mial Fits

Is when

cient of
ision of
1 divide

at van-

Form and Function: The Algebra
of Polynomials

Introduction

In Chapter 1, our focus was on fitting polynomials to tables. In this chapter, we
take polynomials themselves as the objects of study.

We're in a curious position with what we know about polynomials as a result
of Chapter 1. We know that if we write a polynomial f as a combination of
combinatorial polynomials, (i), we have a simple interpretation of the numerical
coefficients: Theorem 9 on page 37 of Chapter 1 says that if f is a polynomial
of degree m, we can express f this way:

i X
o) = ZA"(fxO)(k).

k=0

i) o) )G,

we know exactly where 4, —13, 5, and 6 come from:

—6=A%H)(0) = £(0)

So, if

5= A0
~13 = A%(f)(0)
4= A(f)(0)

and the difference table for f starts out:

In case it’s been a while since
you've looked at Chapter 1, if f
is a function, A(f) is the
function defined by

X f(x+1) = f(x). The
numbers AK(f)(0) come from
the “Oth” row of the difference
table. See page 22 of Chapter 1
for a refresher for all this.

Perhaps it's more interesting
that you can go the other way,
too: you can construct  from
the Oth row of its difference
table.

Fm) | AO® | 22N | A @ | AYHM) | AN | AHO)

—6 5 —13 4 0 0

0
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This is the same f as the one But what if you write a polynomial in the “normal” form? Say
above, just written in a different ) T -
form. f(x)=§x3—7x2+FX—6.

What interpretation can you give to the numbers

2 17 77

= . =, d —6?
37 2 o W
In this chapter, we’ll answer this question in two ways: More precisely,

e We'll relate the coefficients of a polynomial to the values of the function (and
the values of its derivatives).

e We’ll see how the derivative arises in a completely algebraic way, with no
recourse to calculus.

To be precise, functions have e We’ll also see how the coefficients are related to the zeros of the function—
zeros and equations have roots, generalizing the “sum and product of the roots” topics from algebra.

but we’ll use the terms “zero”

and “root” interchangeably. More generally, we’ll look into how changing the form of a polynomial éxpres-

sion gives you insight into the underlying function.

2.1 Polynomials

Let’s be a little more precise about what we mean by the word “polynomial.”
The word is used in two closely related ways in school mathematics:

e Polynomial Functions: When you think about the “letter” in a polynomial as
a variable, you are thinking of the polynomial as a machine that takes inputs
to outputs. It generates a table, has a graph, and has all the other attributes of
real-valued functions of a real variable. This is the point of view underneath
graphing and tabulation (spreadsheet) technology. Using this point of view,
two polynomial functions are equal if they represent the same function: They
produce the same output for any input—they always tabulate the same and
they have the same graph.

e Polynomial Forms: When you think of a polynomial as a formal expression,
the “letter” is an indeterminate. This is the “algebra 2” perspective that you
use when you factor, add, multiply, combine like terms, and so on. It’s the
point of view underneath CAS technology. Looked at as forms, two polyno-
mials are equal if, when written in “standard” form, they have the same degree
and the same coefficients. Of course, you may have to use some algebra to get
them into the same standard form.

The mathematician Herman Weyl put it this way:

This is from an essay that Weyl “The system of real numbers is like a Janus head with two oppositely di-
wrote in 1931, entitied rected faces. In one respect it is the domain of + and x and their inverses,
Topology and Abstract Algebra and in another it is a continuous manifold, and the two are continuously

as Two Roads of Mathematical
Comprehension.”

related. One is the algebraic and the other is the topological face of num-
bers. The idea that the argument x is a variable that traverses continuously
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Polynomials

its values is foreign to algebra; it is just an indeterminate, an empty sym-
bol that binds the coefficients of the polynomial into a uniform expression
that makes it easier to remember the rules for addition and multiplication.
0 is the polynomial all of whose coefficients are 0 (not the polynomial that
takes on the value 0 for all values of the variable x).”

