). R is a UFD since it is a regular local ring. Since R/x = E0/ui−1 and
R/f = Γ∨(i)[1] are integral domains, x and f are irreducible, hence (f)∩(x) = (xf) and the map
R/xf → R/f ×R/x is injective. It is surjective since for any s1, q2 ∈ R, r+ xs1 + fq2 ∈ R/xf
is an element which maps to (r + xs1 mod f, r + fq2 mod x) ∈ R/f ×E0/ui

R/x.

Let X = Spf(R/xf) = Sub
(i−1)
1 //ui−1, W = Spf(R/f) = Sub

(i)
1 (G), and Z = Spf(R/x) =

Spf(E0/ui−1). Z classifies the degree p subgroup ”kerφ” where φ is the Frobenius isogeny,
which is the relative Frobenius t 7→ tp on G [SS25, Section 2.1]. The lemma above tells us that

X = W ∪ Z and W ∩ Z = Spf(E0/ui) i.e. that a degree p subgroup in Sub
(i−1)
1 (G)//ui−1 is

either kerφ or avoids kerφi.
By [SS25, Lemma 6.0.2],

S(i−1)

1, . . . , 1︸ ︷︷ ︸
k

//ui−1 =
(
Γ∨(i−1)[1]⊗k

)
//ui−1

∼=
(
Γ∨(i−1)[1]//ui−1

)⊗k

= (R/xf)⊗k.

Since both the source and target maps factor as E0/ui−2 → Γ∨(i−1)[k] ↪→ Γ∨(i−1)[k1] ⊗
Γ∨(i−1)[k2] for all k = k1 + k2,

S(i−1)
k1,··· ,kq

//ui−1
∼= (Γ∨(i−1)[k1]//ui−1)⊗ · · · ⊗ (Γ∨(i−1)[kq]//ui−1).

Writing × for the pullback t ×SpfE0/ui−1 s, by Lemma 5.1.2,

Sub
(i−1)
1,...,1(G)//ui−1

∼= X × · · · ×X =
⋃

Ys∈{W,Z}

Y1 × · · · × Yk

classifies a sequence of subgroups, where each one is either kerφ or avoids kerφi (or both).
This gives the following.

Proposition 5.2.2. Sub
(i−1)

1, . . . , 1︸ ︷︷ ︸
k

(G)//ui−1 is the union of closed subschemes

Sub
(i−1)

1, . . . , 1︸ ︷︷ ︸
k

//ui−1 =
⋃

µ∈{0,1}k

Spf(Rµ),

where R0 = R/x, R1 = R/f , and Rµ = Rµ1
⊗ · · · ⊗Rµk

if µ = (µ1, · · · , µk).
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Note that the source and target maps s, t : E0/ui−1 → R/x = E0/ui−1 are the identity
and Frobenius maps, respectively. These are not the same as the source and target maps for
Γ∨(i)[0] = E0/ui−1, which are both the identity map. Thus, Spf

(
(R/x)⊗(k−s) ⊗ (R/f)⊗s)

)
=

Sub
(i)

1, . . . , 1︸ ︷︷ ︸
s

(φk−sG) is a closed subscheme of Sub
(i−1)

1, . . . , 1︸ ︷︷ ︸
k

(G)/ui−1, where φG is the pullback of

G under the Frobenius φ [SS25, Def 2.1.3].

Definition 5.2.3. Let S(i)

φk0 ,k1,··· ,kq
= (R/x)⊗k0⊗Γ∨(i)[k1]⊗· · ·⊗Γ∨(i)[kq]. Then Sub

(i)
k1,··· ,kq

(φk0G) =

Spf(S(i)

φk0 ,k1,··· ,kq
). We will denote Sub

(i)
k1,··· ,kq

(φk0G) by Sub
(i)

φk0 ,k1,··· ,kq
(G).

Lemma 5.2.4. For 0 ≤ s ≤ k, Sub
(i)

φk−s,s
(G) is a closed subscheme of Sub

(i−1)
k (G)//ui−1. It is

the image of Sub
(i)

φk−s,1, . . . , 1︸ ︷︷ ︸
s

(G) in Sub
(i−1)
k (G)//ui−1 under the restriction map S(i−1)

k //ui−1 ↪→

S(i−1)
1,··· ,1//ui−1 = (R/xf)⊗k.

Proof. Consider the commutative diagram

Γ∨(i−1)[k]//ui−1 (R/xf)⊗k

(R/xf)⊗(k−s) ⊗ Γ∨(i−1)[s]/ui−1 (R/xf)⊗(k−s) ⊗ (R/xf)⊗s

(R/x)⊗(k−s) ⊗ Γ∨(i)[s] (R/x)⊗(k−s) ⊗ (R/f)⊗s.

≃

The map Sub
(i)

φk−s,s
(G) → Sub

(i−1)
k (G)//ui−1 corresponds to the left vertical composite. We

want to show that it is a surjective map of rings.
Since the source and target are finite free over the base E0/ui−1, it is a finite map. It is

injective on functor of points: if (kerφk−s, H) and (kerφk−s, H ′) compose to the same isogeny,
thenH = H ′ since φk−s is an isogeny, and isogenies are epimorphism. So, it is a monomorphism
of schemes, thus an epimorphism of rings, and finite epimorphisms of rings are surjective.

For a binary sequence µ, let |µ| = µ1 + · · ·+ µk denote the sum of its digits.

Lemma 5.2.5. If |µ| = s, the image of Spf(Rµ) in Sub
(i−1)
k (G)//ui−1 is contained in the

image of Spf
(
(R/x)⊗(k−s) ⊗ (R/f)⊗s

)
. Equivalently, the map S(i−1)

pk //ui−1 ↪→ (R/xf)⊗k ↠

Rµ factors through the quotient (R/xf)⊗k ↠ (R/x)⊗(k−s) ⊗ (R/f)⊗s.

Since the map Sub
(i−1)
1,··· ,1(G)//ui−1 → Sub

(i−1)
k (G)//ui−1 is given by composition of isogenies,

this is equivalent to the fact that every isogeny g(t) can be written as h(tp
j

) for some j ≥ 0
with h′(0) ̸= 0 ([Rav23, Lemma A2.2.7]), so we can always move the Frobenius to the left.

Proof. It suffices to prove the lemma for k = 2 and µ = (1, 0). The map Spf(Rµ) = Sub
(i)
1 (G) →

Sub
(i−1)
2 (G)//ui−1 sends H < G to the subgroup (H,φ) = (φ,φH) [SS25, Def 2.1.3] of G. By
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[SS25, Lemma 5.0.3], if H avoids kerφi, then so does φH. So, Sub
(i)
1 (G) → Sub

(i−1)
2 (G)//ui−1

factors as
Sub

(i)
1 (G) → Sub

(i)
φ,1(G) → Sub

(i−1)
2 (G)//ui−1,

where the first map is the relative Frobenius sending H to φH and the second sends H ′ < φG
to (φ,H ′). Thus, the image of Sub

(i)
1 (G) = Spf(R/f) is contained in the image of Sub

(i)
φ,1(G) =

Spf(R/x⊗R/f).

Proposition 5.2.6. Sub
(i−1)
k (G)//ui−1 is the union of closed subschemes

Sub
(i−1)
k (G)//ui−1 =

k⋃
s=0

Sub(i)s (φk−sG).

Proof. Since the restriction map S(i−1)
k //ui−1 ↪→ S(i−1)

1,··· ,1//ui−1 = (R/xf)⊗k is an injective map

of rings, by Lemma 5.1.4 and Proposition 5.2.2, Sub
(i−1)
k (G)//ui−1 is the union of the images

of Spf(Rµ) for all length k binary sequences µ. Thus, the proposition follows from Lemmas
5.2.4 and 5.2.5.

5.3 Intersection of subschemes

Since we have a cover of Sub
(i−1)
k (G)//ui−1 by closed subschemes, we would like to under-

stand their intersections.

Lemma 5.3.1. For 0 ≤ j < s ≤ k,

Sub
(i)

φk−j ,1, · · · , 1︸ ︷︷ ︸
j

(G)∩Sub(i)
φk−s,1, · · · , 1︸ ︷︷ ︸

s

(G) = Spf
(
(R/x)⊗(k−s) ⊗ E0/ui ⊗ (R/x)⊗(s−j−1) ⊗ (R/f)⊗j)

)
.

Proof. Since R/x and R/f are flat as left and right E0/ui−1-modules, it suffices to prove the
lemma for j = 0 and s = k. (R/x)⊗k = R/I and (R/f)⊗k = R/J where

I = (x1, · · · , xk)

J = (f(x1), f
P (x2), · · · , fP

k−1

(xk)).

Since f(x1) = ui + x1(· · · ),

I + J = (x1, · · · , xk, ui, P (ui), · · · , P k−1(ui)).

By [Rez09, Proposition 3.25], the composite of P followed by projection E0
P−→ E0(BΣp) → E0

is the Frobenius, so P (ui) = upi mod x in R and

I + J = (x1, · · · , xk, ui, upi , · · · , u
pk−1

i ) = (x1, · · · , xk, ui).

