Math 259: Introduction to Analytic Number Theory

L(s,x) as an entire function; Gauss sums

We first give, as promised, the analytic proof of the nonvanishing of L(1, x) for a
Dirichlet character x mod g; this will complete our proof of Dirichlet’s theorem
that there are infinitely primes in the arithmetic progression {mg+a : m € Z~¢}
whenever (a,q) = 1, and that the logarithmic density of such primes is 1/p(q).!

We follow [Serre 1973, Ch. VI §2]. Functions such as ((s), L(s,x) and their
products are special cases of what Serre calls “Dirichlet series”: functions

f(s):= Zane_)‘"s (1)

with a,, € C and 0 < A, < A,41—00. [For instance, L(s, x) is of this form with
A = logn and a, = x(n).] We assume that the a,, are small enough that the
sum in (1) converges for some s € C. We are particularly interested in series

such as
G = ] L

x mod ¢

whose coefficients a,, are nonnegative. Then if (1) converges at some real oy, it
converges uniformly on o > 09, and f(s) is analytic on o > og. Thus a series
(1) has a maximal open half-plane of convergence (if we agree to regard C itself
as an open half-plane for this purpose), namely o > o where oy is the infimum
of the real parts of s € C at which (1) converges. This oq is then called the
“abscissa of convergence”? of (1).

We claim that if o is finite then it is a singularity of f; that is:

Proposition. Suppose that the series (1) has positive coefficients a,, and that
there exists p € R such that the series converges in the half-plane o > p and
extends to an analytic function in a neighborhood of p. Then the abscissa of
convergence of the series is strictly smaller than p.

Proof: Since f(s — p) is again of the form (1) with nonnegative coefficients

e*Pa,, it is enough to prove the Proposition for p = 0. Since f is then analytic

in o > 0 and also in |s| < ¢ for some § > 0, it is analytic in |s — 1] < 1+ € for

sufficiently small ¢, specifically any € < v/1 4 62 —1. Expand f in a Taylor series

about s = 1. Since (1) converges uniformly in a neighborhood of that point, it

may be differentiated termwise, and we find that its m-th derivative there is
o0

f(m) (1) — Z(_)\n)mane_/\"-

n=1

IDavenport gives a simpler proof of Dirichlet’s theorem, also involving L-functions but
not yet obtaining even the logarithmic density, in Chapter 4, attributing the basic idea to
Landau 1905.

2The quaint word “abscissa” for “z-coordinate” is still sometimes encountered in analytic
geometry, alongside “ordinate” (a.k.a. “y-coordinate”).



Taking s = —e, we obtain the convergent sum

feo-3 (—17;'6)mf(m)(1) _ Z 1+e Z An] |
m=0 : m=0 n=1

Since all the terms in the sum are nonnegative, the sum converges absolutely,
and may be summed in any order. Therefore

Zan Z e~ He)m)\m]

But the new inner sum is just a Taylor series for e**¢. So we have shown
that the series (1) converges at s = —e¢, and thus has abscissa of convergence
0 < —e<0=p. O

We can now prove:
Theorem. Let x be a nontrivial character mod q. Then L(1,x) # 0.

Proof: We know already that L(s,x) extends to a function on ¢ > 0 that is
analytic except for the simple pole of L(s, x,) at s = 1. If any L(s, x) vanished

at s = 1 then
II ZG.x

x mod ¢
would extend to an analytic function on o > 0. But we observed already that
(q(s) is a Dirichlet series ) a,n~° with nonnegative coefficients that converges
at least in ¢ > 1. By our Proposition, this series would thus converge in o > 0.
But we also have a, > 1 if n = k?@ for some k coprime to ¢. Therefore
>, ann~ 7 diverges for 0 < 1/p(q). This contradiction proves that no L(1,x)
vanishes. [J

We have thus established Dirichlet’s theorem on the infinitude and logarithmic
density of primes gm + a. But we want more than logarithmic density, namely
asymptotics of m(x,a mod q), or equivalently of m(x,x). As with the Prime
Number Theorem, it will be enough to estimate

)= x(n)A(n)
n<x
for which we have an integral approximation

1 1+ Tog x +iT L/ dS X 10g2 X
= — — 40 Tell .
Ry 2m./lméw” Dol ro(TEL) (repa)

We therefore seek a partial-fraction decomposition for L’/ L, which in turn leads
us to prove an analytic continuation and functional equation for L(s, x).

