Math 55c¢: Honors Intermediate Advanced Remedial Calculus
FINAL EXAMINATION
55 July 1996

DON'T PANZIC!" Generous partial credit is available. The problems are ordered
roughly in random order of difficulty.

SOLVE FIVE OF THE FOLLOWING FOUR PROBLEMS:
1. For s € C with Re(s) > 1 define ((s) = >_°°, L and analytically continue this to

n=1 ns
a function on the entire complex plane. Find, with proof, all the zeroes of ((s).?
[HINT: Try to obtain a relationship between (, I', and £ where £ is something you

71.2

must define.| Also prove in 55 different ways that ((2) = %-. For extra credit,
find {(55).

2. Prove that if z, y, z, and n are integers with n > 3 and z" 4+ y" = 2" then
zyz = 0. [HINT: Think of linear equations. Then think of quadratic equations.
Then generalize!]

3. Carefully name the mathematician after whom the polynomials defining cos(nz)
in terms of cos(x) are named. [HINT: You listen to Caykovskiy, don’t you?]



U'D. Adams, The Hitchhiker’s Guide to the Galazy.

2 Recall the definition of absolut convergence from Monday’s class:
The natural numbers N: with unity 1y and successor function sy.

Valla € su] = [3837[B € NAy e NA{{7},{B,7}} =]l AVB[[B € N] = [Fv[{{7}. {B:7}} € sul]]] AVBVAVS[[{{7}.{B:7}} € suA
{{0}.{8.0}} € su] = [y = 3]] A In € NAVa[-[{{1n}, {a. In}} € su]] A VaVBVy[[{{7}.{a,7}} € su A{{7}.{B:7}} € su] = [a =
BIIAVC[[Vnlln € (] = [n € N]] Aly € CAVaVB[[a€ (A {{B}.{a.B}} € su] = [B € (]l = [( =N]]

The real numbers R: with addition +p, zero O, negation —r, multiplication X, unity 1g, inverse ~'g, and positive subset R.
Vo[l € +r] = [363735[8 € RAy € RAGS € RA{{6},{{B,7}.6}} = a]]] AVBVH[[B € RA~y € R] = [A[{{é}, {{B,~}.6}} € +r]l] A
VOVAVOVE[[{{d}. {{3,7}, 61} € +r A {{e}, {{B:7}.e}} € +r] = [0 = €]] A Or € R A Vo[[a € R] = [{{a}, {{Or,a},a}} € +r]] A Va
[ € —r] = [3B8FV[B € RAy € RA{{v}{B,7}} = olll A VB[S € R] = [F[{{+},{8,7}} € —rlll A VOVAVS[[{{+},{B:7}} € —r A
{6}, {B,0}} € —r] = [y = 8]l A VaVB[[{{B}, {a,B}} € —r] = [{{0r}, {{, B}, Or}} € +r]] A VaVBVAVVeVCYR[[{{d}, {{B,7},0}} € +r A
{{6},{{0&76}76}} € Xg A {{C}v{{avﬁ}vé}} € Xg A {{77}7{{0‘77}777}} € XR] = [{{6}7{{C7 77}76}} € +R]] A EIaEIﬁ[V'y[[fy € a] = [7 € R]] A
[0 € o] AVY[[y ERAS[y = 0r]] = [y € o] AVY[[y € 8] = [v € xgl] AVY[[y € R] = [{{Or}, {{Or,7},0r}} € Xg]] A VI[[§ € Xr A
—[6 € Bl = Ay € RA {{O0r}, {{Or,7},0r}} = S]] A Ve[le € 8] = [3(TAnF[C € aAn € aAb € aA{{6},{{(;n},0}} = €]]] AV
vnll¢ € aAn € o] = [FO[{{0}, {{¢, n},0}} € BIl] AVCVRVOV[[{{0}, {{C,n},0}} € BA{{ L, {{{n} e} € Bl = [0 = ] ALg € a AVe
[le € o] = [{{e}, {{1r, €}, €}} € BIAVe[le € 'r] = [3¢IC € aAn € aA{{n},{¢,n}} = eI AVC[[C € a] = [Fn[{{n}, {¢,n}} € 'rI] A V(YR
VO[[{{n}, {¢;n}} € T'mA{{6},{C,0}} € ~'r] = [n = O1AVeV([[{{¢}, {e, (3} € T'r] = [{{1r}, {{e, ¢}, 1r}} € BI] AVa[la € R4] = [a € R]]A

Vavpvy[la € Ry A B € Ry A{{v}, {{e, B}, 7)) € +r] = [v € R4]] A VaVaVy[la € R4 A B € Ry A {7}, {{e,B8},7}} € XR] = [y € R+]] A
Volla € R] = [[a = 0r A =[a € Ry] A -[3B[{{B}, {a,8}} € —=r AB ERLIV [-[a = 0] Aa € Ry A-[FB[{{B}, {e,B8}} € —r AB ERL]]V
[l = Or] A [ € R4] A 3B[{{B}, {a,B}} € —r A B € R4]JI] A Vo[[V([[¢ € o] = [( € R]JA3B[B € o] A IB[VI[[6 € o] => [0 = BV 3e
[{{8}, {{6,€},8}} € +r A e € R4]]ll = [FB[VI[[6 € o] = [6 = BV Ie[{{B}, {{5,€},8}} € +r A e € R AVH[[VI[[0 € a] = [0 = vV Te

[{{71}\7[{{516},7}} E;R /\‘ehe R+]1 /\dﬂ[ﬁ =711 = 3e[{{r}, {{B,e},7}} € tr A e € RN

etric space X: with metric d.

VA8 € d] = [Fvy363e[y € X A € X Ae € RA{{e},{{7,6}.e}} = Bl A VAVS[[y € X A € X] =
VAVoVeV([[{{e}, {{7, 0}, e}t € d A{{C}, {{, 0}, (3} € d] = [e = (]] A VBAYI[{{n}, {{B,~},n}} € d] =
[{{0r}, {{83,7}, 0r}} € d] = [B = 7] A VB[{{Or}, {{B, 8}, 0r}} € d] A VBYAVEVeVCYNVO[[{{e}, {{5, 7}, €}}
{{n}, {{B, 6}, n}} € dA{{6},{{e, (},0}} € +r] = [[Bel{{6}, {{n, a},0}} € +r Ao € R4]V 6 = ][]

Sequence f: in the metric space X

Vﬁ[[ﬁ € f1 = [373[y € NAS € X A {{6}, {7, 6}} = 81l A VAlly € ] = [38[{{5}, {.5}} € M) A VVoVel[{{8}. {7 6}} € S A {{c}. {n. c}} € /] =

= €]

Absolut convergence: of f in X with metric d.
260v3lly € ] = [393¢[3 € Nnc € A {{ch {5,c}} = olll A V5[5 € N = [3e[{{e} {5, c}} € FI) A VoVeWCIl{{e}, {6, e} € 6 A {{C} 15,C}} € A1 = [c = CI] A
({0} {1y, 0R}} € B A WAVOVeVCYnVOVUI{{5} {81} € o3 A {4} {7, e}} € £ A 14CT 46, CHY € F A {4nb v m}} € B A 141} 440, Chrid) € d A {46Y, {{n, 1}, 6} €
+R] = [{{03, {5, 63} € BII A FOIVAV[{{s}, {7, 3} € B] = [Fal{{0}, {{s, 0}, 03} € +R A o € R} 111]

[Fel{{e}, {{~, 0}, e}} € d]]]
[n € Ry V= 0r]] A VSV
€ dA{{¢}, {{r:6}. (3} € dA



