
Complex Trigonometry!
from the world’s most 

famous formula?!



 POTD
 But what does it mean?!

 2 x 2 =4, so what does w times z equal?!
 your conjectures…
 (and explanations!)

 Matrix transformations and i?
 a visual approach of the complex number line
 …continued!

 And now, time for more trig ids! 
 some oldies…
 and then create your own!



Remember those generating functions, 

such as 
1

1−𝑥 2 = 1 + 2𝑥 + 3𝑥2 + 4𝑥3 +⋯?

What function might this represent?

Now find a generating function 

that equals its own derivative(?!)

1 + 𝐴𝑥 + 𝐵𝑥2 + 𝐶𝑥3 + 𝐷𝑥4…?



𝑒𝑥 = 1 + 𝑥 +
1

2
𝑥2 +

1

3!
𝑥3 +

1

4!
𝑥4…

Can you get ex by combining Cos and Sin?!

Playing similar games one can find…

1 −
1

2
𝑥2 +

1

4!
𝑥4 −⋯

𝑆𝑖𝑛 𝑥 =

𝐶𝑜𝑠 (𝑥) =

𝑥 −
1

3!
𝑥3 +

1

5!
𝑥5 −⋯



𝑒𝑥 = 1 + 𝑥 +
1

2
𝑥2 +

1

3!
𝑥3 +

1

4!
𝑥4…

Okay, so now compare

eix with cos(x) + i sin(x)!

𝐶𝑜𝑠 𝑥 = 1 −
1

2
𝑥2 +

1

4!
𝑥4 −⋯

𝑆𝑖𝑛 𝑥 = 𝑥 −
1

3!
𝑥3 +

1

5!
𝑥5 −⋯



So now if you think you’ve got it…

compare eix with cos(x) + i sin(x)

This is still a function of x, but a 

pretty simple one, right?

by thinking about their ratio…

What is its derivative?(!)



So if  eix = cos(x) + i sin(x)
then where 

“does it live”?

More to the point, what does 

this tell you about trigonometry?

now what is 

eiφ times eiθ?



Cos(A + B) 

= Cos(A)Cos(B) – Sin(A)Sin(B) 

By breaking up eiφ times eiθ into 

real and imaginary parts 

we get the famous addition formulas 

for Cosine and Sine!

Sin(A+ B) 

= Sin(A)Cos(B) + Cos(A)Sin(B) 



not quite obvious what’s going on here!

Contemplate the following!



Now if eix = cos(x) + i sin(x)

then what is eiπ?

…so what is ii?

and while we’re here…

okay, now write i as eiθ



where all 

the action 

happens!

The “complete” number line!



thinking back to multiplication by -1…

a
b

=   a
1
0

+   b
0
1

= 
1 0
0 1

a
b

  
−a
−b

= a
−1
0

+ b
0

−1
=

−1 0
0 −1

a
b



so now…

if multiplication by -1 is 
equivalent to multiplication by   

−1 0
0 −1

then find a matrix A such that

A2 = 
−1 0
0 −1

wow!  a quadratic equation… in matrices!



so multiplying by 1 is equivalent to 

the matrix transformation
1 0
0 1

so multiplying by a + bi is equivalent 
to the matrix transformation…?

and i is equivalent to
0 −1
1 0

a
1 0
0 1

+ b 
0 −1
1 0

= 
a −b
b a



which is equivalent to…

Now try out
a −b
b a

c −d
d c

(a + bi) (c + di)
= (ac – bd) + i(ad + bc)

and we got  
ac − bd −ad − bc
ad + bc ac − bd



Going back to our 
complex number line…

what does 
the product
a −b
b a

c −d
d c

correspond to?

Argand!



Going back to our 
complex number line…

If z = a+bi
and w = c + di 
then how does 

wz compare 
to w and z?

Argand!