Our key tool in proving the functional equation for ((s) was the Poisson sum-
mation formula, which we recovered from the Fourier series of

> fla+m)

m=—00



by setting x = 0. We now need this Fourier series

Flay= 3 flnemn

n=—oo

for fractional . (Here f is the Fourier transform of f, defined by
fo = [ s )
as before.) Let a +— c(a) be any function from Z/qZ to C. Then we have

oo oo

Y dm)f(mfa)= Y cl@)F(afa)= Y &-n)f(n), (3)

m=—oo a mod g n=-—oo0
where ¢ is the discrete Fourier transform of ¢, defined by

)= > cla)e®ne/a, (4)

a mod q

Now suppose c is a primitive character y mod q. We use the notation 7,, for its
discrete Fourier transform; that is,

W= Y @),

a mod ¢q

We claim:

Lemma. Assume that x is a primitive character mod q. Then

Tn(x) = X(n)m1(x) (5)

holds for all n € Z. That is, the discrete Fourier transform of a primitive
character x is T1(x)X. If n is coprime to q then (5) holds for all characters
x mod q, primitive or not.

Proof: Let d = ged(n,q). If d = 1 then we may replace a by n~'a, from
which 7, (x) = X(n)71(n) follows. If d > 1 then X(n) = 0, so we want to show
Tn(x) = 0. Let g, = ¢/d, and rearrange the 7,(x) sum according to a mod ¢;:

= Y X @ Y el S )

a mod =
ay mod q, a aq, mod g, a=ay mod q,
a=ag mod qq

We claim that the inner sum vanishes. This is clear unless ged(ag,¢y) = 1. In
that case the inner sum is

x(a) Y x(a),

a mod ¢
a=1 mod )



for any a1 = ay mod ¢,. But this last sum is the sum of a character on the group
of units mod ¢ congruent to 1 mod ¢, and so vanishes unless that character is
trivial — and if x(a) = 1 whenever ¢ = 1 mod ¢, then x comes from a character
mod ¢, (why?) and is thus not primitive. This completes the proof. O

We generally abbreviate 7 () as 7(x), and call that number

)= Y xla)e*™/ (6)

a mod q

the Gauss sum of the character y. We then have:

Theorem. Let f : R—C be any function satisfying the hypotheses of Poisson
summation. Then for any primitive character x mod q we have

o0 oo

Yo x(m)f(m/a)=7(x) > X(~n)f(n). (7)

m=—0o0 n=—oo

Proof: Substitute the formula (5) of our Lemma into (3). O

)

This may be regarded as the “twist by x” of the Poisson summation formula.

For even characters x, we know what to do next: take f(z) = e~(42)” in (7),
and apply the Mellin transform to the resulting identity. This is actually easier
than our proof of the functional equation for {(s), because we do not need to
split the integral in two. (Ultimately this is because, unlike ((+), the L-function
of a nontrivial primitive character has no poles.) Let?

oo

Oy (u) == Z X(n)ef’”ﬂ“.

n—=—oo

By (7), together with the fact that the Fourier transform of f(z) = e~™(12)" ig
fly) =u=2g e ' W/D*  we obtain

0w) = T2 3 w0t = KO . )

n=—oo

Note that, unless ¢ = 1, it follows that 6, (u) is rapidly decreasing as u—0+,
because x(0) = 0. Integrating termwise, we find

