Math 229: Introduction to Analytic Number Theory
An upper bound on the coefficients of a PSLy(Z) cusp form

Fix an integer k£ > 1, and let M} be the space of cusp forms of weight 2k for G =
PSL3(Z). Tt is known that this is a finite-dimensional vector space. Moreover
it carries a Hermitian (Petersson) pairing [Serre 1973, VII 5.6.1 (p.105)]:

(f.9) = / [ T dwdy

Now for each integer n > 0 the map taking a cusp form f =3 _, a,,¢™ to a,
is a linear functional on M ,8 . Thus there is a unique P, € M ,8 that represents
this functional:

(fs Pn) = an(f)

for all f € M. Moreover we have:
Lemma. The P, for n < dim M} constitute a basis for M}.

Proof: The orthogonal complement of the linear span of these P, is the subspace
of f € MY whose first dim M} coefficients vanish, and it is known that 0 is the
only such f. O

Therefore an upper bound a,(P,) <, r? for all n < dim MY will yield the
bound a,(f) <z r? for all f € M.

Remarkably we can obtain P, and its g-expansion in an explicit enough form (a
“Poincaré series”) to obtain such an inequality for all § > k— % — and the proof
uses Weil’s bound [Weil 1948] on Kloosterman sums! (See for instance [Selberg
1965, §3]; thanks to Peter Sarnak for this reference and for first introducing
me to this approach. It is now known that in fact the correct 0 is k — % + €,
but Deligne’s proof of this is quite deep, and is not as generally applicable: the
Poincaré-series method still yields the sharpest bounds known for some other
kinds of modular forms.)

We begin by observing that for any f(z) = > .~ | an,q" the coefficient a,, may
be isolated from the absolutely convergent double integral
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Now the region we’re integrating over is a fundamental domain for the action
of (T') on H. We decompose this as the union (with only boundary overlaps) of
G-images of the fundamental domain for the action of G. That is, we split up

the integral as
_ i dx d
Z// 9 f(g(2))y** (9(2) =5
g b !

where D is a fundamental domain for H/G and g ranges over coset representa-
tives of (T')\G. But these cosets amount to coprime pairs (¢, d) of integers with



¢>0or ¢c=0,d=1. Moreover, we have for g(z) = (az +b)/(cz + d)

Flg(2)y**(9(2)) = (cz + )y (9(2)) f(2) = f(2) y**(2)/(cz + d)*F
So, we find

2k — 2)! z+0b
(Elﬂn H 1@ // f(z ZZ cz +d)~?k exp (2mn —|—d> v =2 da dy.

Therefore the double sum is (47n)!~2¥(2k —2)!P,, provided we can show that it
is in fact a cusp form — which, however, is surprisingly easy. [To do away with
the requirement that ¢ > 0 or (¢,d) = (0,1) we may sum over all coprime pairs
(¢, d), then divide by 2. The sum converges absolutely because it is dominated by
the sum defining the Eisenstein series Ey: the factors e(ng(z)) all have absolute
value < 1.] We thus have:

(47m)2k— 1 az+b
ok —2) ZZ cz+d)" exp 2mncz—|—d . (1)

(Note that the exponential factor does not depend on the choice of a,b € Z such
that ad — be = 1.)

We next determine the g-expansion of the Poincaré series P,,. The term (¢, d) =
(0,1) contributes ¢™ to the sum. We group the remaining terms according to ¢
and d mod ¢. [The existence of a g-expansion is equivalent to T-invariance, so to
obtain the g-expansion we collect the (az+0b)/(cz+d) into (T')-orbits, which is to
say that we now consider P, as a sum over the double coset space (T)\G/(T).]
Fix coprime ¢, dy with ¢ > 0, and ag, bg such that agdy —bgc = 1. Then the terms
of the sum (1) with d = dyp mod ¢ have (a, b, ¢,d) = (ag, by + maop, ¢, dg + mc) for
m € Z, and thus contribute