Thus,
R/(I + J) = R/(x, ui)⊗ (R/x)⊗(k−1) = E0/ui ⊗ (R/x)⊗(k−1).
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Lemma 5.3.2. For 0 ≤ j < s ≤ k, the image of Sub
(i)

φk−j ,1, · · · , 1︸ ︷︷ ︸
j

(G)∩ Sub
(i)

φk−s,1, · · · , 1︸ ︷︷ ︸
s

(G) in

Sub
(i−1)
k (G)//ui−1 is

Spf
(
(R/x)⊗(k−s) ⊗ E0/ui ⊗ (R/x)⊗(s−j−1) ⊗ Γ∨(i)[j]

)
.

Proof. There is a commutative diagram

Γ∨(i−1)[k]/ui−1 Γ∨(i−1)[1]⊗k/ui−1

(R/x)⊗(k−j) ⊗ Γ∨(i)[j] (R/x)⊗(k−j) ⊗ (R/f)⊗j

(R/x)⊗(k−s) ⊗ (E0/ui)⊗ (R/x)⊗(s−j−1) ⊗ Γ∨(i)[j] (R/x)⊗(k−s) ⊗ (E0/ui)⊗ (R/x)⊗(s−j−1) ⊗ (R/f)⊗j

where the top part is from Lemma 5.2.4. Since Γ∨(i)[j] is a direct summand of Γ∨(i)[1]⊗j =
(R/f)⊗j , the bottom horizontal map is an inclusion of a direct summand, hence injective.

Lemma 5.3.3. For 0 ≤ j < s ≤ k,

Sub
(i)

φk−j ,j
(G) ∩ Sub

(i)

φk−s,s
(G) = Spf

(
(R/x)⊗(k−s) ⊗ E0/ui ⊗ (R/x)⊗(s−j−1) ⊗ Γ∨(i)[j]

)
= im

Sub
(i)

φk−j ,1, · · · , 1︸ ︷︷ ︸
j

(G) ∩ Sub
(i)

φk−s,1, · · · , 1︸ ︷︷ ︸
s

(G)

 .

Proof. By Lemmas 5.1.4 and 5.3.1, the right hand side is contained in the left hand side. In
terms of rings, both sides are given by (R/x)⊗(k−s) ⊗ stuff. Since (R/x)⊗(k−s) is flat as both
a left and right E0/ui−1-module, it suffices to do the case s = k.

Sub
(i)

φk−j ,j
(G) ∩ Sub

(i)

φk−s,s
(G) corresponds to the ring

A =
(
(R/x)⊗(k−j) ⊗ Γ∨(i)[j]

)
⊗Γ∨(i−1)[k]//ui−1

Γ∨(i)[k],

which is both a quotient of B = (R/x)⊗(k−j) ⊗ Γ∨(i)[j] and C = Γ∨(i)[k]. A surjects onto the
right hand side (E0/ui)⊗ (R/x)⊗(k−j−1) ⊗ Γ∨(i)[j], which is the quotient of B by ui. To show
that they are the same, it suffices to show that ui = 0 in A.

Over Γ∨(i)[k], the universal degree pk subgroup has equation [Str98, Proof of Theorem 9.2]

fK(y) = cpky + y2(· · · ),

while the degree pk subgroup coming from (R/x)⊗(k−j) ⊗ Γ∨(i)[j] has equation

fH(y) = g(yp
k−j

) = yp
k−j

+ · · ·

for some power series g. In order for fK and fH to define the same subgroup over A, they must
differ by a unit in A[[y]]. Since y is an indeterminate, this means that cpk = 0 in A, so the
quotient map C ↠ A factors through the projection C ↠ C/cpk . By [SS25, Lemma 4.4.7], cpk

divides ui in C. Thus, C ↠ A factors through the projection C ↠ C/ui, so ui = 0 in A.
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Corollary 5.3.4. If 0 ≤ j < s < s′ ≤ k,

Sub
(i)

φk−j ,j
(G) ∩ Sub

(i)

φk−s,s
(G) ⊃ Sub

(i)

φk−j ,j
(G) ∩ Sub

(i)

φk−s′ ,s′
(G).

Thus,

Sub
(i)

φk−j ,j
(G)∩

⋃
j+1≤s≤k

Sub
(i)

φk−s,s
(G) = Sub

(i)

φk−j ,j
(G)∩Sub(i)

φk−j−1,j+1
(G) = Sub

(i)

φk−j ,j
(G)/P k−j−1(ui).

Here P s is the target map on (R/x)⊗s, which is the s-fold Frobenius on E0/ui−1, so

P k−j−1(ui) = up
k−j−1

i in (R/x)⊗(k−j) ⊗ Γ∨(i)[j] and P 0(ui) = ui. Killing P s−1(ui) in (R/x)⊗s

is equivalent to killing ui on the sth R/x factor in (R/x)⊗s i.e. (R/x)⊗s/P s(ui) = (R/x)⊗s//ui
and

(
(R/x)⊗(k−j) ⊗ Γ∨(i)[j]

)
/P k−j−1(ui) = (R/x)⊗(k−j−1) ⊗ E0/ui ⊗ (R/x)⊗ Γ∨(i)[j].

For X a scheme over Spf(E0/ui−1), let u
−1
i X denote its base change to Spf(u−1

i E0/ui−1).
The following tells us that any two closed subschemes in the cover intersect trivially away from
ui, so the union becomes a disjoint union.

Corollary 5.3.5. For 0 ≤ j < s ≤ k,

u−1
i Sub

(i)
j (φk−jG) ∩ u−1

i Sub(i)s (φk−sG) = ∅.

Thus, u−1
i Sub

(i−1)
k (G)//ui−1 is the disjoint union of closed subschemes

u−1
i Sub

(i−1)
k (G)//ui−1 =

k⊔
s=0

u−1
i Sub(i)s (φk−sG).

Proof. The localization E0/ui−1 → u−1
i E0/ui−1 commutes with unions and intersections of

schemes. Since the target map on R/x is the ring Frobenius, the ring corresponding to the

intersection Sub
(i)

φk−j ,pj (G) ∩ Sub
(i)

φk−s,ps(G) is ui-power torsion by Lemma 5.3.3, so it is zero
after inverting ui.

5.4 A direct sum decomposition

Proposition 5.2.6 and Corollary 5.3.4 allow us to express Sub
(i−1)
k (G)//ui−1 as an iterated

pushout of schemes, equivalently, Γ∨(i−1)[k]//ui−1 as an iterated pullback of rings.

Proposition 5.4.1. There is an isomorphism of rings

Γ∨(i−1)[k]//ui−1
∼= S(i)

φk ×S(i)

φk/P
k−1(ui)

S(i)

φk−1,p
×S(i)

φk−1,p
/Pk−2(ui)

· · · ×S(i)

φ,pk−1/P
0(ui)

S(i)

pk .

The following will allow us to write this pullback as a direct sum decomposition.

Lemma 5.4.2. Let R be a ring and M,N left R-modules. Suppose M is an R-algebra with
u ∈ M a non-zerodivisor. Given a map h : N → M of R-modules, we can form the pullback
M×M/uN by postcomposing with the the projection map M →M/u. There is an isomorphism
of (left) R-modules

M ×M/u N ∼=M ⊕N
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natural in (M,N, h, u). Explicitly, given (M,N, h, u), (M ′, N ′, h′, u′), a map of R-algebras
M → M ′, u 7→ u′ and a map of R-modules and N → N ′ compatible with h and h′, the
following diagram commutes.

M ×M/u N M ′ ×M ′/u′ N ′

M ⊕N M ′ ⊕N ′

≃ ≃

Proof. The isomorphism is given by M ⊕ N → M ×M/u N by (m,n) 7→ (um + h(n), n).

Its inverse (m,n) 7→
(

m−h(n)
u , n

)
is well-defined since u is not a zero divisor. Naturality is

straightforward.

Proposition 5.4.3. There is an isomorphism of left E0/ui−1-modules

Γ∨(i−1)[k]//ui−1
∼=

k⊕
j=0

S(i)

φk−j ,pj .

Proof. We will apply the above lemma to the pullback decomposition in Proposition 5.4.1. For
0 ≤ j ≤ k, let

Xj =
⋃

j≤s≤k

Subφk−s,ps .

By Corollary 5.3.4, Subφk−j ,pj∩Xj+1 = Subφk−j ,pj/P k−j−1(ui), so the mapOXj+1
↠ S(i)

φk−j ,pj/P
k−j−1(ui)

factors through the projection OXj+1
↠ S(i)

φk−j−1,pj+1 . To apply Lemma 5.4.2, we need to pro-

vide E0/ui−1-module lifts

S(i)

φk−j−1,pj+1 99K S(i)

φk−j ,pj → S(i)

φk−j ,pj/P
j(ui).

