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5 Advanced Algebra and Trigonometry!
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Fitting polyno S
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“sdrawkcab” part Two
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Back to Creating Polynomials

Combinatorial Polynomials?!

Prove It!
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recall our work in 2D first...
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3D fence problem continued...
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so, for example, f(3)=8=1+1+2 +
=1+%-02+"%-0+1
+% - 12+ .1+ 1
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so, for example, f(3)=8=1+1+2 +
=1+%-02+"%.0+1
+%%-12+% -1+ 1
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=1+%(02+12+22) +%(0+1+2)+(1+1+1)

iand in general...
f(n)=1+%(0?+1%+..4+(n-1)?) +%(0+1+.+(n-1)+n-1
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f(n)=1+% (07 + 12 +..+ (n-1)2) +% (0+ 1 +.4+ (n-1))+n -1

f and now using the formula for the sum of the first n,
¥ squares equaling n(n+1)(2n+1)/6 we get...

(remembering to sub in “(n-1)” for “n” in this formula!)
- f(n) =1+ % [(n-1)n(2(n-1)+1)/6] + Y2 [n(n-1)/2] + n

_. ‘which simplifies as...

. which works — i.e. gives the values we want — phew.
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~ We reversed the

4 Dim.
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. Fences Regions A

A(n) =[n3+5n +6]/6

so what, for

example, does
f(3) equal?




Now how about that other approach
we looked at...
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Binomial Coefficients!
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)=t B3 B)=3 ()=
)=t (=4 ()= (=4 ()=1
G)=1  ()=s G)=10 (=10 ()=5 ()=1




we can calculate this as

) e kl(n_k)l

or, more simply(?!), just as
(n) _ n(n-1)(n-2)---(n—-(k-1))
k/ k!
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Formulas for Binomial (

!
Using (2’) — —k!(z_k)!

)\

what is (‘;) . (1;)

now consider using this instead:
x) _ Xx(x—1)(x—=2)(x—(k-1))
k/ k!




n(n-1)(n-2)-(n—(k—-1))
k!

" We end up with

= () 1+ () 2+ () 144 () 12
| and so... does this work?!
and go ahead and write x instead of n!
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i B =(0)-1+(3)- G +(3)-14+(3)" 8
then given that (J) =1, () = f e,

(325) 5 x(x—l)’ and (g) & x(x—-1)(x—-2)

2-1 3:2-1

then we can sub these in and work out that...

- () =114 x (—2) + 552 14+ R g

which just simplifies to...
f(x) =1 — 5x + x% + 2x3
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~ So then for the

4 Dim.
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Given a polynomial f(n),
If we calculate a difference table,
I.e. use the A operators on f,
and compute their values at 0...

- then f(n) = Xk, (%) A%(fH(0) |
. how about f(x) =y ( )Ak(f)(O)
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What about Sums of Cubes?!
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NVorking with Polynomials -
~ First, although we’ve been working
= with polynomials we should probably

distinguish between polynomial

functions (algebra 1) and polynomial
forms (algebra 2)...
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the classic theorems.

First let’s think about
polynomial degree

. Iffand g are polynomials, then what is:

what Is It?

deg(f + f) = deg(2f)
deg(f 9)
deg(f + g)

What are polynomials of degree 0?
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the classic theorems...

O AWJ

Let’s begin with the classic Long
Division theorem...
what IS It?
If f and g are polynomials, with f # O,
then there exist polynomials g and r
such thatg =fq +r,

where the degree of r is less than the degree of f

Prove It!
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You can prove the Long Division
theorem using induction(!)

If f and g are polynomials, with f # O,

there exist polynomials g and r
suchthatg=fqg +r

~  Wwhere the degree of r is less than the degree of f
£ suppose P aan + ... +a, X+ a,
oo m
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, If f and g are polynomlals Wlth f # 0
there exist polynomials g and r
suchthatg =fq +r

. where the degree of r Is less than the degree of f
- then the induction step goes as follows...

okay, SO now consider
h(x) = 9(x) — (b, / &,) f(x) x™"

. e



So If
h(x) = g(x) — (b,,/a,) f(x) xm™"

h(X) s mem + bm_lxm-l s - p bo
3 (bm/an) [anxn + an_lxn_l e N aO ] Xm-n

e (bm/an)_[anxn] yxm-n
- (by/ay,) [an_lxn-l] ) Lk
it Yl (bm/an) [a'()] xm-n




- ...then by the induction hypothesis

- h(q) = s(x) f(x) + r(x) ,
- for some polynomials s(x), and r(x), whose
~ degree is less than the degree of f(x)... *

but so h(x) = g(x) — (b, /a,,) f(x) xm™"
= s(X) f(x) + r(x)

9(x) = [(B/ay) X™" + s(x)] 1(x) + r(x)
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Consider the remainder theorem...
so what iIs 1t?

* If fis a polynomial, then the remainder

* when f(x) is divided by (x — a) is f(a)

Prove It!
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. The factor theorem...
- If fis a polynomial,
then (x-a) Is a factor of f(x)

Prove It

. The number of roots theorem...

A polynomial of degree n can
have

Prove It!




Values determining polynomials...

If two polynomials of degree at most n

agree , then they &

are exactly the same polynomial :
Prove It!

Values determining polynomials part 2

A polynomial of degree n is uniquely
determined by of its values
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