Math E305
5 Advanced Algebra and Trigonometry!
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Back to Creating Polynomials

Combinatorial Polynomials?!
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How many points does it take to
describe a unique polynomial...

Suppose you have two points,

(0,0)and (1, 1)...

Let’s fit some lines...
Let's find some quadratics!
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Suppose someone has a 10™ degree
polynomial in mind P(x)...
and that all of its coefficients are
positive integers

You can ask for the polynomial to
be evaluated at any number of
input values of your choice...
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Suppose someone has a 10™ degree
polynomial in mind P(x)...
and that all of its coefficients are
positive integers

What's the fewest points that it will
take to determine what P(x) equals?




[et’'s finish off some old business!

So can you find a number X with a
similarly recursive pattern...?
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and phi’s (somewhat negative!) sidekick...
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Now put them to work!

Big idea, yes the following two
sequences obey the recursive relation:

But now think about what happens to
a sequence defined by their sum...



' Could we find A and B so that the sequence
Sp = A @" + B YP" begins with
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The Honeycomb Puzzle!
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Pascal's Triangle

(x+y)l =1x + 1y

(x+y)3=1x3 +3x% +3n2+1)2
I:- X +J-'"} § =1 -'-'I'-'d1 +4x 3_}" ‘|'6I2_}a'2 —|-4::._‘_|_.-3 + 1_}:4
(x+3)° =125 11052 1033 +504+1° i vow

Oth row

1st row

Z2nd row

3rd row

4th row



Consider as steps down the
honeycomb...
to the left

to the right




(a +Db)"
= (a+b) (a+b) SR (a+b) (n times)

= (n) a™ + (n) a» 1pt + (n) a7 2h% %

0 1 2

= T




[I+}-*}ﬂ =1 —————F——  (Othrow
I:TL ‘I‘V}l — 11 + 1‘}" _— 1=t row

(x+y) 2=y’ +2xy+1y° — ondrow

. : 9 ; 9
(x+y) 3 21_1'3 +3x7y + :3:1;:_1.-“E + 1_}:“ —  3rdrow

“n choose k”



=

S

4

e

- A =

Four Dimensional Space...
Five Dimensional Space...W
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Fences in3¥dim. A A2
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The fence problem continued...

OO, WN-=-0
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.02+ Y.
12+ Y.
.22+, .
.32+ .
.42+ s .
.52+,
.62+ .

0+1
1+1
G
3+1
4 + 1
5+ 1
6+1
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Regions
Fences in39dim. A A equals

so, for example, f(3)=8=1+1+2 +
=1+%-02+"%-0+1
+% - 12+ .1+ 1

+
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so, for example, f(3)=8=1+1+2 +

=1+%.-0%2+"%-0+1
+%-12+% -1+ 1

4

=1+%(02+12+22) +%(0+1+2)+(1+1+1)

iand in general...
f(n)=1+%(0?+1%+..4+(n-1)?) +%(0+1+.+(n-1)+n-1




f(n) =1+ (02 + 4.4 (1-12) +%(0+ 1ot (1) +1 -1

f and now using the formula for the sum of the first n,
¥ squares equaling n(n+1)(2n+1)/6 we get...

(remembering to sub in “(n-1)” for “n” in this formula!)
- f(n) =1+ % [(n-1)n(2(n-1)+1)/6] + Y2 [n(n-1)/2] + n

_. ‘which simplifies as...

. which works —i.e. gives the values we want — phew.

e I AR ! N Jap , - +» "..‘— Nhadee
"7"‘ e R G s ; : - g ‘3‘«;'°"¢?'-'



—

en we went to the fourth
Imensi m,mf and figured it out!

Dimension
Fences 1 2 3 4
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~ We reversed the

4 Dim.
- Fences Regions A
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~formula for the first diff

4 Dim.

Fences Regions A
A(n) = [n3+5n + 6]/6

so what, for

example, does
f(3) equal?
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Now let's try doing this backwards!

0 1 -2 w2 - 0
1 -1 12 20012 0
2 11 38 398 12 - 0
3 49 76 ole=12 0
4 125 126062 12

5 251 188 74

6 439 262

7 701



Binomial Coefficients!

()=
- “l): 1_ | (:]: 1_. |
(=1 ()=2 ()=t

)=t B3 B)=3 ()=
)=t (=4 ()= (=4 ()=1
G)=1  ()=s G)=10 (=10 ()=5 ()=1




we can calculate this as

) e kl(n_k)l

or, more simply(?!), just as
(n) __ n(n-1)(n-2)-(n—-k+1)
k/ k!




Using (Z) = Wn—_k)'

what is (3) ? (3)

now consider using this instead:
x) _ X(x-1)(x—-2)(x—k+1)
k/ k!
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. We end up with

f(n): (@) 1+() D+ 14+ 12

and so... does this work?!
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i fim) =) 1+()-=2)+ (%) 14+ (%) - 12
then given that (3) = 1, (}) = % e

(n) s n(n-1) and (n) e n(n-1)(n-2)
2 i 3

2-1 3:2-1

A then we can sub these in and work out that...
~ f(n) =1-1+n-(-2) + =2 ==

nn
—2 14—t 4]

which just simplifies to...
f(n) =1 — 5n + n® + 2n°