21*/2I'(s/2) L(s, x) :/ HX(u)uS/Qd?u
0

for Re(s) > 1. Since 6, (u) < exp(—7/q*u) as u—0+, the integral converges for
all s, and gives the analytic continuation of L(s, x) to an entire function with

30ur 0y (u) is called ¥(qu, x) in [Davenport 1967, Ch.9].



zeros at the poles s = 0, —2, —4, —6, ... of I'(s/2). Moreover, by (8) the integral

is also
/ Ox(1/q*u)ul “Wd”:T / O 0) (q2u) =)/2 2

u

ut— s)/2 du

This last integral is ZT(X)q’SF(i(l - s))ﬂ'(s’l)/QL(l —s,X) for o € (0,1), and
thus by analytic continuation for all s € C. We can write the functional equation
symmetrically by setting

&(s,x) = (m/q)~*/*T(s/2) L(s, x),
which is now an entire function: £(s, x) is related with £(s, ) by

E(sy) = T‘jgg(l %), (9)

What about odd x? The same definition of 8, would yield zero. We already
indicated (in the exercises on the functional equation for ¢ and &) the correct
approach: we apply (7) not to the Gaussian e~™a2)” hyt to its derivative,
which is proportional to Axe’”“(qmﬂ Using the general fact that the Fourier
transform of f’ is —2mwiyf(y) (integrate by parts in the definition (2) of f’) we
see that the Fourier transform of ze~™%(42)" ig (iy/(ul/zq)?’)e*”_l(y/q)2. So, if
we define*

Uy (u) := Z nx(n)e_’mz“,
we find )
Ox(w) = -5 (1 /dw) (10)

This time we must multiply 9, by u5t1/2 duy /u to cancel the extra factor of n.
We obtain the integral formula

20~ (FD/2D((s 4 1)/2) L(s, x) = / O (w)u /2 %“

0
for L(s,x). Again (10) together with x(0) = 0 tells us that ¥, (u) vanishes
rapidly as u—0+, and thus that our integral extends to an entire function of s;
note however that the resulting trivial zeros of L(s,x) are at the negative odd
integers. The functional equation (10) again gives us a relation between L(s, x)
and L(1 — s,%), which this time has the symmetrical form

E(sy) = :(\25(1 5%, (11)

40ur Yy (u) is Davenport’s 11 (qu, X)-



with
E(s,x) = (m/q)" TV ((s + 1)/2) L5, 0)-
We may combine (9) with (11) by introducing an integer a depending on x:

0, if x(~1) = +1;
a:=
1, if x(=1) = —1.
That is, a = 0 or 1 according as x is even or odd. We then have:

Theorem. Let x be any primitive character mod q, and a = 0 or 1 as above.
Define
£(s,x) == (m/q)" 2T ((s +a)/2) L(s, x).

Then the £ functions of x and X are related by the functional equation

€60 = F0e(1 =, %). (12)

Note that this holds even for the case ¢ = 1, in which L(s, x) and £(s, x) reduce
to ((s) and £(s). In that case, we concluded that (s?—s)£(s) is an entire function
of order 1. For ¢ > 1, the function &(s, x) has no poles, and we find in the same
way that £(s,x) is an entire function of order 1. We shall develop its product
formula and deduce the asymptotics of 1(x, x) in the next lecture notes.

Meanwhile, we prove some basic results concerning Gauss sums. First we find
IT(0)|:

Proposition. The Gauss sum 7(x) of any primitive Dirichlet character x mod ¢
has absolute value ¢*/2.