Z (c(z +m) + do)~?* exp <2mn

meZ (Z + m) + do
By Poisson summation this is ) ., u, where
* - cag(z+t) + b0\ _oni
Wy 1= c(z+t)+dy) e 2min————— | e ™" dt. 2
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If r < 0 the integrand extends to a holomorphic function on Im¢ > 0 bounded
by |e(z +t) + do|72% < |t|72*, and thus the integral vanishes by a standard
contour integration. So we need only consider (2) for > 0. In that case, let
w=2z+t+ (do/c). We then find

- C—2kzqr627ri(nao+rdo)/c/ e—2‘n’i(7‘w+n/czw)w—2k dw, (3)
c

with the contour of integration C' passing above the essential singularity at
w = 0. Note that the integral depends only on n,r,c¢ but not on dy; the de-
pendence on dy is entirely contained in the factor e27#(@o+rdo)/c in which ag is



the multiplicative inverse of dy mod ¢. Summing over ¢, dy we thus find that for
r # n the ¢" coefficient of P, is
(2k —2)! &

(47n)2h—1 C_2ch(n7T)/ e~ 2milrwtn/cw) =2k g,

c=1 c
The Kloosterman sum K.(n,r) is O,(c'/?*€) as seen already. The integral is
essentially a Bessel function: let —2mirw = v to get

2
(—2mir)?F ! / exp(v - 47;2;77«)1}—% dv = (=1)*2n(e/7/n)** " Jak_1 (47 /T /)
—ic

([GR 1980, 8.412 2.], taken from [Watson 1944]). So the ¢" coefficient of P, is

Lonye Zceférk*%|J2k,1(47r\/rn/c)|. (4)

c=1

Now it is known ([GR 1980, 8.451], again from [Watson 1944]) that Jor_1 () <
z~1/2 for large = > 0 while Jor_1(x) ~ Cra?k=1 for small x > 0. Splitting the
sum in (4) around ¢ = /7 we find that both parts are < r/4t¢, Thus each P,
has " coefficient O, (r*=1/4+¢) as claimed, and we are done. [J (whewn)

Exercises

1. Let f =3%,.0anq" be a cusp form of weight 2k. Use the boundedness of
y?*|f(2)|? to prove that ",y |an|> < N?*. [In other words a,, < n*~1/2 in
mean square. Note that Hecke’s estimate |a,| < n* follows immediately.]

2. Let f=)_,.0anq" be a cusp form of weight 2k, and let Ly(s) = >_, a,n~*
be the associated L-function (called ®f(s) in [Serre 1973, p.103]). Use the
integral representation of L; to prove that L;(c + it) <y, [t|%(7) for some
0r(0) < oo. How small a (o) can you obtain? [As usual, it is conjectured d la
Lindeldf that Ly(o + it) <. [t|€ for all o > k.]

3. Verify that in fact P, € M}.

4. Verify that our final estimate on (4) follows from the Jor_; asymptotics
cited. Since [K¢(n,r)|/v/nc is actually < [],.2, which in turn is bounded
by the number of factors of ¢, we can make the r¢ factor more precise; show
that in fact logr suffices, i.e., the ¢" coefficient of a cusp form of weight 2k is
O(r*=*1ogr).

5. For each even k = 2,4,6,... there is a unique f = ZZOZO anq™ € My of the
form 1 + O(gl*/61+1), i.e., such that ap = 1 and a1 = az = -+ = a6 = 0.
(Why?) Prove that a|/6j41 > 0. [This is a bit tricky, requiring the residue
formula and the fact that 1/A = ¢~ + 24q + 324q + 3200¢> + - - - has positive
coefficients — a fact that can be deduced from the Jacobi product for A.]
Conclude that an even unimodular lattice in dimension 4k has a vector of norm
at most 2(|k/6] + 1).

Can the minimal norm be that large? Such lattices exist for several small k, including
k=2,4,6,...,16, but it is known that for all but finitely many £ the minimal norm



is always strictly smaller, indeed < 2(|k/6] — 0) once k > k(5) for some effectively
computable k(4). This is shown by proving that there is no suitable modular form all
of whose coefficients are nonnegative. Still many open questions remain; for instance
it is not even known whether there is an even unimodular lattice of dimension 72 and
minimal norm 8. How many minimal vectors would such a lattice have? See [CS 1993]
for more along these lines, especially p.194 and thereabouts.
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