Let h1 : R/f → R/x be the E0/ui−1-bimodule map sending Q0+Q1x+ · · · to Q0. The desired
lifts are given by tensoring

hj+1 : Γ∨(i)[j + 1] ↪→ (R/f)⊗ Γ∨(i)[j]
h1⊗1−−−→ (R/x)⊗ Γ∨(i)[j]

with (R/x)k−j−1. Thus, we obtain the direct sum decomposition by repeated application of
Lemma 5.4.2.

Let E0/ui−1φk denote E0/ui−1 with the usual left E0/ui−1-module structure and with a
right E0/ui−1-module structure given by k iterations of the Frobenius. Since the target map t
on R/x is the Frobenius, E0/ui−1φk = (R/x)⊗k.

Corollary 5.4.4. There are isomorphisms of left E0/ui−1-modules

Γ∨(i−1)//ui−1
∼=
⊕
k≥0

(R/x)⊗k ⊗ Γ∨(i) =
⊕
k≥0

E0/ui−1φk ⊗ Γ∨(i)

Γ(i−1)//ui−1
∼=
⊕
k≥0

E0/ui−1φk ⊗ Γ(i).
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Proof.

Γ∨(i−1)//ui−1 =
⊕
k≥0

Γ∨(i−1)[k]//ui−1
∼=
⊕
k≥0

0≤j≤k

(R/x)⊗(k−j) ⊗ Γ∨(i)[j] ∼=
⊕
k≥0

(R/x)⊗k ⊗ Γ∨(i)

as left E0/ui−1-modules. The dual statement follows by self-duality of E0/ui−1φk .

Indeed, for a local ring S, if P,Q are S-bimodules which are finitely generated projective
left S-modules, then rank(P ⊗S Q) = rankP · rankQ. Since R/x = E0/ui−1 is a left E0/ui−1-
module of rank 1,

Γ∨(i−1)//ui−1
∼=
⊕
k≥0

(R/x)⊗k ⊗ Γ∨(i) ∼=
⊕
k≥0

Γ∨(i)

as left E0/ui−1-modules.

Proposition 5.4.5. There is an isomorphism of right Γ∨(i)-comodules

Γ∨(i−1)//ui−1
∼=
⊕
k≥0

(R/x)⊗k ⊗ Γ∨(i) ∼=
⊕
k≥0

E0/ui−1φk ⊗ Γ∨(i),

dually, an isomorphism of right Γ(i)-modules

Γ(i−1)//ui−1
∼=
⊕
k≥0

E0/ui−1φk ⊗ Γ(i).

Proof. We will show the statement on the dual. Let Γ
∨(i)
s [j] := (R/x)s ⊗ Γ∨(i)[j]. The right

Γ∨(i)-comodule structure is given by maps

Γ∨(i−1)[k + r]//ui−1 ↪→ Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i−1)[r]//ui−1 ↠ Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i)[r]

for k, r ≥ 0 coming from comultiplication on Γ∨(i−1)//ui−1. For r ≤ j ≤ k + r, there are
commutative diagrams

Γ∨(i−1)[k + r]//ui−1 Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i−1)[r]//ui−1 Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i)[r]

Γ
∨(i)
k−j [j + r] Γ

∨(i)
k−j [j]⊗ Γ∨(i)[r].

These induce a map on pullbacks

Γ
∨(i)
k [r]×

Γ
∨(i)
k [r]/Pk−1(ui)

· · ·×Γ
∨(i)
0 [k+r] → (Γ

∨(i)
k [0]⊗Γ∨(i)[r])×

(Γ
∨(i)
k [0]/Pk−1(ui))⊗Γ∨(i)[r]

· · ·×(Γ
∨(i)
0 [k]⊗Γ∨(i)[r]),

(13)
where the target is isomorphic to Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i)[r] since Γ∨(i)[r] is a finite free left
E0/ui−1-module hence distributes over the pullback decomposition of Γ∨(i−1)[k]//ui−1.

To apply naturality of Lemma 5.4.2, we need to check that the lifts provided in the proof
of Proposition 5.4.3 are compatible with the right Γ∨(i)-comodule structure. Ignoring the
(R/x)k−j factor, this is the condition that the left square in

Γ∨(i)[j + r] Γ∨(i)[j]⊗ Γ∨(i)[r] (R/f)⊗ (R/f)j+r−1

(R/x)⊗ Γ∨(i)[j − 1 + r] (R/x)⊗ Γ∨(i)[j − 1]⊗ Γ∨(i)[r] (R/x)⊗ (R/f)j+r

hj+r hj⊗1 h1⊗1
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commutes. This is true since the right and outer square commute and the horizontal maps are
injective. Hence, the map (13) commutes with the direct sum decomposition on both sides.

By mapping the terms Γ
∨(i)
k+r−j [j] to 0 if j < r, we get the following commutative diagram

Γ∨(i−1)[k + r]//ui−1 Γ∨(i−1)[k]//ui−1 ⊗ Γ∨(i)[r]

Γ
∨(i)
k+r[0]×Γ

∨(i)
k+r [0]/P

k+r−1(ui)
· · · × Γ

∨(i)
0 [k + r] (Γ

∨(i)
k [0]⊗ Γ∨(i)[r])×··· · · · × (Γ

∨(i)
0 [k]⊗ Γ∨(i)[r])

Γ
∨(i)
k+r[0]⊕ · · · ⊕ Γ

∨(i)
0 [k + r] (Γ

∨(i)
k [0]⊗ Γ∨(i)[r])⊕ · · · ⊕ (Γ

∨(i)
0 [k]⊗ Γ∨(i)[r]).

Thus, the direct sum decomposition is compatible with the right Γ∨(i)-comodule structure on
Γ∨(i−1)//ui−1, equivalently, the right Γ(i)-module structure on Γ(i−1)//ui−1.

Since E0/ui−1 = Fp[[ui, · · · , un−1]], the Frobenius φ : E0/ui−1 → E0/ui−1 is a finite free
map, so E0/ui−1φk is a finite free right E0/ui−1-module. Therefore, Γ(i−1)//ui−1 is a free right

Γ(i)-module, concluding the proof of Proposition 5.0.1.

Remark 5.4.6. Proposition 5.4.5 is not an isomorphism of left Γ(i)-modules. The lifts provided
in the proof of Proposition 5.4.3 are not compatible with the left Γ∨(i)-comodule structure since
the left Γ∨(i)-comodule structure involves commuting past a series of Frobenii.

However, things are much simpler after inverting ui. Corollary 5.3.5 shows that all inter-
sections are empty away from ui, so the pullback decomposition in Proposition 5.4.1 is just a
finite product.

Corollary 5.4.7. There is an isomorphism of left and right u−1
i Γ∨(i)-comodules

u−1
i Γ∨(i−1)//ui−1

∼=
⊕
k≥0

u−1
i E0/ui−1φk ⊗ u−1

i Γ∨(i),

dually, an isomorphism of u−1
i Γ(i)-bimodules

u−1
i Γ(i−1)//ui−1

∼=
⊕
k≥0

u−1
i E0/ui−1φk ⊗ u−1

i Γ(i).

6 Tor vanishing

Putting things together, we obtain the following.

Theorem 6.0.1 (Tor vanishing). For p = 2, 0 ≤ i < h, and all n ≥ 0,

Tor∗Γ(i)(Γ
(i)

σn , E0/ui−1) = 0

for ∗ > 0.

Here E0/ui−1 is the trivial left Γ(i)-module and the subscript in Γ(i)
σn indicates that Γ(i)

is considered as a right Γ(i)-module by the n-fold (double) suspension σn.
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Proof. We proceed by descending induction i. For i = h, Γ(h) is the base field so the statement
is true. Suppose by induction that the statement is true for i+1. We will prove the statement
for i by induction on n, using the cofiber sequence

Γ(i)
σn+1 ⊗L

Γ(i) (E0/ui−1) → Γ(i)
σn ⊗L

Γ(i) (E0/ui−1) → (Γ(i)//ui)σn ⊗L
Γ(i+1) (E0/ui)[1]

in Theorem 4.0.1.
For n = 0, Tor vanishing is obvious. Suppose by induction that Tor vanishing is true for

n, so the middle term of the cofiber sequence is discrete. Since σ : Γ(i+1) → Γ(i)//ui factors as

Γ(i+1) σ−→ Γ(i+1) ↪→ Γ(i)//ui,

(Γ(i)//ui)σa+1 ⊗L
Γ(i+1) (E0/ui) ≃ (Γ(i)//ui)⊗L

Γ(i+1) Γ
(i+1)

σn+1 ⊗L
Γ(i+1) (E0/ui).

By Proposition 5.0.1, Γ(i)//ui ∼=
⊕

Γ(i+1) is a free right Γ(i+1)-module, so the last term

(Γ(i)//ui)σn ⊗L
Γ(i+1) (E0/ui) ≃

⊕
Γ(i+1) ⊗L

Γ(i+1) Γ
(i+1)

σn ⊗L
Γ(i+1) (E0/ui)

≃
⊕

Γ(i+1)
σn ⊗L

Γ(i+1) (E0/ui)

in the cofiber sequence is discrete. Thus, the first term is discrete by the long exact sequence
in homology, completing the proof.