Proof: We obtain this as a special case of the Parseval identity for discrete

Fourier transforms:
Yoo lemP=q ) @l (13)

n mod g a mod q

for any function a — c¢(a) from Z/qZ to C. The identity (13) can be proved
either directly or by observing that the functions a — e2™*%/4 are orthogonal
with constant norm ¢q. Now take c(a) = x(a). We have seen that é(n) =
7(x)X(n). Therefore (13) becomes |7(x)|*¢(q) = qp(q), whence |7(x)|? = q as
claimed. [J

The Gauss sum may be regarded as a discrete analogue of the Gamma integral:
the factors 71 and e™® in the integral I'(s) = fooo z* e~ dx are a varying
homomorphism from R%, to C* and a fixed homomorphism from the additive
group R to C*; in the Gauss sum (6), these are replaced by the varying ho-
momorphism y from (Z/gZ)* and the fixed homomorphism a +— e2™*/4 from
(Z/qZ,+). The analogy is particularly close when ¢ is prime, in which case
Z/qZ, like R, is a field. In this case the Beta integral has a corresponding



analogue in the Jacobi sums

Joex) = Y. x(exX'(1-o).

cmod g

We do not require that x and x’ be primitive. Note that unlike 7(x), which may
involve both ¢-th and (g — 1)st roots of unity, the Jacobi sum J(x, x’) involves
only (g — 1)st roots. Nevertheless it can be evaluated in terms of Gauss sums:

Proposition. Let x,x’ be Dirichlet characters mod q. Then
T)T(X)
J(x,x) = —“XMTA 14
box) T(xx') (14

provided that none of x, X', xx' is the trivial character x,. If x = x' = X, then
J(x, X') = q— 2; if exactly one of x and X' is trivial then J(x,x") = —1; and if
X, X are nontrivial but xx' = xo then J(x, x') = —x(-1).

Proof: 1t is clear that J(xq,Xo) = ¢ — 2, so we henceforth assume that x, x’
are not both trivial. As in our evaluation of B(s,s’) in terms of the Gamma
function, we consider the double sum

r0r() = T X xlan (@)oo

a,a’ mod ¢q
Let b = a + /. The terms with b = 0 sum to

{x(—l)(q - 1), if X' =7x;

0, otherwise.

X(=1) Y xxX(a) =

a mod q

To sum the terms for fixed nonzero b, let a = ¢b and o/ = (1 — ¢)b to find

ezm‘b/qxxl(b) Z X(C)X/(l —C) _ e%ib/qXX/(b)J(X,X/)- (15)

¢ mod ¢q
Hence if xx' = x, (that is, if x’ = %), we have
TO)T(X) = x(=D(g = 1) = J(x, X)-

But

) = D X(@eX™ =" y(a)e?mie/t = x(~1)7(x),  (16)
a mod g a mod ¢q

SO
JOuX) =x(=D(g—1) = 70)7(xX) = x(=1)(g = 1 = [7(x)[*) = —=x(-1).

(We could also have obtained this directly from x(c)x(1—c) = X(c~!—1), which
in turn yields an alternative proof of |7(x)| = ¢*/? in the prime case.) Otherwise
(15) yields (14). O



1/2

Corollary. The Jacobi sum J(x,X') has absolute value ¢*'* if each of x, X', xx’

s montrivial.

The formula (14) is the beginning of a long and intricate chapter of the arith-
metic of cyclotomic number fields; it can also be used to count solutions of
certain Diophantine equations mod ¢, showing for instance that if ¢ = 1 mod 3
then there are ¢/9 + O(,/q) values of ¢ # 0,1 in Z/qZ such that both ¢ and
1 — ¢ are cubes. See the Exercises for more details and examples.

Remarks

Our extended Poisson identity (3) also has a generalization to locally compact
abelian groups. Let G be such a group, H a closed subgroup, and K a closed
subgroup of H. Then the annihilators H+, K+ in G are closed subgroups, with
H+ C K*. Moreover, K+/H* is canonically identified with the Pontrjagin
dual of H/K. Then one can choose Haar measures on G, H, H/K, and K+
such that

o+ K)f@) = [ ey + HHFw)

yeKL

under suitable hypothesis on the functions ¢ : H/K—C and f : H—C. The
formula (3) is the special case G = G=R,K=K'=7Z,H=q'Z H' = ¢Z.