For our purposes, form and function represent two different ways to think about
polynomials.

e When you think of forms, you are thinking about algebraic calculations and
transformations with polynomials, forgetting about the meaning of the vari-
able, and establishing identities. An identity is established by showing that
cach side can be transformed into the same “normal form” using the rules of
algebra.

e When you think about functions, you worry about tables and graphs, notions
like continuity, slopes of tangent lines (rates of change), the possible numeri-
cal values you can obtain, and, what’s especially important in this chapter, the
properties of the function that you can figure out by substituting numbers and
expressions for the variable.

Tt’s certainly true that polynomials that are equal as forms are equal as func-
tions. Indeed, if you have a polynomial identity, you have infinitely many nu-
merical identities, because you can substitute numbers for the variable. So, since
%2 — 1= (x — 1)(x + 1) as polynomials, we know that

e 52—-1=4-6,

e 82 —-1=7.9,

e 900% — 1 =899 -901,

¢ 3-1=(/3-D3+1),

and so on. In fact, you can substitute expressions (other polynomials, for
example) for x and obtain other identities:

e @+2?—1=(a+@+3),
o Bx% —dx+4)2—1=(3x*—4x+3)(3x% —4x +5),
° (x8—1)2—1=(x8—2)x8.

Some people describe this “true under any substitution” property as the “univer-
sal property” of identities.

Because we are working over R, the converse is also true: If two polynomials
define the same function, then they are equal as polynomials, and we’ll prove
that in section 2.2. But this isn’t the case over every number system.

The distinctions between polynomial forms and functions tend to be ignored
in school mathematics. Getting the distinctions straight has made it easier to
emphasize the right things at the right times with students, even if they are never
asked to “learn” the precise distinctions for a test. For example, students often
wonder about the importance of the quadratic formula, given the existence of
calculators that will approximate roots of equations to any reasonable accuracy.
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Let's adopt the convention that
“normal” means that you write
the polynomial as a sum of
monomials whose powers go
from largest to smallest, like
5x4 — 3x3 +3x2 — 2. Your
CAS may use a different
convention, but it should be
easy to translate its normal
form to this one.

Form and function come
together in the theory of
equations. Sometimes, when
you change the form of a
polynomial expression, you gain
insight into properties of the
associated function. Writing
foo=x2—1as

f(x) = (x+ 1)(x — 1) tells you
what inputs produce 0 as an
output.

Let’s call this the “form implies
function” property of
polynomials.

“Function implies form” (if we
are working over R).

If you care about the value of
your answer, numerical
approximation may be good
enough. If you care about its
form, approximations will not
do the trick.
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In abstract algebra, people say
that “f = g in the field of
rational expressions over R.”

People sometimes say that

“f = g except at 2.” The graph
of f has a hole above 2, but the
graph of g is a continuous
curve.

In abstract algebra, what we are
calling a “system” is known as a
ring.

Technically, two functions are
equal if they have the same
domain and produce the same
output for each input in that
domain. Since polynomial
functions all have the same
domain (all of R), we don’t need
to mention it in the definition of
addition and multiplication.

Form and Function: The Algebra of Polynomials

Well, the quadratic formula tells us about the algebraic character of the roots.
The numerical routines in the calculator give us information about the values
of the roots. When looking for the numbers that make x2 — x + 1 equal to 0,
10-place accuracy is probably all you'd ever need. But if you want to use the
roots of this equation to generate and prove properties of Fibonacci numbers
(see problems 28-30), the algebraic properties of the roots are what you care
about.

Example: Here are two algebraic expressions:

3 2
—3x°—4 12
fx) = ad ad 2x + and g(x) = x?2
Py

—x —6.

Are they equal? It depends on your frame of mind:

e If you look at them as formal expressions, they are equal because “equal” in
this context means you can transform one into the other using legal moves:

x3—3x2—4x+12_ (x—2)(x +2)(x - 3)
x—2 o x—2
=x+2)(x—-3)

=x?-x—6.

e If youlook at them as functions, they are not equal because they have different
domains: g(2) = —4, but f(2) is undefined.