7 Congruence criterion

In [Rez09, Thm A], Rezk shows that a p-torsion free Γ-algebra B lifts (necessarily uniquely)
to a T-algebra if and only if it satisfies the congruence criterion

σ(b) ≡ bp mod p

for all b ∈ B, where σ ∈ Γ is a lift of σ ∈ Γ/p classifying the Frobenius isogeny. Here we give
a congruence criterion analogous to Rezk’s, as promised in [SS25]. This will be an application
of Corollary 5.3.5.

In [SS25], we saw that there is a monad T(i) analogous to T. Let i > 0 and Γ̃(i) :=
Γ(i−1)//ui−1 and let T(i) be the monad in [SS25]. Recall that AlgT(i) ⊂ AlgΓ̃(i) is the full

subcategory consisting of objects on which Q0 acts by the ring Frobenius, where Q0 ∈ Γ̃(i)[1] is

the operation corresponding to the ring map Γ̃(i)[1] → E0/ui−1, x 7→ 0. The mod p, · · · , ui−1

analog of the congruence criterion will give a sufficient condition for a Γ(i)-algebra whose
underlying E0/ui−1-module is ui-torsion free, to lift to a T(i)-algebra. This is much easier than
the original case in Rezk since unlike T(E0), T(i)(E0/ui−1) is an algebra of power operations.

LetQ0, · · · , QN ∈ Γ̃∨(i)[1] andQ′
0, · · · , Q′

N−1 be dual to the bases 1, x, · · · , xN and 1, x, · · · , xN−1

for Γ̃∨(i)[1] and Γ∨(i)[1], respectively, where N = rankΓ∨(i)[1].

Lemma 7.0.1. There exists at most one lift of a ui-torsion free Γ(i)-algebra to a T(i)-algebra.

Proof. Write f (i)(x) = c0+ c1x+ · · ·+ cN−1x
N−1+xN where c0 = u ·ui for some unit u. Then

Q′
j = Qj − cjQN for 0 ≤ j ≤ N − 1. Since Q0 acts on a T(i)-algebra by the ring Frobenius

and ui is not a zero divisor, there is at most one way to extend a Γ(i)-algebra structureto a
T(i)-algebra structure.
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[Rez09, Prop 8.3] shows every rational Γ-algebra extends uniquely to a T-algebras. Let
AlgT(i),ui

⊂ AlgT(i) and AlgΓ(i),ui
⊂ AlgΓ(i) denote the full subcategories on objects in which

ui is invertible.

Lemma 7.0.2. The forgetful functor AlgT(i) → AlgΓ(i) induces an equivalence of subcategories
AlgT(i),ui

→ AlgΓ(i),ui
.

Proof. Given A ∈ AlgΓ(i),ui
, by Lemma 7.0.1, it suffices to show that there exists a T(i)-algebra

structure on A compatible with the Γ(i)-algebra structure. By Corollary 5.3.5, u−1
i Γ̃∨(i)[k] splits

as a product. Since A⊗s Γ̃
∨(i)[k] ∼= A⊗s u

−1
i Γ̃∨(i)[k], to construct a map P : A→ A⊗ Γ̃∨(i)[k],

it suffices to construct maps P : A → (u−1
i R/x)k−s ⊗ u–1i Γ∨(i)[s] for each 0 ≤ s ≤ k, where

R/x = Γ∨(i−1)[1]/x as in Section 4.

Define P : A→ A⊗u−1
i R/x ∼= A to be the ring Frobenius. This is the map u−1

i Sub(i)φ (GA) →
Spf(A) classifying kerφ. All the other maps are obtained by composing operations. Explicitly,

A
P−→ A⊗ u−1

i R/x
P⊗1−−−→ A⊗ (u−1

i R/x)k−1 ⊗ (u−1
i R/x)

is the k-fold Frobenius and A→ A⊗ (u−1
i R/x)k−s ⊗ u−1

i Γ∨(i)[s] is the composite

A
P−→ A⊗ u−1

i Γ∨(i)[s]
P⊗1−−−→ A⊗ (u−1

i R/x)k−s ⊗ u−1
i Γ∨(i)[s]

where the first map comes from the Γ(i)-algebra structure of A.
This makesA into a Γ̃(i)-algebra compatible with the Γ(i)-algebra structure. Since u−1

i Γ̃∨(i)[1] ∼=
u−1
i R/x× u−1

i Γ∨(i)[1] where the projection onto the first factor is given by x 7→ 0, R/x corre-
sponds to Q0, so A is indeed a T(i)-algebra.

Lemma 7.0.3. If A ∈ AlgΓ(i) , then u−1
i A ∈ AlgΓ(i) and the localization map A → u−1

i A is a
map of Γ(i)-algebras.

Proof. The power operations map P : E0/ui−1 → Γ∨(i)[k] extends to a map u−1
i E0/ui−1 →

P (ui)
−1Γ∨(i)[k]. Since P (ui) divides ui in Γ∨(i)[k] ([SS25, (10)]), inverting ui inverts P (ui),

so we can postcompose this with the localization map to u−1
i Γ∨(i)[k] ∼= u−1

i E0/ui−1 ⊗Γ∨(i)[k].
Thus, u−1

i E0/ui−1 is (uniquely) a T(i)-algebra. Since u−1
i A ∼= u−1

i E0/ui−1 ⊗ A and AlgΓ(i) is
symmetric monoidal, the lemma follows.

The following says that the only ”critical weight” ([Rez09]) is p.

Lemma 7.0.4. Let M ∈ AlgT(i) and N ⊆M a subobject in AlgΓ(i) . If the dotted map Pk in

N M

N ⊗ Γ̃∨(i)[k] M ⊗ Γ̃∨(i)[k],

Pk (14)

exists for k = 1, then it exists for all k ≥ 0. In particular, there is a unique T(i)-algebra
structure on N such that the inclusion N →M is a map of T(i)-algebras.
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Proof. P0 clearly exists and P1 exists by assumption. Suppose by induction that we have
defined Pk−1. For k > 1, consider the diagram

N M

N ⊗ Γ̃∨(i)[1] M ⊗ Γ̃∨(i)[1]

N ⊗ Γ̃∨(i)[k] M ⊗ Γ̃∨(i)[k]

N ⊗ Γ̃∨(i)[k − 1]⊗ Γ̃∨(i)[1] M ⊗ Γ̃∨(i)[k − 1]⊗ Γ̃∨(i)[1]

P1

Pk

Pk−1⊗1

where Pk is the dotted arrow. Then imN , the image of N in M ⊗ Γ̃∨(i)[k − 1] ⊗ Γ̃∨(i)[1], is

contained in the intersection of N ⊗ Γ̃∨(i)[k − 1]⊗ Γ̃∨(i)[1] and M ⊗ Γ̃∨(i)[k], which is equal to

N ⊗ Γ̃∨(i)[k] since Γ̃∨(i)[k] is a direct summand of Γ̃∨(i)[k − 1]⊗ Γ̃∨(i)[1]. Thus, Pk exists.

Definition 7.0.5. We say that an object A ∈ AlgΓ(i) satisfies the congruence condition if
Q′

0a ≡ ap mod ui for all a ∈ A.

Note that Q′
0 is a lift of a class in Γ(i)[1]/ui which classifies the Frobenius isogeny.

Proposition 7.0.6 (Congruence criterion). An object A ∈ AlgΓ(i) which is ui-torsion free
admits the structure of a T(i)-algebra (necessarily uniquely), if and only if it satisfies the con-
gruence condition.

Proof. By Lemma 7.0.4 applied to the localization map A→ u−1
i A, it suffices to show that the

map P1 in (14) exists. By the proof of Lemma 7.0.1, Q′
0 = Q0 + uiQN . Since Q0 acts on a

T(i)-algebra by the ring Frobenius, the action of QN is uniquely determined if ui is not a zero
divisor. This applies to both A and u−1

i A. Since A → u−1
i A is a map of Γ(i)-algebras, the

action of QN on A and u−1
i A agree. Thus, there exists a map P1 : A → A ⊗ Γ̃∨(i)[1] making

the diagram (14) commute for k = 1.

8 Rezk’s Stuff

In [Rez13], Rezk considers the Ext groups Ext∗Γ(ω
m,null), which compute (the E2-page of a

mapping space spectral sequence converging to) E∗
(
TAQSK(h)

(
S
S2m−1
+

K(h)

))
, the E-cohomology

ofK(h)-local TAQ of SK(h)-valued cochains on odd spheres; [BR19] identifies these groups with
the Morava E-theory E∧

∗ (ΦS
2m−1)K(h) of the Bousfield-Kuhn functor on odd spheres.

Recall that the Γ-action for a Γ-module M is denoted by PM,k : M → M ⊗s Γ
∨[k] for all

k ≥ 0. We will be dealing with 3 different Γ-modules below, all whose underlying E0-module
is E0.

• E0 has the usual Γ-action Pk : E0 → Γ∨[k].