r€H

The formula for (s, x), and the distinction between even and odd characters y,
can be interpreted structurally as follows. Let y be a primitive character mod gq.
We mentioned already that L(s, x) is a factor in a product formula for (x(s),
the zeta function of the cyclotomic number field K = Q(ezm/ 7); and that for
any number field K, the Euler product for (j can be “completed” to a function
&k (s) that satisfies a functional equation {x(s) = £k (1 — s). The additional
factors come from the discriminant and the archimedean valuations of K. When
K is cyclotomic, we can also give such an interpretation of £(s,x). We may
regard x as a character of (Z/gZ)*, a group canonically isomorphic with the
Galois group G = Gal(K/Q). For each prime p t ¢, the number x(p) that
appears in the local factor (1 — x(p)p~%)~! is then the image under y of the
p-Frobenius element in G. That is, this factor records the p-adic behavior of the
Galois extension K/Q. Just as the factor I'(s/2) in £(s) = £q(s) was regarded
as a local factor at the archimedean place of Q, the factor I'((s + a)/2) in
&(s,x) can be regarded as an archimedean local factor. Instead of Frobenius,
the archimedean place is associated with complex conjugation, whose image in
Gal(K/Q) is identified with —1 € (Z/qZ)* under the isomorphism from (Z/qZ)
to G. The factor I'((s+a)/2), which depends on x(—1), thus records the image
under x of complex conjugation.

The identity |7(x)|*> = ¢ could also have been obtained indirectly from the
twisted Poisson formula (7). If f is a function such that both f, f satisfy the
Poisson hypotheses, we may apply (7) twice to find that either

T(X)7(X) = x(=1)g (17)

or ., czx(m)f(m/q) = 0. Since the latter possibility cannot hold for all f



(for instance, consider f(z) = exp(—C(z —1/q)?) for large C), we have deduced
(17). But (17) is equivalent to |7(x)[* = ¢ by the formula (16) which relates

7(x) and 7(X).
Exercises

On general Dirichlet series:

1. Suppose the )\, are closed under addition.

i) Show that for any right half-plane H = {s € C : Re(s) > oo} or H = {s €
C : Re(s) > oo} the space of Dirichlet series (1) that converge absolutely in H
is closed under multiplication. (We allow o = —o0, in which case H = C, as
well as 0 = 400, in which case we are dealing with formal Dirichlet series.)

i) If f(s) = 307 ame % and g(s) = Y oo, bpe ** are two such functions
then the sequence of coefficients of fg(s) is the convolution axb of the sequences
an,by,. Prove that convolution is associative: (a*b)xc = ax* (bxc). [NB: While
this is suggested by part (i), it is not quite an immediate consequence, unless
you exclude formal Dirichlet series and show that two Dirichlet series that are
equal on H have the same coefficients.] Note that when A,, = nA; this recovers
the usual (additive) convolution (a *b)n = >, ;_,, a;bk.

iii) When \,, = logn, we have (a *b),, = >, _ a;jby. Show that the result of
part (ii) includes Mébius inversion: if ¢, = id‘n aq then a, =3 ;, p(n/d)cq.

2. Consider a Dirichlet series (1) in which a,, need not be positive reals. Clearly
this series still has an abscissa of absolute convergence. Less obvious, but still
true, is that it also has an abscissa of ordinary convergence. Show that if the sum
(1) converges in the usual sense of limpy_, 21 at some sg then it converges
also in o > Re(sg), the convergence being uniform in arg(s — sg) < « for each
a < 7/2. Deduce that (1) defines an analytic function on o > Re(sg). Must
the sum converge for all s with Re(s) = Re(sg)?