Ways to think about it

Let’s look at this a little more abstractly. We have two systems, polynomial
forms in one variable with real coefficients (usually denoted by R[x]), and
polynomial functions on R that come from these polynomial forms (let’s
denote the system of these functions by R{x})).

These are systems rather than sets, because each of them allows for addi-
tion and multiplication: You can add and multiply polynomial forms and
you can add and multiply polynomial functions:

e The way you add and multiply forms is, well, Sormally: You add ex-
pressions term by term, and you multiply expressions using the general
distributive law, collecting like terms at the end.

e The way you add and multiply functions has nothing to do with the form
used to represent the functions; the operations are carried out function-
ally—that is, by telling what the sum and product do to an input. And
what they do is defined by two equations:

(f+) =fx)+gM), and (fo)(x) = f(x)- g(x).

(continued)
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These are subtle equations. In the first one, for example, the “+” means
different things on both sides of the equation—on the left, it’s the sum
of two functions, and on the right, it’s the sum of two outputs (num-
bers in our case). The equation defines addition of functions in terms of
addition of outputs.

Anyway, back to the abstractions: What we have is a correspondence be-
tween R[x] and R(x), a function of sorts, that associates each polynomial
form with a polynomial function. If we wanted to be fancy, we could name
this correspondence, say, A and write

A Rx] — Rx)
where A is defined by
A(f) =& fX)).

Most of what has been discussed in this section can be stated in terms
of A:

1. A is well defined. That means that a polynomial form can give rise to
only one polynomial function (“form implies function”).

2. A is one-to-one. That means that two different polynomial forms can’t
give rise to the same polynomial function (“function implies form”).

3. A preserves the structure of R[x] and R(x). This means that if you
add two forms and look at the function they define, you get the same
function as adding the functions defined by each form (“A of a sum”
is the same as “the sum of the As”). Mathematicians like to illustrate
this with what they call a “commutative diagram”—we’ll spare you the
details. And the same holds for multiplication.

Facts and Notation

For the rest of the book, when we say “polynomial,” we’ll usually mean poly-
nomial form.

When we want to think about a polynomial as a function, we’ll usually say
that—*“let f be a polynomial function,” for example.

When we say a property of polynomials is algebraic or is “part of algebra”
we mean that it can be derived using formal calculations of the kind you find
on a CAS, thinking of polynomial forms.

When we say a property of polynomials is analytic or is “part of analysis” we
usually mean that it depends on thinking of polynomials as functions.

57 !I

This says that A of a polynomial
form f is the function that
assigns a number to what you
get when you substitute the
number for x in the polynomial.

More details about the A
correspondence can be found
in [2].

A sentence like “let f be a
polynomial” usually means we
are thinking of forms. if we
write “f(x),” it’s usually a
context clue that we're thinking
of functions. None of these
conventions is hard and fast.




58

We'll be a little sloppy about this

“one variable” restriction,
because sometimes we’ll want
to replace “x” by “x + &" or

even “x + y.” In Chapter 3,

we'll allow complex coefficients.

Unless, of course, x + 2 is a
factor of 5(x — 4)% +7x2 — 1.
Is it?

Some of the problems are just
fun. As you do them, ask
yourself “am | thinking form or
function or both?”

Form and Function: The Algebra of Polynomials

e Both flavors of polynomials will mean “polynomials in one variable with real
coefficients.” This includes things like
Sx -+ 722 -1

5
3x2 - Zx 41, \/gy—i—ys, and ]
2 T

but not things like

5 —H*+7x2 -1
x+2 '

5
3y% — Ex +1, 3y+y°, and

The next problem set provides some examples for the two ways to think about
polynomials. Not all the problems are needed in what follows, but some of them
are previews of ideas that will be fully developed later in the chapter. We’ll refer
back to these as we go on, so if you want to skip around in this set, you can do
the appropriate problems as they are cited later.