• null, also denoted E0, has the trivial Γ-action i.e. Pnull,0 = id and Pnull,k = 0.
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• ωm = π2mE is acted on by Γ−2m. It is obtained by postcomposing the Γ-action on E0

with σm : Γ → Γ, so

Pωm,k : E0
Pk−−→ Γ∨[k]

·cm
pk−−→ Γ∨[k]

where cpk is the Euler class of the reduced complex standard representation of Σpk .

Rezk showed that for heights n = 1 and 2, the groups ExtsΓ(ω
m,null) vanish except when s = n,

thus the spectral sequence collapses. Unfortunately, this is not true at higher heights.

Proposition 8.0.1. For p = 2 and heights n ≥ 2,

• If m = 0, ExtsΓ(ω
m,null) = 0 for all s.

• If m = 1, ExtsΓ(ω
m,null) ̸= 0 for all 2 ≤ s ≤ n.

• If m > 1, ExtsΓ(ω
m,null) ̸= 0 for s = 2 and n.

Since Γ is Koszul of length n+ 1, these Ext groups vanish when s > n. We will prove the
proposition using some variant of the cofiber sequence in Theorem 4.0.1. There are obvious
mod ui versions of E0, null, and ω

m, which we also denote by E0/ui, null, and ω
m.

Let

Ak(G, E0/ui−1) = O
Sub

(i)

1 · · · 1︸ ︷︷ ︸
k

(G)
= Γ∨(i)[1]k

Bk(G, E0/ui−1) =

k−1⊕
j=1

O
Sub

(i)
1···2···1(G)

=

k−1⊕
j=1

Γ∨(i)[1]j−1 ⊗ Γ∨(i)[2]⊗ Γ∨(i)[1]k−j−1

Kk(G, E0/ui−1) = cok(Bk(G, E0/ui−1) → Ak(G, E0/ui−1)) ∼= C∨(i)[k],

where G the universal formal group over E0/ui−1. Let R be a u−1
i E0/ui−1-algebra. Let

Ak(G,R), Bk(G,R), and Kk(G,R) denote their base changes to R. By [SS25, Lemma 5.0.5],
since ui is invertible in R, R⊗E0/ui−1

O
Sub

(i)
k1,··· ,kq

(G)
classifies filtrations (H1 < · · · < Hq < GR)

consisting of étale subgroups. We will often drop the G and R from the notation when it is
clear. Let D(G, E0/ui−1) be the diagram

D(G, E0/ui−1) =

...
...

Bk Ak

Bk−1 Ak−1

...
...

1k−1⊗s 1k−1⊗s

where the vertical maps 1k−1 ⊗ s : Ak−1 = Ak−1
1 ⊗R→ Ak−1

1 ⊗A1 = Ak are given on functor
of points by forgetting the last subgroup

(H1 < G1, · · · , Hk < Gk) 7→ (H1 < G1, · · · , Hk−1 < Gk−1).

43



Here Gs+1 = Gs/Hs. These induce maps Kk−1 → Kk making

K(G, E0/ui−1) := (· · · → Kk−1 → Kk → · · · )

into a cochain complex. Let D(G,R) = R ⊗E0/ui−1
D(G, E0/ui−1), which is well-defined

since all the maps involved are left u−1
i E0/ui−1-linear. Note that we do not always have a

theory of power operations over an arbitrary u−1
i E0/ui−1-algebra R since the target maps

t : R → R ⊗ Γ∨(i)[k] do not always exist, but we always have source maps given by the usual
inclusion s : R→ R⊗Γ∨(i)[k]. Since D(G,R) can be defined without invoking the target map,
it has the expected interpretation in terms of subgroups of G. We define K(G,R) similarly.

Notation 8.0.2. For a k-algebra R, a surjective map of finite sets f : S → T induces a map
of k-algebras

∏
T R →

∏
S R where each component Rt maps diagonally into the product of

components indexed by the fiber f−1(t). We will denote this map by
∏

T ∆ and refer to it as the
”diagonal” map. Under the isomorphism

∏
R ∼=

⊕
R (we will use

∏
and

⊕
interchangeably),

this map is given by a matrix with entries 0 or 1.

For an integer h ≥ 0 and a ring R, let D(h,R) = D(G,R) for G = (Qp/Zp)
h, the height h

constant p-divisible group over R. Strictly speaking, R is not necessarily a u−1
i E0/ui−1-algebra

but we can still make sense of the complex D(G,R) by taking Ak = OSub1, · · · , 1︸ ︷︷ ︸
k

(G) instead

and similarly for Bk. Since OSubi1,··· ,ik (G)
∼=
∏

Subi1,··· ,ik (G)R, each term in D(G) is a direct

sum of R indexed by appropriate subgroups of (Qp/Zp)
h and each map is given by a matrix

with integer entries. Thus, D(h,R) = R ⊗Z D(h,Z). We will sometimes drop h or R from the
notation when it is clear.

Let C∨(i)[•] := K(G, E0/ui−1) = (C∨(i)[•], ∂∨(i)). We can also form the m-twisted complex

C∨(i)[•]σm := (C∨(i)[•], ∂∨(i)
σm ) whose boundary maps are induced by

Ak−1
1k−1⊗s−−−−−→ Ak = Ak

1

1k−1⊗xm
k−−−−−−→ Ak

1 = Ak

where xk is the Euler class in the rightmost A1 factor.

Lemma 8.0.3. Ext∗Γ(i)(ωm,null) is computed by the complex C∨(i)[•]σm .

Proof. This is explained in [Rez13, 7.3-7.6], but note [SS25, Remark 2.0.2] on the different
handedness conventions. The Koszul complex is a free left Γ(i)-module resolution for ωm. Its
kth term is Γ(i) ⊗ C(i)[k] ⊗ ωm ∼= Γ(i) ⊗ C(i)[k] ⊗ E0/ui−1 and its boundary maps are given
by ∂k = ∂

k,mult − (−1)k∂k,act, defined as follows. Let ℓ : C(i)[k] → Γ(i)[1] ⊗ C(i)[k − 1] and

r : C(i)[k] → C(i)[k − 1]⊗ Γ(i)[1]. Define

∂
k,mult, ∂k,act : Γ

(i) ⊗ C(i)[k + 1]⊗ ωm → Γ(i) ⊗ C(i)[k]⊗ ωm

by

∂
k,mult = (mult⊗ idC(i)[k] ⊗ idωm) ◦ (idΓ(i) ⊗ℓ⊗ idωm)

∂k,act = (idΓ(i) ⊗ idC(i)[k] ⊗act) ◦ (idΓ(i) ⊗r ⊗ idωm).

The complex for computing Ext is then given by

HomΓ(i)(Γ(i) ⊗ C(i)[•],null) = HomE0/ui−1
(C(i)[•],null) ∼= C∨(i)[•].
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∂
k,mult vanishes since Γ

(i) acts trivially on null, so only ∂k,act remains. The fact that the action

map Γ(i) ⊗ E0/ui−1 → E0/ui−1 is left E0/ui−1-dual to the source map s : E0/ui−1 → Γ∨(i)[1]
lets us identify the boundary maps.

Remark 8.0.4. [BR19] also mentions that the Ext groups are computed by the dual Koszul
complex C∨[•]σm . However, they claim [BR19, Thm 10.3] that the boundary maps in the
dual Koszul complex are induced by the target instead of the source map i.e. that this is the
modular isogeny complex. In private communication with Rezk, we confirm that the boundary
maps are indeed induced by the source map. The point is that the action map Γ[1]⊗E0 → E0

is E0-dual to the source and not the target map.

Lemma 8.0.5. For p = 2 and m > 0, there is a cofiber sequence

C∨(i)[•]σm−1 → C
∨(i)
σm [•] → C

∨(i+1)
σmp−1 [• − 1].

Proof. The map C∨(i)[•]σm−1 → C
∨(i)
σm [•] is given levelwise by σ∨•

, similar to Definition 4.1.1.
Let R[k], S[k], and ηk be as in 8. Proposition 4.3.1 lets us choose an identification ∆k ↔ pk

such that the induced map R[k] → S[k] is given on functor of points by q1, · · · , qk 7→ q′k, · · · , q′1.
Under this identification, GLk(Fp) acts on R[k] by its usual action on q1, · · · , qk. Let B′[k−1] =
S[k]/tk. There is a commutative diagram

R[k] S[k] B′[k − 1]

R[k − 1] S[k − 1] B′[k − 2]

∂∨(i)=1k−1⊗s ∂∨(i) ∂∨(i+1) (15)

given on functor of points by

R[k − 1] → R[k], q1, · · · , qk 7→ q1, · · · , qk−1

S[k − 1] → S[k], q1, · · · , qk 7→ q2, · · · , qk
S[k] → B′[k − 1], q1, · · · , qk−1 7→ q1, · · · , qk−1, 0.

As before, let U3 < GLk be the subgroup of matrices

 I 0

∗ · · · ∗ ∗

. Let N be its normal-

izer and W = GLk−1 × 1 its Weyl group. Since U3 is conjugate to U2, GLk/U3
∼= GLk/U2, so

GLk/U3
∼= Pr(k, k − 1) as a left GLk-set and right W -set.