[Since f(s — sp) is again of the form (1), it is enough to prove this claim for
50 = 0. Assume then that Y77 | a,, converges, and let A(z) = — 37, . an; by

hypothesis A(x)—0 as z—o0. For large M, N with M < N, write

AN

N
Z ane~ e :/ e M dA(N),
n=M A

M

etc. This is equivalent to the route taken by Serre, but probably more transpar-
ent to us. Note that the convergence of the Dirichlet series for L(s, x) on o > 0
now follows automatically from its convergence for positive real s.]

3. Are the Dirichlet series (1) that converge (but might not converge abso-
lutely) on a given right half-plane H closed under multiplication? (Hint: use
the method of the previous Exercise to show that any such Dirichlet series f
satisfies f(s) < 1+ |s| on H.)

On L-functions:

4. Complete the missing steps in the proof of (11).



5. Suppose x is a real character. Then (12) relates £(s,x) with &(s,1 — x).
Deduce that L(s, x) has a zero of even or odd multiplicity at s = 1/2 according as
7(x) = +i*\/q or 7(x) = —i*/q. In particular, in the minus case L(1/2, x) = 0.
But it is known that in fact the minus case never occurs:

T(x) = +i°V/q (18)
holds for all primitive real x mod g. This was first proved by Gauss after much work.
(Davenport proves this in the special case of prime g in Chapter 2, using a later method
of Dirichlet that relies on Poisson summation; we outline another proof in the next
few Exercises.) It follows that the order of vanishing of L(s,x) at s = 1/2 is even; it is
conjectured, but not proved, that in fact L(1/2,x) > 0 for all Dirichlet characters x.
More complicated number fields are known whose zeta functions do vanish (always to
even order) at s = 1/2.

On Gauss sums:

6. Suppose x is a character mod ¢ = ¢1¢2 with ¢1, g2 coprime. Then x = x5
for some characters y; mod ¢;, and x is primitive if and only if both x; and x4
are primitive. (You have shown this in the course of enumerating primitive
characters.) In this case, express 7(x) in terms of the ¢;, x;, and 7(x;)-

7. Suppose further that y is a real character. Then the same is true of x; and xo
(why?). Use your result in the previous Exercise, together with Quadratic Reci-
procity, to verify that (18) holds for x if it holds for each of x; and x,. (In
the opposite direction, if one proves in some other way that (18) holds for all
primitive real Dirichlet characters then one can deduce Quadratic Reciprocity.)
Conclude that (18) holds for all real characters if it holds for real characters
mod g where ¢ is either 4, 8, or an odd prime. Verify the three cases of even ¢,
and show that if y is the primitive real character modulo an odd prime ¢ then

=Y e, (19)

n mod q

8. Observe that >, 4, €27in*/4 ig the trace of the operator T : C?—C? that
takes a complex-valued function ¢ on Z/qZ to its discrete Fourier transform é.
Show that é(a) = gc¢(—a), and thus that each of the ¢ eigenvalues A of T' is
one of +¢'/? or +ig"*/?. Thus we can evaluate 7(g) = >\ A by determining the
multiplicity of each of these four eigenvalues. We already know that 7(x) =
+¢'/2 or +ig'/? according as ¢ = 1 or —1 mod 4. Check that this reduces the
determination of 7(x) to computing det T'. Compute this determinant (Hint: T'
is represented by a Vandermonde matrix, and only the phase of det T is at issue
because |det T| = [], |\| = ¢?/?) to complete the proof of the formula (18) for
the sign of 7(x).

The trace description of the sum in (19) does not depend on the primality of ¢, and
yields N2> e2min?/N ¢ Z[i] for all integers N > 1. It is known that in fact

N2 Z 2min®/N _ 1+ (=)™

1—¢
n mod N

10



that is, 1 + 4, 1, 0, or ¢ according as N =0, 1, 2 or 3 mod 4.

9. Recall that the duplication formula for the Gamma function can be obtained
by applying the change of variable u = (1 —2x)? to the integral defining B(s, s).
Can you find a 7 analog of this identity?

