
Finding the formula 
continued!

…and sequences!



 POTD – A fencing problem

 welcome to the fourth dimension?!

And now… what’s the formula?!
 polynomial mysteries continued!

 Sequences

 basic issues/convergence

 and so we meet again, Fibonacci!



Time for a fencing problem!!



Consider a fence in 
two dimensional space...

it’s just a straight line

So now what would a fence look 
like in one dimensional space?

it’s just a... ?



Now consider the fence problem in 
three dimensional space...

the fences are planes...

One plane splits 
space into two 
zones and two 
fences (planes) 

split space into...



What about three fences (three planes)?

How many possible arrangements
are there?...



What about four fences (four planes)?

How can we picture this?

...not the maximum possible!



input   output

0           1

1           0

2           3

3          10

4          21

5          36

so  f(n) = 1 + 4(0+1+2+…+(n-1)) + n  (-1)

∆

-1           

3           

7           

11           

15 

∆2

4           

4           

4           

4           

and so f(n) = 1 + 4[n(n-1)/2] - n

and as 

a check, 

what is  

∆f(n)?

so f(n) = 2n2 – 3n + 1



Dimension

Fences      1

0             1

1             2

2             3

3             4

4             5

5             6

6             7

2

1           

2           

4           

7           

11 

16 

22      

3

1           

2           

4           

8           

15

26

42        

4

1           

2           

4           

8           

16

31

57        



Fences      

0             

1             

2             

3             

4             

5             

6             

∆

1           

2           

4           

7           

11 

16 

22      

Regions

in 3rd dim.

1           

2           

4           

8           

15

26

42        

∆2 ∆3

1             1

2             1

3             1

4             1

5             1

6             1

7             1



Fences      

0             

1             

2             

3             

4             

5             

6             

∆

1           

2           

4           

7           

11 

16 

22      

Regions

in 3rd dim.

1           

2           

4           

8           

15

26

42        

∆ equals

0  +  1   

1  +  1

3  +  1

6  +  1

10  +  1

15  +  1

21  +  1



Fences      

0             

1             

2             

3             

4             

5             

6             

∆

1           

2           

4           

7           

11 

16 

22      

Regions

in 3rd dim.

1           

2           

4           

8           

15

26

42        

∆ equals

½  02 + ½  0 + 1   

½  12 + ½  1 + 1 

½  22 + ½  2 + 1 

½  32 + ½  3 + 1 

½  42 + ½  4 + 1 

½  52 + ½  5 + 1 

½  62 + ½  6 + 1 



Fences      

0             

1             

2             

3             

∆

1           

2           

4           

Regions

in 3rd dim.

1           

2           

4           

8           

∆ equals

½  02 + ½  0 + 1   

½  12 + ½  1 + 1 

½  22 + ½  2 + 1

so, for example, f(3) = 8 = 1 + 1 + 2 + 4
= 1 + ½  02 + ½  0 + 1

+ ½  12 + ½  1 + 1

+ ½  22 + ½  2 + 1



so, for example, f(3) = 8 = 1 + 1 + 2 + 4

= 1 + ½  02 + ½  0 + 1

+ ½  12 + ½  1 + 1

+ ½  22 + ½  2 + 1

= 1 + ½ (02 + 12 + 22 )  + ½ (0 + 1 + 2) + (1 + 1 + 1)

and in general…
f(n) = 1 + ½ (02 + 12 +…+ (n-1)2 )  + ½ (0 + 1 +…+ (n-1)) + n  1



and now using the formula for the sum of the first n 
squares equaling n(n+1)(2n+1)/6 we get…

(remembering to sub in “(n-1)” for “n” in this formula!)

f(n) = 1 + ½ [(n-1)n(2(n-1)+1)/6]  + ½ [n(n-1)/2] + n

f(n) = 1 + ½ (02 + 12 +…+ (n-1)2 )  + ½ (0 + 1 +…+ (n-1)) + n  1

which simplifies as…
f(n) = [n3 + 5n + 6]/6

which works – i.e. gives the values we want – phew!



Dimension

Fences      1

0             1

1             2

2             3

3             4

4             5

5             6

6             7

2

1           

2           

4           

7           

11 

16 

22      

3

1           

2           

4           

8           

15

26

42        

4

1           

2           

4           

8           

16

31

57        

good luck!



∆3

1

2

3

4

5

6

7

∆2

1           

2           

4           

7           

11 

16 

22      

∆

1           

2           

4           

8           

15

26

42        

4 Dim.

Regions

1           

2           

4           

8           

16

31

57        

Fences      

0             

1             

2             

3             

4             

5             

6             

∆4

1

1

1

1

1

1

1

∆5

0

0

0

0

0

0

0



∆

1           

2           

4           

8           

15

26

42        

4 Dim.

Regions

1           

2           

4           

8           

16

31

57        

Fences      

0             

1             

2             

3             

4             

5             

6             

∆(n) = [n3 + 5n + 6]/6

so what, for 
example, does 

f(3) equal?



Find any interesting ones?!

1   2   3   4   10  19   36   69…

(and now what’s next?!)



Looks suspiciously like it’s heading towards… 

Okay, so define a new term!

Convergence!

What about something this simple?
.9    .99    .999    .9999    .99999 …

∀𝜖 > 0 ∃𝐵 ∈ ℕ 𝑠. 𝑡. ∀𝑛 ≥ 𝐵 𝑎𝑛 − 𝐿 < 𝜖

A sequence 𝑎𝑛 𝑛∈ℕ converges to L if…



a1 a2 a3 a4 a5 a6   a7 a8 a9 a10 …

∀𝜖 > 0 ∃𝐵 ∈ ℕ 𝑠. 𝑡. ∀𝑛 ≥ 𝐵 𝑎𝑛 − 𝐿 < 𝜖

A sequence 𝑎𝑛 𝑛∈ℕ converges to L if…

L   L L L L L L L L L …

a2

a1

a3
a4

a5

a6

a7 a8 a9 a10



What about
3   3.1   3.14   3.141    3.1415 …

convergence, 
(strictly) increasing, 

bounded…

Describe as many aspects of this 
sequence as possible…



What about  Pn = nth prime number 

Back to Pk = first k digits of π
3   3.1   3.14   3.141    3.1415 …

Here’s a pretty simple sequence…
𝑎𝑘 𝑘∈ℕ 𝑎𝑘 = 2𝑘 − 1

What is 
P100000000000000

= P100 trillion?