The map S[k] → B′[k−1] is N -equivariant and U3 acts on B
′[k−1] trivially. By adjunction,

this corresponds to a GLk-equivariant map S[k] → GLk⊗NB
′[k−1] ∼= GLk/U3⊗W B′[k−1] ∼=

Pr⊗GLk−1
B′[k−1]. By Lemma 4.4.7, postcomposing this with the projection Pr⊗GLk−1

B′[k−
1] → B′[k − 1] and taking Steinberg summands gives a map ekS[k] → ek−1B

′[k − 1]. By
Proposition 4.4.10, it has image ηk−1 · ek−1B

′[k − 1], which is isomorphic to ek−1B
′[k − 1] ∼=

C∨(i+1)[k − 1]. This gives the cokernel of σ∨k

: C∨(i)[k] → C∨(i)[k].
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It remains to identify the boundary maps, which is the dotted map below.

R[k] S[k] B′[k − 1] B′[k − 1]

R[k] S[k] B′[k − 1]

R[k − 1] S[k − 1] B′[k − 2] B′[k − 2]

ηk−1

·(−tk)
(p−1)m ·(ηk/ηk−1)

m ·(ηk−1/ηk−2)
mp

∂∨(i) ∂∨(i) ∂∨(i+1)

ηk−2

Here ηk/ηk−1 is the quotient of ηk ∈ S[k] by the image of ηk−1 ∈ S[k− 1] and ηk−1/ηk−2 is de-
fined similarly for B′. It follows that the dotted map must be ∂∨(i+1) followed by multiplication
by (ηk−1/ηk−2)

mp−1.

Lemma 8.0.6 ([Kuh15] Whitehead Conjecture and Tower of S1 Conjecture). If n > 0, the
untwisted complex (C∨[•], ∂∨) is exact.

Proof. This is the Whitehead and Tower of S1 conjectures proven in [Kuh15]. Kuhn considers
families of maps

S1 QL1(0) QL1(1) QL1(2) · · ·
s−1

d−1

s0

d0

s1

d1

(16)

where the sk’s are given by deloopings of the attaching maps of the Goodwillie tower of the
identity functor on S1 and the dk’s are infinite loop maps coming from the symmetric power
filtration on the sphere. By [Kuh15, Theorem 1.1], dksk + sk−1dk−1 : QL1(k) → QL1(k) is a
homotopy equivalence. Here dkdk−1 = 0 but sksk−1 is only null after applying Ωk.

Let Φn denote the height n Bousfield-Kuhn functor. Applying E∧
0 ΦnΩ

m (for m ≥ n) to
(16) results in a chain complex, so dksk + sk−1dk−1 gives a contracting chain homotopy. Since
Φn preserves limits and E is 2-periodic, the sequence

0 → E∧
0 Φn(S

1) → E∧
0 ΦnL1(0) → E∧

0 ΦnL1(1) → · · · → E∧
0 ΦnL1(n) → 0

is exact. [BR19] identifies the Koszul complex (C∨[•], ∂∨) with the Goodwillie tower E∧
0 ΦnL1(•).

Thus, the lemma follows since

Φn(S
1) = Φn(BZ) = ΦnΩ

∞(ΣHZ) = LK(n)ΣHZ = 0

if n > 0.

However, by dimension counting, C∨(i)[•] is not exact for i > 0. In fact, it is not exact in
the worst possible way.

Lemma 8.0.7. For p = 2, i > 0, and 0 < k ≤ n − i, u−1
i Hk(C∨(i)[•], ∂∨(i)) is nonzero, thus

Hk(C∨(i)[•], ∂∨(i)) is nonzero.

Note that H0 = 0 since the zeroth boundary map is injective. To prove that Hk ̸= 0, it
suffices to show that Hk ̸= 0 after a flat base change. As mentioned in the proof of [SS25, Prop
4.5.3], Stapleton constructed a ring Ci over which G splits as G0 ⊕ (Qp/Zp)

n−i. Let R = Ci/Ii

where Ii = (p, · · · , ui−1). R is a faithfully flat u−1
i E0/ui−1-algebra. We will make the flat base

change E0/ui−1 → u−1
i E0/ui−1 → R over which everything will be p-divisible groups. We first

show that H1 ̸= 0 and use it to show that Hk ̸= 0. From now on we set p = 2.
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Lemma 8.0.8. For all i ≥ 0, over R,

H1(C∨(i)[•], ∂∨(i)) ∼= (R[x]/xp
i

)/R

as R-modules.

The idea is that for i = 0, any two degree p étale subgroups are contained in some degree p2

étale subgroup, so H1 = 0. However, this fails if i > 0 since there are degree p étale subgroups
which differ by some kerφi (see proof of [SS25, Prop 4.5.3]). Any degree p2 subgroup containing
both of them must also contain kerφi, hence cannot be étale.

Let Λ = Qp/Zp. Over R, the connected-étale sequence 0 → G0 → G → G′ → 0 for G splits

and G′ ≃ Λn−i. The p-series ⟨p⟩(i)(t) is equal to g(xpi

) for some g, where x =
∏p−1

i=1 [i]t. Let f
be the Weierstrass polynomial of g.

To compute H1, we consider the following parts of D(G, R) and K(G, R).

O
Sub

(i)
2 (G)

O
Sub

(i)
11 (G)

C∨(i)[2]

O
Sub

(i)
1 (G)

C∨(i)[1]

R C∨(i)[0].

∂
∨(i)
1

∂
∨(i)
0

H1 = ker ∂
∨(i)
1 / im ∂

∨(i)
0

∼= D/R where D is the pullback

O
Sub

(i)
2 (G)

O
Sub

(i)
11 (G)

D O
Sub

(i)
1 (G)

.

⌟

(17)

Since G′ ≃ Λn−i, everything is discrete hence splits over R. Write

[p]G′(t) =
∏
c∈I

(t− c)

f(x) =
∏
a∈J

(x− a).

Then

OSub1(G′)
∼= R[x1]/f(x1) ∼=

∏
a

R[x1]/x1 − a ∼=
∏

Sub1(Λn−i)

R

OSub11(G′)
∼= R[x1, x2]/f(x1), f

(P )(x2) ∼=
∏

a1,a2∈J
R[x1, x2]/x1 − a1, x2 − P (a2) ∼=

∏
Sub11(Λn−i)

R

OSub2(G′)
∼=

∏
Sub2(Λn−i)

R.
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Lemma 8.0.9. For all integers h ≥ 0 and any ring S, the pullback D(h, S) of the diagram
(17) corresponding to Λh over S is isomorphic to S. Let D′ be the pullback of the diagram (17)
corresponding to G′. Then D′ ∼= R.

In particular, D(n− i, R) ∼= R.

Proof. By Lemma 8.0.6, for Gh the universal formal group over the height h Morava E-theory
E′ := Eh, the complex K(Gh, E

′
0) is exact. Let C0 be Stapleton’s ring ([Sta13, Corollary 2.18])

over which C0 ⊗Gh ≃ Λh. The diagrams D(h,C0) and K(h,C0) are obtained by tensoring the
corresponding diagrams for Gh/E

′ with C0. In particular, K(h,C0) is exact, so D(h,C0) ∼=
im ∂∨0 = C0, where D(h,C0) is the pullback of the diagram (17) corresponding to Λh over C0.
This also implies that

Sub2(Λ
n−i) Sub11(Λ

n−i)

∗ Sub1(Λ
n−i)

⌟

is a pushout of sets. Thus, for any ring S, the pullback D(h, S) ∼= S and H1K(h, S) = 0.

Since [p]G(t) = [p]G′(tp
i

) splits, the analogous formulas for O
Sub

(i)
1 (G)

, O
Sub

(i)
11 (G)

, and

O
Sub

(i)
2 (G)

are obtained from the formulas for G′ by replacing x by xp
i

. Since G ≃ G0 ⊕ G′,

there exists a section G′ → G, so all c, a, and b := P (a) have pith roots in R, denoted by c, a, b.
For each r ∈ R, there is an isomorphism of R-algebras

R[x]/xp
i

→ R[x]/xp
i

− rp
i

, x 7→ x− r. (18)

Thus, there are isomorphisms∏
Sub11(Λn−i)R[x1, x2]/x

pi

1 , x
pi

2

∏
Sub11(Λn−i)R[x1, x2]/x

pi

1 − a, xp
i

2 − b ∼= O
Sub

(i)
11 (G)

∏
Sub1(Λn−i)R[x1]/x

pi

1

∏
Sub1(Λn−i)R[x1]/x

pi

1 − a ∼= O
Sub

(i)
1 (G)

≃

∏
Sub1(Λn−i)(∆◦i1)

≃

1⊗s

(19)
where ∆ are ”diagonal” maps (Notation 8.0.2) induced by Sub11(Λ

n−i) → Sub1(Λ
n−i) and i1

the inclusion R[x1]/x
pi

1 → R[x1, x2]/x
pi

1 , x
pi

2 .

