Math 21b: CHAPTER 10. DIFFERENTIAL EQUATIONS

SECTION 1. VECTOR SPACES WHOSE ELEMENTS ARE FUNCTIONS

4.

&

(a) This is not a subspace of C* because it is not a subset: There are continuous functions
f :R — R that are not infinitely differentiable.

(b) Given f, g € C* satisfying this condition, for any «, 5 € R, (af+5¢)(0)+(af+8g)' (0) =
a(f(0)+ £(0)) + B(g(0) + ¢'(0)) =a -0+ -0 =0, so any linear combination of f and
g also satisfies the condition. Therefore this is a subspace.

(c) (af +Bg)+ (af +Bg) =a(f+f)+B(g+9g)=a-0+5-0=0, so this is a subspace.
(d) The zero function is not contained, so this is not a subspace.

(a) Linearly indepedent.

(b) Linearly dependent, since the fourth function is the sum of the first and third.

(¢) Linearly independent.

(d) Linearly dependent, since sin(t + §) = cos(%)sint +sin(%§) cost, which is a linear com-

bination of the first two functions.

(a) T(af + Bg) = (af + Bg)(0) = af (0) + Bg(0) = oT'(f) + BT (g), so T'is linear.
(b) Not linear. T(af) = a?f% + af’ # oT(f).

(¢) T(af + Bg) = ((of + B9)(0), (af + Bg)(1)) = (£(0), f(1)) + H(9(0), 9(1)) = aT(f) +
BT (g), so T is linear.

(d) T(af + Bg) = [ (af + Bg)(t)dt = a [y f(t)dt + 5 [ g oT(f) + BT(g), so T is

linear.

T(f)(t) = £(0)(1 4+ t2) + £ (0)(t + t?), so a basis for the image is {1 + ¢, + ¢2}.

. Evaluate at t = 0 to see 0- f(0) = 0 = 1, which is a contradiction.

(a) If g(t) = t2f(t), then ¢'(t) = t2f'(t) + 2tf(t) = T(f)(t). If T(f) is the zero function,
then ¢'(t) = T(f)(t) is the zero function evaluated at some ¢, therefore ¢'(¢t) = 0 as well.

(b) A function f € ker T satisfies T'(f)(t) = ¢'(t) = 0 for all ¢, so the function g is constant.
Therefore for all t we have g(t) = g(0) = 02£(0) = 0. If t # 0 then f(t) = g(t)/t> = 0,
and f(0) = 0 as well by continuity of f.

(c) T(£)(0) =02f(0) +2-0f(0) =0, so T(f) cannot be the constant function 1 because it
evaluates to 0 at ¢ = 0.

SECTION 2. CONSTANT COEFFICIENT LINEAR DIFFERENTIAL OPERATORS

1.

A+ A—12= (XA —-3)(A+4) =0. A basis for the kernel is therefore {e3!,e=%}. Our desired
function is in ker T' so it is a linear combination of the basis elements f(t) = a1e3 + aze™*.

f(0) =0so0 a1 + az :() and f’( ) =1 s0 3a; — 4az = Ta; = 1. Therefore a1 = %, ag =

1 —4t

1
—=,

A2 42 +2=0= A= —141i. A basis for the kernel is {e~?cost,e !sint}. The desired

function f(t) = aje "t cost + age tsint obeys f(0 )— 1 : a; =1, and f(1 )— 1= e lcosl+

ase tsinl =1= a9y = % The function is f(t) = e ‘cost + esg’fle sint.



3. A2 4+6A+9 = (A+3)2 =0. A basis for the kernel is {e73! te73'}. The function f ( )
are”3 + agte™3 satisfies f(0) = 1 = —3a1 +az = 1, and f(1) = 0 = (a1 +az)e™® =
Therefore a; = —i, ag = i, and f(t) = }le*& + %te*:”t.

0.

4. X2 +a®> =0 = X\ = +ai. A basis for the kernel is {cosat,sinat}. If a is an integer, then
sinat =0att=0and { = .

5. f(0) is the function f evaluated at ¢t = 0, so it is a constant. If f”+ f(0) is the zero function,
then f” must be a constant function as well. Therefore f is a polynomial of degree at most
2, f(t) = ast® + a1t +ag. f"(t) + f(0) = 2as + ag = 0, so one basis element is t? — 2. Note
that we can choose a; arbitrarily, so a linearly independent basis element is £. The kernel
therefore has basis {t,1? — 2}.

SECTION 3. FOURIER SERIES

1. We find an orthonormal basis for the span of {e!,e™*}. Note that cosht = # and
sinht = etgie_t are orthogonal to each other. We then normalize them to find the basis
{Smh%% cosht, 2T sinht}.

2. Constant term ag = 5= ["_[t|dt =L [(tdt =T
Coefficients on cosine terms by = 1 [ cos(kt)|t|dt = 2 = [ tcos( kt)dt = (cos kr —1) =

ﬂiz ((=1)* —1). (Use integration by parts.) This is 0 for k even and —5 for k odd.
Coefficients on sines ¢, are zero because sin(kt)|t| is an odd function.

Therefore [t =2 — 23, 44 k% cos(kt).
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3. Constant term ag = = [Tt gy — sinhar
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Coefficients on cosine terms by = L [T cos(kt)et‘gietdt = % sinham. (Again, we can
integrate by parts to find this.)

Coefficients on sine terms ¢y, are zero because sin(kt) cosh(at) is an odd function.

Therefore cosh at = M <1 +> 0 2a Q(Jer) cos k:t)

Set t = to find 545 (amw cothar — 1) = > 72, m.
4. When evaluating the integrals, make the substitution ¢ — ¢ + r.

5. When evaluating the integrals, make the substitution ¢ +— 1;2—7% + 7.

SECTION 4. PARTIAL DIFFERENTIAL EQUATIONS I: THE HEAT/DIFFUSION EQUATION

2 . 4, 1l—cos2x _ (14cos2zx 2_1_1 1 1 1 2 _
L. T(0,z) = sin® x — cos” & = == ( 2 ) =5 — 5C082x — ( + 5 cos2x + 7 cos 2x)—

3 —cos2z — % (1+CSS4‘”) = 1 — cos2z — % cosda, which is a Fourier series. Then T'(t,z) =
% e~ cos 2z — *16/“&% cos4zx.
xT —T - k
2. T(0,z) = sinhz = “=—. Also, e” = Smh” <1+2Zk 1 Hl]gQ (coskx — k:sink:x)), which

then implies e™* = M (1 +23°02, (1;,32 (cos kx + ksin kx)) Subtract the series to obtain
1 k+1
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or — pucer< e and Wapz = pctele e also, so this solves the heat equation.

L T(t,z) = etle® = e“t% (1 +2372 (1;—1]3; (coskx — k:sink:ac)), which grows as t — oc.

The text gives the solution T'(t, ) = w (1 +2372, emHk (111]35 (cos kx — ksin k:x)), which

decreases as t — oo0.
. From text, T(0,z) = 2 =23 50, (—1)" L sinkt, so T'(t,z) =237, e_“k%(—l)k“% sin kt.

. %—7; =0= u%. But T'(t,x) = x is different from the solution we found using the Fourier

series because it is time-independent.