Problems

1. Express each result in normal form:

JS(x) f@) | fl@ | fla+2)
6x2—x -2
2 4+x—1

x2+x+1

2, Write each answer as a polynomial in x with coefficients that are polyno-
mials in a:

f(x)

fxta) | fG)+f@ | fx—a) | f&x)— f@ | flax) | fl@)f(x)

6x2—x—-2

2 4+x—1

x2+x—|—1

3. For each function f, find

The numbers « The numbers « The smallest and largest
fx) such that f(a) =0 | such that f(«) =3 | values of f(x)

6x2—x—2

x2

+x—-1

24x+1

4. Suppose

fa,N=@Ex+y+1°—x—y>—1.

e
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(a) Show that

FG,3) =50+ DG+ D&+ N> +xy+y2+x+y + 1.
(b) Write f as a polynomial in x with coefficients that are polynomials
in y.
(¢c) Write f as a polynomial in y with coefficients that are polynomials
in x.
(d) For what numbers a is f (x, a) identically 0?

(e) For what numbers a is f (a, x) identically 07

. Suppose f(x,y) and g(x, y) are two polynomials in x and y, and we have

the polynomial identity

Jx,y) =g, ).

Suppose also that ap, a2, a3, ... is a sequence of numbers. If, in f and g,
we replace each power of y, yk, with a, we get two polynomials in one
variable, x. Show that these, too, are identically equal.

. Let’s let deg(f) denote the degree of the polynomial f (assume f is a poly-

nomial in one variable x). If £ and g are polynomials, find a relationship
among

(a) deg(fg),deg(f), and deg(g).

(b) deg(2g) and deg(g).
(c) deg(f + g),deg(f), and deg(g).

. What are the polynomials of degree 0?

. What about the number 0? The convention is to call the degree of 0 “—00.”

Explain why this is a good idea.

. Show that a polynomial of degree n can have at most n linear factors (that

is, factors of the form ax + b).
Let f be any polynomial function. What is the domain of f?

If f and g are any functions, f o g is the function defined by

(f 0 8)(x) = f(gx)).

(a) Find h o kif h(x) = x> — land k(x) = x% + 1.

(b) Show that, if f and g are polynomial functions, sois f o g.

(¢) Show that, in general, fog # go f.

(d) Find two polynomials f and g sothat fog =go f.

(e) True or false? deg(f o g) = deg(go f).

() Ifr(x) = 2x2—1and s(x) = 5x —20x3+16x>, show that ros = sor.

59 |

Try some concrete examples to
find a pattern.

Hint: Look at your solution to
problem 6a.

How is the polynomial fo g
obtained from the polynomials f
and g?

in Chapter 3, we'll see how to
construct “commuting”
polynomials like r and s. It's
connected to trigopnometry.
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Here A is the usual difference
operator, a function in its own
right. This problem shows that,
if you're careful, you can do
“algebra” with powers of A,
thinking of + and o as the +
and x of first-year algebra.

We'll use the shorthand “the
graph of f” to mean the graph
of the equation y = f(x): the
set of all points in the Cartesian
plane of the form (x, f(x)), as
X runs over the real numbers.

Assume the graph doesn’t do
anything strange outside the
shown window.

If you project the graph of £
onto the y-axis, you'll cover the
axis completely.

i.e., one-to-one

Hint: Use problem 19 with
X =2

12,

13.

14.

15.

16.

17.

18.

19.

20.

Form and Function: The Algebra of Polynomials
Show that
(A+ A% o0 (AP 4+ A% = A* £ 2A5 1 AS.

If f and g are polynomial functions,

(a) How is the the graph of Yy = f(x) + g(x) related to the graphs of f
and g?

(b) How is the the graph of y = 2 f (x) related to the graph of f?

(¢) How is the the graph of y = f(x) - g(x) related to the graphs of S and
g?

(d) How is the the graph of y = f 0g(x) related to the graphs of  and g?