Lemma 8.0.10. There is an isomorphism of R-algebras

O
Sub

(i)
2 (G)

∼=
∏

Sub2(Λn−i)

R[x1, x2]/x
pi

1 , x
pi

2

compatible with the inclusion

O
Sub

(i)
2 (G)

O
Sub

(i)
11 (G)

∏
Sub2(Λn−i)R[x1, x2]/x

pi

1 , x
pi

2

∏
Sub11(Λn−i)R[x1, x2]/x

pi

1 , x
pi

2

∏
∆

≃ ≃

where the top horizontal map is
∏

Sub2(Λn−i) ∆ induced by Sub11(Λ
n−i) → Sub2(Λ

n−i).
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Proof. Let R̃ = R[x1, x2]/x
pi

1 , x
pi

2 , S = Spec(R), and S̃ = Spec(R̃). Consider the diagram

Sub
(i)
2 (G) Sub

(i)
11 (G)

Sub2(G′) Sub11(G′).

(20)

ForK ′ ∈ Sub2(Λ
n−i), let Sub

(i)
K′,2(G),Sub

(i)
K′,11(G),SubK′

11
(G′) be the inverse images in Sub

(i)
2 (G),Sub

(i)
11 (G),Sub11(G′)

of SubK′,2(G′), the component in Sub2(G′) indexed by K ′. Then (20) is the disjoint union of
diagrams

Sub
(i)
K′,2(G) Sub

(i)
K′,11(G)

S SubK′,11(G′).

(21)

over all K.
If K ′ ∼= Z/p2, since a degree p2 cyclic subgroup has a unique degree p subgroup, the map

Sub
(i)
K′,11(G) → Sub

(i)
K′,2(G) is an isomorphism. The isomorphism O

Sub
(i)

K′,11(G)
∼=
∏
R̃ (where

the product is over the appropriate subset of Sub11(Λ
n−i)) identifies this with the identity map.

If K ′ ∼= Z/p ⊕ Z/p, then SubK′,11(G′) =
⊔

Spec(R[x1, x2]/x1 − a, x2 − b) ≃
⊔
S and

Sub
(i)
K′,11(G) =

⊔
Spec(R[x1, x2]/x

pi

1 −a, xp
i

2 − b) ≃
⊔
S̃, where both disjoint unions are over all

a, b ∈ J which generate K ′. Each such pair a, b, gives a section S → SubK′,11(G′) classifying

a given pair H ′ < K ′ and lifts to a map S̃ → Sub
(i)
K′,11(G) under the isomorphism 18. These

form a diagram

T := Sub
(i)
K′,2(G) Sub

(i)
K′,11(G) =

⊔
S̃ S̃

SubK′,2(G′) = S SubK′,11(G′) =
⊔
S S

where the bottom composite is the identity.
We will show that the top composite is an isomorphism by showing that they classify the

same data. Indeed, T classifies degree p2 étale subgroups K < G which are lifts of K ′ < G′, S̃
classifies pairs H < K which map to H ′ < K ′, and the map S̃ → T sends H < K to K. Pick
a level structure f : Z/p ⊕ Z/p → G on K. This gives a level structure f ′ : Z/p ⊕ Z/p → G′

on K ′. Let i : Z/p → Z/p ⊕ Z/p be the inclusion such that f ′ ◦ i is a level structure on H ′.
Then f ◦ i is a level structure which forgets to a subgroup H < K. We claim that H does not
depend on the choice of level structure f . Let f2 be another level structure with f ′2, i2, and H2

defined analogously. Since H and H2 both map to the same étale subgroup H ′, f ′ ◦ i and f ′2 ◦ i2
must differ by an automorphism of Z/p. Let σ ∈ Aut(Z/p) be such that i = i2 ◦ σ, so i and
i2 ◦ σ are lifts of the same level structure on G′, hence differ by some h ∈ Hom(Z/p,G0) since
G ≃ G0 ⊕G′ splits. Since H,H2 < K, the image of h is contained in K. But K is étale, so its
formal part K ∩G0 is trivial, hence h = 0, i2 ◦ σ = i, and H2 = H. Thus, each K classified by
T corresponds uniquely to a filtration H < K classified by S̃. So, each such pair a, b gives a

map S̃ → Sub
(i)
K′,11(G) → T whose composite is an isomorphism.
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Let LevelK′,11(G′) be the scheme classifying level structures on K ′. The transitive GL2(Fp)
action on LevelK′,11(G′) lifts to a transitive GL2(Fp) action on its inverse image LevelK′,11(G)
in Level11(G). This action descends to an action on SubK′,11(G) compatible with the map to

SubK′,2(G) and sections S̃
≃−→ S̃a,b ⊂ SubK′,11(G) for each pair a, b. So, the isomorphisms

S̃
≃−→ S̃a,b ⊂ SubK′,11(G) → T does not depend on the choice of a, b, giving an identification of

T with S̃.
Taking the disjoint union over all K ′ ∈ Sub2(Λ

n−i) gives the lemma.

Proof of Lemma 8.0.8. By (19) and the lemma above, the pullback D of (17) is isomorphic to
the pullback D0 of the diagram∏

Sub2(Λn−i)R[x1, x2]/x
pi

1 , x
pi

2

∏
Sub11(Λn−i)R[x1, x2]/x

pi

1 , x
pi

2

∏
Sub1(Λn−i)R[x1]/x

pi

1

which contains R[x1]/x
pi

1 . In fact, D0 = R[x1]/x
pi

1 since (8) is a pushout of sets.

Proof of Lemma 8.0.7. To compute Hk, consider the following part of D(G, R) and K(G, R).

Bk+1 = (Bk ⊗A1)⊕ (Ak−1 ⊗O
Sub

(i)
2 (G)

) Ak+1 C∨(i)[k + 1]

Bk Ak C∨(i)[k]

Ak−1

Then Hk ∼= (imDk)/(Bk +Ak−1) where Dk is the pullback

(Bk ⊗A1)⊕ (Ak−1 ⊗O
Sub

(i)
2 (G)

) Ak+1

Dk Ak

⌟

and imDk is its image in Ak. By the same argument as the one for H1 in the proof of Lemma
8.0.8, this diagram is isomorphic to

(Bk ⊗A1)⊕
(∏

Sub1···12(Λn−i) R̃k+1

)
Ak+1(n− i, R̃k+1)

Dk Ak(n− i, R̃k)

whose pullback we also denote by Dk. Here R̃k = R[x1, · · · , xk]/xp
i

1 , · · · , x
pi

k and ik : R̃k →
R̃k+1 is the usual inclusion.
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imDk contains ⊇ Ak ∩ im(Bk ⊗A1) +Ak ∩ (Ak−1 ⊗ Γ∨(i)[2]). Since the first term contains
Ak ∩ imBk = imBk and the second term is isomorphic to Ak−1 ⊗D (where D is the pullback
of 17), there is a containment

imDk ⊇ imBk +Ak−1 ⊗D ⊇ imBk +Ak−1.

To show Hk ̸= 0, it suffices to show that the second containment is strict.
Suppose by contradiction that imBk + Ak−1 ⊗ D = imBk + Ak−1 in Ak. Note that

Ak−1
∼= Ak−1(n − i, R̃k−1) ∼=

∏
R̃k−1, Ak−1 ⊗ D ∼= Ak−1(n − i, R̃k) ∼=

∏
R̃k, and the map

Ak−1 → Ak induces a map Ak−1⊗D → Ak. Consider (xk, 0, 0, · · · ) ∈ Ak−1⊗D ∼=
∏
R̃k which

maps to (∆(xk), 0, 0, · · · ) ∈ imBk +Ak−1⊗D ⊆ Ak. Since imBk +Ak−1⊗D = imBk +Ak−1,
there exists (f1(x̂k), f2(x̂k), · · · ) ∈ Ak−1 such that

(∆(xk), 0, 0, · · · ) + (∆f1(x̂k),∆f2(x̂k), · · · ) ∈ imBk,

where fj(x̂k) are polynomials in x1, · · · , xk−1 and each ∆ is the diagonal corresponding to each

component of Ak−1 ⊗D ∼=
∏
R̃k (equivalently, components of Ak−1

∼=
∏
R). By definition of

Bk, there exists

g⃗j(x1, · · · , xk) = (gj1(x⃗), gj2(x⃗), · · · ) ∈ im
∏

Sub1···2···1(Λn−i)

R̃k

(with the 2 in the subscript in the jth position) such that

(∆(xk), 0, 0, · · · ) + (∆f1(x̂k),∆f2(x̂k), · · · ) =
k−1∑
j=1

g⃗j(x1, · · · , xk).

Since Bk → Ak is a direct sum of ”diagonal” maps, g⃗j(x1, · · · , xk−1, 0) ∈ im
∏

Sub1···2···1(Λn−i)

and
k−1∑
j=1

g⃗j(x1, · · · , xk−1, 0) = (0, 0, · · · ) + (∆f1(x̂k),∆f2(x̂k), · · · ) ∈ imBk.

Thus, (∆(xk), 0, 0, · · · ) ∈ imBk.
In fact, the same argument shows that all (0, · · · , 0,∆(xk), 0, · · · ) ∈ imBk +Ak−1 ⊗D are

in imBk. Since imBk is symmetric in x1, · · · , xk, (0, · · · , 0,∆(xs), 0, · · · ) ∈ imBk for all s, so
imBk ⊇ Ak−1 ⊗D ⊇ Ak−1, a contradiction by the lemma below.