On Jacobi sums:

10. For characters x;,...,x, modulo a prime g, define the generalized Jacobi
sum J(Xla R Xn) by

Tt Xn) = D Y xa(a1) -+ X (an),

where the sum extends over all (aq,...,a,) mod ¢ such that a3 + -+ 4+ a, = 1.
Evaluate J(xq,---,X,) in terms of Gauss sums under suitable hypotheses on
the x;. What is the analogous formula for definite integrals?

11. Let x be the Legendre symbol modulo an odd prime g. Evaluate 7(x)" in
two ways to count the number of solutions mod ¢ of 2% + -+ + 22 = 1. If n
is also an odd prime, use your formula to recover Quadratic Reciprocity (Hint:
how many solutions are fixed under cyclic permutation of the z;?). Can you
modify this proof to also obtain the supplementary formula (2/q) = x5(¢)?

This proof of Quadratic Reciprocity can be modified to avoid explicit use of 7(x),
because the solutions of #? 4+ --- + 22 = 1 can also be enumerated inductively by
elementary means starting from results such as the parametrization of Pythagorean
triples.

The usual way to recover Quadratic Reciprocity from the fact that 7(x)? = ¢* = +q
is to compare 7(x) with 7,(x) mod n. On the one hand, they differ by a factor x(n).
On the other hand, if n is prime then 7,(x) = 7(x)"™ mod n, and thus equals 7(x) or
—7(x) according as ¢* is a square mod n or not.

12. [Jacobi sums and Fermat curves mod ¢.] Let ¢ be a prime, n a positive
integer, and G the group of Dirichlet characters y mod ¢ such that x™ = 1. This
is a cyclic group of order ged(n, ¢ — 1) (why?). Prove that >0 ..o J(x,X) is
the number of solutions of ™ + y™ = 1 in nonzero x,y € Z/qZ. Conclude that
this number is ¢ + O(n?¢'/?), and thus that if “Fermat’s Last Theorem” holds
in Z/qZ then q < n*.

More precisely, the “Fermat curve” F, : 2" +y™ = 2" in the projective plane over Z/qZ
has ¢ +1 — >, A; points, where each A; is —J(x, x") for one of the (|G| — 1)(|G| — 2)
choices of x, X' € G such that ¥, x’, XX’ are all nontrivial. In particular, if ¢ = 1 mod n
then (|G| —1)(|G|—2) = (n—1)(n—2) = 2¢ where g is the genus of F},. In this case the
\; are the “eigenvalues of Frobenius” of F,, and the fact that they all have norm ¢*/?
is a special case of the Riemann hypothesis for the function field of an algebraic curve
over a finite field. (If ¢ is coprime to n but not 1 mod n then F,, still has (n—1)(n —2)
eigenvalues of Frobenius, which include the Jacobi sums but also other eigenvalues
whose effect on the point counts of F),, appears only over finite extensions of Z/qZ.)

The last Exercise develops these ideas further for two curves of genus 1: the cubic
Fermat curve F3, and a quotient of Fy whose Q-rational points were determined by
Fermat.

11



13. i) Suppose ¢ is a prime congruent to 1 mod 3. It is known that ¢ can be
written uniquely as (a? + 27b?) /4 for some positive integers a,b. Show that the
number of solutions of z3 +y3 = 1 with =,y € Z/qZ is ¢ — 2 £+ a, and determine
the correct sign. Conclude that 2 is a cube mod ¢ if and only if 2]a, i.e., if and
only if g = m? + 27n2.

ii) Suppose ¢ is an odd prime. How many solutions mod ¢ do the equations
y?> = 2* — 1 and y? = 23 — 2 have? (This should be easy if ¢ = —1 mod 4; for
q = +1mod 4, cf. the previous 13 Exercises.)

These enumerations of rational points on x> +¢° =1 and y? = 23

—x mod g are now
known to be special cases of the arithmetic of elliptic curves of complex multiplication;

see for instance [Silverman 1986].
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