Name at least two polynomial functions that could have each picture as its
graph.

(a) 20 (b) 20
15 15
10
10
4 2 2 /4 6 8 10 5
5
8 6 -4 2 2 4
(0 20 d) 20
15
10
5
7\
-4 -2/5 N/ 4
-10

Show that the square of an odd number is always one more than a multiple
of 4.

Suppose f is a polynomial function with the property that every real num-
ber is an output of f. What can you say about deg( f)? Proof?

Show that a polynomial (with real coefficients) of odd degree has a real
Zero.

What degrees are possible for polynomials f that have the property that
whenever f(a) = f(b), a = b?

If n is a positive integer, what is the normal form for this product?
(x - DA +x+x24+ coox™h,

If you earn one cent today and you double your daily rate every day, how
many days will it take to earn more than $10007?
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21.

22.

23.

24.

25.

26.

27.

Suppose a number 7, written in base 10, is a string of 100 “8”s. What is the
highest power of 10 that is a factor of 9r + 87

Let f(x) =1+x+ x2 + x3 + x*. Show, without expanding, that all the
coefficients of f(x - 1) except the leading one are divisible by 5.

If n is a positive integer, simplify
x4+ DA —x+x2 -3+ 2",
If n is a positive integer, simplify
G+ DE+DEHDEE+D @ 4D,
Factor over R:
x4 1

Prove the quadratic formula: The roots to ax® + bx +c¢=0are

—b + «/b2 — dac —b — «/b%2 —4ac
— ad —FF .
2a 2a

There’s something special about a 72° angle: There’s only one isosceles
triangle (up to similarity) whose base angle is twice the vertex angle. It is
the “72-72-36 triangle.”

q

Suppose the equal sides of the triangle have length 1, and let g stand for

the length of the base.

(a) Bisect one of the base angles of the triangle.

(b) Show that the small triangle is similar to the whole triangle.
(¢) Use (b) to show that

61

Hint: Use problem 19 and the
Binomial theorem.

Remember, “simplify” means
“put in normal form.” In this
case, just expand the product
and write the the terms in
descending order.

For geometry teachers: One
consequence of this problem is
that the side of a regular
decagon inscribed in a circle
can be constructed with
straight-edge and compass. So
the regular decagon, 20-gon,
and 10n-gon are all
constructible with these tools.
So is the pentagon (connect
every other vertex of the
decagon). How long is the side
of the pentagon if the circle’s
radius is taken to be 1?7




62

Hint: 8 = %5 is also a root
of this polynomial.

Tabulate it between 1 and 20,
for example.

Hint: If o ==1j§£5,
a? =a+1.

These are special cases of the
“sum of roots” and the “product
of roots” formulas.

This identity will be useful in
section 2.5.

28.

29.

30.

31.

32.

33.

34.

Form and Function: The Algebra of Polynomials

(d) Show that g = 2cos72°.
(e) Solve for ¢ and for cos 72°.

Y

The Fibonacci numbers are the outputs of the function defined by the rule

ifn=0o0rl,

ifn > 1.

1
(n) =
e {f(n—1)+f(n—2)

These numbers have many wonderful properties (see [11] for some of
them). The sequence

{FO), £, £, F3), f®), £5), f(6), ...} =1(1,1,2,3,5,8,13,...}

is neither geometric (constant ratio between terms) nor arithmetic (constant
difference between terms). But it still exhibits some regularity. Write out a
few terms of the sequence of ratios

{f(l) @ B f@ f(S)H_}
ONIONC N ONICEN

If you write these fractions as decimals, they seem to converge. What’s a
good approximation to the limit? What’s the exact value of the limit?

Find a polynomial with integer coefficients for which

14+4/5
o= 5

is a root. |

Experiment with this function:

(- (5)

Show that g produces the Fibonacci numbers as outputs.

g(n)

Show that, if & and B are roots of the quadratic equation x% 4 bx 4 ¢ = 0,
then

@ o+ B8=-b,
Show that

@ x—rkx—5)=x>—@F+5)x+rs,

b) (x—r(x—)x—0)=x3—@F+s5s+Ox2+ (rs +rt +st)x — rst.

d) af =c.