Lemma 8.0.11. For R as above, Ak−1(G, R) ̸⊆ imBk(G, R) if k ≤ n− i.

Proof. Note that Ak(G, R) ∼= Ak(n−i, R̃k) and Bk(G, R) ∼= Bk(n−i, R̃k). Since imBk(G, R) is
symmetric in x1, · · · , xk, if imBk(G, R) ⊇ Ak−1(G, R) = Ak−1(n−i, R̃k−1), then imBk(G, R) ⊇
Ak−1(n− i, R̃k), which is a contradiction by the lemma below.

Lemma 8.0.12. For all integers h ≥ 0 and any ring S, Ak−1(h, S) ̸⊆ imBk(h, S) if k ≤ h.
Equivalently, ∂∨k−1 : Kk−1 → Kk is nonzero.

Proof. This is true for h = 0 and 1. Suppose that it is true for h = n− 1. Let Λ = Qp/Zp. For
h = n, since Λn ∼= Λn−1 × Λ,

Subi1,··· ,iq (Λ
n) = Subi1,··· ,iq (Λ

n−1) ⊔ Subi1,··· ,iq (Λ
n−1)c
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is the disjoint union of the set of increasing chain of subgroups all contained in Λn−1 and its
complement. This splits each Ak(n) into Ak(n− 1)× A′

k
∼= Ak(n− 1)⊕ A′

k, and similarly for
Bk(n). The map Bk(n) → Ak(n) is the direct sum of maps Bk(n−1) → Ak(n−1) and B′

k → A′
k,

so Kk(n) = Ak(n−1)/Bk(n−1)⊕A′
k/B

′
k = Kk(n−1)⊕K ′

k. Since the map Ak−1(n) → Ak(n)
is the direct sum of maps Ak−1(n − 1) → Ak(n) ⊕ A′

k and A′
k−1 → A′

k, the boundary map
∂∨k−1(n) : Kk−1(n) → Kk(n) is the direct sum of maps Kk−1(n− 1) → Kk(n− 1)⊕K ′

k which
is ∂∨k−1(n− 1) on the first component, and K ′

k−1 → K ′
k. If k ≤ n− 1, ∂∨k−1(n− 1) is nonzero,

so ∂∨k−1(n) is nonzero.
It remains to show that ∂∨n−1(n) is nonzero. The inclusions of chains of p-torsion subgroups

Subp−tors
i1,··· ,iq (Λ

n) ⊆ Subi1,··· ,iq (Λ
n) induce splittings Ak := Ak(n) ∼= Ap−tors

k ⊕ A′
k (analogously

for Bk and Kk), hence a diagram

Bp−tors
n

Bn An Ap−tors
n Kp−tors

n = Ap−tors
n /Bp−tors

n

An−1 Ap−tors
n−1 Kp−tors

n−1 .

≃ ∂∨
n−1

The map Ap−tors
n−1 → Ap−tors

n is an isomorphism since the last subgroup in a p-torsion chain of
length n must be G[p]. To show ∂∨n−1 is nonzero, it suffices to show that Kp−tors

n is nonzero.
We first claim that Kk(S) := Kk(n, S) ̸= 0 if k ≤ n. To see this, note that Kk(Z) is finitely

generated since it is a quotient of the finitely generated free abelian group Ak(Z). Let G be the
universal formal group over E = En. Let C0 be Stapleton’s ring ([Sta13, Corollary 2.18]), which
is faithfully flat over p−1E0 and over which G ≃ (Qp/Zp)

n. Then C0 ⊗ Kk(Z) = Kk(C0) =

C0 ⊗E0
Kk(E0) = C0 ⊗E0

C∨[k] is a nonzero finite free C0-module of rank d = rankE0
C∨[k].

So, Kk(Z) contains a nonzero direct sum Z⊕d hence Kk(S) = S ⊗Kk(Z) is nonzero.
Since Kn

∼= Kp−tors
n ⊕ A′

n/B
′
n ̸= 0, to show that Kp−tors

n ̸= 0, it suffices to show that
A′

n/B
′
n = 0. Given a chain of subgroups H1 < · · · < Hn of Λn not all of which are p-torsion,

consider the minimal k such that Hk+2/Hk is not p-torsion, so Hk+2/Hk ≃ Z/p2 has a unique
degree p subgroup. Thus, H1 < · · · < Hn is uniquely determined by H1 < · · · < Hk < Hk+2 <
· · · < Hn ∈ Sub1···2···1(Λ

n). Therefore, B′
n → A′

n is surjective, A′
n/B

′
n = 0, and ∂∨n−1 ̸= 0.

Corollary 8.0.13. For i > 0, m ≥ 0, and 0 < k ≤ n− i, u−1
i Hk(C∨(i)[•]σm) is nonzero, thus

Hk(C∨(i)[•]σm) is nonzero.

Proof. Since C∨(i+1)[•]σmp−1 is a complex of E0/ui-modules and ui is invertible in Ri :=
Ci/Ii, C

∨(i+1)[•]σmp−1 becomes 0 after base changing to Ri. Thus, by Lemma 8.0.5, the map
C∨(i)[•]σm−1 → C∨(i)[•]σm becomes an equivalence after base changing to Ri and the corollary
follows from Lemma 8.0.7.

Proposition 8.0.1 follows by applying the above corollary to the long exact sequence of Ext
groups from the cofiber sequence in Lemma 8.0.5.
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9 Tor non-vanishing

Since the Tor groups with Γ on the left vanish in nonzero degrees, one might ask if the same
is true for Tor groups with Γ on the right. In Example 9.0.3 below, we show that this is not
true at p = 2 height 2, which leads us to conjecture the following.

Conjecture 9.0.1. Tor∗Γ(E0, σmΓ) is nonzero if 0 ≤ ∗ < n.

The Koszul resolution implies that the Tor groups vanish if ∗ > n.

Proposition 9.0.2. For p = 2, 0 ≤ i ≤ n, and m > 0, there is a cofiber sequence

E0/ui−1 ⊗L
Γ(i) σmΓ(i) → E0/ui−1 ⊗L

Γ(i) σm−1Γ(i) →
(
E0/ui ⊗L

Γ(i+1) σmp−1Γ(i)/ui

)
[1].

Here Γ(i)/ui :=
⊕

k≥0 Γ
(i)[k]/ui is the quotient of Γ

(i) by ui with respect to the left E0/ui−1-

module structure and is a left Γ(i+1)-module as follows. Q ∈ Γ(i+1) is an operation on π0/ui
and Q′ ∈ Γ(i)/ui is an operation π0/ui−1 → π0/ui, so their composite QQ′ := Q ◦ Q′ is an
operation π0/ui−1 → π0/ui.

Proof. The proof is similar to the proof of Lemma 8.0.5, with the maps in (15) replaced by
direct sums over ℓ ≥ 0 of

R[k − 1]⊗ Γ∨(i)[ℓ+ 1] → R[k]⊗ Γ∨(i)[ℓ], (q1, · · · , qk, H) 7→ (q1, · · · , qk−1, ⟨qk⟩+H)

S[k − 1]⊗ Γ∨(i)[ℓ+ 1] → S[k]⊗ Γ∨(i)[ℓ], (q1, · · · , qk, H) 7→ (q2, · · · , qk, ⟨q1⟩+H)

S[k]⊗ Γ∨(i)[ℓ] → B′[k − 1]⊗ Γ∨(i)[ℓ], (q1, · · · , qk−1, H) 7→ (q1, · · · , qk−1, 0, H).

The proposition will imply the conjecture if

Tor∗Γ(i+1)(E0/ui, σmΓ(i)/ui) ̸= 0 (22)

for i ≥ 0, ∗ < n− i, and m > 0.

Example 9.0.3. At the prime p = 2 and height 2, [Rez08] gives a description of Γ by generators
and relations. Using this, we see that Γ/p = Γ//p is generated by Q0, Q1, Q2 and Γ(1) is
generated by Q′

0 = Q0 + u1Q2, Q1. The relations in Γ/p are the mod p Adem relations

Q1Q0 = 0

Q2Q0 = Q0Q1 + u1Q0Q2.

The cofiber E0/p⊗L
Γ(1) σmΓ/p is computed by the complex

Γ(1)[1]⊗ Γ/p = (E0/p){q′0, q1} ⊗ Γ/p
∂◦(σm⊗1)−−−−−−→ Γ/p = Γ(1)[0]⊗ Γ/p.

If m > 0, the boundary map is not injective since σ(q′0) = u1q1, σ(q1) = q′0, and ∂(q1⊗Q0) = 0,
hence Tor1Γ(1)(E0/p, σmΓ/p) ̸= 0. Clearly Tor0 ̸= 0. Thus, by Proposition 9.0.2, if m > 0,
Tor∗Γ(E0, σmΓ) ̸= 0 for i = 0 and 1.
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