Generalize the result of problem 32 to an identity that expands

(x —a)x —o)(x —a3) - (x — o).

Show that

r+ s)3 —3rs(r+s) = P45

R



The Basic Theorems
35. Consider the polynomials:
ITLI PR [ B NN L P B

(a) Investigate how these polynomials factor over the integers.
(b) Make a table:

number of factors of x™ — 1

||| W ]|~ =

20

(¢) For what values of n does it seem that x" — 1 factors into exactly two
factors?

(d) Find a function that agrees with the above table.

2.2 The Basic Theorems

In Chapter 1, we stated several facts from algebra that may or may not be fa-
miliar to you. The purpose of this section is to sketch proofs of these facts. The
facts themselves will be useful throughout the rest of this book. If you already
know proofs, see if your proofs are the same as ours.

Theorem 1. (Long division) If f and g are polynomials, with g # 0, there
exist polynomials q and r such that the degree of r is strictly less than the degree
of g and

f=gq+r

We call this “long division” because the proof of the theorem is based on
the usual algorithm for dividing one polynomial into another. Consider this
example:

3x+%

2% —x—1 6x3+2x2 +x—1
6x3 —3x2 — 3x

5x% +4x —

5x2—%x—

13
PR

W —
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Beware: the simplest function
may not be polynomial; you
might want to describe its rule
in words.
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The case m < nis like a fact
that confuses many students in
arithmetic: The remainder when
37 is divided by 72 is 37 itself
(and the quotient is 0).

Try to see how this really is just
a formalization of what you do
when you do long division.

The fact that you can do division
with remainder for polynomials
(that’s the basic conclusion in
Theorem 1) forms the basis for
the structural similarity between
polynomials and integers. It’s
the reason you can talk about
factorizations, greatest common
divisors, and the rest of
arithmetic in both systems.

Note that the r(x) is the same
whether the dividend is hor g.

Form and Function: The Algebra of Polynomials

You first find a trial quotient, namely 3x (“how many times does 2x? go into
6x37”), multiply the divisor by the quotient, subtract (killing the leading term
of the “dividend”), and repeat, until the degree of the divisor is larger than the
degree of the dividend. Now, to make this all precise might seem like more
trouble than it’s worth, but, in case you’d like to see the gory details, here’s a
“formal” proof:

Proof Suppose

F(x) = apx" + an_1x" V4o +ag
and

g(x) = bpx™ 4 bp_1x™ 1 + -+ + bo.

We’ll use induction on m, the degree of g. If m < n, the theorem is trivially true
because

g=0.-f+g and deg(g) <deg(f).

So, suppose m > n and the theorem is true for every polynomial & of degree
less than m. Then let

b
h(x) = g(x) = —= f)x" "
an
If you write this all out, you see that this construction kills off the leading term
in g so that deg(h) < m. By the induction hypothesis, there are polynomials

s(x) and r(x) so that

h(x) =s(x)f(x) +r(x) and deg(r) < deg(f).

But then
bm .
gx) — a—f(X)xm " =sx)f(x) +rx)
SO
bm m—n
glx) = (a—x + S(X)) f(x) +r(x).
If we let
by .,
q(x) = (—x'” "+ S(X)>
an
we have

g(x) =q(x)f(x)+r(x) and deg(r) < deg(f)

as advertised. S
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Theorem 2. (The remainder theorem) If f is a polynomial, then the remain-  We're assuming here that ais a
der when f(x) is divided by x — a is f(a). number.

Proof Apply Theorem 1 to f and x — a. It says that
f(x) =q(x)(x —a)+r(x) and deg(r) <deg(x —a)=1.

Well, the only polynomials of degree < 1 are the constants, so r(x) is a number,
callitr. So,

fx)=qx)(x—a)+r
Now substitute a for x; you get
f@=q@@—-a)+r=q@- -0+r.

So,r = f(a). [ ]

Theorems 1 and 2 are the basic results we need. Several useful corollaries
follow:

Corollary 1. (The factor theorem) If f is a polynomial, (x — a) is a factor of The factor theorem is the

f(x) ifand only if f(a) = 0. classic example of form and
function coming together:

“(x — &) is a factor of f(x)" is a
statement about polynomial
algebra, and “f(a) = 0" talks
Corollary 2. (The number of roots theorem) A polynomial f of degree n about f as a function.

can have at most n zeros.

The proof is an exercise (problem 36).

Proof BEvery root produces a linear factor, and every linear factor increases the
degree of the product of factors by 1. You can make this precise using an argu-
ment similar to that in the proof of Theorem 10 on page 43 of Chapter 1. [

Note that this proof breaks down if f = 0 (that is, if deg(f) = —00), s0 a
variation on this corollary is

Corollary 2. (Alternate version) A polynomial f with more roots than its de-
gree is identically 0.

Corollary 3., (The function implies form theorem) If two polynomials of de-  This is the converse of the

gree at most n agree for more than n inputs, they are exactly the same polyno- “form implies function”
property described on page 55.

mial.

Proof If f and g agree atm > nnumbers o, ... , Om, then f — g, a polynomial
of degree at most n, vanishes at m numbers, so it is identically 0. If f — ¢ = 0,
f=s n

Corollary 4. A polynomial of degree n is completely determined by any n + 1
of its values.

A L
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The corresponding polynomial
for the sum of the first powers

is X(XT_U = (§) because
0+1+2+4 - 4n—1 = 200

Remember the hockey stick
property?

n | fin | AHM
1] o 1

2 | 1 4

3| 5 9

4| 14 16

5| 30 25

6| 55° 36

7| o

“Fit a cubic” using the methods
of Chapter 1, for example.

If you stumbled on an f so that
A(H(x) = x2 but f(1) # 0,
you could subtract the number
f(1) from £ and not ruin the fact
that A(f)(x) = x?2 (see
problem 48 on page 34 of
Chapter 1),

Form and Function: The Algebra of Polynomials

Proof Two polynomials of degree n that agree at these n + 1 values have to be
identical by Corollary 3.

Example: Suppose we are looking for a simple (polynormial) formula that lets
you calculate the sum of the first n squares. That is, we want a polynomial f (x)
so that

f) =0 +12+. + (- D~

Imagine we had such a polynomial. Could we determine its degree? Well (in the
spirit of Chapter 1), on positive integers, f would tabulate like this:

n | f) =0 +1+. . (n— 12| A
1 0 1

2 1 4 |
3 5 9

4 14 16 |
5 30 25

6 55 36

7 91

Look at the A column. It looks like perfect squares. In fact, if  is any positive
integer,
AH)n)=fr+ 1D A
:(02+12+---n2)—(02+12+-~+(n—1)2)

= I’lz.

And, if A(f)(x) = x2 and J (1) = 0, the hockey stick property of Chapter 1
implies that

fW)=0+14+4+94 -+ (n—1)>

and that’s what we want. So, we’re on the hunt for a polynomial f so that (1) =
0 and A(f)(x) = x2. But, by problem 73 on page 37 of Chapter 1, this implies
that f must have degree 3. We know that a cubic is determined by four values
(Corollary 4), so fit a cubic to this table:

Input | Output
1 0

2 1

3 S

4 14




omials

The Basic Theorems

: to be We get
1 5 1, 1 x(x = 1)2x —=1)
X)==x"—=—Xx"4+-x=——"—"-—-,
at lets F@) 3 2 6 6
) You can check that A(f)(x) = x2. Since f(1) = 0, we have the nice formula
- 1HR2rn—1
02+12—|—-~+(n—1)2=%.
N\
in the

Ways to think about it

We’re being a little cavalier about the way we use words like “root” and
“number.” Even if we restrict the coefficients of our polynomials to be real
numbers, the zeros of the corresponding functions may well turn out to be
complex numbers. We’ll deal explicitly with complex numbers in the next
chapter, but for now, we have to allow them to lurk behind the scenes. For
example, in problem 31 on page 62, the sum and product of the roots are
what the problem claims they are (nice real numbers), even if the roots are
complex.

In fact, in section 2.6, we’ll make implicit use of a sort of converse to
the “number of roots theorem” (Corollary 2), the celebrated fundamental
theorem of algebra that says that every polynomial of degree n with real
sitive (or even complex) coefficients factors into exactly » linear factors in the
complex numbers. The FTA implies that every polynomial equation of
degree n has n roots in the complex numbers (if we count multiple roots
as distinct). So, we’re safe in assuming that a polynomial has roots, and
we know how many it has, as long as we assume the FTA.

oter 1 Problems
36. Prove Corollary 1.

37. Prove that a polynomial with more roots than its degree is identically O (the

“alternate version” of Corollary 2).

1) =
;piies 38. Prove that two polynomials that agree infinitely often are identical.
alues 39. Find the remainders when each polynomial is divided by x — 3:
(@) x> -1 (b) x — 1
(© x24+x+1 d x*+x2+1

e x*+x2+DEx-1) ) x*+ x3 + x2

40. Suppose f and g are polynomials and that f(2) = 5 and g(2) = —4. Find

the remainder when each polynomial is divided by x — 2:

(@) 3f +¢ (b) fg?
(© (2 +x+1)f(x)+gx)
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The FTA is not so easy to prove.
All proofs of the theorem need a
so-called “analytic step:” a
result that’s part of analysis and
not strictly algebra. For
example, the fact that a
polynomial of odd degree has a
real root (problem 17 on

page 60) is such an analytic
step, one that is often used in
proofs of the FTA.

Hint: Is long division really |
necessary?

T o
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Is the converse of problem 41 41. Suppose f (S, C) is a polynomial in two variables that vanishes for all pairs
true? See [13] for more on this of numbers (S, C) such that $% + C? = 1. Show that there is a polynomial
theme. g(S, C) so that

£(8,€) = (82 +C*~ 1)g(S, C).
Problems 42-44 outline a different proof of the remainder theorem.

This generalizes problem 19 on 42, Establish the identity
page 60.
xn e an - (x . a)(xn—l +axn—2 _|_ a2xn—3 +a3xn—4 + -

+ad"2x +a" b,
43. Suppose
f(x) =anx" +ap_1x"'+ - +aix + ag.
Show that

fx) = fla)=(x—a)gx)

for some polynomial g (in x and a), and write down an explicit expression
for g.

44. Use problem 43 to prove the remainder theorem.

45. Find a formula for the sum of the first # cubes, starting with 0:

P+ +28 .+ m-1)5

2.3 Coefficients and Values

We're writing our generic Let’s take up the question we asked on page 54: What if we write a polyno-
polynomial in “reverse” normal  mjal, not as a linear combination of the (), but as a linear combination of the

form, just begause It.makes , “standard basis” (the x*)? Suppose
some formatting easier later in

this section. ) = co+c1x 4 cax® 4 - - + omx™.
What can you say about the ¢ ? Are they related to anything like the “A¥ () (0)”?
Well, yes, and the exact analogy might be a bit of a surprise. Here’s the story.

One of the things you need to When you teach about polynomial functions, you probably ask students,

do when you calculate A(f)is  given a formula for f(x), to find a formula for f(—x), f(x + 2), or maybe
to figure out f(x + 1). The even f(x + a)
question here is more general: )

what is a formula for £(x + &)? Example: Suppose f(x) = 1 —4x 4 5x? 4 3x*. Then

fx+a)=1—4(x+a)+5x +a)” +3(x+a)?
=1 —4(x+a)+5(x2+2xa+a2)
+ 3()c4 +4x3a + 6x%a* + 4xa® + a4)




